Available online at www.sciencedirect.com -
SCIENCE@DIHECT@ GAMES ar].d
Economic

ACADEMIC Behavior
PRESS Games and Economic Behavior 44 (2003) 272—-285

www.elsevier.com/locate/geb

The value of public information
in a Cournot duopoly

Ezra Einy? Diego Morend* and Benyamin Shitovitz

@ Department of Economics, Ben Gurion University, PO BOX 653, Beer-Sheva 84105, Israel
b Departamento de Economia, Universidad Carlos IIl de Madrid, 28903 Getafe, Spain
¢ Department of Economics, University of Haifa, Mount Carmel, Haifa 31905, Israel

Received 25 March 2002

Abstract

We derive alternative sufficient conditions for the value of public information to be either positive
or negative in a Cournot duopoly where firms technology exhibits constant returns to scale.
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1. Introduction

The purpose of this paper is to study the value of public information in a Cournot
duopoly where there is uncertainty about the market demand and/or the cost function. We
provide conditions that allow one to determine whether the value of public information
is positive or negative. With every Cournot duopoly in a certain class, we associate a
real-valued function (defined on a convex subset of the positive orthant of the real plane)
whose curvature determines whether the value of public information is either positive or
negative: if this function is convex (concave) then the value of public information is positive
(negative). Using this fact we identified interesting subclasses of industries where the value
of public information is positive (hegative). We also show the usefulness of our results to
determine the value of public information in specific applications.

There is a considerable literature studying the value of public information in general
equilibrium. Hirshleifer (1971) shows that improving public information may make agents
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worse off ex-ante in an exchange economy where agents share risks. Several papers
generalize aspects of Hirshleifer examples—see, e.g., Marshall (1979), Wilson (1975),
Green (1981), Sulganik and Zilcha (1996). In a recent paper, Schlee (2001) shows that
in this context the value of public information is negative in any economy where there is

a representative agent. Contrary to Schlee’s result, in our context we can easily generate
examples of classes of industries for which the value of public information is positive.

There are also a number of papers that study the value of information in a linear
oligopoly! Ponssard (1979) investigates this issue in an industry where there is uncertainty
about the market demand, and where some firms are informed about the state of nature and
other are uninformed. Vives (1984) studies the value of information under both Cournot
and Bertrand competition in a duopoly where demand is uncertain. Also in a linear
duopoly where firms are uncertain about their costs, Sakai (1985) investigates the value
of information under a variety of information structures.

In studying the value of information in a Cournot oligopoly some difficulties emerge.
Specifically, the associated non-cooperative game with incomplete information may not
have a unigue and/or interior equilibrium. When the game has several equilibrium points, it
is not clear which equilibria to compare. And when equilibrium is not interior, comparative
static exercises are difficult as corner equilibria are characterized by a set of inequalities
rather than a system of equations. Moreover, it is easy to produce examples of industries
whose associated game has a unique and interior equilibrium, for which altering the firms’
information structure by adding public information leads to a new game whose unique
equilibrium is a corner equilibrium (see Example 4.1 below).

All the papers mentioned above circumvent this problem by directly assuming that the
games associated with the industries under study have a unique and interior equilibrium,
even though it is not difficult to find examples where this assumption is violated.
Instead, we identify a class of Cournot duopolies (not necessarily linear) with symmetric
information for which the game associated to each industry has a unique interior
equilibrium. This allows us to define the value of public information for any industry in
this class, and study conditions under which it is either positive or negative. In addition,
our model of incomplete information does not impose any restriction of the space of states
of nature or on the character of firms’ information. In particular, our framework allows for
continuous as well as discrete information structures.

There are other topics on information in oligopolistic environments that have received
attention in the literature. Gal-Or (1985, 1986), for example, studies the incentives for
information sharing, and Einy et al. (2002) examine whether information advantages are
rewarded in equilibrium. Studying these issues involves exercises different from those
performed in the present paper. Determining whether a firm may have an incentive to reveal
(part or all of) its information to a rival, for example, requires to compare the payoffs of
the firm in two games that differ in the information of the rival. Or determining whether a
firm with superior information enjoys greater profits requires to compare the profits of the
firms in a (given) game. Our results offer no conclusion regarding these issues.

