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Abstract

Quantile Factor Models (QFM) represent a new class of factor models for high-dimensional
panel data. Unlike Approximate Factor Models (AFM), where only location-shifting factors
can be extracted, QFM also capture unobserved factors shifting other relevant parts of the
distributions of observables. We propose a quantile regression approach, labeled Quantile
Factor Analysis (QFA), to consistently estimate all the quantile-dependent factors and load-
ings. Their asymptotic distribution is derived using a kernel-smoothed version of the QFA
estimators. Two consistent model-selection criteria, based on information criteria and rank
minimization, are developed to determine the number of factors at each quantile. Moreover,
in contrast to the conditions required by Principal Components Analysis in AFM, QFA es-
timation remains valid even when the idiosyncratic errors have heavy-tailed distributions.
Three empirical applications (regarding climate, macroeconomic and finance panel data)
illustrate that extra factors shifting quantiles other than the means could be relevant for

causality analysis, prediction and economic interpretation of common factors.
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1 Introduction

Following the key contributions by Ross (1976), Chamberlain and Rothschild (1983) and
Connor and Korajczyk (1986) to the theory of approximate factor models (AFM henceforth) in
the context of asset pricing, the analysis and applications of this class of models have proliferated
thereafter. As it is well known, AFM imply that a panel { X;;} of N variables (units), each with T’
observations, has the representation X;; = X, f; +€;, where \; = [Ai1, .., A\ir]) and fi = [fu1, .., fur]
are 7 X 1 vectors of factor loadings and common factors, respectively, with » < N, and {¢;;} are

zero-mean weakly dependent idiosyncratic disturbances which are uncorrelated with the factors.

The fact that it is easy to construct theories involving common factors, at least in a narrative
version, together with the availability of fairly straightforward estimation procedures for AFM—
e.g. via Principal Components Analysis (PCA), has led to their extensive use in many fields of

economics.!

Inspired by the generalization of linear regression to quantile regression (QR) models, our
starting point in this paper is to claim that the standard regression interpretation of static AFM
as linear conditional mean models of X;; given f; (i.e. E(X;|fy) = A.ft), entails two possibly
restrictive features. On the one hand, PCA does not capture hidden factors that may shift
characteristics (moments or quantiles) of the distribution of X;; other than its mean. On the
other hand, neither the loadings \; nor the factors f; are allowed to vary across the distributional

characteristics of each unit in the panel.

Highlighting these limitations, a growing literature in empirical finance has been documenting
a much more pronounced co-movement of financial asset returns at the lower part than at the
rest of their distributions. In particular, Amengual and Sentana (2018) reject the null hypothesis
of a Gaussian copula when analyzing the cross-sectional dependence among monthly returns on
individual US stocks, for which they find nonlinear tail dependence, co-skeweness and co-kurtosis.
Likewise, Ando and Bai (2020) (AB 2020, hereafter) report that the common factor structures
explaining the asset return distributions in global financial markets since the subprime crisis are
different in the lower and the upper tails. In international finance, Maravalle and Rawdanowicz
(2018) find that, while global and regional factors were key in explaining fluctuations of European
government bond yields between the Great Moderation and the onset of the Great Recession

(lower tails of the distributions of bond yields), their role decreased afterwards, giving way to

'Early applications of AFM abound in Aggregation Theory, Consumer Theory, Business Cycle Analysis, Fi-
nance, Monetary Economics, and Monitoring and Forecasting; see, inter alia, Bai (2003), Bai and Ng (2008b),
Stock and Watson (2011). More recently, the characterization of cross-sectional dependence among error terms
in Panel Data has relied on the use of a finite number of unobserved common factors which originate from
economy-wide shocks affecting units with different intensities (loadings). Interactive fixed-effects models can be
easily estimated by PCA (see Bai 2009) or by common correlated effects (see Pesaran 2006), and there are even
generalizations of these techniques for nonlinear panel single-index models (see Chen et al. 2018). Lastly, the
surge of Big Data and Machine Learning technologies has made factor models a key tool for dimension reduction
and predictive analytics when using very large datasets (see Athey and Imbens 2019 for a survey).



country-specific factors as the main driving forces.? On the macro side, Adrian et al. (2019) find
that, while the estimated lower conditional quantiles of the distribution of future GDP growth
in the US exhibit strong dependence on current financial conditions, the upper quantiles are
stable over time. Lastly, in micro theory, de Castro and Galvao (2019) have recently extended
the expected utility model of rational behavior to quantile utility preferences, where e.g. factor
structures determining hedonic pricing of consumption goods or financial stocks may exhibit

large differences across quantiles.

A simple way of illustrating the above limitations of the conventional formulation of AFM is
to consider the factor structure in a location-scale shift model with the following Data Generating
Process (DGP): X1 = a; fie+mi far€ir, with f1y # for (both are scalars), n;, for > 0 and E(e;) = 0.
The first factor (f14) shifts location, whereas the second factor (fo;) shifts the scale and therefore
governs the volatility of shocks to Xj;. This model has been proposed by Herskovic et al. (2016)
to empirically document a strong co-movement of the volatilities in the idiosyncratic component
of individual stock returns and firm-level cash flows.®> Such a DGP can be rewritten in QR
format as X = N.(7) fr + uit(7), with 0 < 7 < 1, \i(7) = [, 7;Qe(7)]’, where Q¢(7) represents
the quantile function of €, fi = [fit, for]s wit(7) = nifor[eir — Qe(7)], and the conditional quantile
Qui(n[71ft] = 0.4 PCA will only extract the location-shifting factor fi; in this model, but it
will fail to capture the scale-shifting factor fo; and the quantile-dependent loadings \;(7) in its
QR representation. As will be explained below, our estimation procedure allows to estimate the
space spanned by fi; and fo;.” Also notice that, when the distribution of €;; is symmetric, then
f+ can be considered as being quantile dependent, i.e. f;(7), since fi(7) = fi¢ for 7 = 0.5, and
ft(7) = [f1t, far]' for 7 # 0.5. Together with the remaining examples discussed below, this means
that the general class of models to be considered in the sequel would be one where the loadings,
factors and the number of factors are all allowed to be quantile-dependent objects, namely,
Ai(7), fe(7) and r(7) for 7 € (0,1). In what follows, we coin this class of models Quantile Factor
Models (QFM, hereafter), whose detailed definition is provided in Section 2 below.

That said, our goal in this paper is to develop a common factor methodology for QFM which
is flexible enough to capture the quantile-dependent objects that standard AFM tools fail to
recover. To do so, we analyze their estimation and inference, including selection criteria for the
number of factors at each quantile 7. Put succinctly, QFM could be thought of as capturing the

same type of flexible generalization that QR techniques represent for linear regression models.

To help understand how this new methodology works, we start by proposing an estimation

2The diminishing role of the former factors could result from quantitative easing and the increase in yields
(upper tail of the distribution), while the emergence of the latter factors could be due to the financial fragmentation
in a number of vulnerable euro-area countries during sovereign debt crisis.

3This DGP is further discussed in subsection 2.2 below, where we present a larger set of illustrative models as
examples of potential DGPs for X;;. Notice that the simplifying assumption of a known number of factors in this
specific example is later relaxed.

“Throughout the paper we use Qw[7|Z] to denote the conditional quantile of W given Z.

SGiven that fi; can be consistently estimated by PCA, it is also feasible to separate fo: from their joint space.



approach for the quantile-dependent objects in QFM, labeled Quantile Factor Analysis (QFA,
henceforth). Our QFA estimation procedure relies on the minimization of the standard check
function in QR (instead of the conventional quadratic loss function used in AFM) to estimate
jointly the common factors f;(7) and the loadings \;(7) at a given quantile 7, once the number
of factors has been selected. However, since the objective function for QFM is not convex
in the relevant parameters, we introduce an iterative QR algorithm which yields estimators
of the quantile-dependent objects. We then derive their average rates of convergence, and
propose two consistent selection criteria (one based on information criteria and another on
rank minimization) for the number of factors at each 7. In addition, we establish asymptotic
normality for QFA estimators based on smoothed QR (see e.g., Horowitz 1998 and Galvao
and Kato 2016). Moreover, given that QFA estimation captures all quantile-shifting factors
(including those affecting the means of observed variables), our asymptotic results and the

proposed selection criteria provide a natural way to differentiate AFM from QFM.

In sum, the key contributions of this paper to the literature on factor models can be sum-

marized as follows:

1. We provide a complete asymptotic analysis for a new class of factor models: QFM. In
particular, we show that the average convergence rates of the QFA estimators are the
same as the PCA estimators of Bai and Ng (2002) (BN 2002, hereafter), which is a crucial
result for proving the consistency of the two selection criteria of the number of factors at
each 7. In addition, similar to Bai (2003), our QFA estimators based on smoothed QR are
shown to converge at the parametric rates (\/N and \/T) to normal distributions.

2. We argue that the problems of incidental parameters and non-smooth object functions
require the use of some novel techniques in our proofs, which are borrowed from the
theory of empirical processes. Moreover, our proof strategy can be easily extended to
some other nonlinear factor models (e.g., probit and logit factor models considered by
Chen et al. 2018) with smooth object functions. Finally, as a byproduct of our approach
(and in exchange for some restrictions on the dependence of the idiosyncratic errors in
an AFM; see Assumption 1 below), it is shown that the QFA estimators inherit from QR
certain robustness properties to the presence of outliers and heavy-tailed distributions in
those error terms, which would render PCA invalid.

3. We show in the empirical section how QFA could provide a useful tool for quantile causal
analysis, density forecasting, and economic interpretation of factors by applying the pro-
posed methodology to three different datasets related to climate, macroeconomic aggre-

gates and stock returns.

Related literature

There is a recent literature that attempts to make the AFM setup more flexible. For example,



Su and Wang (2017) allow for the factor loadings to be time-varying and Pelger and Xiong (2018)
admit these loadings to be state dependent. Chen et al. (2009) provide a theory for nonlinear
PCA, where they favor sieve estimation to retrieve nonlinear factors. Finally, Gorodnichenko and
Ng (2017) propose an algorithm to estimate level and volatility factors simultaneously. Different
from these studies, our approach to modelling nonlinearities in factor models is through the

conditional quantiles of the observed data.

On top of this, there is an emerging literature on heterogeneous panel quantile models with
factor structures, especially in financial economics. The main idea is that a few unobservable
factors explain co-movements of asset return distributions in a large range of asset returns
observed at high frequencies, as in stock markets. In parallel and independent research, there
have been two papers related to ours. First, Ma et al. (2019) propose estimation and inference
procedures in semiparametric quantile factor models. In these models, factor loadings/betas
are smooth functions of a small number of observables under the assumption that the included
factors all have non zero mean. Then, sieve techniques are used to obtain preliminary estimation
of these functions for each time period. Finally, the factor structure is imposed in a sequential
fashion to estimate the factor returns by GLS under weak conditions on cross-sectional and
temporal dependence. We depart from these authors in that we do not need to assume the
loadings to depend on observables and, foremost, in that not only loadings but also factors are
quantile-dependent objects in our setup. Second, in a closely related paper, AB (2020) use a
similar setup to ours, where the unobservable factor structure is also allowed to be quantile
dependent. These authors use Bayesian MCMC and frequentist estimation approaches, the
latter building upon our proposed iterative procedure, as duly acknowledged in their paper.
However, we differ from AB (2020) in several respects which make our QFA approach valuable:
(i) our assumptions are less restrictive, since we rely on properties of the density, as in QR,
while AB (2020) needs all the moments of the idiosyncratic errors to exist, (ii) our proofs of
the main results are different from theirs, and (iii) our rank-minimization selection criterion to
estimate the number of factors is novel, behaves well in finite samples and is computationally

more efficient than the information criteria-based method.

Finally, it is noteworthy that the illustrative location-scale shift model above, where fi;
# fot, is behind a current line of research in asset pricing which has been coined the “idiosyn-
cratic volatility puzzle” by Ang et al. (2006). This approach focuses on the co-movements in the
idiosyncratic volatilities of a panel of asset returns, and consists of applying PCA to (or taking
cross-sectional averages of) the squared residuals, once the mean (PCA) factors have been re-
moved from the original variables (a procedure labeled PCA-SQ hereafter).’ For example, this

technique would be valid for our illustrative example above. Yet, while the QFA approach is

5See, e.g., Barigozzi and Hallin (2016), Herskovic et al. (2016) and Renault et al. (2017). Notice that the
volatility co-movement does not arise from omitted factors in the AFM but from assuming a genuine factor
structure in the idiosyncratic volatility processes.



able to recover the whole QFM structure for more general DGPs than the previous model (see
subsection 2.2), PCA-SQ fails to do so. It will also fail when the idiosyncratic errors do not have
bounded eighth moments. Hence, to the best of our knowledge, our QFA approach becomes the

first estimation procedure capable of dealing with these issues.

Structure of the Paper

The rest of the paper is organized as follows. Section 2 defines QFM and provides a list
of simple illustrative examples where the new QFM methodology applies. In Section 3, we
present the QFA estimator and its computational algorithm, establish the average rates of
convergence of the quantile-dependent factors and factor loadings, and propose two consistent
selection criteria to choose the number of factors at each quantile. Section 4 introduces a kernel-
smoothed version of the QFA estimators to derive their asymptotic distributions. Section 5
contains some Monte Carlo simulation results to evaluate the performance in finite samples of
our estimation procedures relative to other alternative approaches with different assumptions
about the idiosyncratic error terms. Section 6 considers three empirical applications using
three large panel datasets, where we document the relevance of extra factors in causal analysis,
forecasting and economic interpretation of common factors. Finally, Section 7 concludes and
suggests several avenues for further research. Proofs of the main results are collected in the

Online Appendix.

Notations

The Frobenius norm is denoted as || - ||. For a matrix A with real eigenvalues, p;(A) denotes
the jth largest eigenvalue. Following van der Vaart and Wellner (1996), the symbol < means
“left side bounded by a positive constant times the right side” (the symbol 2 is defined similarly),

and D(-, g,G) denotes the packing number of space G endowed with semimetric g.

2 The Model and Some Illustrative Examples

This section starts by introducing the main definitions to be used throughout the paper. Next,
we show how to derive the QFM representation of several illustrative DGPs exhibiting different

factor structures.

2.1 Quantile Factor Models

Suppose that the observed variable X;;, with i =1,2,.., N and t = 1,2,..., T, has the following
QFM structure at some 7 € (0, 1):

Qx, [T1fe(7)] = Xi(7) fu(7),



where the common factors fi(7) is a r(7) x 1 vector of unobservable random variables, \;(7) is
a r(7) x 1 vector of non-random factor loadings with r(7) < N. Note that in the QFM defined
above, the factors, the loadings, and the number of factors are all allowed to be quantile-

dependent.

Alternatively, the above equation implies that
Xit = N(7) fo(T) + u(7), (1)

where the quantile-dependent idiosyncratic error u;(7) is assumed to satisfy the following quan-

tile restrictions:
Plui (1) < 0|fe(7)] = 7.

2.2 Examples

In this section we provide a few illustrative examples of how QFMs can be derived from different
specifications of location-scale shift models and related ones. The goal of these simple illustra-
tions is to show instances where the standard AFM methodology may fail to capture the full

factor structure, therefore requiring the use of the alternative QFM approach.

Example 1. Location-shift model. X;; = «;f11 + €1, where {€;} are zero-mean i.i.d errors
independent of {fi} with cumulative distribution function (CDF) F.. Let Q.(7) = F-(r) =
inf{c : Fc(c) < 7} be the quantile function of €;. Moreover, assume that the median of €; is
0, i.e., Qc(0.5) = 0, then this simple model has a QFM representation (1) by defining \i(T) =
[Qe(7), cil’, fi(T) =1, fue] for 7 # 0.5, and N\i(7) = cu, fe(T) = fir for 7 = 0.5. However, note
that the standard estimation method (PCA) for this AFM may not be consistent if the distribution
of €ix has heavy tails. For ezample, Assumption C of BN (2002) requires E[e5,] < oo, which is

not satisfied if, e.g. €; follows the standard Cauchy or some Pareto distributions.

Example 2. Location-scale shift model (same sign-restricted factor). X = «;fi +
Mi f1e€it, where n;f1e > 0 for all i,t and {€;} are defined as in Example 1. This model has a
QFM representation (1) by defining N\i(7) = 1;Qe(7) + «; and fi(7) = f1¢ for all T, such that the
loadings of the factor fi; are the only quantile-dependent objects.

Example 3. Location-scale shift model (different factors). Xi; = o, fie+ (1, fat)€ir, where
{€it} are defined as in Example 1, o, fir € R™, n;, for € R™, and 0} for > 0. When fi1¢ and for do

not share common elements, this model has a QFM representation (1) with X\i(1) = [of, niQc(T)],

ft(T) = [f{wfét] fOT’T ?é 05) and )\2(7-) = Qy, ft(T) = flt f07” 7=0.5.

Example 4. Location-scale shift model with an idiosyncratic error and its cube.
Xit = a; f1e + forer + cifgteg’t, where €; 18 a standard normal random variable whose CDF is

denoted as ®(-). Let for, f3¢,c; be positive, then Xy has an equivalent representation in form



of (1) with N\i(1) = [y, @ 1(7),c;® ()3, fo(7) = (fies for, f3t)| for 7 # 0.5, and \i(T) = a,
fe(t) = fie for 7 = 0.5. In particular, if ¢; = 1 for all i and noticing that the mapping
7= ®71(7)3 is strictly increasing, then we have for T # 0.5, Qx,,[7|f:(T)] = a;fir + @7 1(7) -
[for + f3: @71 (7)?], so that there ewists a QFM representation (1) with \i(7) = [a;, ®71(7)]" and
fe(7) = [f1e, for + f3:@71(7)?) for T # 0.5. Notice that in this case, the second factor in fi(7),
for + f2:®@71(7)?, is quantile dependent even for T # 0.5.

Not surprisingly, the standard AFM methodology based on PCA only works in Example 1,
insofar as the idiosyncratic errors satisfy certain moment conditions. In the remaining examples,
PCA will only yield consistent estimates of those factors shifting the locations; however (except in
Example 2), it will fail to capture those extra factors which shift quantiles other than the means,
or their corresponding quantile-varying loadings. In the sequel, QFA is therefore proposed as a

new estimation procedure to estimate both sets of quantile-dependent objects in QFM.

3 Estimators and their Asymptotic Properties

To simplify the notations, we suppress hereafter the dependence of fi(7), \i(7),7(7) and uy(7)
on 7, so that the QFM in (1) is rewritten as:

Xit = Nife +uwie, Plui <0|fi] =, (2)

where \;, f; € R". Suppose that we have a sample of observations {X;;} generated by (2) for
i=1,...,N,and t = 1,...,T, where the realized values of {f;} are {fo;} and the true values of
{ i} are {\o;}. We take a fixed-effects approach by treating {\o;} and {fo:} as parameters to be
estimated, and our asymptotic analysis is conditional on {fo;}. In Section 3.1, we consider the
estimation of {\o;} and {fo:} while r is assumed to be known. Finally, Section 3.2 deals with

the estimation of r for each quantile.

