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Abstract

We study the relationship between the set of rational expectations equilibrium allocations and
the ex-post core of exchange economies with asymmetric information. © 2000 Elsevier Science
S.A. All rights reserved.
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1. Introduction

The core of an exchange economy with complete information and its relationship to
competitive allocations has been studied extensively in the literature (for a comprehensive
survey, see Anderson, 1992). For economies with asymmetric information, several alter-
native notions of core had been proposed (e.g., Wilson, 1978; Kobayashi, 1980; Yannelis,
1991; Koutsougeras and Yannelis, 1993; Allen, 1997). In this paper, we study the relation-
ship between the set of rational expectations equilibrium allocations and the ex-post core
(i.e., the set of allocations which ex-post cannot be improved upon by any coalition) of an
economy with asymmetric information.

We consider an exchange economy with asymmetric information in which the space
of traders is a measure space, and the set of states of nature is finite. Our framework is
closely related to that of Allen (e.g., Allen, 1981, 1986). In studies of rational expectations
equilibria, it is common to appeal to an artificial family of complete information economies
associated with the original economy; see, e.g., Grossman (1978, 1981), Radner (1979,

* Corresponding author. Teh:34-91-624-9653; fax}34-91-624-9875.
E-mail addressesiny@bgumail.bgu.ac.il (E. Einy), dmoreno@eco.uc3m.es (D. Moreno),
binya@econ.haifa.ac.il (B. Shitovitz).

0304-4068/00/$ — see front matter © 2000 Elsevier Science S.A. All rights reserved.
PIl: S0304-4068(00)00051-3



528 E. Einy et al./ Journal of Mathematical Economics 34 (2000) 527-535

1982), Allen (1981, 1982). We show that the ex-post core consists of all the selections
from the core correspondence of the associated family of complete information economies.
Consequently, every rational expectations equilibrium allocation corresponding to fully
revealing equilibrium prices is in the ex-post core of the economy. This need not be the case
when equilibrium prices are not fully revealing (see Example 4.2).

We also prove that when the utility function of every trader is measurable with respect
to his information field (that is, when every trader knows his utility function), the set of
rational expectations equilibrium allocations consists of all selections from the competitive
equilibrium correspondence of the associated family of complete information economies.
This result and the representation result for the ex-post core imply, using Aumann’s Core
Equivalence Theorem, see Aumann, 1964, that if the economy is atomless and the utility
function of each trader is measurable with respect to his information field, then the set of
rational expectations equilibrium allocations coincides with the ex-post core. We also show
that when the utility function of each trader is measurable with respect to his information
field, then an analog of Debreu-Scarf's Theorem, see Debreu and Scarf (1963), holds for
rational expectations equilibrium and ex-post core allocations.

2. The model

We consider a pure exchange econafnyith differential information. The space of the
traders is a measure spade £, 1), whereT is a set (set of traders), is ao-field of the
subsets of (the set of coalitions), and is a measure o&'. The commaodity space RQ.
The space of states of nature is a measurable spac&), wheres2 is a finite set andd
is a field of subsets af2.

Traders do not necessarily know which state of natsge? actually occurred, although
they know their own endowments, and may also have some additional information about the
state of nature. We assume that the information of a triedeis described by a measurable
partitionI, of 2. We denote byF, the field generated b/, . If wg is the true state of nature,
tradert observes the member &f, which containsvg. Every tradeteT has a probability
measur@, onF, which represents hgwior beliefs For simplicity, itis assumed thatAfe 7
is a non-empty set, thap(A)>0 for allteT. The preferences of a tradesT are represented
by astate-dependent utility function,: £2 x Rﬁr — R such that for every € R/, the
functionu, (-, X) is F-measurable. It is also assumed that for every) € T x R., the
mapping {, X)— U (w, X) is X x 5-measurable, where is a fixed member of2, andB is
theo-field of Borel subsets aR’, . Traders’ initial endowments are described by a function
e N2 xT — R’+ such that for everwe 2, e(w, -) is u-integrable orT; e(w, t) represents
theinitial endowmenbf traderteT in the state of nature<s2.