1 In arecent paper, Ottaviani and Pratt (2001) study the value of public information in a monopoly.
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2. Themode€

Consider a duopolistic industry where two firms compete in the production of a
homogeneous good. There is uncertainty about the industry’s demand and the firms’
costs. This uncertainty is described by a probability sp@eer, 1), where 2 is the
set of states of nature; is ao-field of subsets of2, and i is a o-additive probability
measure on($2, F). (We interpretu as the common prior of the firms.) Once the state
of naturew € 2 is realized, the market demand, and the firms’ costs are determined.
Write p: 2 x Ry — R, for the inverse market demand function, andifer {1, 2} write
¢i 12 x Ry — R for Firm i’'s cost function. The information of Firme {1, 2} about the
state of nature is described byrasubfieldF; of F; that is, given an evemt € F;, Firmi
knows whether the realized state of nature is a membelr. &ffe refer toF; as Firmi's
information field. Aduopolistic industry with incomplete informatigthus described by
a collectionl = ((82, F, w), p, c1, c2, F1, F2).

Throughout the paper we assume that the inverse demand fungtiemd the cost
functions,c1 andcz, of any duopolistic industry with incomplete information are such that
for every integrable functiog, the functionsgp(-, ¢(-)), c1(-,q(-)), andcz(-,¢q(-)) are
also integrable.

Let I be a duopolistic industry with differential information. TBayesian gamasso-
ciated with/ is the collectionG (1) = ((2, F, n), R2, (F1, F»), (1, w2)), where for each
firm i € {1, 2} the set of possible actionss,, and its profit functionr; : £2 x Ri —Ris
given for allw € £2 andr = (r1,,r2) € R2 by

Ti(w,r) =rip(w,r1+r2) —ci(w,r;).

We refer toG (1) as theCournot game with incomplete informati@ssociated with the
industry!. In this game, a (pure) strategy for a figna {1, 2} is anF;-measurable function
qi - 2 — R, whose first and second moments exist. We denot® tye set of all strategies
for Firm i, and byS = S1 x S> the set of profiles of strategies.

Let X be an integrable random variable 622, 7, ), and letG be ac-subfield of 7.
We write E(X | G) for the conditional expectation af with respect toG. Let G([I)
be a Cournot game with incomplete information Bayesian equilibriunis a profile of
strategies;™ = (g7, g5) € S such that for every e {1, 2} and every; € S;,

E(mi(-,q*O) | Fi) (@) = E(mi(-, (6:(), ¢7,())) | Fi) (@), (2.1)
for almost everyw € 2. (Our assumptions op, c1, c2 and on the set of strategies of

every firm guarantee that for alle {1, 2} andg € S, and for everyo-subfieldG of F,
E(mi(-,q(}) | G) exists.)

Remark 2.1. Equilibrium condition (2.1) requires that at a Bayesian equilibrium every
firm maximizes its (interim) conditional expected profits at every state of nature. This
condition is equivalent to requiring that each firm maximizes its ex-ante expected profits;
i.e., condition (2.1) is equivalent to

E(mi(-.q*()) 2 E(mi (-, (2:(). 4%:0)))). (2.2)
for everyi € {1, 2} and every; € S;.
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Proof. Clearly (2.1) implies (2.2). To prove the converse, assume that (2.1) does not hold;
then there ig € {1, 2} andg; € S; such that
E(mi(-.qi().q%,0) | Fi) > E(mi(-. 4" () | 7i)
on some evend € F; with u(A) > 0. Defineg; : 2 — R, by

A gi(w) fweA,
qi(w) = {qi*(a)) if e 2\A.

Theng; € S; and
E(mi(-,4i(), q%:()))
= / TT; ( s éi(’)! qil()) dM

2
/ i 310 g% 0)) du + / i 310 a*,0)) du
A 2\A

/E(m(wqi('),qi,»('))|fi)du+ / 7 g (). q%()) du
A 2\A

> E(7i(-.q"()))-
Thus, (2.2) does not hold.O

3. Thevalue of publicinformation

In this section we study the value of public information in a symmetric duopoly;i.e., in
an industryl where both firms have identical information (i.&3, = 7> = G) and cost (i.e.,
¢1 =c2 =c). Thus, a symmetric duopolistic industfycan be described by a collection
(2, F,w), p,c,G). (For economy of notation we do not repeatindG.) We refer to
the gameG (1) associated to a symmetric duopolistic industry aSaurnot game with
symmetric information.

