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Abstract

I build a dynamic stochastic general equilibrium model with search and matching frictions
in order to determine the optimal public sector wage policy. Public sector wages are crucial
to achieve efficient allocation of jobs. High wages induce too many unemployed to queue for
public sector jobs, in turn raising unemployment. The optimal wage depends on the frictions
in the two sectors. Following technology shocks, public sector wages should be procyclical, and
deviations from the optimal policy significantly increase the volatility of unemployment.
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1 Introduction

Most papers on the macroeconomics of fiscal policy consider government consumption as

goods bought from the private sector.

However, the main component of government con-
sumption is compensation to employees. In the United States, the public sector wage bill
represents around 60 percent of government consumption expenditures. Government em-
ployment is not just an important aspect of fiscal policy, but also a sizable element of the
labour market. In the United States, around 16 percent of all employees work in the public
sector. Given the proportion of this type of expenditure, it seems plausible that fiscal policy

is at least partly transmitted through the labour market.

Employment and wage levels in the public sector are relevant, not just because of their
weight in the economy or the government’s budget but also because they play an important
role in the business cycle. Since 2004, the Internet search engine Google has released a weekly
index of keyword searches. Figure 1 shows the growth rate of keyword searches for the terms
‘Jobs” and ‘Government jobs’ within the United States, relative to the previous year. From
August 2008, as the recession worsened, the number of searches for jobs increased dramati-
cally, but it is clear that from February 2009, people increasingly specified government jobs.
Repeating the exercise for the United Kingdom reveals a similar picture. Indeed, this change
in the search patterns during the recession gained such proportions that it was noticed by

the press. The following quote is particularly insightful regarding its causes:

Wall Street may be losing its luster for new U.S. college graduates who are
increasingly looking to the government for jobs that enrich their social conscience,
if not their wallet. In the boom years, New York’s financial center lured many of
the brightest young stars with the promise of high salaries and bonuses. However,
the financial crisis has tainted the image of big banks, and with fewer financial
jobs available, Uncle Sam may be reaping the benefit. (Reuters, 11" of June
2009)

This quote hints that during the recession, more people searched for public sector jobs
for two reasons. First, as wages in the private sector fell, more people turned to the public

sector, where wages are insulated from market forces. Second, fewer jobs were available

LAt least this is the approach taken by most articles that study the aggregate effects of government
spending. For instance, Barro (1990) studies the effects of productive and unproductive spending in an en-
dogenous growth model. Baxter and King (1993) examine their effects in a Neo-Classical setting, Linnemann
and Schabert (2003) extends this model to the New Keynesian model and Gali, Lépez-Salido, and Vallés
(2007) introduces rule of thumb agents. All of these papers consider government spending as goods bought
from the private sector.



Figure 1: Growth rate of Google keyword searches in the United States
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the same four weeks in the previous year.
in the private sector while the government continued to hire. Indeed, in the United States,
government employment has increased during 9 out of the last 11 recessions. These two facts
suggest that both government employment and wages are important elements in explaining

the business cycle fluctuations of unemployment.

This study aims to provide a comprehensive yet simple framework to study optimal
public sector employment and wage policy both in the steady state and over the business
cycle. I build a dynamic stochastic general equilibrium model with search and matching
frictions along the lines of Pissarides (2000), with both public and private sectors. The key
mechanism builds upon the observation that the unemployed direct their search to one sector
or the other, depending on the probabilities of finding a job, the wages and the separation
rates. Because the unemployed have a choice of where to search, public sector wages have
a crucial role in achieving optimality. First, I solve the social planner’s problem to find the
constrained efficient allocation. I then solve the decentralized equilibrium and determine the
public sector wage consistent with the optimal steady-state allocation. If the government
sets a higher wage, for example, due to strong public sector unions, it induces too many
unemployed to queue for public sector jobs and raises private sector wages, thus reducing
private sector job creation and increasing unemployment. Conversely, if the government sets
a lower wage, due to budgetary constraints, for example, few unemployed want a public
sector job and the government faces recruitment problems. The optimal wage premium
primarily depends on the difference in the labour market friction parameters between the two
sectors. For instance, a lower separation rate in the public sector induces many unemployed

to concentrate their search on this sector; thus, the government should offer lower wages to



offset this. For the chosen calibration, the optimal wage is 2.5 percent lower than in the

private sector.

I also examine the properties of the model when subject to technology shocks. Optimal
government policy consists of counter-cyclical vacancy posting and procyclical wages. If
public sector wages are acyclical, recessions make them more attractive relative to wages in
the private sector, inducing more unemployed to queue for public sector jobs. This further
dampens job creation in the private sector and amplifies the business cycle. Deviations
from the optimal policy can entail significant welfare losses. If, for instance, public sector
wages do not respond to the cycle, unemployment volatility doubles. While the result that
public sector wages should be procyclical is very robust, the result of counter-cyclical vacancy
posting is not; it depends on both preferences and the type of shock driving the business

cycle.

This paper adds to the literature examining the transmission mechanisms of public sector
employment with search and matching frictions.? According to Holmlund and Linden (1993),
an increase in public employment has a direct negative effect in unemployment but crowds
out private employment due to an increase in wages. Horner, Ngai, and Olivetti (2007) study
the effect of turbulence on unemployment when wages in the public sector are insulated. They
conclude that an increase in turbulence induces the more risk-averse unemployed to search for
jobs in public companies, resulting in higher aggregate unemployment than if the companies
were managed privately. This paper is more related to Quadrini and Trigari (2007). However,
despite having similar models, I analyse optimal government wage and vacancy policies both
in the steady state and over the business cycle, rather than just looking at the effects of
exogenous business cycle rules on volatility. By focussing on optimal policy, I find that some
of their results are not general. While they find that the public sector’s presence increases
unemployment’s volatility, I show that this volatility crucially depends on what business
cycle policy the government follows. If the government follows the optimal business cycle
policy, then the public sector’s presence reduces unemployment volatility. Furthermore,
while in their setting to stabilize total employment, the government’s best policy is to have

procyclical public sector employment, the optimal policy is actually counter-cyclical.

A few other recent papers use alternative search approaches to study the effect of public
sector employment on private sector wage distribution. Burdett (2012) includes a public
sector in a Burdett and Mortensen (1998) framework where firms post wages. Bradley,

Postel-Vinay, and Turon (2013) further introduce on-the-job search and transitions between

2For examples with frictionless labour markets see Finn (1998), Pappa (2009) or Ardagna (2007).



the two sectors. Albrecht, Navarro, and Vroman (2013) consider heterogeneous human capi-
tal and match specific productivity in a Diamond-Mortensen-Pissarides model. While these
papers assume that unemployed randomly search for jobs across sectors, I assume that the
unemployed can direct their search towards the private or the public sector. Microeconomet-
ric studies provide evidence that individuals deliberately choose the private or public sector
based on the expected wage differential. Nevertheless, I also show that the main qualitative
results on optimal wages hold if job searches are random. Directed searches just amplify the

costs of not following the optimal policy through the endogenous reaction of the unemployed.

2 Model

2.1 General setting

The model is a dynamic stochastic general equilibrium model with public and private sectors.
The only rigidities present are due to search and matching frictions. Public sector variables
are denoted by the superscript g, while private sector variables are denoted by p. Time is
denoted by t =0,1,2, ...

The labour force consists of many individuals j € [0, 1]. A subset of the labour force is

unemployed (u;), while the remainder work in either the public (I{) or the private (I7') sector.
L=0+ 1 +u,. (1)

Total employment is denoted by ;. The presence of search and matching frictions in the
labour market prevents some unemployed from finding jobs. The evolution of employment
in both sectors depends on the number of new matches m? and m{ and on the separations.