3.1 Estimating Factors and Loadings

It is well known in the literature on factor models that {A\y;} and {fo;} cannot be separately
identified without imposing normalizations (see BN 2002). Without loss of generality, we choose

the following normalizations:

T N

1 1

T E fifi =1, N E A\i\; is diagonal with non-increasing diagonal elements. (3)
t=1 i=1

Let M = (N+T)r, 0 = (M\,...., Ny, fl,-... fp), and 6y = (Xoy, - Aons fors - -5 for)

denotes the vector of true parameters, where we also suppress the dependence of # and 6y on M



to save notation. Let A, F C R" and define:
O ={0eRM: )\ €A, f €F forallit {\} and {f;} satisfy the normalizations in (3)} .

Further, define:

1
1MINT EE:PT it — Atﬁ
i=1 t=1

where p;(u) = (7 — 1{u < 0})u is the check function. The QFA estimator of 0y is defined as:

0 = (A'17 . AQ\,, f{, A f})’ = arg min My7(0).
fcor
It is obvious that the way in which our estimator is related to the PCA estimator studied by BN
(2002) and Bai (2003) is analogous to how QR is related to standard least-squares regressions.
However, unlike Bai (2003)’s PCA estimator, our estimator 0 does not yield an analytical closed
form. This makes it difficult not only to find a computational algorithm that would yield
the estimator, but also the analysis of its asymptotic properties. In the sequel, we introduce a
computational algorithm called iterative quantile regression (IQR, hereafter) that can effectively
find the stationary points of the object function. In parallel, Theorem 1 shows that 6 achieves

the same convergence rate as the PCA estimators for AFM.

To describe the algorithm, let A = (A\1,...,An)", F = (f1,..., fr)’, and define the following

averages:

N
2

zT)\F Z 'Lt_)\ft and MtNAf Z 175_)\/

Note that we have My7(0) = N"'SN M r(\, F) = T2 My N (A, f;). The main dif-
ficulty in finding the global minimum of My is that this object function is not convex in 6.
However, for given F', M; (A, F) happens to be convex in A for each i and likewise, for given
A, My n(A, f) is convex in f for each t. Thus, both optimization problems can be efficiently
solved by various linear programming methods (see Chapter 6 of Koenker 2005). Based on this

observation, we propose the following iterative procedure:

Iterative quantile regression (IQR):

Step 1: Choose random starting parameters: F(0).

Step 2: Given FU=1 | solve )\5171) = argminy M; 7(A, FU=D)fori=1,...,N; given A=Y solve
ft(l) = argmin; My (ACD f) for t =1,...,T.

Step 3: For I = 1,..., L, iterate the second step until My (6) is close to My (6“1, where
0" = (vech(AW) vech(F®)).

Step 4: Normalize A and F() so that they satisfy the normalizations in (3).



To see the connection between the IQR algorithm and the PCA estimator of Bai (2003),
suppose that » = 1, and replace the check function in the IQR algorithm by the least-squares
loss function. Then, it is easy to show that the second step of the algorithm above yields
A = (X FEDY /| FED)2 and FO = (XA AED )12 = XX'FU-D /0, where X
is the T x N matrix with elements {X;}, and C; = ||[F®|? . |[AD|2. Thus, with proper
normalizations at each step, the iterative procedure is equivalent to the well-known power method
of Hotelling (1933), and the sequence F O, @ will converge to the eigenvector associated
with the largest eigenvalue of X X’. In the more general case r > 1, if we replace the check
function in the IQR algorithm by the least-squares loss function and normalize F(—1 A(=1)
to satisfy (3) at step 2, it can be shown that the above iterative procedure is similar to the
method of orthogonal iteration (see Section 7.3.2 of Golub and Van Loan 2013) for calculating
the eigenvectors associated with the r largest eigenvalues of X X', which is the PCA estimator of
Bai (2003). Therefore, the IQR algorithm and its corresponding QFA estimator can be viewed
as an extension of PCA to QFM.

Similar algorithms have been proposed in the machine learning literature to reduce the di-
mensions for binary data, where the check function is replaced by some smooth nonlinear link
functions, e.g. Collins et al. (2001). However, unlike PCA, whether such methods guarantee
finding the global minimum remains an important open question. Nonetheless, in all of our
Monte Carlo simulations we found that the QFA estimators of the factors using the IQR al-
gorithm always converge to the space of the true factors, which is somewhat reassuring in this

respect.

To prove the consistency of the QFA estimator é, we make the following assumptions:

Assumption 1. (i) A and F are compact sets and 0y € O". In particular, N1 Ef\il AoiNG; =
diag(oN1, ..., 0Ny) With oN1 > ON2 -+ 2> ONy, and onj — 05 as N — 0o for j =1,...,r with
00 >01>09--- >0, > 0.

(ii) The conditional density function of u; given { for}, denoted asfy, is continuous, and satisfies
that: for any compact set C C R and any u € C, there exists a positive constant f > 0 (depending
on C) such that fi(u) > for alli,t.

(iii) Given {for,1 <t < T}, {uy,1 <i < N,1 <t <T} is independent across i and t.

Assumptions 1 (i) is essentially the strong factors assumption that is standard in the litera-
ture (see Assumption B of Bai 2003). The requirement that oq,..., 0, are distinct is similar to
Assumption G of Bai (2003), which is a convenient assumption to order the factors. Assump-
tions 1 (ii) and (iii) are similar to (C1) and (C2) in AB (2020), except that we do not require
moments of u;; to exist. Also notice that Assumption (iii), which allows for both cross-sectional
and time series heteroskedasticity, requires the idiosyncratic errors to be mutually independent.
This stems from the use of Hoeffding’s inequality in the proofs of some results, which provides

a sub-Gaussian tail bound for the sum of bounded independent random variables. There have



been attempts to relax this assumption (see Remark 1.4 below) but it is difficult to characterize
the minimal set of conditions that the error terms should satisfy to achieve the sub-Gaussian
inequality required in our proofs. Notice, however, that in exchange for the independence as-
sumption, we can dispense with the bounded moment conditions in the idiosyncratic terms,
whose violation would render PCA invalid. At any rate, in sub-section 5.2 we run some Monte
Carlo simulation on the performance of our QFA estimation when error terms are allowed to
exhibit mild cross-sectional and serial dependence in order to check the robustness of our results

to these features.

~

Write ]\ — (5\1’ L 7)\N)/7 AO = ()\01’ ey AON)/, F = (f17 e ,fAT)/’ FO = (f01> e 7f0T)/, and
let Ly = min{\/N , \/T} The following theorem provides the average rate of convergence of A
and F.

Theorem 1. Under Assumption 1, there exists a diagonal matriz S € R"™" whose diagonal

elements are either 1 or —1, such that as N, T — oo,

IA — AoS||/VN = Op(1/Lyr) and ||F — FyS||/VT = Op(1/Lyt).

The sign matrix S appears in the above result due the intrinsic sign indeterminacy of factors
and loadings — that is, the factor structure remains unchanged if a factor and its loading are
both multiplied by —1 (e.g., see Theorem 1.b of Stock and Watson 2002 for a similar result).

Remark 1.1: Since our proof strategy is substantially different from that of BN (2002), we
briefly sketch the main ideas underlying our proof here. To facilitate the discussion, for any
0,,0, € O" define the semimetric d by:

T
1 1 , ,
d(eav gb) = ﬁ £ ;()\:ﬂfmﬁ - )‘gn'fbt)z = \/ﬁ HAaFa - AbeH )
and let
;| NT
V - L\
Mn7(0) = 7 ;;E[PT(XM A fe)]-

The semimetric d plays an important role in our asymptotic analysis. We first show that
d(0,00) = op(1). Next, it can be shown that:

MNT(é) - MNT(GO) Z d2(é7 90)) (4)

and that for sufficiently small § > 0,

_ _ )
E| sup |Mpn7(6) — Mn7(6) — M7 (60) +Mnr(60)]| S T
9cor(s) NT
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where ©7(8) = {# € ©" : d(6,60y) < 6}. Intuitively, the above two inequalities and d(f,6p) =
op(1) imply that d2(f,60) < d(8,60)/Ln, or d(9,60) < Lt Then, the desired results follow
from the fact that ||A — AgS||/VN + ||[F' — FoS||/VT < d(6, 6p).

Inequality (4) follows easily from a Taylor expansion of MNT(é) around 6y, together with
Assumption 1(ii). It is worth stressing that the proof of (5) requires the chaining argument
which is commonly used in the theory of empirical processes. In particular, using Hoeffding’s
inequality and the fact that |pr(u) — pr(v)] < 2|u — v|, it can be shown that, for any given
0,,0, € O,

2

P [\/ﬁ IMnT(0a) — M7 (0a) — MnT(05) + MNT(6)] > C} <e K&0a0) (6)

for some constant K. Then, along the lines of Theorem 2.2.4 of van der Vaart and Well-
ner (1996), it follows that the left-hand side of (5) is bounded (up to a positive constant) by
f05 V/1og D(e,d, ©7(8))de/v/NT. Finally, we can prove that fO(S V1og D(e,d, ©7(8))de < 6V M,

from which inequality (5) follows.

Remark 1.2: Compared to BN (2002), recall that, in exchange for Assumption 1(iii) we do not
require any moment of u; to be finite. Thus, for the canonical AFM (e.g., Example 1) where
the idiosyncratic errors have median equal to zero and satisfy Assumption 1(iii), our estimator
for the case 7 = 0.5 can be interpreted as a least absolute deviation (LAD) estimator which is
robust to heavy tails and outliers. In relation to this issue, it is important to point out that the
LAD estimator is related to robust PCA in the machine learning literature that aims to recover
a low rank matrix from a large panel of observables. For example, the Principal Components
Pursuit method proposed by Candes et al. (2011) features a combination of the L; norm (as
in LAD) and a nuclear norm on the low rank matrix (see Chapter 3 of Vidal et al. 2016 and
Bai and Ng 2019 for other robust PCA methods). In section 5 below, we will illustrate the

robustness of the LAD estimator relative to the PCA estimator by Monte Carlo simulations.

Remark 1.3: If the true parameters do not satisfy the normalizations (3), they can still be
in the space ©" after some normalizations. Let Hy7 be a r X r invertible matrix and define
for = Hr fots Xoi = (Hy7) ' Aoi. Note that o for = Xgifgt. For {fo:} and {\o;} to satisfy the

normalizations (3), we require:
1 RN
T > fofor = HvrSrpHyr =1, and N > Xoixy = (Hyr) " 'Sya(Hyr) ™ =Dy,
=1 i=1

where X p = T2 forfoe Sna = + SN ANy, and Dy is a diagonal matrix with non-
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increasing diagonal elements. The above equalities imply that:
1/2 /2 «1/2 1/2
Sy e ENASy - Sy pHyr = S n Hyr - Dy.

Thus, the rotation matrix Hy7 can be chosen as E;%QF ~NT, where I'yp is the matrix of eigen-
vectors of E;ﬂ/ %Z N7AE;~/, 12[, Note that when the eigenvalues of ElT/ %E N,AE;{ % are distinct, its
eigenvectors are unique up to signs, i.e., each eigenvector can be replaced by the negative of

itself. As a result, Theorem 1 can be stated as follows:
|A — Ao(Hy7)'S||/VN = Op(1/Lyt) and ||[F — FoHn7S||/VT = Op(1/Lnt),

where S is the diagonal matrix defined above. Notice that the rotation matrix Hyr is slightly
different from the rotation matrix of Bai (2003). Moreover, because both A\g; and fo; are 7-
dependent, Hyr also varies across quantiles, although we did not make it explicitly quantile

dependent in the previous discussion to simplify notation.

Remark 1.4: Compared to BN (2002), our Assumption 1(iii) is admittedly strong. However,
note that this assumption is made conditional on {fu:}, so cross-sectional and temporal de-
pendence of u; due to the common factors are still allowed for. Moreover, the independence
assumption is only used to establish the sub-Gaussian inequality (6). Thus, Assumption 1(iii)

can be relaxed as long as the sub-Gaussian inequality holds.”

3.2 Selecting the Number of Factors

In the previous section, we assumed the number of quantile-dependent factors r(7) to be known
at each 7. In this subsection we propose two different procedures to select the correct number
of factors at each quantile with probability approaching one. The first one selects the number of
factors by rank minimization while the second one uses information criteria (IC). As before, the
dependence of the quantile-dependent objects on 7, including r(7), is suppressed for notational

simplicity.

3.2.1 Model Selection by Rank Minimization

Let k be a positive integer larger than 7, and A* and F* be compact subsets of R¥. In particular,
let us assume that [\y; Oy x—r)] € AF for all i.

Let \f, fF € R¥ for all i,t and write 0F = (A, ... NG FF o fEY D AR = (O, 0K,

"See van de Geer (2002) for the properties of Hoeffding inequalities for martingales.
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F* = (fF,..., fk)". Consider the following normalizations:

T N

1 / 1 /

T g R =14, N E MM is diagonal with non-increasing diagonal elements.  (7)
t=1 i=1

Define ©F = {0% : AF € AF, ff € F*, and A}, fF satisfy (7)}, and

N T
~ a AW ALt 1 ’
oF = O\, 0k, f,...,ffw)':argmin—g E pr(Xi — A R,
oreor NT 45 z Z

Moreover, define Ak = (5\’1“, e 5\]]“\,)’ and write
(AFYAR/N = diag (&ﬁ@vyl, . a%k) .

The first estimator of the number of factors r is defined as:

k

frank = Z 1{5-5€\77j > PNT}a
j=1

where Py7 is a sequence that goes to 0 as N,T — oo. In other words, 7rank is equal to the
number of diagonal elements of (A¥)’AF/N that are larger than the threshold Pyr. We call
Trank the rank-minimization estimator because, as discussed below in Remark 2.1, it can be
interpreted as a rank estimator of (AF)'A*/N.

It can then be shown that:

Theorem 2. Under Assumption 1, P[frony = 7] — 1 as N,T — oo if k > r, Pyy — 0 and
PNTL%\[T — O0.
Remark 2.1: In the proof of Theorem 2, we show that for k > r, it holds that (up to sign)

EM — Fo|| /VT = Op(1/Lyr) and  ||A* — AGll /VN = Op(1/Lyt),
|7 - | H

where F%" is the first r columns of F* and Ag = [Ao, Oy (—p)]- It then follows from Assumption
L N\2

1 that (3%0 2 oj >0forj=1,...,r and 6]’%,j =N! Zfil (A%) = Op(1/L3 ) for j =

r+1,...,k. Thus, the first r diagonal components of (f\k)’ AF /N converge in probability to

positive constants while the remaining diagonal components are all Op(1/L%,). In other words,

(A¥YA¥ /N converges to a matrix with rank r, and Py7 can be viewed as a cutoff value to choose
the asymptotic rank of (A¥)'A*/N.
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3.2.2 Model Selection by Information Criteria

The second estimator of r is similar to the IC-based estimator of BN (2002). Let [ denote a
positive integer smaller or equal to k, and A’ and F' be compact subsets of R!. In particular,
for I > r, assume that [A{; le(l,r)]’ e A! for all i. Moreover, we can define O, ¢, ff,ﬂé,ﬁ’l

and Al in a similar fashion.

Define the IC-based estimator of r as follows:

f1c = arg min MNT(él) +1-PnT| .
1<i<k

We can show that:

Theorem 3. Suppose Assumption 1 holds, and assume that for any compact set C C R and any
u € C, there exists f > 0 (depending on C) such that fi;(u) < f for alli,t. Then P[fjc =1] — 1
as N,T — oo if k > r, Py — 0 and PNTL%VT — 00.

Remark 3.1: AB (2020) obtain a similar result, but the difference with ours is that we only
need the density function of the idiosyncratic errors to be uniformly bounded above and below,
while AB (2020) requires all the moments of the errors to be bounded. The reason why we can
obtain the same result here with less restrictions is that our proof is based on the innovative
argument discussed in Remark 1.1 and on the average convergence rate of the estimators, while

the proof of AB (2020) depends on the uniform convergence rate of the estimators.

Remark 3.2: Let X denote the T x N matrix of observed variables, and let F*, Al denote the
matrices of PCA estimators of BN (2002) when the number of factors is specified as . Then

BN (2002)’s estimator of  can be written as:

N A ~ 157 2
# =argmin S(I) where S(I) = (NT)! HX — FIA! H +1- Pnr,
1<i<k
k > r, and Py is defined as in Theorem 2 above. It can be shown that IC-based estimator 7 is
equivalent to the number of diagonal elements in AF Ak /N that are larger than Pyp. Thus, the
two seemly different estimators of the number of factors are equivalent in AFM. However, due

to the differences of the object functions, such equivalence does not exist in QFM.

Remark 3.3: The choice of Py for 7.0k and 71c can be different in practice. In particular, it
can differ from those penalties used by BN (2002). AB (2020) choose

NT N+T
PNT=10g< > i

N+T NT
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for 71c, similar to ICp1 of BN (2002). However, as shown in AB’s (2020) simulation results, this

choice does not perform very well even for N, T as large as 300.

Remark 3.4: Even though 7., and 7;¢ are both consistent estimators of r, the computational
cost of Trank is much lower than that of 71¢, because for 7., we only estimate the model once,
while for 7;c we need to estimate the model k£ times. Thus, in the simulations and empirical
applications we will focus on 7k, and we refer to AB (2020) for the corresponding simulation

results of 7ic. In particular, we find that the choice

. 1\ 1/3
st ()
Ly

for 7rank works fairly well as long as min{ N, 7'} is 100. This is also the value used in all of our

simulations and applications.

4 Estimators Based on Smoothed Quantile Regressions

The derivation of the asymptotic distribution of the QFA estimator 0 becomes a difficult task
due to the non-smoothness of the check function and the problem of incidental parameters. As in
the asymptotic analysis of conventional QR, one can expand the expected score function (which
is smooth and continuously differentiable) and obtain a stochastic expansion for i — Soi; yet

the following term appears in the expansion:

ﬂ \

T
Z { (14X < Nfiy —EIUXa < NFY) fi— (WXa < Mo} = 7) forf - (8)

The next step would be to show that the above expression is a higher-order term (i.e. op(7T7%9))
thus it does not affect the asymptotic distribution of /A\Z However, due to the presence of the
indicator functions in (8), this is not an easy task. To see this, let’s consider a similar problem for
the PCA estimators of AFM. Let \; and f; be the PCA estimators. In the stochastic expansion
of i — Ao, the analogous term to (8) happens to be:

N

= Zﬂt ft fOt

t:l
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where ¢;; is the idiosyncratic error in the AFM. Note that, based on the result 7! Zthl | f: —
fot]l = Op(Ly}), one can only show that:

1 T

T
1 - _
SA\|lT € - TZ‘|ft_f0tH2=OP(LN:5“)'
t=1

t=1

T
Z — Jfot)

Instead, one has to use the stochastic expansion of ft — for to show that T—! Zthl €it( ft — for) =
Op(Ly%) (see the proof of Lemma B.1 of Bai 2003). Likewise, to show that (8) is op(T7%),
establishing the convergence rate of ft — Sfo; is not enough, and the stochastic expansion of
ft — Sfo: is required. However, due the non-smoothness of the indicator functions, it is not clear

how to explore this stochastic expansion in (8).