Theorem 3.1 provides conditions on the demand and cost functions that guarantee
existence, uniqueness, symmetry and interiority of Bayesian equilibria in a Cournot game
with symmetric information. Note the “multiplicative” nature of the uncertainty in demand
and cost assumed in Theorem 3.1. The proof of Theorem 3.1 relies on Amir (1996)
for existence and unigueness, although in order to guarantee the measurability of the
equilibrium strategies we have to appeal to Aumann’s Measurable Selection Theorem—see
Aumann (1969). For interiority and symmetry we provide an argument based on first-order
conditions for profit maximization.

Theorem 3.1. Let I = ((£2, F, u), p, ¢, G) be a symmetric duopolistic industry. Assume
that for all (w,x) € 2 x Ry, p(w,x) = a(w)f(x) and c(w,x) = B(w)x, where
o, B: 2 — R, are integrable functions angd : R, — R, satisfies
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(3.1.1) there isx € Ry such thatf(x) > Ofor x € [0, X), and f (x) = 0 for x > x;
(3.1.2) 1 is differentiable and strictly decreasing ¢, x);

(3.1.3) f is log concave off0, x); and

(3.1.4) a(w) f(0) > B(w) > Oforall w € £2.

Then G(I) has a unique Bayesian equilibriutizy, g5). Moreover, ¢f (o) = g5 (w) €
(0,x/2) forall w € £2.

Proof. For everyw € 2 define the two-player game of complete informatiGiw, 1)
where each playef € {1,2} set of pure strategies i®;, and its payoff function
oi(w,-):R2 — R, is given by

oi(w, (x, ) =E(mi(-, (x, ) | G)(w),

where

m1(-, () =xp(-, (x + ) — (-, x)
and

(-, e, ) =yp( 4+ ) —c-, ).

It is easy to check that under assumptions (3.1.1)—(3.1.4) the gaimel) satisfies the
assumptions of Theorem 2.3 of Amir (1996) and therefore has a unique Nash equilibrium,
(95 (@), g5 (w)). We show that*(-) = (¢7 (), g5 () is a Bayesian equilibrium af (7). We
first show thaiy*(-) is aG-measurable function. Define the correspondefic® — 28+
by

E(w) ={(x,y) € R% | (x, ) is a Nash equilibrium 06 (o, I)}.

We show that the graph of the correspondefide measurable with respect to the product
o-fieldG ® B(RZ), whereB(R?) is theo -field of Borel subsets dk?2 . For all (a, b) € R2
let D(a, b) be the set

{(a), (x, y)) € 2 x Ri ‘ crl(a), (x, y)) > crl(a), (a, y)) and
az(a), (x, y)) > crz(a), (x, b))}.

Since for all(x, y) € R%r the functionso1(-, (x, y)) ando2(-, (x, y)) are G-measurable,
and for allw € £2 the functionso1(w, -) andoz(w, -) are continuous inRi, then for all
(a,b) € R? the setD(a, b) is G ® B(R2)-measurable. Now, the graph Bfis given by

graphE)= () D@,b)= () D(ab),

(a,b)eRZ (a,b)eQ?

whereQ?r denotes the set of duples of non-negative rational numbers. Since t@érset

is countable, graplk) is Q®B(R§r)-measurable. Thus, by the Measurable Selection
Theorem (see Aumann (1969) and Hildenbrand (1974, Theorem 1 on p. 54)), there exists
a G-measurable functiop : 2 — R? such thaip () € E(w) for almost allw € £2. Since

for all w € 2 the setE(w) is a singleton (becausé(w, I) has a unique equilibrium),
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¢ (w) = g*(w) for almost allw € £2, and therefore;* is a G-measurable function. Now,
for eachi € {1, 2} andg; € S; we have

E(mi(-.q" (@) |G)(@) = E(mi(-. (q:(®). 4% (@))) | §) (w).
for everyw € £2, and therefore
E(mi(.q"() 2 E(m(, (@ ().a%()))),

which by Remark 2.1 establishes tlgédtis an Bayesian equilibrium a& (7).