In each period, jobs are destroyed at constant fraction \?, potentially different across sectors.
1= (L= N)l +my, i=p,g. (2)

The new matches are determined by two Cobb-Douglas matching functions:

my = ' (u)" (1) ", i =p,g. (3)

I assume the unemployed choose the sector in which they concentrate their search; thus,
u! represents the number of unemployed searching in sector 7. Vacancies in each sector are

denoted by v!. The parameter 1’ is the matching elasticity with respect to unemployment



and ' the matching efficiency. An important part of the analysis focuses on the behaviour

of those unemployed specifically searching for a public sector job, defined as: s; = %

From the matching functions, we can define the probabilities of vacancies being filled
as ¢, the job-finding rates conditional on searching in a particular sector as p!, and the
unconditional job-finding rates as f;:
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The assumption of directed search implies that the number of vacancies posted in one

sector affects the contemporaneous probability of filling a vacancy in the other sector only

through the endogenous reaction of s;.

2.2 Households

In the presence of unemployment risk, we should observe consumption differences across
different individuals. Following Merz (1995), I assume all household members pool income so
that private consumption is equalised. The household is infinitely lived and has preferences
over private consumption goods, ¢;, and public goods ¢;. It also has v(u;) utility from

unemployment, which captures leisure and home production.
Ey Z Buler, ge) + v, (4)
t=0

where € (0, 1) is the discount factor. The budget constraint in period t is given by:
¢+ Bt = (1 -+ thl)Btfl -+ wflf —+ wtglf + Ht, (5)

where r;,_1 is the real interest rate from period ¢t — 1 to ¢, and B;_; are the holdings of one
period bonds. w!l! is the total wage income from household members working in sector i.
Finally, II; encompasses the lump sum taxes that finance the government’s wage bill as well

as possible transfers from private sector firms. I assume there are no unemployment benefits.

The household chooses ¢; to maximize the expected utility subject to the sequence of

budget constraints, taking public goods as given. The solution is the Euler equation:

uc(cy, gi) = B(1 4 1¢) Ey[uc(cipr, gig1))- (6)



2.3 Workers

The value of each member to the household depends on their current state. The value of

being employed in sector ¢ is given by:
WZ = wi + Etﬂt,tﬂ[(l - /\i)WZH + )\iUt-&-l]a L=p,g, (7)

where B4 = 8* % is the stochastic discount factor. The value of being employed
in a specific sector depends on the current wage, as well as the continuation value of the
job, which depends on the separation probability. Under the assumption of directed search,
unemployed are searching for a job in either the private or the public sector, with value
functions given by:

20 iTx/ i .
m + Etﬁt,tﬂ[ptwtﬂ + (1 - pt)Ut-i-l]a t=pg-. (8)

Ui =

Beside the marginal utility from unemployment, the value of being unemployed and
searching in a particular sector depends on the probability of finding a job and the value
of working in that sector. Optimality implies that movements between the two segments

guarantee no additional gain for searching in one sector vis-a-vis the other:
ur=u} ="0,. 9)

This equality determines the share of unemployed searching in each sector. We can

re-write this as

m]thtﬁt,tH[WfH - Ut+1] _ metﬁt,tH[Wtﬂl - Ut+1]
(]_ — St) St

: (10)

which implicitly defines s;. An increase in the value of employment in the public sector,
driven by either wage increases or a separation rate decrease, raises s; until no extra gain
exists for searching in that sector. Under the directed search assumption, wages in the public
sector play a key role in determining s;. If unemployed randomly search between sectors,
public sector wages would still have an effect through the value of unemployment, but it

would be weaker.

2.4 Private sector firms

The representative firm hires labour to produce private consumption goods. The production

function is linear for labour, but part of the resources produced have to be used to pay for



posting vacancies ¢PvY.
Yo = alll — "o (11)

At time t, the level of employment is predetermined with the firm only able to control

the number of vacancies it posts. The value of opening a vacancy is given by
Vi = BBl Jep1 + (1 — ) Viga] — <7, (12)
where J; is the value of a job for the firm, given by
Ji = af —wi + By [(1 = AP)Jp]. (13)

Free entry guarantees that the value of posting a vacancy is zero (V; = 0); therefore, we

can combine the two equations into

P ) ) P
5 = Etﬂt,t—i—l[atﬂ — Wiy + (1 - )‘p) D ] (14)
t A1

The condition states that the expected cost of hiring a worker must equal its expected
return. The benefit of hiring an extra worker is the discounted value of the expected difference
between the worker’s marginal productivity and his or her wage, plus the continuation value,

knowing that with a probability AP the match is destroyed.

Finally, I consider private sector wages as the outcome of Nash bargaining between work-

ers and firms. The sharing rule is given by
(1 =)W/ = Up) = bJy, (15)

where b is the workers’ bargaining power.

2.5 Government

The government produces its goods using a linear technology on labour. This type of good is
different from private consumption goods: it is non-rival and supplied to the representative
family for free. As in the private sector, the costs of posting vacancies are deducted from
production.

g = afl — o], (16)



The government collects lump sum taxes to finance its wage bill:
7 = wilf. (17)

The numeraire of this economy is the private consumption good. As a public good is not
sold, it has no actual price. However, there is an implicit relative price given by the marginal
rate of substitution. The formulation of the production function (16) implies that the cost
of recruiting is given in units of the public good. Alternatively, if the cost was included in

the budget constraint, it would be expressed in units of private consumption.

The government sets a policy for the sequence of vacancies and wages {v], wi ,}2,.
Wages are set one period in advance, at the time it posts the vacancies. As s; is determined
on the basis of expected future wages in the two sectors, the current public sector wage does
not affect any decision variable. I will compare the optimal policy, which arises from the
social planner’s problem, with policies that are exogenously constrained, for instance, due

to strong public sector unions or budgetary constraints.

2.6 Decentralised equilibrium

Definition 1 A decentralised equilibrium is a sequence of prices {ry, wy}2  such that, given
a sequence of government vacancies and wages {v], wi,,}32,, the household chooses a se-
quence of consumption {c;}52,, and the fraction of unemployed members searching in the
public sector sy and firms choose private sector vacancies vi, such that (i) the household
mazximises its lifetime utility; (ii) the share of unemployed searching in the public sector is
such that the values of searching in both sectors equalise (equation 10); (iii) private sector
vacancies satisfy the free entry condition (14); (iv) the private wage level wt solves the bar-
gaining condition (15); (v) the private goods market clears: ¢, = y;; and (vi) lump sum tazes

7, are chosen to balance the government’s budget (equation 17).

2.7 Social planner’s solution

Many decentralised equilibria are possible depending on the government’s wage and vacancy
policies. In my evaluation, I use the constrained efficient solution as a benchmark. The
social planner’s problem is to maximize consumers’ lifetime utility (4) subject to the labour

market and technology constraints (1-3, 11 and 16). The first-order conditions are given by

P Uc(Ct+17 gt+l) Vy, (Ut+1) cP 77”<pvf+1

— =pE{—"""""/(1-")d! , — (1—7P)——————+ (1 =N —

q A ue(ct, gt) [(3=17) H (1= )Uc(0t+179t+1) ( )(If+1 (1 = sp41)Ust1
(18)
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Constrained efficient allocation consists of a triplet of sequences {vf, v{, s,}7°,. Conditions

(18) and (19) describe optimal private and public sector vacancies. On the left hand side,
we have the expected cost of hiring an extra worker. The right hand side gives us the
marginal social benefit of hiring this additional worker. It consists of the worker’s expected
marginal productivity minus the utility cost of working, weighted by the matching elasticity
with respect to vacancies, plus continuation value. This last element enters with a negative
sign, reflecting that hiring an additional worker makes it harder for both sectors to recruit a

worker in the future.