To overcome this problem, we proceed to define a new estimator of 6y, denoted as 6, relying

on the following smoothed quantile regressions (SQR):

0=(N,...\x fi,.... f1) = arg min Sy (0),
e r

where
N /
SNr(0) = D0 [r K (X'f;”t)] (Xu— N2,

=1- f k(z)dz, k(z) is a continuous function with support [—1, 1], and h is a bandwidth
parameter that goes to 0 as N, T diverge.

Define
1 & 1
‘I)i - Th—{%o f ; fz’t (O)f(]tf(l)t and \I/t = lim Z )‘01)‘01

for all ¢,f. We impose the following assumptions:

Assumption 2. Let m > 8 be a positive integer,
(i) ®; >0 and ¥y > 0 for all i,t.

(ii) Xoi is an interior point of A and for is an interior point of F for all i,t.

(iii) k(2) is symmetric around 0 and twice continuously differentiable. fil k(z)dz =1, fE1 2 k(z)dz =

0forj=1,....,m—1 and f_llzmk’(z)dzyéo.

(1v) fir is m~+2 times continuously differentiable. Let fi(g) (u) = (0/0u) i (u) forj =1,...,m+2.
For any compact set C C R and anyu € C, there exists —oo < I < 1 < 0o such thatl < fl(t])(u) <l
and f < fiy(u) <1 for j=1,...,m+2 and for all i,t.

(v) As N,T — 00, NoxT, hoc T~ and m~! < ¢ < 1/6.

The above conditions are standard in SQR, with the exception of (v). Note that, like Galvao
and Kato (2016), we need k(z) to be a higher-order kernel function to control the higher-order

terms in the stochastic expansions of the estimators. However, Galvao and Kato (2016) assume
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that m~! < ¢ < 1/3 (or m > 4), while we need m~! < ¢ < 1/6 (or m > 8). The difference is due
to the fact that the incidental parameters (\; and f;) in QFM enter the model interactively, while

in the panel quantile models considered by these authors there are no interactive fixed-effects.
Then, we can show that:

Theorem 4. Under Assumptions 1 and 2, there exists a diagonal matrix S € R™" whose

diagonal elements are either 1 or —1, such that
VT (N = Shoi) SN0, 7(1 = 7)®;2)  and  VN(fi — Sfor) S N(0,7(1 — 7)T; 'S, 0771
for each i and t, where ¥\ = diag(o1,...,0).

Remark 4.1: Similar to the proof of Theorem 1, we can show that
A= AoS||/VN = Op(1/Lyt) +Op(h™?) and ||F — FoS||/VT = Op(1/Lyt) 4+ Op(h™?),

where the extra Op(h"/?) term is due the approximation bias of the smoothed check func-
tion. However, Assumption 2(v) implies that 1/Ly7 > h™/2, and then it follows that average

convergence rates of A and F are both L NT-

Remark 4.2: Similar to Theorems 1 and 2 of Bai (2003), we show that the new estimator
is free of incidental-parameter biases. That is, the asymptotic distribution of \; is the same
as if we would observe {fo:}, and likewise the asymptotic distribution of f¢ is the same as
if {\o;} were observed. The proof of this result is not trivial. To see why this is the case,
first define o(u) = [ — K(u/h)|u and S;7(\, F) = T~' 327 o(Xir — X f;), then we can write
\i = argminye 4 Si (A, F). Expanding 9S; 7(\;, F)/dA around (Ag;, Fp) yields

T T
<; ZQ (wit fOtf0t> (\i = Shai) ~ %ZQ( )(uit)Sfor + — ZQ (wit) (fe — Sfor)
=1 1T N
=5 > 0% (i) for M (fi — Sfor), (9)
t=1

where o) (u) = (9/0u)? o(u). The key step is to show that the last two terms on the right-hand
side of the above equation are both op(1/v/T). This is relatively easier for the PCA estimator
of Bai (2003), since (f; —Sfo;) has an analytical form (like e.g. in equation A.1 of Bai 2003). In
our case, we would also need a stochastic expansion for ( ft —Sfot), which in turn depends on the
stochastic expansion of (A; — SAg;) due to the nature of factor models. As in Chen et al. (2018),
this problem can be partly solved by showing that the expected Hessian matrix is asymptotically
block-diagonal (see Lemma 11 in the Online Appendix). However, the proof of Chen et al. (2018)

is only applicable to a special infeasible normalization, namely Zf\il AoiNi = Zthl fotf{, while
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our proof of Lemma 11 allows for normalization (3) and can be generalized to any of the other

normalizations considered by Bai and Ng (2013) that uniquely pin down the rotation matrix.

Remark 4.3: As discussed in Remark 1.3, if the true parameters do not satisfy the normaliza-

tions (3), the results of Theorem 3 can be stated as
VT (X = SHybAoi) 4 N (0,701 = 1)H @7 s e (H7Y)),

VN (ft — SvaTfOt> AN (0,71 = 7)H'O, 'S\, H) |

where S and Hyr are defined in Remark 1.3, ¥p = lim7p_o X7 F, YA = lim7r00 Xy a, H =
E;UQF, and I is the matrix of eigenvectors of 2}7/221\2;/2.

Remark 4.4: Let [(z) be a continuous kernel function with support [—1, 1] where 1) (z) =
d71(2) /027 exists and |1 (2)| is bounded for j = 1,2. Let b a bandwidth. Estimators for the

asymptotic variance matrices of \; and f; can be simply constructed as

T
- - 1 o
B -2 - E : i . !
Vi, = T(1— T)CDZ- where ®; = Th - Ui /) - fifi,

and

N
- e e o~ - 1 ~ o - o
Vi, =7(1 —7)¥,; 1300, ! where U; = Vi §_1 (T3¢ /D) - NN, ¥p = A'A/N,

with 4;; = X — 5\; ft In Section A.5 of the Online Appendix we show that under Assumptions
1 and 2, the above estimators of the asymptotic covariance matrices are consistent if b — 0 and
Nb3 — co. Note that this is different from the usual condition Nb?> — oo in standard quantile
regressions (see e.g. Powell 1984 and Angrist et al. 2006). Moreover, the above estimators are

also consistent for the asymptotic covariance matrices discussed in Remark 4.3.

Remark 4.5: A restrictive DGP within class (1) would be a QFM where the PCA factors
coincide with the quantile factors and only the factor loadings are quantile dependent. The

representation for such restricted subset of QFM is as follows:

Xit = N(7) fe + uig(7), for 7 € (0,1). (10)

As a result, the main objects of interest are the common factors and the quantile-varying
loadings. Notice that, if the factors f; were to be observed, using standard QR of X on f;
would lead to consistent and asymptotically normally distributed estimators of A;(7) for each
i and 7 € (0,1). However, since f; are not observable, a feasible two-stage approach is to first

estimate the factors by PCA, denoted as fPCAvta and next run QR of X;; on fPCA,t to obtain
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estimates of \;(7) as follows:

T
() = arg;minT_1 EpT(Xit — )\’fPCA,t). (11)
t=1

As explained in Chen et al. (2017), unlike the QFA estimators (see Remark 1.2), this two-
stage procedure requires moments of the idiosyncratic term u;; to be bounded in order to apply
PCA in the first stage. However, an interesting result (see Chen et al. 2017, Theorem 2) is that
the standard conditions on the relative asymptotics of N and T allowing for the estimated factors
to be treated as known do not hold when applying this two-stage estimation approach. In effect,
while these conditions are T/2 /N — 0 for linear factor-augmented regressions (see Bai and Ng
2006) and T%/8 /N — 0 for nonlinear factor-augmented regressions (Bai and Ng 2008a), lack of
smoothness in the object (check) function at the second stage requires the stronger condition
T5/*/N — 0. Moreover, Theorem 3 in Chen et al. (2017) shows how to run inference on the
quantile-varying loadings (e.g., testing the null that they are constant across all quantiles or a
subset of them).

5 Finite Sample Simulations

In this section we report the results from several Monte Carlo simulations regarding the per-
formance of our proposed QFM methodology in finite samples. In particular, we focus on four
relevant issues: (i) how well does our preferred estimator of the number of factors perform rel-
ative to other methods when the distribution of the idiosyncratic errors in an AFM exhibits
heavy tails or outliers, (ii) how well do PCA and QFA estimate the true factors under the previ-
ous circumstances, (iii) how robust is the QFA estimation procedure when the errors terms are
serially and cross-sectionally correlated, instead of being independent, and (iv) how good are

the normal approximations given in Theorem 4 for the QFA estimators based on SQR.

5.1 Estimation of AFM with Outliers

As pointed out in Remark 1.2, since the consistency of our QFA estimator does not require
the moments of the idiosyncratic errors to exist, at 7 = 0.5 it can be viewed as a robust QR
alternative to the PCA estimators commonly used in practice. For the same token, our estimator
of the number of factors should also be more robust to outliers and heavy tails than the IC-based
method of BN (2002). In this subsection we confirm the above claims by means of Monte Carlo

simulations.

19



We consider the following DGP:

3
Xit =Y Njilji + thir,
j=1
where f1; = 0.8f17t_1 + €1¢, for = 0.5f27t_1 + €9t, f3r = 0.2f37t_1 + €3¢, )\jiy €5 are all independent
draws from N(0,1), and w; ~ i.i.d By - N(0,1) + (1 — By) - Cauchy(0, 1), where B;; are i.i.d
Bernoulli random variables with means equal to 0.98 and Cauchy(0,1) denotes the standard
Cauchy distribution. In this way, approximately 2% of the idiosyncratic errors are generated as

outliers.

We consider four estimators of the number of factors 7: two estimators based on PCy1, ICp1
of BN (2002), the Eigenvalue Ratio (ER) estimator proposed by Ahn and Horenstein (2013) and

our rank-minimization estimator discussed in subsection 3.2, having chosen

. 1 \3
i (1)
’ L

We set k = 8 for all four estimators, and consider N, T € {50, 100, 200, 500}.

Table 1 reports the following fractions:
[proportion of # < 3, proportion of # = 3, proportion of # > 3 |

for each estimator having run 1000 replications.

It becomes evident from the results in Table 1 that PCp; and IC)p; almost always overes-
timate the number factors, while the ER estimator tends to underestimate them, though to a
lesser extent than what PC)p and IC)p; overestimate them. By contrast, our rank-minimization

estimator chooses accurately the right number of factors as long as min{N, T} > 100.

Next, to compare the PCA and QFA estimators of the common factors in the previous DGP,
we assume that 7 = 3 is known. We first get the PCA estimator (denoted as Fpca), and then
obtain the QFA estimator at 7 = 0.5 (denoted Fgl{l ) using the IQR algorithm. Next, we regress
each of the true factors on EFpca and ﬁgg 4 separately, and report the average R? from 1000
replications in Table 2 as an indicator of how well the space of the true factors is spanned by the
estimated factors.® As shown in the first three columns of Table 2, while the PCA estimators
are not very successful in capturing the true common factors, the QFA estimators approximate

them very well, even when N,T are not too large.

As discussed earlier, the overall findings reported in Tables 1 and 2 are in line with our
theoretical results. In effect, while the standard PCA estimators of BN (2002) fail to capture

8All the R? we use in this section and the next section are adjusted R2.
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the true factors because they require the eighth moments of all the idiosyncratic errors to be
bounded (unlike the DGP above), our QFA estimators succeed to do so since they only need the
density function to exist and be continuously differentiable, like in the previous DGP. Thus, this
simulation exercise provides strong evidence about the substantial gains that can be achieved by
using QFA rather than PCA in those cases where the idiosyncratic error terms in AFM exhibit

heavy tails and outliers.

5.2 Estimation of QFM: Heavy-tailed and Dependent Idiosyncratic Errors

In this subsection we consider the following DGP:
Xit = Mifue + A2ifor + (Asifar) - ea,

where fi; = 0.8f11—1 + €1t, for = 0.5f24—1 + €21, far = |ge|, A1i, A2i, €11, €2¢, g¢ are all independent
draws from N(0,1), and A3; are independent draws from U[1,2]. Following BN (2002), the
following specification for e;; is used:
i+J
ci=PBcu1tvitp Y, U,
jeinJ i

where v are independent draws from A/(0, 1) except in the second case below. The autoregres-
sive coefficient 8 captures the serial correlation of e;;, while the parameters p and J capture the

cross-sectional correlations of e;;. We consider four cases:

Case 1: Independent errors: 5 =0 and p = 0.
Case 2: Independent errors with heavy tails: = p = 0, and vy ~ 4.i.d Student(3).
Case 3: Serially correlated errors: 8 = 0.2 and p = 0.

Case 4: Serially and cross-sectionally correlated errors: § = 0.2 and p = 0.2, and J = 3.

For each of the previous cases and each 7 € {0.25,0.5,0.75}, we first estimate 7 using
our rank-minimization estimator, having set k and Pyn7 as described in the previous subsection.
Second, we estimate 7 factors by means of the QFA estimation approach, which we denote Fé FA-
Finally, we regress each of the true factors on 136 ra and calculate the R?s. This procedure is
repeated 1000 times where, for each 7, we report the averages of # and the R?s in these 1000

replications.

The results for Case 1 and Case 2 (where the heavy tails are captured this time by a Stu-
dent(3) rather than by a Cauchy distribution) are reported in Table 3 and Table 4, respectively,
for N,T € {50,100,200}. Notice that for 7 = 0.25,0.75, we have r(7) = 3 while, for 7 = 0.5,
we get r(7) = 2, since the factor f3; does not affect the median of X;;. It can be observed that

both our selection criterion and the QFA estimators perform very well in choosing the number of
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QFA factors and in estimating them. It should be noticed that at 7 = 0.25,0.75 the estimation
of the scale factor fs; is not as good as the mean factors fi¢, for for small N and T. However,

such differences vanish as N and T increase.

The results for Case 3 and Case 4 are in turn reported in Table 5 and Table 6, respectively.
It can be inspected that the QFA estimators still perform well, even though the independence
assumption is violated in these DGPs. Thus, despite adopting independence in Assumption 1
(iii) for tractability in the proofs (see Remark 1.4), it seems that QFA estimation still works

properly when the error terms are allowed to exhibit mild serial and cross-sectional correlations.

5.3 Normal Approximations of the Estimators Based on SQR

To evaluate the normal approximations of Theorem 4 for the estimators based on SQR, we
consider the following DGP:
Xit = Nift + fi€it,

where f; ~ i.i.d U(1,2) and they are normalized such that F'F/T = 1, \; ~ i.i.d N(0,1) and
it ~ i.i.d N'(0,1). Note that since our Theorem 4 is conditional on the factors and the loadings,
ft and \; are fixed in the simulations. To smooth the indicator function, we use the following
eighth-order kernel function (see Muller, 1984):

3465
k(2) = 1{]z] <1} g5 (7 10527 + 46227 — 85820 + 7152% — 221210) |

while the Epanechnikov kernel [(z) = 0.75(1 — 22)-1{|z| < 1} is applied to estimate the variance.

Figure 1 and Figure 2 plot the histograms of the standardized estimators of the factors:
fo\/ﬁ ( fi — for) at 7 = 0.25, t = T/2 from 1000 replications’, where Vft is estimated using
the formula in Remark 4.4. To check how the bandwidths affect the finite distributions of the

estimators, we display results for different choices of h and b.

From the reported histograms of the standardized estimators and the superimposed density
function of the standard normal distribution, it becomes clear that the asymptotic distributions
given in Theorem 4 provide reasonably good approximations for the finite sample distributions
of the estimators based on SQR, even for N = T = 50, and that such approximations are not

very sensitive to the choice of bandwidths.

9We choose the signs of ft such that S = 1.
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6 Empirical Applications

In this section we argue that QFA could provide a useful tool for causal analysis, predictive
exercises and the economic interpretation of factors. In particular, we focus on applying our
proposed methodology to three different datasets related to climate, macro aggregates and stock

returns.

6.1 Climate Change and CO, Emissions

In our first empirical application we investigate how CO emissions affect temperatures, which is
a long-standing issue in climate change science and economics (see e.g. Hansen et al. 1981, and
Hsiang and Kopp 2018). The dataset (coined Climate for short) we use consists of the annual
changes of temperature from 441 stations from 1917 to 2018 (N = 441,T = 102), drawn from
the Climate Research Unit at the University of East Anglia, where information about global
temperatures across different stations in the Northern and Southern Hemisphere is collected.
The annual global COy emissions data is downloaded from The Global Change Data Lab.

Table 7 (column labeled Climate) reports the estimated number of factors using PCj; of BN
(2002), the ER estimator and the rank-minimization estimator for a grid of quantiles ranging
from 0.01 to 0.99.' The maximum number of factors k is set to 8 for all estimators. PCy
selects the maximum number of factors (8), while the ER estimator selects only one. Thus, the
tendencies to overestimate (resp. underestimate) the number of PCA factors by the former (resp.
latter) criteria mirror our simulation results in Section 5.1. By contrast, it can be observed that
the numbers of factors estimated by the rank-minimization vary across quantiles. In particular,

the number of QFA factors decreases as we move away from the median.

To compare the QFA factors (denoted as F, Ora) and the PCA factors (denoted as Fpca), we
regress each element of Fé 4 on the 8 PCA factors selected by PC),; and compute the R? in these
regressions.'! The results are shown in the upper panel of Table 8, where it becomes clear that
the median factors (Fg? ) are highly correlated with the PCA factors, with all the R?s above
0.95. By contrast, the QFA factors at the upper and lower quantiles (7 = 0.01,0.05,0.95,0.99)
exhibit much lower correlations with the PCA factors, with R?s around 0.60. Thus, there seems

to be room for using QFA in this application.

Next, to analyze the impact of CO2 emissions on climate change, bivariate Granger non-
causality tests are implemented. We regress the QFA factors at each relevant quantile on their
own lags and the lagged growth rates of CO2 emissions, labeled Alog(CO3), where the lag length

is chosen according to BIC. Table 9 reports the p-values of these tests. The results of this novel

10Tn all the applications, before estimating the factors and the number of factors, each variable is standardized
to have zero mean and variance equal to one.
We choose the number of PCA factors estimated by PC,; in these regressions to play conservative.
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approach to analyze quantile causality indicate that the growth rate of CO2 emissions strongly
Granger causes the QFA factors at the lower quantiles (7 = 0.01,0.05), with p-values below 0.01,
as well as some of the median factors, albait to a lessser extent (p-values below 0.04). Moreover,
the null of Granger non-causality is not rejected for QFA factors at the upper quantiles. Given
that CO5 emissions lead to global warming, the results for the lower quantiles of temperatures
are in line with the evidence reported by Gadea and Gonzalo (2020). Using a similar climate
dataset but different quantile techniques to ours, these authors find that global warming over
the last century seems to be mainly due to a different behaviour in the lower tail than in the

central and upper tails of the distribution of global temperatures.

