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1. Nonsmooth chain rule and Inada condition

In this section, we firstly introduce some preliminary notations and auxiliary lemmas.

Then the proof of the main result will be presented later.

1.1. Examples of aggregators

There are many examples of aggregators studied in the literature. We consider the

following three examples:

Time additively separable aggregator: consider the aggregator W(z,y, z) = u(z,y)+
Bz, where u : X x X — R is a utility function and 8 € (0, 1) is the discount factor. Under
suitable assumptions, U(z) = > 2, B'u(xy, 2¢41) is induced from this aggregator. More
details could be found in Stokey, Lucas and Prescott| (1989, Ch.5).

Epstein—Heynes aggregator: consider the aggregator W(z,y,z) = (—1 + z)e*”(x’y)
where v : X x X — R is a continuous and differentiable function satisfying v > 0,9v/dx >
0,0v/0y > 0. Under suitable assumptions, this aggregator yields the utility function as
follows:

U(x)=— Zexp [— Zv(x.rl,wf)]

t=1 =1

Koopmans-Diamond-Williamson aggregator: the Koopmans-Diamond-Williamson
aggregator (hereafter the KDW aggregator) is given by W(x,y, z) = (8/d) In(1 + a(f(z) —
y)? + dz) where a,b,d, 8 > 0 with b, 5 < 1 and with f: Ry = Ry, 0 <y < f(z). In fact,

there is no closed—form expression from the KDW aggregator. However, [Becker and Boyd
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(1997, Ch.3) show that there is a unique recursive utility function for the KDW aggregator.
This result is extended in Marinacci and Montrucchio (2010) to cover cases where § > 1. In
fact, a whole class of upcounting aggregators are identified in |Marinacci and Montrucchio
(2010) that admit a unique recursive utility function, and they are the so-called Thompson

aggregators.

1.2. Nonsmooth chain rule

For a concave function F': R™ — R U {—o0}, the effective domain is the set dom F =
{zr e R" : F(x) > —o0}. We say F is proper if dom F' is nonempty. As usual, if F' is given
in a convex subset C' C R", we extend F' to R" by defining F' = —oco on the complement of
C' and then the extended function is concave. The set 0F(zg) defined by

OF (z0) :={q € R™ : F(z) — F(x9) < ¢% (z — z0),Vz € R"}

is the superdifferential of F' at xg. In our finite dimensional setting, the superdifferential is
nonempty at interior points of the domain of F. The elements q of 0F (z() are supergradients.
When F is differentiable, the superdifferential reduces to a singleton, which single element
is the gradient of F' at zo: 0F(zo9) = {VF(x¢)} when VF(x) exists. Reciprocally, if F' is
continuous in the interior of its domain and JF(zg) contains only one point (which is the
gradient of F'), then F is differentiable at x.

Let f = (4, fi,..., f4), where £ : R™ — R” is linear and each f; : R™ — R U {—o0} is
concave and let F: RF x R — RU {—oc} be concave. We will consider the composition
Fo f. It is well-known that F o f is not concave unless further conditions are imposed. Let
the usual ordering on R?, that is, for s = (s1,...,54) and s’ = (s},..., s!;) elements of R?,
we say s < s’ if s; < s, for each ¢. The function F is said to be isotone on S C R4 if for any

r € R¥ F((r,s)) < F((r,s')) whenever s,s' € S and s < s’. Let the correspondence
M(fi,..., fa)(a) == {s € R : (f1,..., fa)(a) < s}

and its image, R(M(f1,..., fa)) = Userm M (f1,. .., fa)(a).

Theorem 1.1. Let f = (£, f1,..., f4), where £ : R™ — RF is linear and each f; : R™ — RU

{—o0} is concave and continuous on the interior of its domain; let F : RF xR — RU{—o0}

be concave, and isotone on R(M(f1,..., fq)). Then F o f is concave and if
d
dom £ N ﬂ int(dom f;) # 0,
i=1



then for any a with f(a) finite, the superdifferential of F o f is given by
O(Fo f)(a) = {(o1,...,000)" } + ap110f1(a) + -+ + a0 fala), (1)
where (aq,...,051q) € OF(a) and €* is the adjoint matriz of £.