The optimal split of the unemployed between sectors, pinned down in (20), depends on
the following factors: i) the marginal utility of consumption of both goods, ii) the number
of vacancies and their costs and iii) the matching elasticity with respect to unemployment

in both sectors.

In order to implement the first-best allocation, the government can directly set the op-
timal path of vacancies as well as an appropriate path for public sector wages in order to
induce the optimal proportion of unemployed searching for public sector jobs. But what

about private sector vacancies?

Proposition 1 In the steady state, if the government sets the optimal level of public sector
vacancies and sets wages such that the optimal share of unemployed is searching for public
sector jobs, then if workers’ bargaining power equals the matching elasticity with respect to
unemployment in the private sector (b = nP), the level of vacancies in the private sector is

optimal.

The proof can be seen in the companion appendix. In a one-sector model, a firm’s
vacancy posting behaviour entails both a positive and a negative externality: it increases
the probability of an unemployed finding a job but reduces other firms’ probability of filling a
vacancy. The decentralised equilibrium is efficient if the share of the match’s surplus that goes
to the firm (1 —b) equals the importance of the vacancies in the matching process (1 —nP), in
what is usually called the Hosios condition. When we include the public sector, externalities
arising from directed search join those of public sector vacancies. If more unemployed search
in the public sector, the probability of filling a vacancy is higher in the public sector but lower

in private sector firms. This proposition states that, in the steady state, if the government

10



is able to internalise the externalities in ©v9 and w?, then private sector vacancies will also
be efficient, provided that the Hosios condition is satisfied. If it is not, then the government
would need another instrument, such as a vacancy subsidy or tax, to align private vacancies
with the first best.?

2.8 Characterization of optimal policy in the steady state

The main question of interest is how to set optimal public sector wages. Under some re-
strictions, we can derive an expression for optimal public sector wages in the steady state.
Assume that unemployed does not bring any utility to the household: v, (u;) = 0 and that
the costs of posting vacancies are proportional to productivity ¢! = ¢'a’.* The upper bar
denotes the variables in the steady state. If we combine optimality conditions, we can derive
an expression characterizing the optimal tightness in each sector, §° = v

ul

.. — . 1— AV .
,'7201* 4 (01*)17 (ﬁ_l — 14+ )\z) — ( é:? )M . i=p,g. (21)
The equation shows that optimal tightness is independent of both technology and prefer-
ences, depending only on the friction parameters of the corresponding sector. Combining
this expression with the competitive equilibrium equation (10) that pins down the split of

searching across sectors, we can show that

e (]—‘_ ng) (fgtg + 1) _p
YT D )

erop

This equation provides a simple rule for setting optimal public sector wages. They should
be indexed to private sector wages, but adjusted by a factor that reflects friction parameters
differences: 7, <%, A and p'. For symmetrical frictions, wages should be the same in each
sector. Asin a frictionless labour market, the optimal wage ratio is independent of preferences
or the sectors’ relative productivity (Finn, 1998). Differences in preferences or productivity
should not be reflected in the relative wages, but via the relative total number of employees.
Because a sector’s productivity is embodied in the job rather than the worker, any change is
reflected by the social planner in terms of quantities (i.e. the amount of public sector goods

produced) rather than prices (i.e. the wages received by workers). This becomes clear if we

3Because future public sector wages affect the unemployed’s decision regarding where to search today,
a time inconsistency problem could exist. In this setting, the lump sum nature of taxes indicates that the
government does not gain from setting a current wage different than promised. On the other hand, with
distortionary taxes, the government has incentives to deviate and offer a lower wage than promised.

4This is equivalent to writing the production functions as: g; = a(I{ — ¢9v) and ¢; = af (I — ¢Po?b).

11



solve for the optimal share of unemployed searching in the public sector:

S a1 ) (00" o
1—5 aru. nP(1 — n9)pudmp fp(ép)np

The optimal search number depends both on both productivity and preferences. If we assume

log preferences u(ct, g;) = log ¢; + Clog g+, we can further simplify to

_ Y
5 Cng(l — nP) \exw (@)™ (24)
1—5 >pp(l—n9 g '
s Tnr(l—n9) (ﬁng _ 1)
With symmetric labour market frictions, the optimal number of unemployed searching in
the public sector depends only on preferences for the actual size of the public sector § = ﬁ
and the relative size of the public sector is % = g—f) =(.

Without these assumptions, no closed-form solution exists for the wage ratio; therefore,
we have to solve the model numerically. The equations (22) and (23) show how important
calibration of the two sectors’ friction parameters is for predicting the optimal wage ratio.

In order to ensure an accurate prediction, I explore information from several sources.?

3 Calibration

To solve the model, I assume a CES utility function in logs, which allows us to address
the different elasticities of substitution between the two consumption goods. The utility of

unemployment is linear.

1
U(%Qt) = ;ln[ct” + CQZL V(Ut) = XUs.

The model is calibrated to match the US economy at a monthly frequency. I do not

assume in my calibration that the government is following optimal wage policy. Instead, I

5An alternative analysis would directly follow from a multi-sector version of Mortensen-Pissarides, where
public sector wages were also bargained. Adapting the concept of Nash bargaining to the public sector is
not a straightforward process because this sector produces a different good that is non-rival and is also not
sold. The numeraire of the economy is the private sector good in which public sector wages are paid, but
the government raises revenue through lump sum taxes, a process which has, effectively, no cost. We could
still define the surplus from public sector employment by using the marginal product of labour evaluated at
the shadow price for public goods. As typical in these problems, if the Hosios condition is satisfied in the
public sector, we would have efficient public wages, characterized by equation (22). If high union bargaining
power would imply higher wages, lower bargaining power would imply lower wages. By considering wages
as a policy instrument, we can bypass this analysis and evaluate the consequences of both higher and lower
wages without explicitly modelling what causes deviations from optimality.

12



Figure 2: Evidence for the United States
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Note: The government employment series is taken from the Current Employment Statistics survey (Bureau

of Labor Statistics). The grey bars indicate the NBER recession dates. The job-separation and job-finding

rates are calculated from the Job Opening and Labour Turnover Survey.

calibrate the public sector wage premium that is consistent with microeconometric estima-

tions. These estimates have proven quite sensitive to a worker’s education level and gender or

the subsector of government. The survey by Gregory and Borland (1999) places the premium
— w9

between 0 and 10 percent. I set it close to the lower boundary, at 2 percent (7 = 27 = 1.02).

The first graph in Figure 2 shows government employment in the United States since
1947. Under the baseline calibration, steady-state vacancies in the public sector are such that
employment therein corresponds to the sample’s average of 16 percent of total employment
(I9 = 0.15).

The second graph shows the monthly separation rate for both sectors, taken from the Job
Opening and Labour Turnover Survey (JOLTS). The separation rate in the private sector is
almost three times higher than in the government: 4.0 against 1.4 percent. The last graph
plots the new hires of each sector as a share on total unemployed, which serves as a proxy
for the job-finding rate. The probability of finding a job in the government sector is only 3.6

percent compared to 50.6 percent in the private sector.