6.2 Macroeconomic Forecasting in a Data-Rich Environment

In the second application, we extend the diffusion-index forecasting exercise popularized by
Stock and Watson (2002) to explore the predictive power of the QFA factors. The main goal is
to extract a few common factors (by both PCA and QFA) from a large panel of macroeconomic

variables, and then use these factors to forecast e.g. real GDP growth and the inflation rate.

The FRED-QD dataset (coined Macro here) is used to estimate PCA and QFA factors.
This is a quarterly panel consists of 211 US macroeconomic variables from 1960Q1 to 2019Q2
(N =211,T = 238). It emulates the popular dataset used by Stock and Watson (2002), but also
contains several additional time series. The variables in this dataset are updated in a timely
manner and can be downloaded for free.'?> Before estimation, each series is transformed to be
stationary using Matlab codes that are also available on the FRED-QD data website.

As with the climate data, while PC); selects 8 PCA factors, ER selects only one. The
estimated numbers of QFA factors are reported in Table 7 (column labeled Macro). As can
be seen, the number of QFA factors varies significantly across different quantiles, pointing to
the existence of a nonstandard factor structure for this dataset. Moreover, the middle panel of
Table 8 reports the R%s of regressing each of the QFA factors on the 8 PCA factors. It becomes
clear that the QFA factors at 7 close to 0.5 are all well explained by the PCA factors. However,
the first QFA factor at 7 = 0.9 (denoted FC%’]%A) and those at 7 = 0.95,0.99 (denoted as FC%%Z
and Fgg%) contain some extra information that could be potentially helpful for forecasting

macroeconomic variables. Since 8‘2& exhibits a very high correlation with F&% 4 and Fg%i‘,

we exclusively focus on the predictive power of F(gg 4 and Agf’,& in the subsequent analysis.

Let y441 denote the realized value of real GDP growth/inflation at period ¢ + 1. The fore-

2Link to the dataset: http://research.stlouisfed.org/econ/meccracken/. We refer to McCracken and Ng (2016)
for the details of a very similar dataset that contains monthly macroeconomic variables.
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casting equation we consider is as follows:

Pmazx

Y41 = @+ Z Biyi—j + ' Fi + €141,
=0

where F; is vector containing several unobserved common factors extracted from the large
macroeconomic dataset. The predicted value of 311, based on a vector of estimated factors
F}, is simply constructed as g1 = & + Z?:o Bjye—j + 4 Fy, where a, Bj, 4 are OLS estimates of
the coefficients and p is the optimal lag length according to BIC. We compare five different spec-
ifications for Fy: (i) F; = 0, which is the benchmark AR model, (ii) AR plus £} only including
FPCA, (iii) AR plus F, including Fpea and Fg'}%A, (iv) AR plus F, including Fpea and Fg'}%%,
and (v) AR plus F} including Fpca, F&% 4 and 13’81%?4. Following Chudik et al. (2018), the initial
estimation period is 1960Q1 to 1989Q4 (120 periods), and the forecast evaluation period is split
into pre-crisis (1990Q1 to 2007Q2) and crisis and recovery (2007Q3 to 2019Q2) sub-periods. A
rolling window of 120 periods is used both to estimate the coefficients and generate the rolling
forecasts. In particular, following Chudik et al. (2018), the number of mean factors is estimated

using PC); at each rolling window, where the maximum number of factors is set equal to 5.

The mean squared error (MSE) of these procedures, and their relative MSE (R-MSE) to
the benchmark AR model are reported in Table 10 for the whole evaluation period and each
relevant sub-sample. As can be observed, in regards to real GDP growth, adding the upper tail
QFA factors ranks better in terms of R-MSE than the AR and AR+ Fpc 4 models for the three
considered periods. The gains are not sizeable but yet they are relevant. As for the inflation

rate, the results are weaker, though there are some gains for the crisis and recovery period.

A well-known shortcoming of point forecasts is that their uncertainty is generally unknown,
hence it is difficult to quantify their precision at any given period of time. To address this prob-
lem, it has became customary among central banks to report density forecasts for important
macroeconomic variables. In this respect, Adrian et al. (2019) argue that a simple way of produc-
ing such densities is via QR. Following these authors, we next evaluate the predictive power of the
QFA factors for forecasting the densities of real GDP growth and inflation. In particular, we first
predict the conditional quantiles of the target variable yp, by ¢ri4n = &T—l—zgzo Bf,jyt_ j —f—’y;f?},t
for 7 € {0.05,0.25,0.75,0.95}, where &, B j,7- are estimated coefficients by running QR of v,
on [y, ..., Y—p, FT,t], and Fm is a vector of estimated quantile factors using the IQR algo-
rithm.'® Next, given the predicted quantiles: [Go.05.t+h, G0.25.t+hs 40.75.t+hs G0.95.t+1), the predicted
density of y1, is constructed as the density of a skewed ¢-distribution by matching the predicted
quantiles.'* Finally, the accuracy of the density forecast is measured by the predictive score,

which is the predicted density evaluated at the realized value of y;,,. Higher predictive scores

130nly 1 QFA factor is estimated at 7 = 0.05,0.95, whereas 5 QFA factors are estimated at 7 = 0.25,0.75.
“We refer to Adrian et al. (2019) for the details and to Azzalini and Capitanio (2003) for the definition and
properties of the skewed t-distribution.
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indicate more accurate predictions. The out-of-sample density forecasts are constructed using
rolling windows with the most recent 120 observations, and the evaluation period is 1990Q1
to 2019Q2. Moreover, we set p = 3, and the benchmark model is the one where Fﬂt =0, i.e.
the quantiles of y, 5 are predicted only using its own lags. Figure 3 displays the predictive
scores of the one-quarter-ahead (h = 1) and one-year-ahead (h = 4) density forecasts for both
variables. It can be seen that in both instances the predictive scores of the“AR + Quantile Fac-
tors” procedure is frequently above that of the “AR benchmark” model, sometimes by a large
margin, indicating that the QFA factors could indeed be very informative for density forecasting

of highly relevant macroeconomic variables.

6.3 Interpretation of Financial Factors

Our last application concerns the interpretation of the quantile factors extracted from financial
asset returns. The dataset (Finance in short) contains the monthly returns of 429 stocks from
1980MO1 to 2014M12 (N = 429,T = 420), obtained from The Center of Research for Security
Prices (CRSP)."

Except at 7 = 0.5, the estimated number of QFA factors reported in Table 7 (column labeled
Finance) are all equal to 1, which agrees with the choice of PCA factors by the ER estimator
but again is less than the 4 factors selected by PCp.1°

The lower panel of Table 8 reports the R?s of regressing each of the QFA factors on the 8
PCA factors. As can be inspected, most of these factors are well explained by the PCA factors,
with the exception of those at 7 = 0.01,0.99, where the R?s are below 60%. Interestingly,
as discussed in the Introduction this evidence is seemingly consistent with the findings of the
financial literature on the existence of tail factors in the distribution of asset returns, as reported
e.g. by Andersen et al. (2018). Thus, it is interesting to check whether the extra quantile factors
at the lower tail and upper tail of the returns distribution could yield some confirmation of that

hypothesis.

First, as shown in the upper panel of Figure 4, the QFA factors at 7 = 0.01 and 0.99 (both
with variance = 0.12) are much less volatile than those at 7 = 0.5 (both with variance = 1),
meaning that the tails of the distributions of returns are more stable than the median. Second,
we find that the interquantile range (defined as the difference between the quantile factors at

7" Finally,

7 = 0.99 and 0.01) provides a good measure of uncertainty for financial markets.
as shown in the lower panel of Figure 4, the interquantile range is highly correlated with the

volatility factor (with a correlation of 0.87) constructed by applying PCA-SQ to the squared

5The panel is balanced by only keeping stocks that have no missing observations during this time period.
Y6 PCp3 and ICp3 of BN (2002) chose 8 factors while all the other 6 information criteria choose 4 factors.
17"The results with the interpercentile range and interquartile range turn out to be similar.
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residuals of an AFM.'® On the contrary, the correlations between the two median factors and
the volatility factor only reach 0.08 and -0.05, respectively. Thus, this evidence seems supportive
of the the presence of extra common factors affecting the tails and the volatility of the asset

returns, with our results providing a link between them.

7 Conclusions

Approximate Factor Models (AFM) have become a leading methodology for the joint modelling
of large number of economic time series with the big improvements in data collection and infor-
mation technologies. This first generation of AFM was designed to reduce the dimensionality of
big datasets through finding those common components (mean factors) which, by shifting the
means of the observed variables with different intensities, are able to capture a large fraction of
their co-movements. However, one could envisage the existence of other common factors that do
not (or not only) shift the means but also affect other distributional characteristics (volatility,

higher moments, extreme values, etc.). This calls for a second generation of factor models.

Inspired by the generalization of linear regressions to quantile regressions (QR), this paper
proposes Quantile Factor Models (QFM) as a new class of factor models. In QFM, both factors
and loadings are allowed to be quantile-dependent objects. These extra factors could be useful
for identification purposes, for instance mean factors vs. volatility /skewness/kurtosis factors, as

well as for forecasting purposes in factor-augmented regressions and FAVAR setups.

Using tools in the interface of QR, Principal Component Analysis (PCA) and the theory
of empirical processes, we propose an estimation procedure of the quantile-dependent objects
in QFM, labelled Quantile Factor Analysis (QFA), which yields consistent and asymptotically
normal estimators of factors and loadings at each quantile. An important advantage of QFA
is that it is able to extract simultaneously all mean and extra (non-mean) factors determining
the factor structure of QFM, in contrast to PCA which can only extract mean factors. In
addition, we propose novel selection criteria to estimate consistently the number of factors at
each quantile. Finally, another relevant result is that QFA estimators remain valid (under some
restrictive assumption on the idiosyncratic error terms — see Assumptionl (iii) — which are
adopted to simplify the proofs) when the idiosyncratic error terms in AFM exhibit heavy tails

and outliers, a case where PCA is rendered invalid.

The previous theoretical findings receive support in finite samples from a range of Monte
Carlo simulations. Furthermore, it is shown in these simulations that QFA estimation per-
forms well when we depart from some of simplifying assumptions used in the theory section for

tractability, like, e.g., independence of the idiosyncratic errors. Lastly, our empirical applica-

8Following Renault et al. (2017), we first project out the 8 PCA factors from the returns, and the volatility
factor is obtained as the cross-sectional average of the squared residuals.

27



tions to three large panel datasets of financial, macro and climate variables provide evidence that
some of these extra factors may be highly relevant in practice for causality analysis, forecasting,

and economic interpretation purposes.

Any time a novel methodology is proposed, new research issues emerge for future investi-
gation. Among the ones which have been left out of this paper (some are part of our current

research agenda), four topics stand out as important:

e Factor augmented regressions and FAVAR: In relation to this topic, it would also be
interesting to check in great detail the contributions of the extra factors in forecasting and
monitoring multivariate systems. This is an issue of high interest for applied researchers,
especially with the surge of Big Data technologies. For example, one could analyze the
role of the extra factors in the estimation and shock identification in FAVAR. Recent
developments in quantile VAR estimation, as in White et al. (2015), provide useful tools
in addressing these issues.

e Relaxing the independence assumptions: In view of the simulation results in Tables 5 and
6, we conjecture that the main theoretical results of our paper continue to hold when
the error terms in QFM are allowed to have weak cross-sectional and serial dependence.
Providing a formal justification for this conjecture remains high in our research agenda.
As discussed in Remark 1.4, the goal here is to provide more general conditions on w
under which the sub-Gaussian type inequalities still hold.

e Dynamic QFM: Although our methodology admits factors to have dependence, provided
Assumption 2(i) holds, there is still the pending issue of how to extend our results for
static QFM to dynamic QFM, where the set of quantile-dependent variables include lagged
factors (see Forni et al. 2000 and Stock and Watson 2011). Since our main aim in this
paper has been to introduce the new class of QFM and their basic properties, for the sake
of brevity, we have focused on static QFM, leaving this topic for further research.

e Economic interpretation of QFA factors in empirical applications: Given the evidence that
extra factors could be relevant in practice, another interesting issue is how to interpret
them in different economic and financial setups. As illustrated in subsection 6.3, once the
econometric techniques to detect and estimate extra factors in QFM have been established,
attempts to provide new economic insights for these objects would help enrich the economic

theory underlying this type of factor structures.
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A Tables and Figures

Table 1: AFM with Outliers in the Idiosyncratic Errors: Estimating the Number of Factors

N T PC)p of BN I1Cy; of BN Eigenvalue Ratio Rank Estimator
50 50 [0.00 0.04 0.96] [0.00 0.14 0.86] [0.26 0.30 0.44] [0.47 0.53 0.00]
50 100 [0.00 0.02 0.98] [0.00 0.05 0.95] [0.33 0.19 0.48] [0.40 0.60 0.00]
50 200 [0.00 0.00 1.00] [0.00 0.01 0.99] [0.41 0.12 0.47] [0.33 0.67 0.00]
50 500 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.56 0.07 0.37] [0.29 0.71 0.00]
100 50 [0.00 0.02 0.98] [0.00 0.05 0.95] [0.34 0.18 0.48] [0.39 0.61 0.00]
100 100 [0.00 0.00 1.00] [0.00 0.01 0.99] [0.41 0.13 0.46] [0.10 0.90 0.00]
100 200 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.48 0.07 0.45] [0.06 0.94 0.00]
100 500 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.65 0.05 0.30] [0.02 0.98 0.00]
200 50 [0.00 0.00 1.00] [0.00 0.01 0.99] [0.45 0.10 0.45] [0.37 0.63 0.00]
200 100 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.48 0.08 0.44] [0.10 0.90 0.00]
200 200 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.63 0.06 0.31] [0.00 1.00 0.00]
200 500 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.76 0.08 0.16] [0.00 1.00 0.00]
500 50 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.57 0.08 0.35] [0.36 0.64 0.00]
500 100 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.68 0.06 0.26] [0.05 0.95 0.00]
500 200 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.76 0.08 0.16] [0.00 1.00 0.00]
500 500 [0.00 0.00 1.00] [0.00 0.00 1.00] [0.80 0.10 0.10] [0.00 1.00 0.00]
Note: The DGP considered in this Table is: X; = 23:1 Ajifje + wie, where fi; = 0.8f1 -1 + €1y,
for = 05fa1 + €, far = 0.2f34-1 + €31, Njiseje ~ i.0.d N(0,1), wy ~ id.d By - N(0,1) +

(1 — Bj:) - Cauchy(0,1) where B;; ~
[proportion of 7 < 3 , proportion of # = 3, proportion of # > 3 ] is reported from 1000 replications.

i.i.d Bernoulli(0.98).
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Table 2: AFM with Outliers in the Idiosyncratic Errors:
Estimation of the Factors

Regress F on Fpca  Regress F on Fpy
N T fi f2 f3 f1 fo f3

50 50 0.939 0.810 0.686 0.987 0.975 0.968
50 100 0.931 0.718 0.578 0.987 0.975 0.968
50 200 0.890 0.589 0.412 0.987 0.975 0.968
50 500 0.807 0.405 0.252 0.988 0.975 0.968
100 50 0.928 0.738 0.595 0.993 0.986 0.984
100 100 0.921 0.630 0.441 0.994 0.988 0.984
100 200 0.857 0.479 0.285 0.994 0.988 0.985
100 500 0.713 0.294 0.138 0.994 0.988 0.984
200 50 0.890 0.657 0.513 0.997 0.994 0.992
200 100 0.858 0.514 0.333 0.997 0.994 0.993
200 200 0.779 0.358 0.178 0.997 0.994 0.992
200 500 0.530 0.131 0.051 0.997 0.994 0.992
500 50 0.819 0.501 0.371 0.998 0.997 0.996
500 100 0.725 0.327 0.196 0.999 0.998 0.997
500 200 0.546 0.165 0.062 0.999 0.998 0.997
500 500 0.273 0.036 0.018 0.999 0.998 0.997
Note: The DGP considered in this Table is: Xy = 3771 Aji fju+
ui, where f1y = 0.8f1;-1 + €14, for = 0.5f21 + €21, far =
0.2f3.1-1 + €31, Nji, €50 ~ i.i.d N'(0,1), wyy ~ i.i.d By - N(0,1) +
(1 — Byt) - Cauchy(0,1) where B;; ~ i.i.d Bernoulli(0.98). For
each estimation method, we report the average R? in the regres-

sion of (each of) the true factors on the estimated factors by
PCA and QFA (assuming the number of factors to be known).
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Table 3: Estimation of QFM: Independent Idiosyncratic Errors

N

T 7

7=0.25
fie fot

JEY

A~

7

7=0.5
fit fot

JEY

~

7

T=0.75
Jue fot

JEY

20
50
20

o0 | 2.21
100 | 2.42
200 | 2.43

0.866 0.721
0.943 0.758
0.933 0.703

0.339
0.483
0.485

1.91
1.88
1.88

0.956 0.808
0.968 0.839
0.971 0.842

0.013
0.003
0.001

2.23
2.38
2.40

0.926 0.738
0.946 0.708
0.951 0.698

0.334
0.463
0.445

100
100
100

o0 | 2.14
100 | 2.71
200 | 2.82

0.944 0.681
0.977 0.898
0.983 0.904

0.337
0.688
0.757

1.80
1.98
1.99

0.980 0.786
0.985 0.954
0.987 0.966

0.014
0.001
0.003

2.13
2.72
2.86

0.948 0.694
0.968 0.890
0.982 0.908

0.357
0.707
0.793

200
200
200

90 | 2.35
100 | 2.80
200 | 2.99

0.970 0.826
0.990 0.934
0.992 0.986

0.490
0.782
0.940

1.87
2.00
2.00

0.989 0.867
0.993 0.987
0.994 0.988

0.008
0.001
0.000

2.29
2.81
2.99

0.973 0.745
0.990 0.977
0.992 0.986

0.489
0.772
0.935

Note:

P

it .
j=i—J,j7#i Uity

The DGP considered in this Table is: X;

= Aifie + Aaifor + (Asifae) - eir, fie = 0.8f10-1 + €1y,
Jor = 0.5f2—1 + €2t, far = |9¢|, Miy A2i, €1e, €26, 9¢ ~ 1.0.d N(0,1), and Ag; ~ i.i.d U[1,2]. ey = Be;p—1 + vt +

vy ~ i.i.d N(0,1), 8 = p = 0. For each 7, the first column reports the averages of the

rank estimator 7 from 1000 replications, while the second to the fourth columns report the average R? in the
regression of (each of) the true factors on the QFA factors Fpa, obtained from the IQR algorithm.

Table 4: Estimation of QFM: Independent Idiosyncratic Errors with Heavy Tails

N

T 7

T =0.25
fie fot

f3t

,,’).