Uniqueness of * follows from the fact that for alb € £2 the gameG (w, 1) has a unique
equilibrium.

It remains to show that for albb € 2, gj(w) = g5(w) € (0,%/2). Let w € £2.
We first show thatg](w), ¢5(w) € (0,%). If ¢/(w) > x for somei e {1,2}, then
p(-. g7 () + g5 (w)) =0, and therefore; (v, (91(w), g2(w)) < 0, which contradicts that
(97 (@), g5 (w)) is an equilibrium ofG (w, I) (because a Firm can guarantee itself zero
profits by producing; (w) = 0). Thusg;"(w) < x foralli € {1, 2}. We show thay; (w) > 0
for all i € {1,2}. Assume by way of contradiction thaf (w) = O for somei € {1, 2}.
Without loss of generality sét= 1. The Kuhn—Tucker condition for profit maximization
implies

E((p(-.95(@) —B() | G)(w) <O. (3.1)
If ¢5(w) =0, then by (3.1) we have
E(p(-.0) | G)(®) < E(B() | G)(w),

which contradicts condition (3.1.4). i > ¢5(w) > 0, then Firm 2’s first-order condition
for profit maximization implies

E(g3@)p'(-.qa3@)) + p(-. 45(@)) | G)(w) = E(B() | §) ().
And sincep’(-, g5(w)) < 0 andg; (w) > 0, we have
E(p(-,q5(®) | G)(@) > E(B() | G)(w),

which contradicts (3.1).
Finally we show that;} (o) = g5 (w) < x/2. Since 0< ¢ (w) < x foralli € {1, 2}, the
first-order conditions for profits maximization imply

E(qf@)p'(-, 41 (@) +a3(@) + p(-, 47 (@) + g3 (@) | §) (@) = E(BC) | §) (@)
foralli € {1, 2}. Therefore

E(g1(@)p' (-, 41 (@) + ¢3(@)) | G) (@) = E(q3(@)p' (-, 45 (@) + g5 (@)) | G) (@),
and sinceg; (w), g5 (w)) is a Nash equilibrium o6 (w, ), we haveg;(w) + ¢5(w) < X.

Hencep'(-, 5 (w) + q5 (w)) < 0, and thereforg; (v) = ¢5(w) <x/2. O

Throughout the rest of the section let us be given a probability spacer, w).
A symmetric duopolistic industry is thus described by a demand and a cost function,
and ao -subfieldG of F. Given a market demanpland a cost function, define the binary
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relation>= on the family of allo -subfields ofF as follows: IfG and’H are twoo -subfields
of F, then

H>=G

{E(P(',x)|H):E(1’("x)|gv7{) and } (3.2)

E(c(-,x)|H)=E(c(-.x)|GVH) VxeR

(HereG v H is the smallest -subfield of F that contains botly and.)

The interpretation of the binary relation is simple: H = G if (and only if) the
predictions of demand and cost functions (the uncertain parameters of the industry) are
the same whether the firms information is given’Hy or by the aggregate information
in G andH (i.e., byG v 'H). The binary relation= contains that introduced in Blackwell
(1951);i.e., ifH is more valuable thag in the sense of Blackwell (1951), théh = G, but
the converse may not hold:'H andg are generated by finite partitions &f, for example,
thenH is more valuable in the sense of Blackwell tiaif and only if H © G—see Laffont
(1989, Theorem 1 in Chapter 4). Itis clear thaD G impliesH > G, and therefore that
contains Blackwell’s relation. However, it is easy to construct an example for ithiehg
even thouglt{ 2 G—for an example of this kind, see Example 1 in Einy et al. (2002).