For an approximation of the matching elasticity with respect to vacancies, I regress the
log of the job-finding rate (the ratio between hires in that sector and unemployment) on
the log of tightness (the ratio between job openings in that sector and unemployment) for
each sector. The estimated coefficients are 0.62 for the private sector and 0.76 for the public
sector, which suggest that vacancies are more important determinants of matches in the
public sector. These numbers might be biased because we are omitting unemployed that are
effectively searching in each sector. If we include a measure of relative search from Google
trends as a proxy, the estimated elasticities change to 0.67 and 0.87 respectively. These
numbers are similar if we estimate the matching function with the log of new matches as

a function of log vacancies and log unemployment, imposing constant returns to scale. I

13



Table 1: Baseline calibration

Parameters -
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set public sector matching elasticity with respect to unemployment, n?9 at 0.15 and n? at
0.4, slightly higher than the estimated value but in line with estimates from the literature
(Petrongolo and Pissarides (2001)). Elasticity with respect to vacancies of 0.85 in the public
sector is less extreme than in Quadrini and Trigari (2007). They use the minimum of
vacancies and unemployment as a matching function, which implies a matching elasticity of
1.

A recent paper by Davis, Faberman, and Haltiwanger (2013) provides some insights into
the duration of vacancies by sector. They use JOLTS data to study the behaviour of vacancies
and hiring. After adjusting the data, they estimate that government vacancy remains open
for 30 days while a private sector vacancy remains unfilled for only 20 days. I calibrate the

matching efficiency p' to reproduce these numbers (g7 = 1 and ¢¢ = 1.5).

Although I could not find data on public sector recruitment costs in the United States,
the United Kingdom has a unique source. Every year, the Chartered Institute of Personal
Development performs a recruitment practice survey covering approximately 800 organi-
zations from the following sectors: manufacturing and production, private sector services,
public sector services and voluntary, community and not-for-profit sector (CIPD (2009)).
The costs of recruiting a worker, which encompass advertising and agency costs, are approx-
imately £4000 for the median firm, corresponding to approximately 8 weeks of the median
income in the United Kingdom. On an average, these costs are 40 percent lower in the public
sector. I consider that these values indicate that cost per hire is lower in the public sector. I
consider the cost of posting a vacancy ' to be 1.5 in the private sector and 0.8 in the public
sector. Given that a vacancy’s duration is longer in the public sector, these values imply
that the public sector’s average cost of recruiting expressed in the same units is 20 percent
lower than in the private sector. Under this calibration, recruitment costs total 3.7 percent
of total labour costs, close to the value found in Russo, Hassink, and Gorter (2005). These
numbers also imply that public vacancies are only 10 percent of private sector vacancies,
which is close to 9 percent found in JOLTS.
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The empirical evidence relative to the substitution elasticity between private and govern-
ment consumption is not conclusive. Evans and Karras (1998) find that private consumption
is complementary to military expenditure and a substitute for non-military expenditure.
Fiorito and Kollintzas (2004) disaggregate expenditure into ‘public goods’ (defence, public
order and justice) and ‘merit goods’ (health, education and other services). They find that
‘public goods’ are substitutes and ‘merit goods’ are complements to private consumption. In
the baseline case, I consider an elasticity of substitution of 1 (v = 0.0), but also discuss the
cases where goods are substitutes (7 = 0.5) and complements (y = —0.5). The parameter (,
which reflects the preference for government services, is chosen such that the optimal level

of public sector employment is 0.15.

For the model to satisfy the Hosios condition in the private sector, the worker’s share in
the Nash bargaining is set at 0.4. The value of leisure in the utility function is calibrated
such that the steady-state unemployment rate is 0.06, implying an outside option equivalent
to 50 percent of the average wage. Technology in both sectors is normalised to 1 and the
discount factor is set at 0.9955, which implies an annual interest rate of 5 percent. Table 1

summarises the baseline calibration and the implied steady-state values for the key variables.

4 Optimal public sector wage in steady state

As already shown, the optimal wage ratio primarily depends on the difference between friction
parameters in the public and private sectors and only equals one if the sectors are symmetric.
Under the baseline calibration, the optimal public sector wage is 2.5 percent lower than in
the private sector. Figure 3 shows how this optimal wage varies with the public sector’s

parameters.’

When the cost of posting vacancies is lower or when matching depends more on vacancies
(lower n9), it is more efficient for the matching to be driven by vacancies rather than by
the unemployed. In order to induce fewer unemployed to search in the public sector, the
government should pay less to its workers. When the separation rate decreases or matching
becomes more efficient, more unemployed turn to the public sector at a time when it would
be optimal to have less. As the private incentive is not efficient, the government should

offer lower wages to correct this. Quantitatively, the difference between matching elasticities

6The companion appendix shows how the optimal share of unemployed searching in the two sectors,
unemployment rate, size of the public sector and wages and tightness in both sectors vary with these pa-
rameters.
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Figure 3: Optimal steady-state public-private wage ratio
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explains one third of the optimal public sector wage gap, while differences in separation rates

and vacancy-posting costs account for one sixth each.

The optimal wage ratio positively depends on the disutility of working (x) and negatively
on the productivity of the public sector, but it does not depend on the coefficients of the
utility function, namely v and (. Higher y raises the value of employment in the private
sector relative to that in the public sector because people are more likely to have another
spell of unemployment if they are employed in the private sector. As this induces more
unemployed to search in the private sector, the government needs to offer higher wages to

offset this preference.

In the numerical simulations, the cost of posting vacancies is not proportional to produc-
tivity. In such a scenario, lower productivity in the public sector indicates that the relative
cost of posting vacancies is higher because the marginal utility of public sector goods in-

creases and hiring costs are internal. Although the social planner wants to produce fewer
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public sector goods, it prefers new matches be driven by the unemployment side to save

vacancy posting costs, a decision which requires higher public sector wages.

The parameters of the utility function mainly affect the optimal amount of public sector
goods produced, but numerically the parameters do not change the optimal wage ratio.
This result occurs because the optimal tightness in the two sectors stays the same, and the
different values of working in each sector as well as the value of being unemployed all remain
unchanged. As in the frictionless world, preferences determine the relative employment level

but not the wage ratio.

To investigate the consequences of paying more to public sector employees, I compare
the unemployment rate when the public sector wage is optimal (a gap of 2.5 percent) with
the baseline case (a premium of 2 percent). The unemployment rate, which was calibrated
to 6 percent in the baseline steady state, falls to 5 percent when the government sets the
optimal wage. This happens because many unemployed that were queuing for public sector
jobs now find it more attractive to search in the private sector (5 changes from 21 to 3
percent), boosting job creation. Interestingly, private sector wages do not go up in line
with public sector wages. On one hand, the public sector wages increase an unemployed’s
outside options if they search in the public sector, exerting an upward pressure on the wage
bargaining. On the other hand, such public sector wage increases also entail a negative
wealth effect in the real business cycle sense. By increasing unemployment and crowding out
private employment permanently, they reduce the total amount of private goods produced in
the economy, raising their marginal utility. Higher marginal utility of consumption reduces
the value of being unemployed and makes people willing to work at lower wages. The second
effect seems to dominate. Welfare costs in the baseline scenario are equivalent to a permanent
private consumption reduction of 0.6 percent. All in all, public sector wages are an important

determinant of equilibrium unemployment.”

5 Public sector policies and the business cycle

Now I examine the effects of a 1 percent negative private technology shock on the econ-
omy under alternative government policies. I consider an AR(1) shock with autoregressive

coefficient p = 0.9.