Sinces? is finite, there is a finite subfamilgF;)?_; of (F;),cr such that for everyeT,
there is Ki<n with F,=F;. We assume that for alldi<n, the sefl;,={teT|F,=F,;} is
measurable and(T;)>0. We also assume th&t=\/;_,F;, which means thaf contains
no superfluous events about which no trader has information, and therefore cannot affect
anyone’s consumption decisions.

We use the following notations. For two vectoes(xy, . .., X) andy=(x1, ..., X) in
R, we writex>y whenx>y; for all 1<k<I, xy whenx>y andxz£y, andx:>y whenx; >y
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for all 1<k<I. A function u: R’Jr — R is (strictly) increasingif for all x, y € R,
(x>y) x>y implies u(X)>u(y); it is quasi concavef for all x, y € Rﬂr and «€[0,1],
U(ax+(1—a)y)>=min{u(x), u(y)}; and it is strictlyquasi concavef for all x, y € R/,
x#Y, anda€(0,1), u(ax+(1—a)y)>min{u(x),u(y) }.

Throughout the paper, we will often refer to the following conditions.

(A.1). For everywes2, [;€&w, t)du>>0.
(A.2). For everyteT, the functiore(-, t) is F;-measurable.
(A.3). Foreveryx € Rﬁr andteT, the functionu, (-, X) is F,-measurable.

(A.4). For everyteT andwes2, the functionu; (w, -) is continuous, strictly increasing, and
quasi concave oR/, .

(A.5). For everyteT andwes2, the functionu; (w, -) is continuous, increasing, and strictly
quasi concave oR, .

Imposing (A.1) guarantees that at every state of nature every commodity is present in the
market. (A.2) and (A.3) require that each agent knows, respectively, his (state dependent)
initial endowments and utility function. Finally, (A.4) and (A.5) impose properties on the
traders utility functions. (Note that (A.5) implies (A.4)).

In the rest of the paper, an econoifiys an economy with asymmetric information as
described above. For an econofiyand a state of naturees2, we denote by (w) the
complete information economy in which the commaodity spacR’jrs the space of the
tradersisT, X, n), and for every tradeieT, his initial endowment ig(w, t) and his utility
function isu, (w, -); also, we writeC(€ (w)) for the core o (w).

3. The ex-post core

In this section we define the ex-post core of an econénand we show that under (A.1)
and (A.4), it is a non-empty set. Furthermore, the ex-post core of an ecofi@ogsists
of all the selections from the core correspondence of the associated family of complete
information economie$&(w) }wes -

Let £ be an economy. Aassignmenis a functionx: 2 x T — RL such that for every
wes2, the functionx(w, -) is u-integrable onl, and for everyteT, the functionx(-, t) is
F-measurable. Amllocationis an assignment such that/;.x (o, t)du<;e(w, t)du for
everywes2. Letx be an allocation, lebc X be a coalition, and lebge £2; we say that an
assignmeny is anex-post improvemeif Suponx atwg if

(3.1) (>0,
(3.2) [gy(wo, )du < [se(wo, t)du, and
(3.3) us(wo, y(wo, t))>u; (wo, x (wo, t)) for almost allte S,

An allocationx is anex-post corallocation if no coalitiorSe X has an ex-post improve-
ment upornx at anywes2. The ex-post coreof £, denoted byC(£), is the set of all the
ex-post core allocations &*.
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Theorem 3.1. If an economy¢ satisfies (A.1) and (A.3), then the ex-post core& aé
non-empty. Moreover, the ex-post core€as

C(€) = {x|x is an assignment and(w, -) € C(E(w)) for allw € 2}.

Proof. Let
X = {x|x is an assignment andw, ‘) € C(E(w)) for all w € 2}.