Now, consider an industry where the market demand is giverfor) € 2 x R, by
p(w, x) =a(w) f(x), and where firms’ cost i8(w, x) = B(w)x, Wherea, B: 2 — R are
F-measurable integrable functions. Then

H=G & [E@|H)=E@|GVvH)andEBIH)=EB|GVvH)}. (3.3)

Let p:2 x Ry - R andc:£2 x Ry — R be given for (w,x) € 2 x Ry by
p(w,x) = a(w) f(x), andc(w, x) = B(w)x, wherea, 8 and f satisfy the assumptions
of Theorem 3.1. For every-subfieldG of F consider the symmetric duopolistic industry
I=((£2,F,n),p,c, G). By Theorem 3.1, the Cournot gami& /) has a unique Bayesian
equilibrium, which is symmetric. Denote this equilibrium % q5), and the equilibrium
profit by =5. We say thathe value of public information in the industdyis positive
(negative if for every o -subfieldH of F

HeG = E(rf) > E(xg)(E(7) < E(xg)). (3.4)
That is, the value of public information is positive (negative) if having better information
does not decrease (increase) firms’' expected profits.

Let f:R;+ — R, be a function satisfying the assumptions (3.1.1)—(3.1.3) of Theo-
rem 3.1. Define

K(f)={(a.B) | B:2 > Ryy areintegrable and (0)a(w) > B(w) Yo € 2}.

Note thatK (f) is a convex subset df1(£2, F, u) x L1($2, F, ). We denote byZ( f)

the class of duopolistic industries of the forfma= ((£2, F, u), p, ¢, G) whereg is ac-sub-

field of 7 and p and ¢ are such that there exista, 8) € K(f) for which p(w, x) =

a(w) f(x) and c(w, x) = B(w)x for all (w,x) € 2 x Ry. Each industryl € Z(f) is
determined by a paiw, 8) € K(f) and as-subfieldG of F, and can be described &s=
(2, F, n),af, B,G). For every(a, B) € K(f) we denote bYq.p), 9,p)) the unique
equilibrium of the Cournot game with symmetric information associated with the industry
I=R2,F, w,af,B,F), and byn(a_ﬂ) = aqw,p) S (29w.p) — BG(w.p) the equilibrium
profit. Also we define the functiod/: K (f) — R by U(x, B) = E(m(,p)). Clearly
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U(a, B) is well defined onK (f). Define the setM (f) = {(x, y) ER?H | f(O)x > y},
a convex subset dﬁ, and let the functiorV : M (f) — R be given by

V(x,y)=U(xlg, yle). (3.9)
Note thatV is convex onM (f) if and only if U is convex onkK ( f).

Remark 3.2. Let (a, B) € K(f). For everyo-subfield G of F we have(E(x | G),
E(B19)) € K(f)and

U(E@|9). E(B|9)) = E(ng),

whererng is the firms’ profit at the unique Bayesian equilibrium of the Cournot game with
symmetric information associated with the industt2, 7, u), E(@ | G) f, E(B | G), F).

Proof. Simply note that(e, 8) € K(f) implies f(O)E(x | G)(w) > E(B8 | G)(w) for all
we 2. Thereford E(a | G), E(B|G)) € K(f), andU(E(x | G), E(B|G)) =E(ng). O

Proposition 3.3 below is an analog of a well-known result in Blackwell’s model.
However, since the binary relation defined in (3.2) contains Blackwell's ordering, the
conclusion of Proposition 3.3 is stronger than that obtained in Blackwell’s framework.

Proposition 3.3. Let f:R; — Ry be a function satisfying conditior{8.1.1)—(3.1.3pf
Theorem3.1. If the functionV defined in(3.5) is convex(concavg on M (f), then the
value of public information is positiv@egativg in every symmetric duopolistic industry
[ €I(f).

Proof. Let f:Ry — R, be a function satisfying conditions (3.1.1)—(3.1.3) of Theo-
rem 3.1, and assume th&t is convex onM (f). (If V is concave the proof is analo-
gous.) Letl e Z(f). ThusI = ((£2, F, u), «f, B, G) for some(a, ) € K(f) and some
o-subfieldG of F. Let’H be ao-subfield of 7 such that > G. By Remark 3.2, in order
to prove that

E(ny) 2 E(ng),
we must show that
U(E(|H),E(BIH))>U(E(|G).E(B19).
By Theorem 34.4 in Billingsley (1995) we have