Proof. Let f':= (f1,...,f4). Let aj,az € R? and let A\ € [0,1]; let, to simplify notation,
a* = Xaj + (1 — N)az. We have

(F o f)(a) = F((t(a?), f*(aV)))
= F((M(a1) + (1 — N(az), f1(a)))
> F((M(a1) + (1 = M(az), Af*(a1) + (1 = X) f1 (az)))
= F((

AMt(ar), fH(ar)) + (1 = X)(Uaz), f(az)))
F((((a), fH(ar)) + (1 = N F((¢(az), [ (az)
(Fo f)(a1) + (1 = A)(F o f)(az).

)

Thus, F o f is concave. Now, if f(a) is finite and F, f and F o f are concave, then the chain
rule for concave functions, states (see e.g. Ward and Borwein| (1987)); isotonicity of F' with

respect to all variables plays no role in establishing this formula)
I(F o f)(a) = a10i(a) + ... + gl (a) + ag410fi(a) + - -+ + agra0fala),

where (au,...,a5+q) € OF(f(a)) and ¢ = (¢1,...,0). Since each ¢; is a linear mapping,
we have 0/¢;(a) = {¢;}, where we use the same notation to designate the mapping ¢; and its

representation as matrix. Hence, we get . O

Proposition 1. Consider a dynamic optimization problem (X,I';W). Then, for any
concave function v : X — R U {—o0}, the function V(z,y) := W(x,y,v(y)) is concave
and for any (xo,yo) with v(yo) finite, the superdifferential of V is given by

OV (z0,90) = {(a1, 2 + a3q) : (a1,a2,a3) € OW (wo,y0,v(y0)), ¢ € Ov(yo)}.  (2)

Proof. Letting f = (¢,v), where ¢ is the identity mapping of R™ x R" and where v is
concave by assumption, we have that w = W o f is concave by Theorem since W is
increasing with respect to the third component. The expression comes from , since
the superdifferential of the function (z,y) — v(y) is {0} x dv(y). O

Of course, when W is differentiable, we can plug o; = D;W (x0,y0,v(v0)), ¢ = 1,2,3

into .



Consider the convex set A = {(z,y) : y € I'(z), v € R"}. If (zo,y0) € A, the normal

cone to A at (z,yo) is defined as

NA($0>y0) = {(51752) € RQTL : (é_bg?) : (113' —Z0,Y — yO) < 07 for all (xvy) € A} (3)
The indicator function of A is the convex function defined by

0, (z,y)cA

oo, (z,y) € A.

It is well-known that 9 (x,y) = Na(z,y).

Theorem 1.2. Consider a dynamic optimization problem (X,I', W). Assume that the value
function J is concave and finite on X. Then, for any (xo,y0) € A, the superdifferential of

J at xq is characterized as follows.

0J (zo) = {QO e R" : (o, a2, a3) € OW (x0, Y0, T (x0)), I(p1,p2) € Na(zo,v0),

dg € dv(yo) such that g9 = a1 — p1, @ + 0436]:102}-

Proof. Let V(z,y) = W(z,y,J(y)). By Proposition [l w is concave and its superdifferential
is given in . The Bellman equation can be written

J(z) = max {V(x,y) — 5A(x,y)}.

yER™

Let g € X and let yy be a maximizing argument in the Bellman equation and that we
assume that exists. Then, by Proposition 4.3 in |Aubin| (1993), g0 € 0J (xo) if and only if
(g0,0) € O (V —da) (x0,y0). The theorem follows by observing that 0 (V — da) (zo,y0) =
OV (zo,y0) — Na(zo,y0) and substituting the expression for 0V (xg,yo) from Proposition
1l O

1.3. Inada condition

Let {z¢41};2, be an optimal path starting at zp € X. We conclude from Theorem [1.2
that for any ¢t > 0

0J (x¢) # 0 if and only if <8W(xt,xt+1, J(xi41)) 0 and 0T (wp41) # @). (5)

This means that if the superdifferential of the value function is not empty at xz:, then it
is not empty along an optimal path at time ¢t + 1,¢t + 2,...; also, in this case an optimal

path never visits regions of A where the superdifferential of W is empty. This allows us to



establish a generalization of one of the Inada conditions for dynamic problems with recursive

utility.