7=0.5
fit fot

f3t

7

7=0.75
fit fot

f3t

50
50
50

50 | 2.81
100 | 2.79
200 | 2.82

0.911 0.727
0.934 0.782
0.942 0.811

0.585
0.621
0.680

2.38
2.03
1.91

0.954 0.827
0.963 0.885
0.966 0.855

0.031
0.005
0.000

2.95
2.79
2.76

0.925 0.711
0.933 0.783
0.943 0.790

0.617
0.658
0.648

100
100
100

50 | 3.20
100 | 3.06
200 | 3.00

0.962 0.851
0.972 0.897
0.974 0.944

0.737
0.840
0.867

2.67
2.21
1.99

0.977 0.907
0.983 0.939
0.983 0.958

0.076
0.018
0.000

3.07
3.06
2.98

0.942 0.828
0.974 0.931
0.974 0.943

0.682
0.801
0.860

200
200
200

50 | 3.24
100 | 3.10
200 | 3.02

0.971 0.839
0.985 0.937
0.989 0.977

0.753
0.897
0.932

2.82
231
2.07

0.984 0.903
0.991 0.975
0.992 0.985

0.106
0.018
0.005

3.31
3.09
3.02

0.970 0.858
0.987 0.949
0.988 0.978

0.773
0.883
0.933

Note:

The DGP considered in this Table is: X;; = A1if1e + Aoifor + ()\&fgt) - eit, f1e = 0.8f1’t,1 + €1¢,

Jor = 0.5f21 + €2t far = |ge], Ais Aai, €14, €2¢, g2 ~ 1.0.d N'(0,1), and A3; ~ i.i.d U[1,2]. ey = Be;p—1 + vig +
it
P Zj:i—],j;éi Ujt;

rank estimator 7 from 1000 replications, while the second to thp fourth columns report the averages of R? in
the regression of (each of) the true factors on the QFA factors F{pa, obtained from the IQR algorithm.

31

vy ~ 4.i.d Student(3), 8 = p = 0. For each 7, the first column reports the averages of the



Table 5: Estimation of QFM: Serially Correlated Idiosyncratic Errors

N T

A~

7

7=0.25
fie fot

JEY

A~

7

7=0.5
fit fot

JEY

~

7

T=0.75
Jue fot

JEY

50 50
50 100
50 200

2.31
2.40
2.66

0.900 0.698
0.927 0.722
0.956 0.841

0.400
0.475
0.586

1.97
1.91
1.95

0.961 0.805
0.968 0.863
0.970 0.904

0.023
0.005
0.000

2.32
2.38
2.70

0.924 0.705
0.940 0.709
0.948 0.824

0.416
0.453
0.628

100 50
100 100
100 200

2.33
2.72
2.87

0.945 0.736
0.978 0.863
0.983 0.924

0.479
0.704
0.801

1.91
1.98
1.98

0.980 0.857
0.985 0.957
0.987 0.955

0.005
0.000
0.000

2.32
2.72
2.88

0.942 0.737
0.978 0.895
0.965 0.948

0.478
0.690
0.805

200 50
200 100
200 200

2.35
2.75
2.98

0.974 0.724
0.987 0.929
0.993 0.984

0.540
0.734
0.927

1.92
1.98
2.00

0.989 0.859
0.993 0.960
0.994 0.987

0.021
0.000
0.000

2.40
2.76
2.99

0.963 0.758
0.990 0.912
0.992 0.975

0.531
0.760
0.942

Note:

The DGP considered in this Table is: Xit = )\liflt + )\Qifgt + ()\37;]0325) © €ty flt = 0.8f1_’t_1 + €1¢,

for = 0~5f2‘,t71 + €2ty far = |G|y Ais A2i, €1¢, €20, 90 ~ 1.i.d N(0,1), and Ag; ~ i.4.d U[1,2]. ey = B*e; -1 +
Vit + p - E;:LJJ# Vjt, Vi ~ i.4.d N(0,1), B = 0.2, p = 0. For each 7, the first column reports the average

rank estimator 7 from 1000 replications, while the second to the fourth columns report the average R? in the
regression of (each of) the true factors on the QFA factors Fpa, obtained from the IQR algorithm.

Table 6: Estimation of QFM: Serially and Cross-Sectionally Correlated Idiosyncratic Errors

N T

f

T =0.25
fie fot

f3t

,,’).

7=0.5
fit fot

f3t

7

7=0.75
fit fot

f3t

50 50
50 100
50 200

2.54
2.49
2.66

0.926 0.705
0.941 0.703
0.945 0.803

0.409
0.397
0.460

2.16
1.95
1.97

0.952 0.808
0.959 0.845
0.963 0.881

0.029
0.001
0.000

2.53
2.50
2.64

0.921 0.700
0.934 0.723
0.939 0.756

0.423
0.423
0.471

100 50
100 100
100 200

2.52
291
2.90

0.942 0.780
0.976 0.896
0.979 0.924

0.495
0.697
0.702

2.02
2.06
2.01

0.977 0.820
0.981 0.945
0.983 0.966

0.021
0.006
0.000

2.41
2.87
2.92

0.946 0.744
0.977 0.893
0.980 0.933

0.472
0.686
0.713

200 50
200 100
200 200

2.47
2.88
3.00

0.967 0.732
0.989 0.913
0.990 0.982

0.569
0.802
0.866

2.05
2.00
2.00

0.987 0.870
0.991 0.982
0.992 0.983

0.032
0.000
0.000

2.52
2.89
3.00

0.969 0.785
0.989 0.938
0.990 0.981

0.576
0.788
0.866

Note:

The DGP considered in this Table is: X;; = A1if1e + Aoifor + ()\&fgt) - eit, f1e = 0.8f1’t,1 + €1¢,

Jor = 0.5f2 11+ €2t far = |ge]s Mis Aoi, €11, €24, g¢ ~ 1.0.d N'(0,1), and A3; ~ i.i.d U[1,2]. ejr = fBeit—1+vi+p-
Ve, Vit ~ 1.0.d N(0,1), 5 = p=0.2 and J = 3. For each 7, the first column reports the average rank

ZH—J
j=i—J,j#i

estimator 7 from 1000 replications, while the second to fourth columns report the average R? in the regression
of (each of) the true factors on the QFA factors Fpa, obtained from the IQR algorithm.

32



Table 7: All Empirical Applications: Number of Fac-
tors

Climate Macro Finance

(N, T) (441,102) (211,238)  (429,420)
PCpy 8 8 1
ER 2 1 1
Frank T = 0.01 1 1 1
Frank T = 0.05 1 1 1
Frank T = 0.10 2 2 1
Framk T = 0.25 4 4 1
Frank T = 0.50 6 5 2
Frank T = 0.75 4 5 1
Frank T = 0.90 2 2 1
Frank T = 0.95 1 1 1

—_
—_
—_

Prank T = 0.99

Note: This Table provides the estimated numbers
of mean factors using PCp1 of BN (2002), the
ER estimator of Ahn and Horenstein (2013), and
the estimated numbers of quantile factors at 7 €
{0.01,0.05,0.1,0.25,0.75,0.9,0.95,0.99} using the rank-

minimization estimator proposed in subsection 3.2.
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Table 8: All Empirical Applications: Comparison of FQ rA and

Fpca

Dataset T

1

Elements of Fé FA

2

3

4

5 6

Climate 0.01
0.05
0.10
0.25
0.50
0.75
0.90
0.95
0.99

0.599
0.623
0.759
0.939
0.995
0.950
0.755
0.629
0.567

0.848
0.961
0.995
0.961
0.905

0.965
0.992
0.966

0.941
0.988
0.933

0.980 0.970

Macro 0.01
0.05
0.10
0.25
0.50
0.75
0.90
0.95
0.99

0.657
0.733
0.796
0.952
0.993
0.906
0.316
0.261
0.266

0.871
0.932
0.976
0.945
0.911

0.939
0.964
0.943

0.890
0.945
0.903

0.923
0.882

Finance 0.01
0.05
0.10
0.25
0.50
0.75
0.90
0.95
0.99

0.560
0.731
0.803
0.921
0.993
0.945
0.783
0.660
0.492

0.977

Note: This Table reports the R? of regressing each element of FQ FA

on F 'pca. For FQ FA, the numbers of estimated factors is obtained from

Table 7 while, for F 'pc A, the numbers of estimated factors are 8 for all

datasets.
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Table 9: Climate: P-values of Granger Non-Causality

Tests
Elements of FCSFA
T 1 2 3 4 5 6
0.01 | 0.004
0.05 | 0.010

0.10 | 0.225 0.336

0.25 | 0.231 0371 0.093 0.834

0.50 | 0.462 0.457 0.027 0.362 0.808 0.037
0.75 | 0.381 0.404 0.229 0.423

0.90 | 0.340 0.769

0.95 | 0.621

0.99 | 0.958

Note: This Table reports the p-values of Granger non-
causality tests, where each of the QFA factors is regressed
on their own lags and the lags of Alog(COs), and the lag
lengths are chosen according to BIC.

Table 10: Macro Forecasting: MSE of Different Methods

Pre-Crisis Crisis- Post-Crisis Full
MSE R.MSE MSE R.MSE MSE R.MSE
Real GDP Growth

AR Benchmark 4526 1.000 5456  1.000  4.904  1.000
AR + Fpcoa 4282  0.946 5373 0985 4725  0.964
AR + Fpoa + Fhy 4155 0.918 5331 0977  4.634 0.945
AR + Fpoa + Fpy 4354  0.962 5270  0.966  4.728  0.964
AR + Fpoa + Fgoy + F2%y 4191 0926 5456 1.000  4.688  0.956
Inflation
AR Benchmark 0.266  1.000  0.790  1.000  0.479  1.000
AR + Fpca 0.246 0926 0.732 0926 0444  0.926
AR + Fpea + Fdpy 0.246  0.926 0.732  0.926  0.444  0.927
AR + Fpea + Fopu 0.247  0.927 0.739  0.935  0.447  0.932

AR + Fpoa + FQpy + Fp, 0245 0922 0726 0.919 0441  0.920

Note: This Table reports the MSE of five alternative 1-quarter-ahead forecasting methods for real
GDP growth and inflation, and their relative MSE (R. MSE) compared with the AR benchmark
model (the lowest R. MSE are shown in bold characters). The out-of-sample forecasting is imple-
mented using rolling windows with 120 observations. The full forecasting evaluation period is from
1990Q1 to 2019Q2, the pre-crisis period is from 1990Q1 to 2007Q2, and the crisis plus post-crisis
period is from 2007Q3 to 2019Q2.
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Figure 1: Normal Approximations of the Estimated Factors using SQR for N =T = 50.

h=0.3 b=0.5 h=0.3 b=0.8

h=0.5b=0.5 h=0.5b=0.8

-5 0 5 -5 0 5
h=0.8 b=0.5 h=0.8 b=0.8

DGP: X+ = \ift + fr€ir, where fi ~ ¢.i.d U(1,2) and they are normalized such that F'F/T = 1, A\; ~
i.i.d N'(0,1) and €;; ~ i.i.d N'(0,1). The figure plots the histograms of the standardized estimators of the
factors using SQR: szlx/ﬁ ( fi— for) at 7 = 0.25,¢t = T'/2 from 1000 replications, where Vft is estimated
using the formula in Remark 4.4, h is the bandwidth parameter in the smoothed check function, and b is the

bandwidth parameter used in Vfr
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Figure 2: Normal Approximations of the Estimated Factors using SQR for N =T = 200.

h=0.1 b=0.3 h=0.1 b=0.5

h=0.3 b=0.3 h=0.3 b=0.5

-5 0 5 -5 0 5
h=0.5b=0.3 h=0.5b=0.5

DGP: X+ = \ift + fr€ir, where fi ~ ¢.i.d U(1,2) and they are normalized such that F'F/T = 1, A\; ~
i.i.d N'(0,1) and €;; ~ i.i.d N'(0,1). The figure plots the histograms of the standardized estimators of the
factors using SQR: szlx/ﬁ ( fi— for) at 7 = 0.25,¢t = T'/2 from 1000 replications, where Vft is estimated
using the formula in Remark 4.4, h is the bandwidth parameter in the smoothed check function, and b is the

bandwidth parameter used in Vfr
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Figure 3: Macro Forecasting: Predictive Scores of Density Forecasts for GDP Growth and
Inflation

0 éf’redictive Scores of 1-Quarter-Ahead Density Forecasts for GDP Growth Predictive Scores of 1-Year-Ahead Density Forecasts for GDP Growth

0.8
— — AR Benchmark — — AR Benchmark
—— AR + Quantile Factors —— AR + Quantile Factors
0.7 F 4 0.7+ 4
0.6 - 4 0.6 - 4
0.5 8 0.5 8
0.4 4 0.4 4
0.3 1 0.3 }I 1
|
|
0.2 4 0.2 J \/'\ 4
\ |
| |
0.1 8 0.1 8
lll vt
I

0 . I I I 0 I I I I I
1990 1995 2000 2005 2010 2015 2020 1990 1995 2000 2005 2010 2015 2020

Predictive Scores of 1-Quarter-Ahead Density Forecasts for Inflation Predictive Scores of 1-Year-Ahead Density Forecasts for Inflation

35 35
— — AR Benchmark — — AR Benchmark
—— AR + Quantile Factors —— AR + Quantile Factors
3 , 3 ,
251 4 251 4
oL N
15+ q
1 4

0.5

2015 10990 1 9‘95 ZObO 2065 2010 2015 2020
Note: The graphs plot the predictive scores of 1-quarter-ahead and 1-year-ahead density forecasts for real
GDP growth and inflation. The evaluation period is from 1990Q1 to 2019Q2, and the out-of-sample forecast-
ing is implemented using rolling windows with 120 observations. The predicted T-quantiles are constructed
using quantile regressions of the target variable on its owns lags and the estimated quantile factors at 7 (de-
noted as F, OF 4)- The predicted densities are constructed as the density functions of skewed t-distributions by
matching the predicted quantiles of the target variable at 7 € {0.05,0.25,0.75,0.95}. The predictive scores
are the predicted densities evaluated at the realized values of the target variable. Higher scores indicate
more accurate forecasts. The dotted blue line is the predictive scores of the benchmark AR model where
only the lags of the target variable are used to predict the T-quantiles, the red line is the predictive scores

of the model where F! OFA 1s also used to predict the 7-quantiles.
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Figure 4: Finance: Quantile Factors, Interquantile Range and Volatility Factor

6 .
- QFU.QQ QFO.S """" QF0.01
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4
6 I I I I | | |
1980 1985 1990 1995 2000 2005 2010 2015
3 —
VF
— QF 0 o1
25

0 ! ! ! ! J
1980 1985 1990 1995 2000 2005 2010 2015

Note: The upper panel presents the QFA factors at 7 = 0.01,0.09 and the first QFA factor at 7 = 0.5 from
the financial datasets. The lower panel shows the interquantile range (blue line), defined as Fgﬁ& — F&gh,
alongside the volatility factor (dotted red line) constructed by PCA-SQ. Both series are normalized to have

unit length, and their correlation is 0.87.
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A Proofs of the Main Results

Definitions and Notations: Throughout the Appendix, K1, Ks,... denote some positive constants

that do not depend on N, T. For any random variable Y, define the Orlicz norm ||Y|, as:
Y[y = inf{C'>0:Ep(]Y]/C) <1},

where v is a non-decreasing, convex function with t(0) = 0. In particular, when ¥ (z) = e’ — 1, the norm
is written as ||Y|y,. We use || - ||, || - ||s and || - |lmax to denote the Frobenius norm, the spectral norm,
and the max norm for matrices, respectively. Notice that, when considering vectors, || - || is the Euclidean
norm. For a matrix A with real eigenvalues, let p;(A) denote the jth largest eigenvalue. Following van der
Vaart and Wellner (1996), the symbol < means “left side bounded by a positive constant times the right
side” (the symbol > is defined similarly), and D(-, ¢,G) and C(-,g,G) denote the packing and covering

numbers of space G endowed with metric g.

Note that all the proofs in this appendix remain valid if we replace Ag;, for by SAoi, Sfo:, where S is
the sign matrix defined in Theorem 1 and Theorem 4. Thus, without loss of generality, except for the

proof of Lemma 2, we assume that S = II,. to simplify the notations.

A.1 Proof of Theorem 1

Define

N T
Ve (6) = Mir(8) ~ Mr(8) = o S0 3 (e (Xue = X.£2) — Elpr (X~ Nfo)]}

=1 t=1
WNT(Q) = MNT(H) — MNT(G()).

Then, the following results hold.



Lemma 1. Under Assumption 1, we have d(0,00) = op(1) as N,T — cc.
Proof. First, for any \; € A and f, € F, expanding E[p,(X;; — N, f;)] around cg iz = Ao; for, we have
Elpr (Xit = Xifo)] = Elpr (Xir — Aoi for)] + 0.5 - fie(c5) - (N fe — Aoi for)?,
where ¢, is between X, f; and cg ;. It then follows from Assumption 1(ii) that for all \; € A and f; € F,
Elpr(Xit — Aift)) = Elor (Xit — Xoifor)) 2 (N fe — Ao for)?
since |A]fi| and |AG; foi| are both bounded. Therefore, for any 6 € ©", we have:

My () — Mpyr(60) = d*(8,6). (A.1)

Second, by the definition of 0, we have MNT(é) —Mpnr(6p) < 0, or equivalently WNT(é) +MNT(é) —
My (6o) < 0. It then follows from (A.1) that

0 < d?(8,00) < Mnr(0) — Mnr(8)) < sup |Wr ().
Thus, it remains to be shown that
sup [Wyr(0)] = op(1). (A.2)
oco”

Choose K large enough such that || Aoi|, || focll, [[Asll, |.fe]| < K1 for all,t for any 6 € ©". Let B, (K1)
be a Euclidean ball in R" with radius K. For any € > 0, let A(1),..., Ay be a maximal set of points
in B,(K1) such that ||[A;y — Al > €/K1 for any j # h where “maximal” signifies that no point can
be added without violating the validity of the inequality. Similarly, let f(1),..., f(;) be a maximal set
of points in B, (K1) such that ||f;)y — fin)ll > €¢/K1 for any j # h. It is well known that .J, the packing
number of B,.(K3), is equal to Ko (K7 /€)".

For any f € ", define 0* = (\{',..., A5, fi ... f5 ), where A = {\jy 1 5 < J, Mgy — Nl| < e/Kq}
and ff = {f;) 17 < L \If) — fill < €/K1}. Thus, we can write

WNT(G) = WNT(Q*) + WNT(H) — WNT(Q*).