We first show thaX#£¢, and then we show th&(&)=X. It is well known that if (A.1)
and (A.3) are satisfied, the®(E(w))#£0, for all wes2 (see, e.g., Aumann, 1964, 1966, and
Hildenbrand, 1968, 1974). Lé4, .. ., A; be all the atoms of the fiel#. For every kj<k,
letw;eA; andx ;eC(E(w;)). Definex: 2 xT — Rﬁr byx(w,t)=x ;(t), wheneveweA; and
teT. Thenx is a well-defined assignmentéh Let 1<j<kandweA;. Thene(w, -)=e(w; ),
and for allteT, u;(w, -)=U;(w;, -). Therefore £ (w)=E(w;). Thusx(w, -)=x(w;, -), which
implies thatx (w,-)eC(E(w)) for all we2; hencex eX and X#£0.

The proof thatC(£)2X is straightforward. We show th&(E)CX. LetxeC(£) and as-
sume, contrary to our claim, thegX. Then there existege 2 such thak (wo, -)¢C(E(wo)).
Therefore, there exists a coaliti®a X with .(9>0, and an integrable function 7 — R’+
such that/y(t)du < [se(wo, t)du andu; (wo, y(t))>U (wo, x(wo, 1)) for almost allteS. Let
A(wo) be the atom of the fieldF containingwo. Define a functiorz: 2 x T — Rl+ by

y(1) if e A(wo)

2w, 1) = {e(a), t) otherwise

Thenz is an assignment i. Moreover,z is an ex-post improvement &uponx at wo,
which contradicts that eC(E). O

4. Rational expectations equilibria and the ex-post core

In this section we study the relation between the ex-post core and the set of rational
expectations equilibrium allocations.

Let £ be an economy. I§ is a subfield ofF, f: 2—TR. is anF-measurable function,
andteT, we denote by, (f|G) the conditional expectation dfwith respect tay;. A price
systems anF-measurable non-zero functipn$2 — Rﬁr If pis a price system, we denote
by o (p) the smallest subfielg of F for which p is G-measurable. Note that the atoms of
o (p) are the elements of the partition @f generated by the functign Thebudget sebf a
traderteT at the state of naturec$2 when the price system fsis given by

Bi(w, p) ={a € R, | p(wa < p(we(w, 1)}.

A rational expectations equilibriuris a pair ¢, x), wherep is a price system and is an
allocation such that

(4.1) for almost alteT, x(-, t) is o (p) VF;-measurable;
(4.2) for everywe2 and almost alteT, x(w, t)eB;(w, p); and
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(4.3) for almost alteT, if y: 2 — Rﬂr iso(p) VF;-measurable and satisfiggo)eB; (v,
p) for all wes2, then

Ei(u(-, x(, )lo(p) vV F) = E(u; (-, x())lo(p) vV Fr),

pointwise ons2.
A rational expectations equilibriunp(x) is fully revealingif o (p)=F.

Proposition 4.1. Let£ be an economy, and let (p) be a fully revealing rational expecta-
tions equilibrium for€. Thenx is an ex-post core allocation &*.

Proof. Let& be an economy, and lgp,(x) be a fully revealing rational expectations equi-
librium for £. Theno (p)=F. Since for every assignmegive have

Ei(u; (-, z(, )|o(p) vV Fo) = us (-, 2(-, 1),

forallteT, the proof thak e C(£) is completely analogous to the proof that every competitive
allocation of a complete information economy is in the core. O

The following example shows that there are rational expectations equilibrium allocations
that are neither fully revealing nor ex-post core allocations.