E(@|9)=E(E@|GVH)|G) (3.6)
and

EBIG=E(EBIGVH)|G). (3.7)
Itis also easy to see that

U(E@|F),EB|F))=EV(E|F), EB|F)), (3.8)

for everyo -subfield 7’ of F. Hence (3.6)—(3.8) imply
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U(E(@|9),E(81G) = EV(E@|9),E(B19)
= EV(E(E(|GVH)|G),E(EBIGVH)|G)). (3.9)

And sinceV is convex onM (), Jensen’s Inequality implies

EV(E(E(|GVH)|G),E(EBIGVH)|G))
SEV(E@|GVH),EB|GVH)). (3.10)

SinceH = G, thenE(x |GV H)=E(a|H)andE(B |GV H) = E(B | H). Therefore
(3.9) and(3.10) imply

U(E@|G),EBI9)<EV(E@|M),EBIH)=U(E(@|H),EB|H). O

In order to show the usefulness of Proposition 3.3 to determine the value of information
in a symmetric duopolistic industry we present several applications.

Let f:R;y — R, be a function satisfying conditions (3.1.1)—(3.1.3) of Theorem 3.1.
Denote byZo(f) the class of industries of the forth= ((£2, F, u), aof, B, G) € Z(f),
whereqg is a positive constant number. Thus, in every industry in the dgég) the
demand is known with certainty and only the cost is uncertain. Also denof& b))
the class of industries of the forth= ((£2, F, u), «f, B1,G) € Z(f), where 1 is a
positive constant number. In every industry in the classf) the cost is known with
certainty and only the demand is uncertain. Let the functign(0, f(0)) — R be given
fory € (0, £(0)) by Vo(y) = V (1, y). Also let the functionVy : (1/f(0), oo) — R be given
for x € (1/£(0), 00) by Vi(x) = V(x, 1).

Proposition 3.4 provides a criterion for determining whether the value of public
information is positive or negative for industries in the clasdesf) and Zi(f),
respectively. The proof of Proposition 3.4 is analogous to that of Proposition 3.3 and is
omitted.

Proposition 3.4. Let f:R; — Ry be a function satisfying conditior{8.1.1)—(3.1.3pf
Theoren®.1, and letG be ao-subfield ofF.

(3.4.1) If Vg is convex(concavé on (0, £(0)), then the value of public information is
positive(negativg in every symmetric duopolistic industfye Zo(f).

(3.4.2) If V1 is convex(concavéon (1/f(0), co), then the value of public information is
positive(negativg in every symmetric duopolistic industfye Z1(f).

Our next proposition establishes that we can determine whether the fulfcisaonvex
(concave), by checking whether eithiéy or V1 is convex (concave).

Proposition 3.5. Let f:Ry — Ry be a function satisfying condition8.1.1)—(3.1.3)
of Theorem3.1, and assume thaf is twice continuously differentiable i, x). The
following conditions are equivalent
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(3.5.1) V is conveXconcavéon M(f);
(3.5.2) Vp is convexconcavéon (0, £(0));
(3.5.3) V4 is convexconcavgon (1/1(0), co).

Proof. Proposition 3.5 follows from Lemma 3.6 below and the fact thé homogeneous
of degree one. O

Lemma 3.6. Let f:R; — R, be a function satisfying condition@.1.1)—(3.1.3)of
Theorem3.1, and assume thay is twice continuously differentiable o9, x). Then
sign(Vyx) = sign(Vyy). Moreover, if V, (x, y) > 0 (Vix (x, y) < 0) forall (x,y) e M(f),
thenV is convexconcavéon M(f).

Proof. We show that for all(x, y) € M(f) the functionV:M(f) — R defined by
(3.5) satisfiesV,,(x,y) > 0 if and only if V,,(x,y) > 0. Let (x,y) € M(f) and let
(9(x,y)> 4(x,y)) be the unique equilibrium of the industfy= ((£2, F, n), xf, yle, ), and
write Q(x, y) = 2q(,y). Then, for alli e {1, 2} andg; € S; we have

4o (X (Q(x, ) = ¥) = qi (xf (g + qix.y) — )
Therefore, uniqueness of equilibrium implies

O(x,y) = Q(l, X).
X

Also the first-order conditions for profits maximization imply

1 /
X003 f (0, ») +xf (0, ») =y.