In(at) = (1 = p)In(@) + pIn(ai’ ;) + €/

"Figures can be found in the companion appendix.
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Figure 4 shows the impulse responses, starting from the efficient steady state, when the
government follows the optimal rule. I contrast the optimal policy with the following simple

rules for vacancies and wages:

log(vf) = log(v?) + ¢"[log(vf) — log(v”)], (25)
log(wf,,) = log(w’) + 1" [log(wf) — log(w")]. (26)

Existing evidence by Lane (2003) and Lamo, Pérez, and Schuknecht (2008) suggest that
public sector wages are less procyclical than private sector wages, particularly in the United
States.® For simplicity, I consider two cases where public sector wages are acyclical (¢¥* = 0).
In the first case, public sector vacancies proportionally decline to increases in private sector

vacancies (¥ = —1). In the second, they are acyclical (¥ = 0).

After the negative productivity shock, private sector firms post fewer vacancies, resulting
in reduced probability of finding a job in this sector; therefore, the unemployed increasingly
search for public sector jobs. The unemployment rate increases at most by 0.06 percentage
points. As pointed out by Shimer (2005), under a standard calibration, search and matching
models cannot generate sufficient fluctuations in unemployment in response to technology

shocks.

Optimal government policy will have procyclical wages and counter-cyclical vacancies.
The sector reallocation argument advocates hiring more people in recessions. If the private
sector has lower productivity, the economy will be better served by the public sector ab-
sorbing part of the unused labour force. This result is fragile in two dimensions. First, it
depends on preferences. Figure 5 shows the optimal business cycle policy for three cases: if
the goods are substitutes (v = 0.5), complements (v = —0.5) and the baseline case with an
elasticity of substitution of 1 (7 = 0.0). The result is overturned if the goods are strong com-
plements. In this case, during a recession, as the marginal utility of the government services
falls with consumption of private goods, the government should also reduce the number of
people it employs. The result of counter-cyclical vacancies also breaks down following an
economy-wide technological shock or discount factor shocks. As they affect both sectors

symmetrically, the argument for sector reallocation no longer holds.’

On the other hand, public sector wages should follow declines in private sector wages. In

recessions, if the government keeps its wages constant, it becomes more attractive relative

8 Additionally, a study by Devereux and Hart (2006) using micro data for the United Kingdom finds that
for job movers in the private sector, the wages are procyclical but for the public sector they are acyclical.
9This is shown in the companion appendix.
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Figure 4: Response to a private sector technology shock under different policies
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Note: Solid line (optimal policy); dash line (counter-cyclical vacancies and acyclical wages) and dotted line
(acyclical vacancies and wages). The response of the variables is shown in percentage of their steady-state
value, except for unemployment rate and the share of unemployed searching for public sector jobs, which is
expressed in percentage point difference from the steady state.

to the private sector, thus increasing the share of unemployed searching for public sector
jobs. This in turn reduces the probability that a vacancy in the private sector will be filled,
which further dampens job creation and amplifies the business cycle. We can see that under
the two exogenous rules, unemployment shows a much stronger response. The share of
unemployed searching of public sector jobs increases by 1.6 percentage points, much higher
than under the optimal policy (0.02 percentage points). This result is remarkably robust to
alternative preference specifications or business cycle driving forces. This robustness reflects
the fact that the optimal wage gap mainly depends on the friction parameters, which do not

fluctuate over the business cycle. As a consequence, the two wages should have a very close
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Figure 5: Optimal business cycle policy under different elasticities
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comovement.?

Table 2 compares the standard deviation of key variables in the alternative policies, as
well as when no public sector exists (¢ = 0). If government follows the optimal policy, the
presence of public sector employment stabilises unemployment. However, if public sector

wages are acyclical, unemployment volatility increases twofold.

In their paper, Quadrini and Trigari (2007) have two conclusions contrary to mine. First,

they argue that the presence of the public sector increases unemployment volatility. I show

100ptimal wage policy would be reinforced with endogenous job destruction. In recessions, the job-
separation rate in the private sector would increase, further reducing the value of private sector employment
relative to that in the public sector. This would encourage more unemployed to search in the public sector,
requiring public sector wages to fall even more to maintain optimality.
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Table 2: Business cycle properties under different policies

Policy Standard deviations Correl ~ Welfare
s I Uy wy (19, uy) cost

Optimal steady-state wage

No government 0.0008 — 0.0007  0.021 — 0.022%

Optimal policy 0.0008 0.0004 0.0006 0.021  0.994  0.018%

Rule (% =0, ¢¥ = —1) 0.0282 0.1558 0.0016 0.0206 —0.506 0.296%

Rule (¢ =0, ¥ =0) 0.0247 0.1350 0.0015 0.0206 —0.368 0.240%

Optimal steady-state wage
Substitutes (v =0.5)

Optimal policy 0.0035 0.0157 0.0005 0.021  0.919 0.0186%
Rule (% =0, ¥ = —1) 0.0274 0.1482 0.0015 0.0207 —0.252 0.184%
Rule (¢* =0, ¢* = 0) 0.0233 0.1249 0.0014 0.0208 —0.084 0.150%
Complements (y = —0.5)

Optimal policy 0.0002 0.0047 0.0007 0.021 —0.985 0.0231%
Rule (% =0, ¥ = —1) 0.0292 0.1645 0.0019 0.0205 —-0.695 0.553%
Rule (9% =0, ¥ = 0) 0.0263 0.1473 0.0017 0.0205 —0.612 0.463%

Baseline steady-state wage

Rule (% =1, ¢¥ = —1) 0.0015 0.0051 0.0007 0.021  0.498 —
Rule (¢* =0, ¥ = —1) 0.0060 0.0218 0.0022 0.021  0.473 —
Rule (¢ =0, ¥ =0) 0.0047 0.0147 0.0022 0.021  0.480 —

that this result is not general and that the presence of public sector employment affects
unemployment volatility in a manner crucially dependant on the government’s business cycle
policy. Second, they argue that procyclical public sector employment is the best policy to
stabilize total employment, but this is not the optimal policy. In their model, the government
does not choose wages optimally, in either the steady state or along the business cycle.
Procyclical employment can be optimal if public sector wages are not. But if they are,

public sector vacancies and employment should be counter-cyclical.

The last column presents the welfare cost of business cycles in the different scenarios.!!
When the public sector is absent, fluctuations have a very small welfare cost — approxi-
mately 0.028 percent of steady-state consumption. This is a well known result. When the
government is present and behaves optimally, the fluctuations have lower welfare costs, but
under the two rules, the cost can be up to four times higher. Welfare costs are higher when
the goods are complements, as a negative technology shock has further negative effects on
the marginal utility of the public good. Optimal business cycle policy requires the policy
to remain optimal in the steady state. Outside the efficient steady state, characterizing the

optimal business cycle policy is difficult, but we can analyse the volatility of key variables

11Gee the companion appendix for details.
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depending on business cycle policy. The last panel of Table 2 shows the case for the base-
line steady state. In the two scenarios with acyclical public sector wages, unemployment
volatility is three times higher than when the public sector wages respond one-to-one to the

private sector.

In a final robustness exercise, I investigate if these conclusions change in the presence of
rigid private sector wages. I considered two alternative methods of modelling: one following
Hall (2005) and the second following Blanchard and Gali (2010). In both cases, rigidities are
introduced by assuming an ad-hoc expression for wages. Full details and results are shown
in the companion appendix. Compared to the flexible wage benchmark, unemployment rate
volatility increases three times in the case of Hall (2005) specification and 15 times in the case
of Blanchard and Gali (2010). In both cases, we observe reduced unemployment volatility
when government follows a procyclical wage policy, but by less than the benchmark case.
The standard deviation of unemployment rate decreases by only 10 percent. Rigid wages
reduce the cost of not following a procyclical public wage policy. Although wage rigidity has
been proposed in the literature as one solution to the Shimer Puzzle, its relevance is still
under discussion. For the main mechanism of the model, only the wages of new-hires are
relevant in the decisions. As been argued by Pissarides (2009), microeconometric evidence

suggests that wages in new matches are more procyclical and volatile than average wages.