Note that |pr(Xi — N fe) — pr(Xie — AE F| < 20N fe = N f L < 20Nl fe — FE1+ 201 FE 1IN — AL < e
Thus,

sup |WNT(9) — WNT(Q*” S/ €. (A?))
fcor

Also, note that |p, (X — My; for) — pr(Xit — A5 £7)] < 2|1M; for — I f7]. Then, by Hoeffding’s inequality
we have )
P[VNTWNr(6%)| > ¢] < 2¢” z@0% 00

and by Lemma 2.2.1 of van der Vaart and Wellner (1996) it follows that Wy (6%)]|,, < d(0%,00)/VNT.
Since 6* can take at most JNTT < (K;/e)"W+T) different values, and d(0*,6y) < 2K, it follows from



Lemma 2.2.2 of van der Vaart and Wellner (1996) that

< Vlog(K1/e)\/r(N +T)/VNT < \/log(K1/€)/ Ly
(A4)

E Lseupr W (07 )I} <

ocor

Finally, by Markov’s inequality and (A.3), for any ¢ > 0,

P [sup [ Wrr(0)| > 6} <P [sup W N (607)] > 5/2] +P [bup Wy (0) — Wrr(6%) > 5/2]
pcor pcor 9cor

<2-E |:Sup |WNT(9*)|:| /(5+P[K26 > 5/2]
ocor

Thus, (A.2) follows from (A.4) since € is arbitrary. This concludes the proof. O

Next, define ©"(6) = {6 € ©" : d(6,6)) < d}.

Lemma 2. Unnder Assumption 1 and for sufficiently small § > 0, there exists a diagonal matrixS € R™*"

whose diagonal elements are either 1 or —1, such that
|A = AoS||/VN + |F — RS||/VT < K36
for any 6 € ©7(9).

Proof. First, let U € R™" be a diagonal matrix whose diagonal elements are either 1 or —1. Since
F'F/T = F}Fy/T =1, and ||Ao||/vV'N < K, by Assumption 1(i), we have

A = AU||/VN = ||(A = AU)F'||/V/NT = ||AF" — AgF§ + AoFy — AgUF'||/VNT
[AF" — AoFyll/ VN +||A0H/f-HF—FoUII/\7
d(6,00) + K4||F — FoU||/VT.

IN

IN

Thus, for 0 € ©7(9),
[A = AoU||/VN +||F — FU||/VT < 6+ (14 Ky)||F — FUl||/VT. (A.5)

Second,

|IF = FoUll/VT = ||[FoU — F(F'FyU/T) + F(F'FoU/T) - F||/VT
< |[FoU = F(F'RU/T)||/VT + | F(F' FoU/T) = FI|/NT = |MpFo|| /NT + ||[F'Fo/T = U], (A.6)

where Py = A(A’A)~tA" and Ms =1 — Pa.
Third, we have

1
ﬁH(AF/_AOF(;)MFHg\/rank[(AF/ AoF)Mp] - || Mpl|s - |AF — AoFl||s/VNT
SIIAF = AoFy||/VNT = d(0,00), (A.7)



and since

I(AF" = AgFg)Mp||/VNT = |[AoFyMp||/VNT = \/Tr [(AAo/N) - (FgMpFo/T)]
> oney/ Tr (FsMpFy/T) = Jon: ||MpFy|| /VT, (A8)
it follows from (A.7) and (A.8) that

1

ONr

IMpFoll/VT S

d(0,0y). (A.9)
Similarly, it can be shown that

1

S
||MF0F||/\/TN pmin(AIA/N)

d(0, 6o), (A.10)

where ppin denotes the minimum eigenvalue.
Fourth, we have

1 1
——|[(AF" — AgFp) Pp|| <

|AF" — Ao Fg| - || Prl| = +/rd(6,60),

VNT VNT
SO
1 1 1

——|[(AF' — Ao F))Pp|| = —=||AF' —Ag(E}F/TF'|| = —=||A — Ao (F{F/T)|| < /rd(6,00). (A.11
(AP = M) Pr| = e |AF = Aol FyF/T)F'| = <= |A=Ao(F3F/T)| < VFd(8.00). (A1)
Likewise, it can be shown that

1

A0 = ARV )| < V(6. 00). (A12)

Fifth, define Ry = F'Fy/T. Note that FRy = FF'Fy/T = PpFy, thus

I, = FyFy/T = R (F'F/T)Ryr + FyFy /T — R (F'F/T)Rr
= Ry Rr + FyFy/T — FSFRy /T + FJFRr/T — R.(F'F/T)Rr
= RyRy + Fé(FO — FRy)/T = Ry Ry + FéMFFO/T (A.13)
because
FyFRr/T — R (F'F/T)Ry = (Fy — FRr)' FRy /T = F\MpFRy /T = 0.

Moreover,

AyAo/N = Ryp(N'A/N)Rr + (AgAo /N — Ryp(A'A/N)Rr)
= Rp(AA/N)Rr + Ag(Ao — AR7)/N + (Ao — AR7)'ARr/N.  (A.14)



Similarly to the proof of (A.13), we have
I, = Ry Ry + F'(F — FoR})/T = Rr Ry + F'Mp, F/T. (A.15)
From (A.14) we have

AyAo/N = Rip(NA/N)(RE) Ry Ry + Ay(Ag — AR7)/N + (Ao — AR7)' ARy /N
= Rp(NA/N)(Ry)™' + Rp(NA/N)(Ry) N RyRr —1,) + Ay(Ao — AR7)/N + (Ao — AR7) ARr/N,

and it follows from the above equation and (A.13) that
(MjAo/N + D) Ry = Ry (NA/N), (A.16)

where
Dyt = R’T(A’A/N)(R%)_IF(')MFFO/T — AB(AO — AR7)/N — (Ao — AR7) ARy /N.

From (A.9) (A.11) and (A.12) we have that ||Dyr|| < d(6,6p). Hence, by the Bauer-Fike Theorem (see
Theorem 7.2.2 of Golub and Van Loan 2013), it holds that

|Pmin[A'A/N] = pmin[AgAo/N]| < || Dnrlls < [[Dnrll < d(6,60). (A17)

Moreover, by Assumption 1(i) and the perturbation theory for eigenvectors (see Section 6.12 of Franklin

2012), there exists a diagonal matrix S € R"*" whose diagonal elements are either 1 or —1 such that
IRy VeS — L || = [|[Rp Ve — S| < d(9, 60), (A.18)

where Vp = diag ((RT,lR'T,l)_lm, e (RT,TR'T,T)_UQ), and R7 ; is the jth column of R7.

In addition, (A.10) and (A.17) imply that pmin[A’A/N] is bounded below by a positive constant, and
that
1M, FI|/VT < d(6,60). (A.19)

Note that the triangular inequality implies that
IRy =S| < |RyVr = S| + | Ry Ve — Rel| < [[Rp Ve = S|+ [|[Re - [V — T (A.20)
From (A.15) and (A.19)
Ve =L || < | Re Ry — L[| = || Mg, FI* /T < d*(0, 60)- (A.21)
For small enough d(6,6p), it then follows from (A.18) (A.20) and (A.21) that

|F'Fo/T =S| = |Rr — S| S d(6,6,). (A22)

Finally, setting U = S, it follows from (A.6) (A.9) and (A.22) that for sufficiently small d(6, 6y)

IF = FoS||/VT < d(8,6). (A.23)



Then the desired result follows from (A.5) and (A.23). O

Lemma 3. Under Assumption 1, for sufficiently small §, we have

0
E l sup [War(0)]]| < T
0cOr(d) NT
Proof. In the proof of Lemma 1 we have shown that
|[VNT W7 (6a) - (6. 0r). (A.24)
and therefore
|VATWN @) < do.00).
2

Construct nested sets ©7(5) C ©5(5)... C ©"(5) such that each ©%(d) is a maximal set of points
with d(f,,60,) > 6/27 for every 6, # 6y, in ©%(5). In particular, let ©F(5) = {fo}.

For each point 6 in ©7,(d), let 6. be a point in ©%(5) such that d(6,6.) < §/27. Tt then follows by
the triangle inequality that

max |WNT( )l < max) |WNT(9 )l + @rrna}z(é) |WNT(9) - WNT(Q*)‘ . (A25)

541(9) 074106 G4

Note that

max |WNT( )‘ < max ‘WNT(9)|
o7, (5) er(s)

and taking |||y, norm on both sides of (A.25) gives

max vVIN |WNT( ) max \/NT|WNT(9)| max vIN |WNT( ) WNT(Q*”
07,6 O7(d) s ©74.(6 o

Let m; = #07, the number of points in ©7. The second term on the RHS of the last inequality, according
to Lemma 2.2.2 of van der Vaart and Wellner (1996), is bounded by

K5./1og(1+mj+1)-@rpaﬁ)H\/NﬂwNT( —Wr(0 \‘
J+1

which according to (A.24) is bounded by §/27 - \/log(1 + m;41) multiplied by a positive constant. Thus,

we have

max \/7|WNT( )|

‘ ®J+1

which implies that for J > 1,

max VNT [Wxz(6))

5% + K66/27 - [log(1 4+ mji1),

2

2

J
SK@Z(S/ZJ . log(1+mj+1).
P2 Jj=1

max VNT [Wyr(6)]

075,.(9)




Letting J — oo, the above inequality yields

sup VNT [Wr(0)]
or(s)

< Za/w \/log(mji1). (A.26)

a2

Note that m;1 < D(6/2911, d, ©7(5)), which is the packing number of ©"(§). Further note that

5/2j+1

6/27 - \/log (D(6/27+1,d, ©7(5))) N/(s Vlog (D(e,d, 07 (6)))de.

/2i+2

It follows from the above inequality that the RHS of (A.26) is bounded by f(;s V/1og D(e,d, ©7(9)), and

we finally have

sup VNT [Wyz(6)|

er(%)

< /(S Vlog D(e,d, ©7(5))de

0

E sup VNT|WNT(9)] 5
o7 ()

P2
Thus, it remains to be shown that
/ V1og D(e,d, 07 (3))de = O(v/'N + T9). (A.27)
To prove (A.27), first note that for any 6,,6, € ©",
d(9 91,) = LHA F —AbFIH = LHA F —AbF/ —‘y—AbF/ —AbF/H
a \/ﬁ at'q b \/7T at q a a b
Aol [[Fa — Fbl [Aa — Asll | |1 Fa — Fbl
1A, — Ap]l + : < Ky + ,
\F VN VT VN VT

where K7 > 1. Now define

. [Aa = Ap|? | [[Fa — Fl?
, 0p) = 2K .
d* (04, 05) 7\/ v+ -

Since va + b < \/a+vb < 2v/a + b, we have d(,,0) < d*(04,0p), and thus D(e,d, ©7(5)) < D(e,d*, 07 (6)).
Moreover, by Lemma 2, § € O"(0) implies d*(0,00) < Ksd(0,6y) < Kgd. Therefore, we have ©"(J) C
©™ (), where ©"*(6) = {0 € O" : d*(6,6y) < Kgd}. It then follows that

D(e,d,©7(8)) < D(e,d*,07(8)) < D(e,d*,0™(8)) < C(e/2,d*,07*(4)). (A.28)
Next, we calculate an upper bound for C(e/2,d*,07(d)). Let n = €/2, and 67, ...,6% be a maximal
set in ©"*(d) such that d*(07,0;) > n for any j # [. Define B(0,c) = {y € O" : d*(v,0) < c}.
Then, the balls B(03,n),...,B(0%,n) cover ©™*(§), and thus C(e/2,d*, 0™ (§)) < J. Moreover, the balls
B(07,n/4),...,B(8%,1n/4) are disjoint and

Ui B(6},n/4) € ©7(3 +1/4).

!Note that the process W (0) is separable.



Note that the volume of a ball define by the metric d* with radius c¢ is the volume of an ellipsoid, which
is equal to has - ¢™, where has is a constant that depends on N, T and r, but not on ¢. Therefore, we
have

T - (/DM < hag - (Ks (8 +m/4)™M

;< (K<46+n>> _ (Ks<86+e>>”’ . (M> (A.29)

n € €
for € < ¢. It then follows from (A.28) and (A.29) that

which implies

5
/ Vlog D(e,d, ©7(5) / Viog C(e/2,d*,07*(8))de < \/(N—i—T)r/O Vlog(Kod/e)de

It is easy to show that f05 log(Kod/e)de = O(0) and thus (A.27) follows. This concludes the proof of
Lemma 3. O

Proof of Theorem 1:

Proof. The parameter space ©" can be partitioned into shells S; = {6 € ©" : 2771 < Lyp-d(6,60) < 27}.
If Lyr - d(é, fp) is larger than 2V for a given integer V, then 6 is in one of the shells S; with 7 > V. In
such a case the infimum of the mapping 6 — Mpyr(0) — My7(6y) over this shell is nonpositive by the

definition of . From this we conclude that, for every 1 > 0,
P |:LNT . d(é, 90) > ZV]

S Y P| e 0r(6) - M (6n) < 0] + Platdb0) >

j>V,29-1<nLnt

For arbitrarily small n > 0, the second probability on the RHS of the above equation converges to 0 as
N,T — oo by Lemma 1.
Next, note that by (A.1), for each 6 in S; we have

92j—2

—[My7(0) — M7 (00)] S —dir(6,60) < —TT
NT

ThU.S7 infgesj (MNT(Q) — MNT (90)) < 0 implies that



and therefore

Z P |:Oié15f'(MNT(0) —Mpyr(bh)) < O]
j>V,29-1<nLnT !

92j—2
< Y Plsw W)z 5
i>Vi2ii<nLyr  L9€% NT
By Lemma 3 and Markov’s inequality, we have
222 L2 L2 27
P |sup [Wyr(60)] > < ML LR | sup [War(9)|| < =L =277,
sup Mixr(0)] 2 To—| 5 5L B |sup [Wae ]| S 53 72

which implies that

> P [inf My (6) — Myr(6p)) < o} Sy 2

: 0€eS; 4
J>V,2i-1<nLnT >V

The RHS of the previous expression convergences to 0 as V' — oo, implying that Ly - d(é, 6o) = Op(1),

or d(6,60,) = Op(1/Lyt). The desired result then follows from Lemma 2.

A.2 Proof of Theorem 2
With a little abuse of notation, for 8, € ©F and 6, € O, let

d(0a,0y) = [|AaF, — ApF}||/VNT.

O

In this case, d is not a metric because 6, and 6, belong to different spaces. However, the following proofs

will not be affected if we replace d(f,,6,) by a different notation (say d(6q,0y)).

For sufficiently small §, define ©%(8) = {9F € ©F : d(0%,6,) < 5}. Let F*" denote the first r columns
of F¥, and let F*~" denote the remaining k& — r columns of F*. A" and A*~" are defined similarly.

Lemma 4. Suppose that Assumption 1 holds and r < k < co. Then for any 0% € ©%(5) and sufficiently

small §, we have
|FRT = Fol/VT <6, AP — Aoll/VN 6, AR "[|/VN S 6.

Proof. First, similar to (A.9) and (A.10) we can show that for any 6% € ©F(4),
/ 1
M Foll VT = [Fy = P Ry T VT S 4| = ate# o),

1

Mg, F&r -
4z - (AF AF/N)

[INT = | F&" = Fo(FgF* [ T)|INT S ~d(0", 6o).

(A.30)

(A.31)



Similar to (A.11) and (A.12) we can show that

— No(FLF*/T)|| < VEd(6", 6,), — N*(F¥ Fy /1) < /rd(6*,6). (A.32)

1 1
—||AF —|A

With a little abuse of notation again, define Ry = F' H F /T. From the above inequality, we have

< d(6%,60). (A.33)

/ k k _ /

VN VN VN

Note that the matrix Rp(AjAo/N)R/. has rank less or equal to r. Thus, according to the Bauer-Fike
Theorem, we have

pris (ASYARIN) = p,; (Re(MpAo/N)RY) = ol ; S d(6%,00) for L<j<k—r,  (A34)

where (A¥)'A*/N = diag (O‘ka’l, .. ,O‘Jk\hk).

Define Rh, = FE7'Fy/T and Ry = (F*~")'Fy/T, then Ry = (R}, R;"). It then follows from
(A.33) and (A.34) that

IR7"(ApAo/N)RE" || < | Rz (AgAo/N) Ry —diag (0K ji1s-- - o) 1]l diag (o j 1. - - o) || S (8, 60)
which in turn implies that
IRZ" I S IR fax S A/ L/ 0w, - d(6",6p). (A.35)
Next, we can write

. / , F, Fy,—FFRy
I, = F\Fy/T = R.Rr + F.Fy/T — R-(F¥ F¥/T)Rr = R, Ry + R7" R 4+ —% . ——_ =
00/ 7T 00/ T( /)T T T T T ﬁ \/T

AyAo/N = Rp(A¥ A¥/N)Ry + AjAo/N — Ry (A¥'A*/N) Ry = Ry (diag(o% 1. ..., 0% ) Ry
+ Ry (diag(o% iqs .- 0% 1)) RET+ Aj(Ag — A*Ry) /N + (Ao — A*Ry) ARy /N.

Then, similar to (A.16), we can write
(AAo/N + Dnr) Ry = Ry (diag(aky, ... 0k,)) (A.36)
where

F}, Fy,— F*Rr
VT VT

Dyr = R7" Ry + — Ry (diag(o% 1 1s- - 0% 1)) Ry
— Ay(Ag — A*Rp)/N — (Ao — A*R7)' ARy /N,

and it follows from (A.30) to (A.35) that |[Dyr| < d(6%,6y). Therefore, similar to the proof of Lemma

10



2, we have
IRy —L|| S d(6*,60) and |[lok ; — on,ll S d(8*.60) for j=1.....7, (A.37)

and we can show that
|FFm — Foll/NT < d(0%,60),  ||A*" = Ao||/V/N < d(6%,60). (A.38)
From (A.38), we have

[ I

IRz = 1™~ Fo/T|| = |[F*~"" (Fy — F*")/T|| < S d(6F,60).  (A39)

VT T
It then follows from (A.32) and (A.39) that
AR /VN < AR — ARy | /VN + [|AoR:" | /VN S d(8*,60). (A.40)
Then the desired results follow from (A.38) and (A.40). O
Write
] MT ] NI
Myr(0%) = 57 Z Z = AE) M (0%) = 577 D0 Y Bler(Xa = AT £,
p— i=1 t=1

W (0%) = Myr(0%) — Myr(0F) — (Mnr(60) — Mn7(60)) -

Lemma 5. Suppose that Assumption 1 holds and r < k < co. For sufficiently small §, we have:

1)
E| sup |[Wnr(0)]| S +—.
Ok Ok (8) Lyt
Proof. Similar to the proof of Lemma 3, we can show that
s
E | sup VNT [Wyp(6%)] ,S/ \/1ogD(6,d, OF(§))de. (A.41)
Ok (§) 0
Thus, it remains to be shown that
0
/ /108 D€ d, ©¥(8))de = O((N +T)3). (A.42)
0

Note that according to the previous lemma, d(6*, 6y) < ¢ implies that |[F*" — Fy||/vV/T + ||AF" —
Ao|l/VN + ||AF=7||/v/N < K106. Moreover, we have for some K3 > 0,

(A RolP? |, [ARP
+ .
N N

Fk,riF 2
IFE7 = Fol /VT+|| AR = Ao || /V N+ A5~ /VN > Kn\/” = ol |

11



Thus, the set ©F(§) is contained in ©%**(§) where

Frr — Byl [[ART — Aol | [[AR—7]2 [F% |
ek (5) = eke@k:\/| o+ + < K06, — L < K5 p.
(9) { T < Kipd, o < Ko

N N

In addition, as in the proof of Lemma 3, we can show that for 6%, 0F € ©% (),

A05.08) = = | ALFY — ALF|
= A - AR - LR - AR < A= A+ A - )
< A= A+ A FE = B AT T FE S a0k ),
where

F(ic,r _ Fk,r 2 A]; _ Ak 2 Flf:,f'r _ Fk,fr
d**(es,ef):Kl4\/|| SRR VTN Lo il

because ||A§7T||/\/N < 6 by the previous lemma. Thus, we have D(e,d, ©%()) < D(e, d**, ©F**(§)).