Hence

Vi = et s tee ) =+(=5(e(2)) 7 (e(12)))

= xV(l, X)
X
Thus, forix > 0 we have
Ay
VOx,Ay)=axV (1, — | =AV(x,y);
AX
i.e.,V is homogeneous of degree one. By Euler’'s Theorem
Vx,y)=xVi(x,y) +yVy(x,y),
and therefore
xVix (X, 9) +yVyx(x,y) =0 and yVyy(x,y) +xVyy(x,y) =0.

Thusx2V,,(x, y) = y?Vyy(x, y), and therefore sigiVy.(x, y)) = sign(Vy,(x, y)), and
Viex (x, ) Vyy (x, ¥) — Viy(x, ) Vyx(x, y) = 0. Since the eigenvalues of the Hessian matrix
of V at(x,y) are 0 andVy, (x, y) + Vyy(x, y), thenV,,(x, y) > 0 (Vix(x, y) < 0) for all
(x,y) € M(f) implies thatV is convex (concave) oM (f). O



282 E. Einy et al. / Games and Economic Behavior 44 (2003) 272-285

The following remark is a direct implication of Proposition 3.5.

Remark 3.7. If the value of public information in every industdye Zo(f) (or I € Z1(f))
is positive (negative), then the value of public information of every indubteyZ(f) is
positive (negative).

Theorem 3.8 establishes useful conditions under which the value of information is
positive in an industry. These conditions are essentially the same that Novshek (1985)
imposes to guarantee existence of a Cournot equilibrium. (Condition (3.8.1) is the main
condition of Novshek’s Theorem 3.)

Theorem 3.8. Let f:R; — R4 be a function satisfying condition8.1.1)—(3.1.3)of
TheorenB.1. If f is thrice differentiable oii0, x) and for allx € [0, x) satisfies

(3.8.1) xf"(x) + f'(x) <0and
(3.8.2) f"(x) <0,

then the value of public information in any indusirg Z( f) is positive.

Proof. Let f be a function satisfying the assumptions of Theorem 3.8 anddeT ( f).
By Proposition 3.5 we may assume, without loss of generality, thafy( f). Thus the
industry! is described by a collectioh= ((£2, F, w), f, yle, G), forsome O< y < f(0).
We show that/y'(y) = Vy,(1, y) > 0for 0< y < f(0), and therefore thaltp is convex on
(O, £(0)).

Let 0< y < f(0), and let(q,, g,) be the unique Bayesian equilibrium of the Cournot
game associated with Write Q(y) = 2¢,. We have

29 (r(0) - ).

First-order conditions for profit maximization imply

VA, y) =

2 1(0m) + r(@w) =, (311)
Therefore
A2
V(L y) = 4(y)f’(Q(y)).

By (3.8.1) Q(y) is the unigue solution to the equation

z

Ef/(z) + f@)=y.
By the Implicit Function Theoreny is differentiable on0, f(0)). Thus, differentiating
(3.11) we get

2

em= O Q) +3f Q)
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Direct calculation yields

— 1 QONQ2 M (O +6Q(») f/(Q(») + 6 (Q()))
200 Q) +3f(Q()))3 '
Since f* <0 0on[0, %), (3.8.1) and(3.8.2) imply V{/(y) > 0. ThereforeVy is convex on

(0, £(0)), and by Propositions 3.4 and 3.5 the value of public information in every industry
I € Z(f) is positive. O

Vo (y) = (3.12)

The following result is a direct corollary of Theorem 3.8.

Corollary 3.9. Let f:R; — R be a function satisfying condition8.1.1)—(3.1.3)of
Theorem3.1. If f is concave, thrice differentiable di®, x) and satisfiesf”’(x) < 0 for
0 < x < x, then the value of public information in any indusirg Z( f) is positive.

We now apply our results to some examples.