6 Directed versus random search

6.1 Evidence for Directed search

The theoretical model presented in this paper has two important policy prescriptions. First,
government wages in the steady state should not be too high relative to the private sec-
tor. Otherwise they generate higher equilibrium unemployment. Second, government wages
should track private sector wages over the business cycle or unemployment volatility will be
higher due to fluctuations in the share of unemployed searching for public sector jobs. An

important part of the mechanism depends on the assumption of directed search.

According to micro evidence, this assumption is very realistic. As mentioned previously,
public sector wage premium substantially varies within groups. As reported in Gregory and
Borland (1999), the premium is much higher for females, veterans and minorities, and is
higher for federal government employees compared to state or local government employees.
Differences also exist across education levels. Katz and Krueger (1991) find that in the

previous two decades, more educated individuals tend to be paid less in the public sector,
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while individuals with less education tend to receive a higher premium. If people can direct

their search, these differences should have repercussions.

Gregory and Borland (1999) report a number of studies that found the existence of queues
for federal public jobs. For example, Venti (1985) finds that for each federal government job
opening, 2.8 men and 6.1 times as many women want the job. Katz and Krueger (1991)
find that blue collar workers are willing to queue to obtain public sector jobs, whereas the
public sector has difficulty in recruiting and retaining highly skilled workers. Postel-Vinay
and Turon (2007) also finds evidence in the United Kingdom of low-employability individuals
queuing for public sector jobs, as they stand to gain larger potential premia from working
there.

Most studies that estimate the public sector wage premium use switching regression
models, which posit that the unemployed can self-select to work in the sectors offering more
advantages. Blank (1985) finds that, among other factors, sectoral choice is influenced by
wage comparison. Heitmueller (2006) manages to quantify this effect and finds that an in-
crease of 1 percent in the public sector’s expected wage increases the probability employment

in that sector by 1.3 percent for men and 2.9 percent for women.

The micro evidence supports the directed search assumption in the steady state. However,
over the business cycle, as the public sector premium is different for subgroups based on
characteristics that do not change over the cycle, small changes in private sector wages might
not be sufficient to change aggregate search patterns. Note that the successful functioning
of this mechanism does not require every unemployed to swing between sectors, as long as a
small number at the margin are so able. Anecdotal evidence presented in the introduction

already suggests that the same mechanism is also relevant over the business cycle.

6.2 The case with random search

Although directed search is an important part of the mechanism, the main results are also
robust if we consider search as being random. Consider the following specification in which

the unemployed do not have a choice where to search:

mf +mf = p(u)"(vf +vf) ", (27)
g g
vy m]

2t 28

ol oml (28)

There is one matching function that has unemployment and the total number of vacancies

as inputs. In this setting, public sector wages do not have any externality on the matching
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function, only public sector vacancies. However, public sector wages still affect the value of

unemployment and, hence, the outside option of the worker when bargaining.

200,

U, =
! Uc(0t79t)

+ BB [fiWea + [IWea + 1= f7 = [) Uil (29)
In this setting, optimality only requires optimal vacancies in both sectors. The government
can set the optimal level of government vacancies directly, incorporating the resulting exter-
nality. As there is one less variable for efficiency, the government can now use public sector
wages as an instrument to achieve the optimal level of private vacancies. This means that,
for any bargaining power of the worker (even if the Hosios condition is not satisfied), only
one public sector wage will achieve the optimal level of private sector vacancies. As with
directed search, higher public sector wages imply both higher wages and lower vacancies
in the private sector, and hence higher unemployment. This is also true over the business
cycle. Unemployment volatility is higher if public wages are kept constant. In essence, di-
rected search amplifies the costs of not following the optimal policy through the endogenous

decision of where to search.!?

7 Conclusion

This paper examines the links between public and the private sectors through the labour
market. The main normative conclusion is that government wage policy plays a key role in
attaining efficient allocation of jobs across sectors. In the steady state, the optimal public
sector wage premium should reflect differences in labour market friction parameters. Al-
though other reasons exist for governments to set wages, namely to induce effort or avoid
corruption, they should weigh the cost of such an action in terms of labour market ineffi-
ciency, as higher wages relative to the private sector induce queues and higher equilibrium

unemployment.

Over the business cycle, public sector wages should follow those in the private sector.
Otherwise, in recessions, too many people queue for public sector jobs whilst in expansions,
few people apply for them. Although I have abstracted from financing issues, a procyclical
public sector wage has the advantage of requiring a lower tax burden in recessions. How-
ever, it also has drawbacks. First, lowering public sector wages in recessions might prove
politically difficult to implement. Yet, to achieve efficiency in the labour market, the only

relevant wages are those of new hires, which are potentially easier to reduce in recessions.

12Tn the companion appendix, I present details of the model with random search, the social planner
solution and the results of some simulations.
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Second, it does not seem plausible that government can vary wage from quarter to quarter.
However, indexing annual wage increases to the evolution of their private sector counterparts
is possible. Finally, I have ignored the insurance role of the government. If agents are risk
averse, they would prefer to have a constant income profile throughout the business cycle,
which is an argument for acyclical wages. While this line of reasoning is valid, one has to
realise that the intertemporal insurance is achieved at the cost of greater fluctuations in

unemployment.

The results on optimal policy are relevant in two ways. First, studies of optimality in
fiscal policy have primarily focused on the taxation side because on the spending side, it is
harder to dissociate optimal policy from preferences. In the model, government policy on
vacancies and employment faces the same problem, which is why I give it little relevance. On
the other hand, the results of government wages essentially depend on the labour market,
which allow us to develop a more robust theory of optimal spending, at least for one of its

components.

The result is considered relevant because despite being simple and intuitive, optimal busi-
ness cycle policy does not seem to be acknowledged by policy makers who view government
wages as a stabilization tool. In a recent occasional paper from the European Central Bank
(Holm-Hadulla, Kamath, Lamo, Pérez, and Schuknecht (2010)), the authors argue that the
government should avoid mild wage procyclicality, as increasing wages in expansions might
boost aggregate demand and amplify the business cycle. As we have seen, this policy could
heavily distort the labour market. To stabilise demand, the government can use either em-
ployment, purchases of intermediate goods, investment or transfers, but leave the wage to

promote efficiency in the labour market.
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I - Data

Table Al: Public sector and the labour market in OECD countries

Public wage bill Public Employment ~ Unemployment Correlation
(% gov. consumption) (% total employment) rate (ug, 1)
Australia 52.2% 14.1% 6.3% 0.51
Austria 53.4% 13.1% 4.7% 0.34
Belgium 53.8% 17.9% 6.9% 0.91
Canada 59.8% 20.5% 6.8% 0.55
Denmark 67.8% 30.5% 4.4% 0.78
Finland 63.2% 24.8% 9.9% 0.76
France 58.4% 22.5% 9.4% 0.95
Germany 41.5% 11.6% 7.5% 0.82
Iceland 60.0% 19.0% 2.3% 0.74
Ireland 57.0% 12.7% 4.3% 0.84
Italy 55.6% 16.9% 10.7% —0.40
Japan 37.7% 8.4% 4.7% 0.35
Luxembourg 49.1% 15.0% 2.6% 0.88
Netherlands 42.2% 10.9% 2.6% 0.80
Norway 63.1% 33.6% 3.4% 0.82
Portugal 72.8% 14.3% 4.0% 0.22
Spain 59.2% 14.1% 11.4% 0.13
Sweden 59.2% 31.1% 4.7% 0.33
United Kingdom 53.3% 18.0% 5.5% 0.19
United States 66.5% 15.2% 4.1% 0.66
Average 56.3% 18.2% 5.9% 0.49

Note: Public wage bill, public employment and unemployment rate refer to the year 2000. The correlation
between public sector employment and the unemployment rate is computed from quarterly data (1970 to
2007). Source: OECD.