Next, we calculate D(e, d**, 0F(8)). Let (FF", AF), ..., (F:T’Z;), Afn(e)) be a maximal set of points in
©F**(§) such that

Fk,r _ Fk,r 2 ||Ak _ Ak||2
\/| e LT CTRr

for any p, ¢ < m(e) and p # g. Similar to the proof of Lemma 3, we can show that m(e) = (K166/¢)T"+VF,

Let F{°7" ... ,F:(’E_)T be a maximal set of points in ©***(§) such that
| = Bb|
P \/T 4 > 6/(2[(155)

for any p,q < n(e) and p # ¢. Then similarly we can show that n(e) = (K70/e)T* "),

any 6% € ©F*(5), we can find p* < m(e) and ¢* < n(e) such that

[Fhr TR A A2 |
T + N SE/(2K14), \/T SE/(2K155)

Let 6%* consist of F;f;r, F(f*’_r and A’;*. Then, it follows by the definition of d** that d**(9*,0%*) <e. As
0% varies in ©%**(§), the number of possible choices for #** is bounded by m(e) - n(e) = (K186/e)T+M*,

This means that

Therefore, for

D(e,d, ©%(0)) < D(e,d™, 0%**(5)) < (K186 /€)THNE, (A.43)

Finally, (A.42) follows easily from (A.43) and the desired result follows. O

Proof of Theorem 2:
Proof. First, similar to the proof of Lemma 1, we can show that d(6*,6y) = op(1). Second, similar to

12



the proof of Theorem 1, it follows from the previous lemma that
d(6*,60) = Op(Lyh). (A.44)
Next, it follows from (A.37), (A.40) and Assumption 1 that

6%, —ojl =op(1) for j=1,....m (A.45)

k
3 ok, = 1A /N < d(6¥,60)2 = Op (L) (A.46)
j=r+1

Thus, by (A.45) and (A.46), we have
Plrank # 7] = Plfrank < 1]+ Plfrank > 1] < Pl6k . < Pnr]+ P[6% 41 > Pnr] = o(1). (A.47)

It then follows that P[fankx = 1] — 1. O

A.3 Proof of Theorem 3
Proof. Following the proof of Bai and Ng (2002), it suffices to show that for some C' > 0,
M7 (8Y) = My7(87) > C + op(1) for I <, (A.48)

and
MNT(él) — MNT(QAT) = Op(l/L?VT) for I > r. (A49)

Case 1: Consider I < r. Adding and subtracting terms, we have

My (6") — My (87)
= My7(8Y) — Myr(80) + My (60) — Mz (67)
My (0") — My7(6o) + (MNT(él) — Mpy7(8Y) +Mpy7(60) — MNT(90)) + (MNT<90) - MNT(éT)) .

=

As in the proof of Lemma 1, it can be shown that
[Mr(8') — Miyr(8') + e (6) — Mz (60)| = o (1).

Next, by Lemma 1
(M (80) ~ Mnr(8)| < d(60,67) = op(1).

Thus, it remains to show that
M7 (6') — Myr(60) > C.

Note that by Taylor expansion and Assumption 1(ii), it can be shown that Myz(6)) — Myz(69) =
d2(6',6y). Next, similar to (A.9) we can show that Mz Fol|/VT S d(0',6,). Tt then follows that

M7 (0') — Myr(6o) 2 | Mp Fol|?/T. (A.50)

13



Note that
1M g Fo|?/T = Trace []Ir — FFEVE, /Tﬂ > pimas []IT — FFEVE, /TQ} . (A.51)

By Lemma A.5 of Ahn and Horenstein (2013), we have

Prmas [HT ~ RFEE, /TQ] + Prmin [FéFlFZ/FO /Tﬂ > pmin L] (A.52)

Since FéFlFl/FO is a r X r symmetric matrix with rank less or equal to [, we have p,,in Féﬁ‘lﬁ‘l/FO/Tz} =
0, and the above inequality implies that

Prmas [HT ~FFUEU R /Tﬂ > 1. (A.53)

Thus, (A.48) follows from (A.50) to (A.53).

Case 2: Now consider [ > r. Adding and subtracting terms we can write

M7 (6') — My (") = (MNT(él) — Mpy7(8') — Mpr(8o) + MNT(G’O))

- (MNT(éT) — Mnr(67) — Myz(6o) + MNT(eo)) + Myr(8Y) — Myr(67).  (A.54)

First, similar to the proof of Theorem 2, we can show that for sufficiently small §,

E [ sup  |My7(60") — Myr(8") — My7(60) + MNT(90)|1 N LL’
d(6,00)<6 NT
and d(0',60,) = Op(1/Ly7). It then follows that
M1 (8') — Myr(0') — My7(00) + Myt (60) = Op(1/L3 7). (A.55)
Second, similar to the proof of Lemma 3 and Theorem 1 we can show that
Mpy7(07) — M7 (07) — M7 (60) + Mz (80) = Op(1/L3 7). (A.56)

Finally, consider My (') — My7(87). We can write
Myr(6') — Mnr(67) = Myr(0") — My (60) — (MNT(éT) - MNT(HO)) :

Using Taylor expansion and the assumption that |f;;(+)| is uniformly (in ¢ and ¢t) bounded above, it can
be shown that

MNT(él) — MNT(Q()) 5 dQ(él,Ho) and MNT(QAT) — MNT(OQ) S d2(ér,90).
It then follows from d(6,6y) = Op(1/Ly7) and d(6”,60) = Op(1/Lx7) that

My7(0') = Myz(07) = Op(1/ L% 7). (A.57)
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Thus, (A.49) follows from (A.54), (A.55), (A.56) and (A.57). The this concludes the proof. O

A.4 Proof of Theorem 4

We only prove the asymptotic distribution of A; since the proof for f; is symmetric. Define o(u) =

[T — K (u/h)]u, then we can write

N T
SNT NLZZQ zt_)‘ft

i=1 t=1

'ﬂ

Let oY) (u) = (0/0u)’ o(u) for j = 1,2,3. For fixed \;, f;, define
0(Xiu = Nif) = E[o(Xio = Nfi)], 09(Xio = Xifi) =B [0 (Xio = Nifi)] for j =1,2,3,

When the functions defined above are evaluated at the true parameters, we suppress their arguments to
further simplify the notations. For example, 0;x = 0o(Xit — A, for), 0it = 0(Xit — Ny, for). Moreover, define

) L N
Snr(8) = ﬁzz Xit — Nife),

i=1 t=1
Unr(0) = Snr(0) = Snr(0) — (Snr(00) — Svr(6o))-
Using O(1) to denote a sequence that is uniformly (over i and ¢) bounded. Then we can show that

Lemma 6. Under Assumptions 1 and 2,

(i) There exists a constant C > 0 such that b/~ (u)| <
(ii) ) = O(h™), 8 (Xis = Aif1) = fie (N fr = Ny for) + O(h
O(hm)

(iii) (o} = (1 = 7) + O(R), and h-E[(e7')] = O(1).

<C forj=1,2,3.
™), and 03 (Xig =N, fs) = £ (N fo = Mo for) +

Proof. The proof is similar to the standard calculations of the means of kernel density estimators, and
it is omitted here to save space. Similar results can be found in Horowitz (1998) and Galvao and Kato
(2016). O

Lemma 7. Under Assumptions 1 and 2, d(0,60) = op(1) as N,T — co and h — 0.

Proof. By definition we have Sy7(f) < Syr(6o). Adding and subtracting terms and using (A.1) we have

d*(0,00) < My7(0) — Myr(60) < Myt (0) — Snr(0) + Snr(f0) — Mt (6o)+

Mpy7(8) — Myr(0) + Mp7(60) — Mpr(6o).

It follows that

d*(0,00) S sup My7(0) — Snr(0)] + sup [Wyr(0)].
fcoer fcor

15



It is easy to see that the first term on the RHS of the above inequality is Op(h), and the second term is
op(1) as proved in Lemma 1. Then, the desired result follows. O

Lemma 8. Under Assumptions 1 and 2, d(0,60) = Op(1/Ly7) as N,T — cc.

Proof. First, since o) (u) is uniformly bounded, we have |o(X;; — ¢1) — 0(Xir — ¢2)| < |e1 — ¢2|. Then

similar to the proof of Lemma 3 we can show that

E| s [Unr(0)]| < ——. (A.58)
9cor(s) Lyt

Similar to the proof Theorem 1, the parameter space ©” can be partitioned into shells S; = {§ € O :
297t < Lyt - d(6,6p) < 27}. Conclude that, for a given integer V and for every n > 0,

P [LNT -d(0,00) > 2‘/} < Z P |:9iensf:‘(SNT(9) — Snr(60)) < 0| + Pld(8,60) > 7).
i>V,2i-1<nLnT !

For arbitrarily small > 0, the second probability on the RHS of the above equation converges to 0 as
N, T — oo by Lemma 7.

Next, expanding Sy7(6) around 6y and taking expectations yield

N T N T
- 1 1

5 (c 2
Snt(0) — Snr(6) = NT E E (Ni fr — Ao for) + NT E E 0.5 (Nife — Xoifor)?

i=1 t=1 =1 t=1

where ¢}, lies between A f; and A{; fo;- It then follows from Lemma 6 and Assumption 2 that
SNT(G) — SNT(GQ) > O(I’Lm) + 0.5 - d2(9, 90)

Thus, for each 6 in S; we have

~[Sn7(8) = Snr(60)] < ~f - dir(8,60) + O(h™) < —f -
Therefore, infoes, (Snr(8) — Snr(6p)) < 0 implies that

. < _ m
Glensfj UNT(Q) < -—f. L?VT +O(h )

and it follows that

Z P {inf (Snt(0) = Snr(00)) < 0]

. 6€s;
J>V,2i-1<nLnr

22] 1

< ) P

j>V,2i-1<nLnr

sup |[Unr(9)| > f -
0eS; NT

+O(h™)| .

16



By (A.58) and Markov’s inequality, we have

92j—1
sup [Unr(8)]| > f- 72
0€S; NT

27

P .
S Oy )

+O(h™)

By Assumption 2(v), O(L%7 - h™) = o(1). Thus, the above inequality implies that

Z P |:91€n£ (MNT(H) MNT 90 :| Z 2_]

j>V,2i-1<nLnr >V

The RHS of the previous expression convergences to 0 as V' — oo, implying that Ly - d(é, 6o) = Op(1),

or d(6,60) = Op(1/Lyt). O
Define:
1 X T
SZTAF ;Q zt_)‘ft SZT)\F T; ’Lt_)\ft
M r(\, F) ZpT (Xt = Nfo), Mir(\F) TZ]EPT Xie = N fr).
Lemma 9. Under Assumptions 1 and 2, we have || A; — Aoi|| = op(1) for each i.
Proof. Note that
;\i = arg min Si,T(/\a F)
A€A

First, we show that

sup ‘Sl T()\ F) i T()\ F0)| p(l). (A59)

A€eA

Adding and subtracting terms we have
Sir(A F) =My (A, Fo) = Sir (A, F) =Mir (A, F) +Mir (A, F) =M (X, Fo) +Mir (A, Fo) =M, 7 (X, Fy),

thus,

sup |Si,T(>‘a F) - MLT()‘a FO)‘ < sup |Si,T(>‘a F) - MLT(>HF)|+
A€eA A€ A

sup [M; 7 (A, F') = M 7(A, Fo)| + sup [M; 7(X, Fo) — My (A, Fo).
A€eA A€eA
It is easy to show that

sup [Sir(\, F) — My (A, F)| < h,
AEA

T
. 1 _ .
sup |M; 7 (A, F) — M; (X, Fo)| < sup [[A]l - T > |Ife = forll S IF = Foll /YT = Op(1/Lnt),
AEA A€A =1

T
1
sup MG (A, Fo) — M (X, Fo)| = sup Z Xit = N for) = Epr (Xie — N for)]| = op(1).
€ =

17



Then (A.59) follows as h — 0.

Second, we can show that for any € > 0, and B;(e) = {\ € A: ||A = il <€},

inf Mz T(>\ Fo) Mi,T()\Oia Fo) > 0, (AGO)
XEBF (e)

e.g. the proof of Proposition 3.1 of Galvao and Kato (2016).

Finally, given (A.59) and (A.60), the consistency of \; follows from a standard proof for the consistency
of M-estimators (see Theorem 2.1 of Newey and McFadden 1994), so that the proof concludes. O

Lemma 10. Under Assumptions 1 and 2, we have |A; — Moi|| = Op (T=2h=1) for each i.
Proof. For any fixed \; € A and f; € F, expanding o™V (X;; — N, f;) f; gives

oM (Xt = Nife) fi
=0 (Xie = Noifo) fe = 0 (Xae = Noafo) fuf - (N = Aoi) + 0.5 (Xie = X o) fel (i = Doa) fi?
=0t for + 0V (Xit — Noifi ) (fe — for) — 0P (Xie — Noafi ) i Noa (fe — for) — 05 Feft - (N = o)
+ 0 (X = Nif2) ot - (N = M) Mg (Fe — for) +0.50P (X — A7 fo) fil (N — Aoi)' fil?,

where A7 lies between A; and Ap; and f; lies between f; and fo;. Taking expectations of both sides of

the above equation, and setting \; = :\i, ft = ft, it follows from Lemma 4 that:

T
1 2z 5\ %
£ 00~ A = S ()
t=1
L Op (wa”p _ F0||> +0p(I|X — Aoill) - Op (T’l/QIIF - Foll) +Op (1A — Xoill?).

Lemma 6, Lemma 8 and Assumption 2 imply that:
1 « 1 —
(27 F _(2
T D0l = 5 3007 foufon + op(1) = B+ 0p(1).
t=1 t=1

Then, from Lemma 6, Lemma 8 and Lemma 9 we get

T
D;(Ai — Xoi) + op(|Ai — Aoill) = O(h™) + Op(1/Lyt) — Z Xit — Nofe) fi (A.61)

18



Note that we can write

oM (Xie — N fo)

N
IMH
rb/\

T

= & for — Xt = M) fo = 85 fou
z 72 [

~

T
— o o= 1 3 [0 = N e~ 0 O = o] - 7

1

T
Z { (X3 — N for) — .ta fot-

t=1 t=1 t=1

The first term on the RHS of the above equation is Op(T~'/2) by Lemma 6 and Lyapunov’s CLT. As

for the second term on the RHS of the above equation, we have that

T
S (600X — X - 69X — Xifo fr| =

t=1

NI~

T T
= O = M2 Fo = o) = o D08 (X = NN~ for), (A62)
t=1 t=1

where f; lies between f; and fo;. The first term on the right of (A.62) is Op(1/Lyt) because o)) is
uniformly bounded and 7! 23:1 | fe = forll = Op(1/Ly7) by Lemma 8. Similarly, the second term on
the RHS of (A.62) is Op(1/(Lnrh)) because ho'® (u) is uniformly bounded. Finally, we can show that
(see, e.g., Lemma B.2 of Galvao and Kato 2016)

T
S [0 = Nfor) = 8] for = Op (A = Xaill) - Op(1/VTR) = 0p(I1Ai = Moil).

t=1

Nl

Combining the above results yields

T
o 1 -
7200 = X0 = 0p (7o) + or R =l (A.63)
and the desired result follows from (A.61), (A.63) and Assumption 2. O

To derive the asymptotic distribution of 5\1', it is essential to obtain the stochastic expansion of ft

To do so, define

it = | A ST (Ea) 255 () + 45 (5 7)

p=1g>p p=1g>p k=1

for some b > 0. Define

T
1 ’
*(0) = - E V(X — N / _ sD(x., — \ /
S (9) |:, T\[ til,Q ( it )\zft)ft7"'7"" it Azft))\7,7"':| y

N
1>
fbﬁ

IXNr 1xXTr
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S(0) = S*(0) + OPn7(0)/060, H(0) = 0S*(0)/00" 4+ O*Pnr(0)/0000,
and let 1 = H(6o).
Expanding S() around S(6y) gives:

S(0) = S(0p) +H - (6 — 6y) + 0.5R(H),

where

(Z oM(0")/06; - 90a)) (6 — o),

and 6* lies between 6 and 6.

Further, define

HY 0 VT .
Hd=< d ), Hfj\z—dlag[q)T,l,...,q)T“ <DTN] /Hg:

VN
0 M VN | VT

where

T N
1 _ 1 _
= ngg)fmfét; U = NZQE?AOM(M.
t=1

=1

The following lemma is important for the stochastic expansion of f;.

Lemma 11. The matriz H is invertible and |H ™' — H; " |max = O(1/T).

dlag [\IIN,ly .

(A.64)

UNg L UN T,

Proof. To simplify the notations, we consider the case 7 = 2, but the proof can be easily generalized to

the case r > 2. Note that Ao; = (Aoi,1, Aoi2)” and for = (for,1, for,2)’, and Pyp(0) simplifies to

N 2 2 T 2
Pyr(0) =0 [2?\7 (Z >\¢1>\¢2> + (Z ftlft2> + 5= (Z A - > + SLT <Z 13- T) ] .
i=1 t=1

First, define

M = [01xan, (for,1,0),- -, (for,1,0), - ., (for1,0)] /VT,

73 = [01x2n, (0, f01,2)7~-~7(va0t,2)a-~'v(0afOT,2)]/\/T7

v = [01xan, (forz2, for), .- -, (fors for1), - - (for2, fora)] /VT,
o [(Ao1,2: Ao1,1)s - - - (Moi2s Aoi1)s - - - » (Aow,2, Aon1), O1xar] / VN,

and note that *Pnr(0y)/0000" = b (Zi:l 'yk'y,’c).
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Second, define

' [(Am,l,o)/\/ﬁ,...,(AON,I,O)/\/N,(—fm,l,o)/\/f...,(_fOT,l,o)/ﬁ ,

W = [02012)/ VN, (0.0052) VN, (0.~ for 2) VT, . (0, — for2) VT |,

£
I

!’ ’
Wan Wop

wé = :()\OLQ,O)/W, ey ()\ON,Qu O)/\/]va (0, _f01,1)/ﬁ7 RS (07 _fOTJ)/\/T: ’

’ ’
Waa W3 p

wy, = :(O,/\om)/\/ﬁ, s (0, 0081)/ VN, (= fo1,2,0) VT, . ..., (_fOT,270)/\/T: ;

Win Wir
and w = [wy,wa, w3, wa]. It is easy to check that wjw, = 0 for p # q. Moreover, we have

4 —
wl =) wnw = Dot WA —(NT)" 2 { forXoibisnpsr (A.65)
Pt —(NT)™ {0 fo h<r i<, Y ke WhFWh 7

where { for Ay, }i<n < denotes a 2N x 2T matrix whose {7, t}th block is fotA;. Further, it is easy to see

that under our normalizations,

on1+1 0 0 0
W — 0 ono + 1 0 0
0 0 on2+1 0
0 0 0 on1 +1
Next, we project vy onto w, and write v, = wfBk + x for k= 1,...,4, where By = (w'w) 1wy, In
particular,
1
S — O1 0 0
0 — 0 0
Bl = ) 62 = o2t ) ﬂ3 = 1 ) /84 = o
0 0 1 N2
UNiJrl on2+1
ON1
0 0 T on1+l on1+1

Define By = Zi:l BrBy,. It is easy to show that there exists p > 0 such that punin(By) > p for all large
N as long as o1 — on2 is bounded below by a positive constant for all large IV, which is true under our

assumption that o1 — 01, on2 — 02, and o1 > 09. It then follows that

4 4 4
O*Pyr(00)/0000 = b (Z m,;> =b-w <Z m;) W'+ (Z @C@)
k=1 k=1 k=1

4
=bp-ww' +b-wBy—p-Iyw +b (Z dec) . (A.66)

k=1
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Now let b = min{f, bp}. Then it follows from (A.66) that:

H = 05%(60)/06 + 0*Pnr(60)/0606'

4
08*(00)/00" +b-ww' + (bp —b) - ww' +b-w(By — ply)w’ +b (Z Ck(}é)

k=1
>0 >0

>0
> 98%(0p)/00" +b-wuw'.