Example 3.10. Let f be given forx € R by

fx)= maxiao - Za,’xk", 0},

i=1

whereag > 0, a; >0, andi; > 1 fori € {1, ..., n}. The functionf satisfies conditions
(3.1.1)—(3.1.3) of Theorem 3.1. Létbe ac-subfield of 7, and for O< y < ag = f(0) let
(¢(¥), q(y)) be the unique Bayesian equilibrium of the Cournot game associated with the
industryl = ((£2, F, w), f, yle, G). Write Q(y) = 2q(y). Now, we have

X2 £ @)+ Bxf" () + 6 (1) = D (A2 + 3 +2ax™ L <0
i=1

and

xf () +3f/ () == 10 + Daix < 0.
i=1
Since f'(x) < 0 for all x > 0, (3.12) yields V;(y) > 0 for all 0 < y < ap = f(0). Thus,
Vo is convex on(0, ap), and therefore by Propositions 3.4 and 3.5 the value of information
in any industryl € Z(f) is positive.

Example 3.11. Let f be given forx € R by

_Jx—a)? fo<x<a,
S = {O otherwise,
wherea > 0. The function f satisfies conditions (3.1.1)—(3.1.3) of Theorem 3.1. Get
be ao-subfield of 7, and for 0< y < f(0) = a? let (¢(y), ¢(y)) be the unique Bayesian
equilibrium of the Cournot game associated with the industey((£2, F, w), f, y1le, G).
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Write Q(y) = 2g(y). It is easy to check that the first-order conditions for profit
maximization yield 0< Q(y) < a/2 for all 0 < y < a2. Now, for all 0< y < a? we have

oM f"(QM) + f(Q(»))=40(y) —2a <0 and 0= f"(Q()).

Therefore by(3.12) we haveV'(y) > 0 for all 0 < y < f(0). Thus, Vo is convex on
(0, £(0)), and therefore by Propositions 3.4 and 3.5 the value of public information in any
industryl € Z(f) is positive.

Example 3.12. Let f be given forx € R by

Fl)= { (1-x° fo<x<l,
0 otherwise
The function f satisfies conditions (3.1.1)—(3.1.3) of Theorem 3.1[0rl). Let G be
a o-subfield of 7, and for O< y < 1= f(0) let (¢(y),q(y)) be the unique Bayesian
equilibrium of the Cournot game associated with the industey(($2, F, w), f, yle, G).
Write Q(y) = 2¢(y). It is easy to check that the first-order conditions for profit
maximization imply 0< Q(y) < 2/5 for all 0 < y < 1. Direct computation yields

Q(y)f”(Q(y)) + 3f’(Q(y)) = (1 - Q(y))(15Q(y) - 9) <0
and

0’ f"(Q() +60() f(Q()) +6f'(Q()) = —6002(y) + 720(y) — 18,

for all 0 < y < 1. Now, wheny approaches,00(y) approaches /5, and thus the above
expression is negative. Therefore (8/12) we haveV'(y) <0 forall 0< y < y, where
y > 0 is sufficiently small that the above expression is negative. THy& concave on
(0, ), and therefore there exists a subclagéf) of Z(f) such that for any industry
I € J(f) the value of public information is negative.

4. Extensions. asymmetric information

We conclude the paper with an example that illustrates the difficulties that emerge when
firms are asymmetrically informed. In this example the Cournot game associated with the
given industry has a unigue interior Bayesian equilibrium, but the game obtained by adding
some public information has a unique corner equilibrium.

Example4.1. Let (£2, F, 1) be a probability space, whef@ = {w1, wp, w3}, F =29, and
w(w1) =1/2, u(wz) =3/8, u(ws) =1/8. Definep: 2 x Ry — R for (w, Q) € 2 x Ry
by

_[80-Q if 0<80,
p(w, Q)= [o otherwise.
Also letc: 2 x Ry — R be given for(w, Q) € 2 x Ry by c(w, Q) = () Q, where

20 ifo=uw;,

,3(0)):{1 if w=wo,
77 ifw=ws.
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Let F1 = {0, 2, {w1}, {w2, w3}}, Fo = {0, 2}, and letG = {0}, 2, {w1, w3}, {wz2}}. Then
Fi1v G =29 and F, v G = G. The unique Bayesian equilibrium of the Cournot
game associated with the industte2, F, u), p, c, F1, F2) is (g1, g2) wheregi(w) =
g2(w) = 20 for all w € 2. Also the Cournot game associated with the industry
(2, F,w), p,c, 71V G, F2 v G), has a unique a Bayesian equilibriutdy, g2). In this
equilibrium we havej1(w3) = 0, and therefore it is a “corner” equilibrium.
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