Table A2: Data on cost of recruiting - CIPD

All Manufacturing Private sec- Public Voluntary and
sectors and production tor services services not-for-profit

Cost of recruiting (£)

Senior managers 15123 13396 18964 10452 8534
Managers and professionals 9738 8050 12393 6067 6471
Administrative, secretarial 4519 3680 5628 1935 4976
and technical

Services (costumer, per- 8996 4565 13980 2327 1399
sonal and sales)

Manual, craft workers 2381 2498 2978 1898 1379
Time to fill a vacancy (weeks)

Senior managers 17.1 16.8 16.5 18 16.6
Managers and professionals 12.5 12.1 11.8 14.3 11.8
Administrative, secretarial 6.5 6.0 7.1 9.1 7.1
and technical

Services (costumer, per- 7.0 6.7 5.6 9.9 7.4

sonal and sales)
Manual, craft workers 5.9 5.2 4.5 8.3 6.3
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Figure A1l: Growth rate of Google keyword searches in the United Kingdom
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Note: The growth rate of the four-weeks average index of keyword searches, relative the same
four weeks in the previous year.



APPENDIX (FOR ONLINE PUBLICATION)

IT - Steady-state optimal wages, search and unemployment

Figures A2-A6 show the optimal steady-state wages in both sectors, the optimal tightness,
the optimal the share of unemployed searching in the public sector, the optimal public
sector employment and the unemployment rate as a function of the labour market friction
parameters in the public sector, as well as the technology and utility function parameters.
Figure A7 shows how these variables change with public sector wages.

Figure A2: Optimal steady-state public and private sector wages
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Figure A3: Optimal steady-state public and private tightness
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Figure A4: Optimal steady-state share of unemployed searching in the public sector
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Figure A5: Optimal steady-state level of public sector employment
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Figure A6: Optimal steady-state unemployment rate
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Figure A7: Cost of higher public sector wages
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IIT - Optimal policy

under alternative sources of fluctuations

Figure A8: Optimal policy under an economy-wide technology shock
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Figure A9: Optimal policy under a discount factor shock
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IV - Wage rigidity

TWO SPECIFICATIONS

I considered two alternative ways of modeling wage rigidity: one following Hall (2005)
and the second by Blanchard and Gali (2010). In both cases the rigidities are introduced by
assuming an ad-hoc expression for private sector wages.

Hall (2005): wy = owy_y + (1 — o)wy
Blanchard and Gali (2010): w} = wP(AY)"

In the first specification, the actual wage is a weighted average from the wage in the
previous period and the wage that would follow from the Nash bargaining, w;. In the
second specification wage responds to changes in productivity but with an elasticity of ¢. If
¢ = 0 if would be the case of constant private wages. Table A3 shows the business cycle
properties with wage rigidity. In all cases, constant public sector wages increase the volatility
of unemployment relative to the procyclical public sector wages.

Table A3: Business cycle properties with wage rigidity

Policy Standard deviations Correl ~ Welfare
w I Uy wy (17, uy) cost

Baseline steady-state wage

Rule (" =1, ¢¥ = —1) 0.0015 0.0051 0.0007 0.021 0.498 —
Rule (¢ =0, v¥ = —1) 0.0060 0.0218 0.0022 0.021 0.473 —
Rule (v =0, ¥¥ = 0) 0.0047 0.0147 0.0022 0.021 0.480 —
Rigid private wages (Hall (2005) o = 0.90)

Rule (¥ =1, ¢" = —1) 0.0048 0.0146 0.0024 0.0478  0.4263 —
Rule (¢ =0, ¢* = —1) 0.0036 0.0072 0.0025 0.0458  0.2065 —
Rule (% =1, ¢¥ =0) 0.0028 0.0020 0.0021 0.0470 0.5123 —
Rule (¢* =0, ¥ = 0) 0.0035 0.0147 0.0023 0.0450 —0.1756 —

Rigid private wages (Blanchard and Gali (2010) « = 0.5)

Rule (" =1, ¢ = —1) 0.0257 0.0873 0.0103 0.010 0.515 —
Rule (% =0, ¢* = —1) 0.0281 0.0963 0.0112 0.010 0.514 —
Rule (% =1, ¥¥ =0) 0.0143 0.0070 0.0093 0.010 0.535 —
Rule (% =0, ¥¥ =0) 0.0125 0.0139 0.0101 0.010 0.537 —
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V - Derivations

SOCIAL PLANNER’S PROBLEM

The social planner maximises the consumer’s utility (4) subject to the technology con-
straints (16) and (11) and the labour market frictions (1)-(3). Setting up the Lagrangian:

t+k
Z B u(ay y 1ty — PV @t iy — <vil) +v(L = — 1)

k=0
gl = (U= M = 1P ((1 = ) (1= 1 = )™ ()]
O [ s — (U= A — 1 (sea(L = B = 1,00 (00,0}

The first order conditions are given by:

v o ue(er, gi)sP = Q1 —nP)gl
of 1 ug(en, gi)s? = Q7 (1 —1?)q!

29,9 1,9y P
s, - Qintmyi QP
t " =

S¢ 1—s;
mp mg
lf—&-l : Q% = 5{af+1uc(ct+1,gt+1) — Vu(Upy1) + Qt1+1(1 — ) — Q%—i—l e QtZ-i-l t+1}
m? mt;rl
liq+1 : Q? = B{ag-i-lug(ct—i—la Gi41) — VulUss1) + Q?ﬂ(l — M) — Q%ﬂﬁﬁ: Q?+1779 u:ll }

Plugging the first two equations in the third one gives the implicit expression for optimal
level of search in each sector:

ug(ct,gt)§gngvf . Uc(ctagt)gpnpvf

(T=n)se  (I=n)(1—s)
If we rewrite the third condition as Q¥nIm{ + QinPmf = Q%thmg = Q’}lfgf, we can use it to

simplify the last two conditions and get:

P Uc(Ct+1, 9t+1) Vu(Ut+1) <P 77p§pvf+1

— = f——"""{1-)d , - 1-—7P)——+ (1= N —

qr ue(ce, gt) { Jata = (1= )uc(6t+1,gt+1) ( )Qf-&-l (1 = sp11)up
Y Ug(Cts1, Grv1) Vi (Uts1) Y TSEH

S5 = BRI g)af,, - (1 - ) (1 ) -

0 Ug (Ct; gt) ug(CtJrla 9t+1) Qi1 St+1Ut+1

PROOF OF PROPOSITION 1

Plugging the steady-state expressions for the value of job, unemployment and employment
in the Nash sharing rule gives us:

P — Yu a? — P
1—-0b Ye =b .
S g v Rl T W U

)
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The decision rule for private sector vacancies is given by the free-entry condition of firms:

gp
— (1= 36(1 = AP)) = [a’ — w"].
(1= 61— ) = @ — @)
Combining the two equations using (a” — wP) we get the following expression:
5P beP
W= = (L= BN - ) e

Ue (1—38a" (1-b)ges

Adding it to the free-entry condition:

L, U mP be? P
We can simplify it into
o Vuy o o ¥ bePmP
¢ s e e
which can be re-written as:
oS _ 811 — ) (ap - Yuy 0T
(1= (1= )5 = Bl(1 = (e - %) - )

This is equivalent to the social planner’s first order condition for private vacancies if b = nP.