Example 4.2. Consider an econon®yin which the set of traders B={1, 2}, the commod-
ity space isR%r, the space of states of natures={w1, w,}, andF=2%. The traders have a
common priog=(1/2, 1/2). The information partition of Trader 1ii;={{w1, w2}}, and
that of Trader 2 i97,={{w1}, {w2}}. Their initial endowments alw1, 1)=e(w2, 1)=(2,
4) ande(w1, 2)=e(w2, 2)=(4, 2), and their utility functions arey (w1, (X, y))=v/x + 2./,
ur(w2, (X, ))=2x + /y anduz(ws, (X, ¥))=Uz2(w1, (X, Y))=+/x + /¥, respectively. Lep
be the price system given Ipfw)=(1, 1) for allwe$2, and define the allocationby x(w,
t)=(3, 3) for all (w, t)e2 xT. Itis easy to check thap(x) is a rational expectations equilib-
rium for &, and sincer (p)={0, {w1, w2}}, it is not a fully revealing rational expectations
equilibrium. The allocatiorx, however, is not an ex-post core allocationfofindeed, the
initial assignmene satisfies

ur(w1, e(wr, 1)) = V244> 3v/3=uj(w1, x(w1, 1)),

so that Trader 1 blocks.

There are examples in the literature of economies satisfying the conditions of Theorem
3.1, but which do not have any rational expectations equilibrium — see, e.g., Kreps (1977),
and Allen (1986). Therefore, in these economies, there are ex-post core allocations, which
are not rational expectations equilibrium allocations.

Note that in Example 4.2 the utility function of Trader 1 is not measurable with respect
to his information field. As we shall see, when each trader knows his state-dependent
utility function (i.e., when each trader’s utility function is measurable with respect to his
information field), every rational expectations equilibrium allocation is an ex-post core
allocation.
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Given an economy, we denote byREE) the set of rational expectations equilibrium
allocations of£, and forwe$2, we write W(E (w)) for the set of competitive allocations of
E(w).

Theorem 4.3. If an economysatisfies (A.1)—(A.3), and (A.5), then

REE) = {x|x is an assignment and(w, ) € W(E(w)) for all w € §2}.

Proof. Let
Y = {x|x is an assignment andw, -) € W(E(w)) for all w € 2}.

We first prove thalREE)CY. Let xeRE(). We show thatreY. Let @es2. We prove
thatx (o, )eW(E(w)). Let p be a price system such that, ) is a rational expectations
equilibrium of€. We show thatf§(®), x (o, -)) is a competitive equilibrium of (@). Clearly,
x(®, t)eB,(®, p) for almost allteT. We prove thak (o, t) maximizesu,(®, -) on B, (&, p)
for almost allteT, which establishes thai{, -)eW(E(®)). Let Sbe the set of alleT such
that (4.3) is satisfied fop(x). Thenu(9=u(T). LetteS, and letacB, (&, p). Denote by
A/(®) the atom ofr (p)vF, containing. Definey: 2 — R/, by

a if we Ai(®)

y(w) = { 0 otherwise

Theny is a o(p)vF,-measurable function. Ap(w)=p(®) and e(w, t)=¢e(®, t) for all
weh (&), we havey(w)eB; (w, p) for all we$2. SinceteS, we have by (4.3)

Ei(u (-, yO)lo(p) vV Fi)(@) < Er(ui (-, x(, )|o(p) vV F)(@).
By (A.3)

Ei(ui (. y()lo(p) vV F) = us (-, y()),

and

E(u; (-, xC, t)lo(p) vV F) =u(, x(-, 1).
Therefore

u (@, a) = ur(@, y(@)) <us(o, x(@, 1)).

Thus, x(&®, t) maximizesu, (@, ) on B;(&®, p) for all teS. Since u(9=u(T), we have
x (@, ) eW(E(®)).