Corollary 1.1. Consider a dynamic optimization problem (X,I';W). Assume that the
value function J is concave and finite on X and let xg € X, yo € H(xo) such that
OW (z0,y0, T (y0)) = 0. Then x is at the boundary of X.

Proof. By (5), OW (20,0, J (y0)) = 0 implies 8F (z¢) = 0; since for any concave function
its superdifferential is not empty in the interior of its domain and dom J = X, we conclude

that zg is a boundary point of X. O

Let the dynamic problem (X, I', W) be given as follows. The state space is X = R}, the
technological correspondence I'(z) = {y € R" : 0 <y < f(z)} where f = (f1,..., fn) and
each f; is concave and nondecreasing, with domf; = X, and an aggregator W (z,y,z) =
w(f(z) —y,2), where the function w is concave in (¢, z) and increasing in the variable z.

Then W is concave by Theorem [1.1

Let g—}f denote the directional derivative of w in direction A in the sense of convex

analysis. Also, let ¢ = f(z) — y.
We have the following result.

Corollary 1.2. Consider a dynamic optimization problem (X,T', W) as described in Corollary
above. Assume that the value function J is concave and finite on X and suppose

ow

() = —oc ()

forco=(Y,...,0) and all z € R, where ¢ = 0 for some i and some direction h. Then for

any zo > 0, an optimal yo € H(wo) has i-th component y? # f;(zo).

Proof. Suppose, by way of contradiction, that y) = f;(z¢), i.e. ¢! =0. Condition @ means
Ow(co, z) = 0, thus OW (o, f(z0), z) = 0 for all z. By Corollary xo is at the boundary
of R", contradicting that xo > 0. O

To illustrate Corollary consider the KDW aggregator described in Example
where W(z,y,2) = (8/d)In(1 + a(f(z) — y)® + dz), a,b,d,3 > 0, b, < 1 and with f :
Ry — R4, concave and nondecreasing, and 0 < y < f(x). Note that for this problem
w(c, 2) = (B/d) In(1+ac®+dz). It is easy to see that the Inada condition on the production
function f/(07) = co implies (6)). Hence an optimal yy from zo > 0 satisfies 0 < yo < f(o),

that is, the optimal consumption is positive, cg > 0.

Now we are in a position to prove theorem 3.1 in the main context.



Proof. Let ¢y € int(X). Then the superdifferential J(z¢) is nonempty as described in
Theorem Under assumption (D3), the normal cone to A at (xg,yo) with o € int(X)

is given by

—Na(z0,y0) = {(P17p2> R : (prpa) = Y. N(Dug'(w0,90), Dyg' (0, 0)),
i€s(zo0,Y0) (7)

N>0, Vi€ s(:z:o,yo)}.

Let (x441)72, be an optimal path from xy. Then, using and , we have that for any
qo € 0J (z0), there exist A’ > 0 for some i € s(xg, 1), and q; € 0F(z1), such that

g0 = DaW(zo,21, T (w1)) + Y ANDyg'(wo, 1)

i€s(wo,r1)

—DyW (0,21, T (21)) = D-W(zo,21, T (21))qs + > AN'Dyg'(o, 1),

i€s(wo,21)

Following identical steps as in Lemma 5.1 in Rincén-Zapatero and Santos (2009)), but with

the obvious adaptations to our case, we get

g0 = D W(zo, 21, T (21)) (8)
— Dygs(zo, 1) " Dygd (w0, x1) {DyW(zo, 21, T (1)) + DWW (x0, 21, T (1)) q1 } -

For t =1,2,..., we define the following condensed notations:

t
B =[] D-W(wi-1,zi, T (x:))

=1

t
G = [[ Gwi1,2:)
i=1

By simple iterations of (8)) from ¢t =1 to t =T > 1, it follows that gy € 0J (o) if and only
if there exists ¢r € 0J (xr) such that

T—1
qo = Z Btgt{DxW(xta Tt+1, j(xt+1)) + G(xu xt+1)DyW(ﬂ?t7 Tt+1, j($t+1))} + BrGrar.
t=0

O
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