WELFARE COSTS OF HIGH PUBLIC SECTOR WAGES IN STEADY-STATE

Let {Copts Gopts Uopt} be the steady-state private and government consumption, and un-
employment under the optimal public sector wage. The {¢, g, u} is the allocation under an
exogenous public sector wage. We want to find what is the welfare gain as a percentage
of steady-state private consumption of having the optimal steady-state public sector wage
(Section 4). This is given by x that solves the following equation:

w(Copts Gopt) + ¥ (Uopt) = u((1 + x)¢, g) + v(@).

Using the utility function:

[expn(cl,, + Cale) + VX (topt — )] — ()7
c

T = —1,v#0.

If v = 0, the utility function is not defined, so I use the equivalent u(c;, g;) = In(¢;) +CIn(gy).
The welfare cost in terms of steady state consumption is then given by:

T = eXp[1n<Copt) + C(ln Gopt — In g) + X(uopt B ﬂ)]

c

—1,7=0.
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WELFARE COSTS OF BUSINESS CYCLES

In Section 5 I show the welfare costs of business cycles under different policies for {vf, w{}.
Let us start by defining the variables in log-deviations from the steady-state:

If we do a second-order approximation to the variables around the steady state {¢, g, u}:

¢ =¢c(1+é+36) + o(3),
ge=g(1+gs + Qgt)+0(3)
up = u(l + @ + 5a7) + o(3).

The second-order approximation of the utility function gives:

U(Ctagtaut) = U(@gﬂ) + Uc(67g7ﬁ)[ct ] ( g ﬁ')[ g] + U (E>g>ﬂ)[ut - ﬂ] +
SUele, 9, )lee — 7 + SUy 0.0, )lg: — 3 + 3 Unae, g, ) — i +
Uey@. 5, 0)cr — ellge — 91 + Uea(@, . 0ler — e — ] + U@, 3. 0l — glfue — ] + o(3)

But for it to be correct, we have to plug in the second-order approximation of the variables.
Given the additive separability of the utility functions, we can drop the cross-terms between
the consumption goods and unemployment.

Uler, gyw) = U(e,g,u) + Ue(e, g, w)[e(é + %é?)] +Uy(e,9,0)[g(g + ;gt )+ Uu(e,g. mlala + 5a7)]

45U, 9, W[+ 58N+ SUng(e 9,00 + 50D + 5Uua(e, g, 0)alii + S
+aﬂa&@k@+%@mm@+%aﬂ+d®

Collecting terms and substituting the derivatives,

U(ct7 Gt ut) = U(év g? ﬂ) + ucéét + ugggt + Vuaat +

]l

U - e Ne—~ ~
— (W + V)T + ey (C, §)CGELT: + 0(3).

—(Clige + uc)ct + = 9 5

5 (gugg + ug)gt

2

Taking the unconditional expectation, we can write the welfare cost in terms of the moments
of the variables:

Elu(ci, g) +v(w) —ule,g) —v(@)] ~ ucEla] +uggElg] + vaublu] + ;(Eucc +uc) B[] +

N |

(ﬂyuu + Vu>E[a?] + U’Cg(év g)égE[étgt] = E

N | S

(qugg + ug)E[g7] +

I solve the model up to a second-order using perturbation methods and compute the moments
of the variables to find the value of =. To express the welfare costs as a percentage of steady-
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state consumption, we solve the following equation:

(1

u((1—1x)¢,9) —u(c g) =
For the CES function, the derivatives are given by:
éfy—l
N i
&+ (g
_(y=pez g
TG (@)Y
(=g gt
Ugy(C, 9) = - = — = ——rt
&+ (g (@ +¢9)
— ¢yl
@+
Vu(a) = Xa
V(1) = 0.

Uey(C, ) =

And the expression for the welfare cost is:

B {exp[y= + ln(E'Yj’ ¢q")] — Cgv}% 7y # 0.

rz=1

If v = 0 the solution is given by:

XV
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VI - Model with random search

SETTING
Equation 1-2, 4-7 and 11-17 are the same. As there is no directed search, we drop equation

10 and the matches in each sector are given by the relative vacancies:

mf _|_ mt — /,L('U,t)n(vtp + Uf)lina (R‘l)
v mi
2t Tt R2
P (R2)
Vy(u
U= A + BB [[EWE + EWE + (L= f7 = D) Ul (R3)

uc(ct7gt)
SOCIAL PLANNER’S PROBLEM

The social planner maximises the consumer’s utility (4) subject to the technology con-
straints (16) and (11) and the labour market frictions R1-R3. For convenience, instead of
private and public vacancies, I set the choice variables of the government as total vacancies
(v¢) and the share of vacancies that are public, defines as o. Setting up the Lagrangian:

oo
Z B u(ar, 1 — Pve(1 = 0),af Wl — Pveino) + v(1 =17 — 1)
k=0

_Q%Jrk[lf;kﬂ —(1- /\p)lﬁk —p(1 - lfm - ltg+k)n(vt+k)1_n(1 - 0)]

_Q?+k[lf+k+1 - (1= >\g)1159+k — (1= lf+k - lf+k)n(vt+k)lfn0]}‘
The first order conditions are given by:

v ue(cr, gi)sP(1 = 0) +ug(er, g)s?o = (1 = n)g(1 = 0) + Q7 (1 = n)gio
o 1 Pvue(cr, gi) = Tvug(en, gi) = (9 — Q) (1 = 1 = 17)"(v)'™")
o o Q= B{aluc(cin, gin) = valuei) + Qi (1= A) = QP (u(1 = 17 = 1) (0,)™")(1 = o)
D= (1 =1 = 1) (o)) (0)}
o o 9F = Blalug(crins 1) = vauga) + Q7 (1= N) = QP (1 =17 = 1) (0) ") (1 = o)
=7 P (1 =17 = 1) (ve) ) (0) }.
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Figure A10 shows the optimal public-private wage ratio in steady-state as a function of
the bargaining power of workers, for three different calibrations. If the frictions are symmetric
across the two sectors and the Hosios condition is satisfied the government has to set the
same wage as in the private sector to guarantee an efficient level of private vacancies. If the
bargaining power of workers is higher than the Hosios condition, the government has to set
lower wages to reduce the value of unemployment enough to increase the surplus of the firms
and bring their vacancies in line with optimality.

For the asymmetric calibrations in which the separation rate is lower in the public sector
the optimal public sector wage should be lower than the public sector. Lower separation
rate raises the value of unemployment and hence the threat point in the bargaining. As in
directed search, the government should offer lower wages to compensate.

Figure A10: Optimal steady-state public-private wage ratio with random search
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Note: the thick dotted line is for a calibration with symmetric frictions (A9 = NP = 0.0397 and ¢9 = ¢ = 1.5);
the solid line (A9 = 0.0139 and <9 = ¢P = 1.5) and the dash line (A9 =0.0139 and ¢9 = 0.8)
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Figure A11 shows the response to a technology shock when the government follows a
procyclical and acyclical public sector wage policies. In both cases, the government maintains
public employment constant. When the government keeps the wage constant, private sector
vacancies do not fall by as much, leading to a larger fall in private vacancies and a stronger
increase in unemployment. The response of unemployment is twice as strong.

Figure A11: Response to a technology shock with random search
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Note: Solid line (procyclical public sector wage policy) and dash line (acyclical public sector wage policy).
The response of the variables is in percentage of their steady-state value, except for unemployment rate which
is in percentage points difference from steady-state.