Moreover, we can write
2S* (60) /06"
vy e (S, o fus | v e )

i<N I<NA<T
(NT)=1/2 {égf))‘Oif(l)t}

Y. N2y s
(NT) diag {{27;:1 Qit )\OZAOZ}t<N:|

{<T,i<N

diag [{(NT)UQ Zthl fOtfét},<N] 02N xor
b "=
b . ) N

O2rxan diag [{(NT) A IR )\oi)\f)i}KN]
I
) O2nxan (NT)~1/2 {fotAoi Yic i<
T\ (NT) T2 Nifbi be<ricn 027521
II

vy aing (ST - Dt} | @ - nn)

n i<N i<NE<T
{6 - 0ifi} o VD) e [{EE 0 - D},
117
Note that by our assumptions there exists a constant ¢ > 0 such that:
T/N -1 0
e (\/ZTXQNW\] \/m lp ;Ndxizz(mvh 01\/2)) = et o0
From (A.65) we have
IT4+b-wo' =b- (Zi=1 WEAW A 402N><2T > >0, (A.68)
Oo7x2on D ket WRFWy
For the last term we have for N, T large enough,
11T = LZN:XT:@@) — D) iy > 0 (A.69)
VNT i=1 t=1 o P = .
where it = [01x2, -« s fors -3 01x2, 0152, ., Al - - -, O1x2]’, because Assumption 1 and Lemma 6 imply
12N 1x2T



that @Ef) > f for all 7,¢. It then follows from (A.67), (A.68) and (A.69) that

H > 08 (00)/90' +b-ww' =T+ IT+TIT+b-wo' > ¢ Ty,

and thus
H <! “Ia(NyT)- (A.70)
Finally, write H = Hq4 + C, where
NT)—1/2 ~(2) I 4
o O2nxan (NT) {ta fot)‘Oz}igN,tST b <Z 7/@7];) .
(NT)=1/2 {@Ef))\Oifét}t<Tj<N 027 %21 P

Note that H~1 —H; " = —H 'CH; +H;'CHTICH, ", and thus [|[H~1 = H | < ||[Hi'CHGY | ..+
||’H51CH*1C”H;1HmaX. Inequality (A.70) implies that ’HglCH*lCH;l < Q*IH;1C2’H;1, and thus the
jth diagonal element of H?C’H*C’H;l is smaller than the jth diagonal element of g_lH;1C2H;1. It
then follows that ||'H;1C”H’1C’H(;1H <c! HH;lcz’HCf H and therefore

max — — max

17 = Ha e < 10" CHG i+ <7 1P CH

max max

because the entry with the largest absolute value of a positive semidefinite matrix is always on the
diagonal. Since ’H;l is a block-diagonal matrix whose elements are all O(1) by Assumption 2, and both
ICII and HC2HmaX can be shown to be O(1/T), then the desired result follows. O

max

Since AP N1 (A)/00 = OP N1 (60)/80 = 0, (A.64) imply that

0—0g=H'S*(0) —H 1S (6y) — 0.5H 'R(H). (A.71)
Define
1 T 1 N I
St =|..., —— S ST U A ) /A p— (X = NN,
NT( ) |: \/ﬁ;g ( t zft)ft \/W;Q ( t zft) 7 ]
IXNr 1xTr

S*(0) = Skr(0) — S*(0) and D = H~' — H;'. Note that by the first order conditions, S§(f) = 0. As
a result, we can write
HLS (0) =H;'S*(0) + DS*(0) = —H;'S*(0) + DS*(f)
= — H'S (0y) — H (S*(é) - S*(eo)) + DS*(8) (A.72)

=~ H;'8(00) — M (S*(é) - S*(ao)) —DS*(0) — D (S*(e) - 5*(90)) . (A.73)

Next, let R(f); denote the vector containing the (j — 1)r + 1th to the jrth elements of R(f) for
j=1,...,N+T,and let Op() denote a stochastic order that is uniformly in i and ¢.> Then by the result

*For example, Z;; = Op(1) means that max;<n <7 || Zit|| = Op(1)
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of Lemma 8, it can be shown that:
R(0): = Op(D)[Ai = Xoill*> + Op(1/VT)|A; = Aill + Op(1/T) (A.74)
fori=1,...,N, and
R(O) w4t = Op(WD|fi = forl* + Op(1/VT)||fi = forl + Op(1/T) (A.75)

fort =1,...,T. Write D;, as the r x r matrix containing the (j — 1)r + 1 to jr rows and (s — 1)r +1
to sr columns of D. Note that Lemma 6 and Lemma 11 imply that ||H1S*(6p)||max = O(h™). Then,
from (A.71) to (A.75) we can write

N N T N T
. 1 1
fr—=for = (Uny) N Z a5 ho; + + 7 S>> Dy 8y« fos + TNT Z > Dniinis: REPYY
j=1 j=1s5=1 j=1s=1
1 N o 1 N T P
+ (‘I’N,t)ilﬁ > {5(1)(th = Nife)Aj — éﬁ)m} + == JNT Z > Dniey {é(l)(xjs —Nifo)fs - QJS an}
j=1 j=1s=1
;] NI "
+—— D s 10 (Xjs = N fs 51 N,
NT ; SZ:; N+t,N+ {Q (X [ ) — Ojs 03}
—0.5(Un ) RO N4t — 05 DyarjR(0); — 0.5 Dyie nrsR(O)n4s + O(W™).  (A.T6)
j=1 s=1
Lemma 12. Let c¢q,...,cp be a sequence of uniformly bounded constants. Then under Assumptions 1
and 2 we have:
1 & 1
T Z Ct fOt ﬁ .
t=1

Proof. Defined; = vVNT-T—1 ZZ;I ¢tDngyjforj=1,..., N+T. Lemma 11 implies that maxi<;<n+1 ||d;]|
is bounded. From (A.76), we have

Mﬂ

1 N T
]Q]S fOs Ni ZZ N+GQ]S )\0]

XT:CZJ { 6™ (Xjs = Ny fo) fs = §§i fOs}

1s=1

T L N L
fz — Jfot) :Nizzct (Un) " % Moy + Z

t=1 j=1t=1

1 L& 1
ST (IR T Ty

N

,_.
I
-

S

<.

HMZ

<.
Il
—
~+
I
—

J
T

N T
1 -
+ M;;dNJrS{ js —)\ fs) Qgs))\oj} —0.5= ;Ct ‘IJNt) R(Q)N+t
1 & _
s Y — d;R(0); 057 dnisR s+ O™ A7
NiTJZ::l iR(0); Z N+sR(O) N+ (h"). ( )

First, by Lyapunov’s CLT, it is easy to see that the first three terms on the right of (A.77) are all

Op(1/V/NT).
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Next, it follows from Lemma 8, (A.74), (A.75) and Assumption 2(v) that the last four terms on the
right of (A.77) are all Op(1/L31). Finally, we will show that the remaining three terms on the right of
(A.77) are all Op(1/(Th)), from which the desired result follows.

Define N T
__— % S {8V (X = XS~ Y fos}

j=1s=1

and ANT(Ga, Gb) =V NTh [VNT(ea) — VNT(eb)]- Note that

N T
ANT(ezueb \/tgg Q( js fas) (fas _fbs)

A1, NT(0a,0b)

N T

ZZ@[@“( — Nigfas) = 80 (Xjs = Ny fos)] - Fos
j=1s=1

Az N1 (04,0b)

T

Lemma 6 implies that

Bld; - 89 (X = Ny fas) - (Fas = fi)

g ’)‘;jfas - ;;jfbs| ’

f/ ‘)‘;jfas - ;)jfbs|7

By Hoeffding’s inequality and Lemma 2.2.1 of van der Vaart and Wellner (1996), we can show that for
d(0,,0y) sufficiently small,

B0 (Xjo = Ny fas) = 0 (X = Ny foe)

1AL NT (00 O0)|lgy S d(0a,0b), and  ||Az N7 (0a;s00)]l¢y S d(0a, ).

Thus,
IANT (Oas Ob)lly < 1AL NT(Oas )[4y + | A2 NT (O O0)[l4, S d(0a, ).

Therefore, similar to the proof of Lemma 3, we can show that for sufficiently small § > 0,

(A.78)

1)
E| sup |[Var(0)|| < .
Le@r(a)' v ”1 Lyth

It then follows from (A.78) and Lemma 8 that Vy7(8) = Op(1/(L3,h)) = Op(1/(Th)), e.g., the fifth
term on the right of (A.77) is Op(1/(Th)). Similar results can be obtained for the fourth and sixth terms
on the right of (A.77), and the thus the desired result follows. O

Lemma 13. Under Assumptions 1 and 2, for each i we have

T
73 8o ) = O () ond Z@ it~ o =00 (1)
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Proof. To save space we only prove the second result, and proof of the first result is similar. Using (A.72)
and (A.76) we can write

1 & ;
T Z &5 for(fr — for)
=1

T N
1 1 . <= _
=NT ZZ o Q]t fOt)\oJ(\I’Nt ZQ 2 for - {Q(l)(th — N fo)N Q;t))\ } (Une)t

t=1 j5=1 t 1 =1
1 N T 1 T
2 _ _—
- ZZ (TZ 52 forf! DNH]> oM (Xjs — N fs)
j=1s=1 t=1
1 & 1 E
~(2 < N I
- UNT 2 <T 2 Q%)fwé%ﬂ,m.s) 0" (Xjs = Xifs)
j=1s=1 t=1
1 & N T
Tar Z ¢ forR(0 ) e(Unve)” ZZ &7 fuR(0) 0); D st
=1 g=1 t=1

T T
1 .
T 57 > Z  forR(O) N 4o Divsens + O™ ). (AT9)

s=1t=1
First, we can write
;] IN 1 X N
~(2 ~(2) (1 (2
7zzgit)gjt)f0t)\oj(\PNt) = Z‘Qgt)ggt)fOt)‘Oz(\PNt 72 Z QEt)Q]t)foMoj(\Ith) L
NTt it - NT NTt 1j=1,j#i
=1j= =1j=1,j7#i

Since hgg)(-) is uniformly bounded by Lemma 6, max;<7 ||(¥y¢) "} = O(1) for large N by Assumption
2, the first term on the RHS of the above equation is Op((Nh)~!). Using Lyapunov’s CLT and Lemma
6, the second term on the RHS of the above equation can be shown to be Op((NTh)~'/?). Thus, the
first term on the RHS of (A.79) is Op((Th)™1).

Second, consider the second term on the RHS of (A.79), which can be written as

N
(2 ~ 7 _
Op (Nh) TNT > | > ‘ 27 for - {9(1) (X50 = N fo)X; = 850X } (W)™
Similar to the proof of Lemma 12, the second term of the above expression can be shown to be Op(1/(Th?)).

So the second term on the RHS of (A.79) is Op(1/(Th?)).

Next, for the third term on the RHS of (A.79), its p, gth element is given by
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where x; ; =1 _ N+t.iq) " Jot.pO;p , QL N+t.j.q 18 the gth row of Dy ;. erefore,
h =TT (VNTDyNyijq) - forpd's), and Dy j.q is the gth f Dyt Theref

MTii ERIE A A A TAT

j=1s=1

1 N T
ﬁZZXi,jé(l)( jS_)\/fS s S ZHXZ,]

j=1s=1

Since |V NT fotpDN+t,j,4| is uniformly is bounded by Lemma 11, it can be shown that E|x;;[|*? =
O((Th)~1). Moreover

-~ - 1) ~ ~ 12 -~ o~
@“)(st—&-m] = [a + 82X = A1) - oo = N 10)] S 0m®) + Do = X 10)%,

thus

N T
\l]\/vlTZ;Z;[Q(l JS_)‘ f"‘) 2HJ55H2§d(9~,90)ZOP(l/LNT)
j=1s=

by Lemma 8. So, the third term on the RHS of (A.79) is Op(T~'h~'/2). the fourth term on the RHS of
(A.79) can be shown to be Op(T~'h~'/2) in the same way.

Finally, it follows from Lemma 8 and (A.75) that the fifth term on the RHS of (A.79) is Op((Lnt) 2h7 1) =
Op((Th)~1). The p, gth element of the sixth term on the RHS of (A.79) can be written as (2v/ NT)~* Zjvzl xi;R(6);,
which is bounded by

N N
J %Z 'Xi7j|'2¢ Z 0);l2 = Op((Th)~Y%)Op(LyT) = Op(T~*/2h~112).

The same bound for the seventh term on the RHS of (A.79) can be obtained using the same argument.

Thus, combining the above results, we get

1 ) (2) ~ 1
T ; 05, for(ft — for) = Op (Th2> .

Proof of Theorem 4:

Proof. From the expansion in the proof of Lemma 10, we have

T
Ori(hi — Aoi) = — Z oD (Xie = NJ)fi + Z o4 for + = Z oy (Ji = for)
t:l

T

1 - - -

= 228 forlde = fo) Mo + O (T7HIE = Foll?) + 0p (I = Aail).
t=1
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It then follows from Lemma 6, Lemma 8 and Lemma 12 that

T
1 N 1 -
BB = o) = = . 3 60X = KT+ 00 + 0 () + or (13 = o)

t=1

Note that

T T
1 - o
- > oW (X — N f) f § 0D (X — N fo) e
t=1 t=1

H \

Z@Ei) fi— = Z Gy - (Nife = Noifor) fe + 0.5 Z@Ef) (Nife = Moifor)* s

where QE )( *) = g(f)( ) and ¢, is between ), for and X, f;.

First, by Lemma 13 we have

TZ~(1 TZQ” fOt+TZ§£t1 — fot) = TZQ Jor +Op <T1h>

Second,
T
~(2 ~(2) ~(2
TZ G (NLFe — Noufoo) Zgit — for)'A Zgit’ftfm (Ai = Xos)
T
Z@E? for - (fi = fo) M+ Z@Ef) — for) - (fe = for)' A Z  foufbe - (M = Aoi)

ZQH‘, (fi = for) for - (Ni = Aos)- (A80)

It then follows from Lemma 8 that the second term on the RHS of (A.80) is Op((T'h)™1), and Lemma

13 implies that the first term is Op(T~1h~2). It is easy to show that the last two terms on the right of
(A.80) are both op([|A; — Aol|). Thus, we have

T
Z (Nife = Aoifor) fo = Op(T~Hh=2) + op (| Ai = Aaill). (A.81)

=1

Next, it is also easy to show that

Z@Ef’ (Nofe = Moo for) fo

. 1 .
< Kuollhi — Xoill* = Z\ 5y (x 2OZ|Q(3) |- 11fe = foll?,

t 1

Therefore, from Lemma 6, Lemma 8 and Lemma 10 we have

T Z )X fe = Nifor)*fe = Op (1A = Xoill) - Op (TV2h72%) + Op(T™'h72),
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which is 0p(||A; — Aoil) + Op(T~'h~2) under the assumption that vTh? — co.

Finally, combining all the results above we get

1 m
D1 (i — o) = Zlg fo + (s = Xl + O (7 ) + 0™ (A82)
and from Lemma 6 it is easy to show that:

T
1
7 Z @ﬁf)fo,gfét —®; >0 and Z Qgtl)f()t = N(0,7(1 — 7)I.). (A.83)

Since our assumption implies that vTh? — oo and vVTh™ — 0, the desired results follow from (A.82)
and (A.83). O

A.5 Estimating the Covariance Matrices

In this subsection we show that the estimators of the covariance matrices proposed in Remark 4.4 are
consistent. Recall that
Vft :T(l—T)\I/t_IZA‘I’t_l, Vft ZT(l—T)\i/t_liA\ift_l,

where ¥, = (Nb)~* Zf\; I(@i5/b) - M X, and By = A’A/N. Tt suffices to show that X4 — Za|| = op(1)
and ||U; — Ul = op(1).

First, from Lemma 2 and Lemma 7,

IZa —

A/N— AbAo/N + AbAg/N — ZAH

IN

AO/NH-I-O

< ||\//\0>|| ||A\/>Ao|| (HA\;NAOH) +o(1) = op(1).

Second,

L(wig /b)- Mo Mo+ sz (ir /D) — U(wir /b)]-NoiMp; + sz (i /D) - (NN, —NoiXb;). (A.84)

HMZ

For the first term on the RHS of (A.84), following the standard proof of kernel density estimator, we
have
1 & 1 &
i D l(wir/b) - Aoi; = ¥ > i (0)AoiXy; + Op(b°) + Op(1/VND).
i=1 i=1

For the third term on the RHS of (A.84), by Lemma 8 one can show that

NN, = Xoidi|| = Op(1/VNbB2).

1 N
) (i /b) - (AN — AoiXy)
Nb “




As regards the second term on the RHS of (A.84), we have
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It is easy to show that

N
1
Nb? D 1w /b) - XoiXyidoi = Op(1),

i=1

N
~b3/2J Z [ (wie/0)] J ZIM — Aoi®
= O0p(b=3/?)0p(1)Op(Lyy) = Op(1/VNDB3).
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and

N
1 N
< . ¥ ;(uit —ui)? = Op(1/Nb®).

|

N
1 ~
g D P (/) - AN (T — wir)?
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Thus, it follows that

1

i =Op(N7Y) 4+ O0p(1/VNB3) + Op(1/Nb®).

’U,Zt/b — Z ’U,Zt/b)] . AOZA/OZ

HMZ

Finally, it follows from the definition of ¥; and the condition b — 0, Nb3> — oo that U, 5 ¥, and thus
Vi, % V;,. The proof for ®; is similar and therefore is omitted.
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