It remains to be shown thMcREE). LetxeY. Thenx is an allocation ir€, and for all
wef2, x(w, - )eW(E(w)). Therefore, for eache 2, there is ap(w) € R’Jr such that (),
x(w, -)) is a competitive equilibrium fo€(w). Since for allteT andwes2, the function
U (w, -) is strictly increasing 0r1R’+ by (A.5), we havep(w)>>0, for all wes2. Let
Ay, ..., A, be allthe atoms of the field. For every kj<k, letw;€A;. Define the function
p: 2 — Rﬁr by p(w)=p(w;), wheneverweA;. Thenp is F-measurable. We show that
(P, x) is a rational expectations equilibrium fér, and this will givexeREE). We first
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claim that for allwe$2, (p(w), x(w, -)) is a competitive equilibrium fo€(w). Let wes2;
then there existsdj<kandw;€A; such thap(w)=p(w;). Now (A.2) and (A.3) imply that
E(w)=E(w;). Also, sincex is an assignment, we hav@w, -)=x(w;, ). As (p(w;), x (@}, -))
is a competitive equilibrium fof (w;), we have (w), x(w, -)) is a competitive equilibrium
for £(w).

We now prove that for alieT, x (-, t) is o (D) v F;-measurable, i.e., tha(-, t) is constant
on the atoms of (p)V.F;. Lette T and letA be an atom of (p)v.F;. Assume thab1, w2€A;
thenp(w1)=p(w2). Sincee(., t) is F;-measurable, we hawdw1, t)=e(w2, t). Therefore,

B (w1, p) = Bi(w2, p). (4.6)
Now by (A.3), we have
ul‘(wlv ) = M[(Cl)z, ) (47)

Since B(w1), x(w1, -)) and P(w?), x(w2, -)) are competitive equilibria of (w1) and
E(w2), respectively, by (4.6) and (4. ®(w1, t) andx(w>, t) are maximizers ofi, (w1, -) on
B (w1, P). As u; (w1, -) is strictly quasi concave, it has a unique maximizeBpw1, ),
and thuse (w1, t)=x(w2, t), which establishes that-, t) is o (p)vF;-measurable.

Since for allwe$2, (P(w), x(w, -)) is a competitive equilibrium of(w), we have
x(w, t)eBy(w, p) for all we$2 and almost alteT. Therefore f, x) satisfies (4.2).

It remains to be shown thgh,(x) satisfies (4.3). For eveye $2, let Sw) be the set of all
teTsuch thak (w, t) maximizedy (w, -) onBy(w, P). Thenu(Jw))=u(T). LetS=Nyen Jw).
Thenu(9=uw(T). LetteSand lety: 2 — Rﬂr be ao (p)v.F,;-measurable function such
thaty(w)eB; (o, p) for all wes2. Then, for allwes2, we haveu, (o, y(w))<u;(w, x(w, 1)),
and therefore

E(u(-, yO)|o(p) VvV Fr) < Er(u (-, x(-, )|o(p) Vv Fr)
on £2. Since this inequality holds for &l€S, (p, x) satisfies (4.3). O

Corollary 4.4. If an economysatisfies (A.1)—(A.3), and (A.5), then every rational expec-
tations equilibrium allocation of'is in the ex-post core & (i.e., REE)SC(E)).

Proof. SinceW(E(w))SC(E(w)) for all wes2, Corollary 4.4 follows from Theorems 3.1
and 4.3. O

Theorem 4.5. LetEbe an atomless economy (that is, such that the measore(T.Y) is
non-atomic) satisfying (A.1)—(A.3) and (A.5). Then, the set of rational expectations equi-
librium allocations of€ coincides with the ex-post core &fi.e., REE)=C(E)).

Proof. By Aumann’s Core-Equivalence Theorem, see Aumann (1964), fowal®,
W(E(w))=C(E(w)). Therefore, by Theorems 3.1 and 4.3, we haveREC(E). O

Let& be afinite economy, i.€T={1,...,n}, =27, andu is the counting measure. The
k-fold replicationof the economy is an economy* in which the set of tradefEX hasnk
traders, the set of coalitions is the set of all subseTs‘pand also there is a partition of to
ndisjoint setsTX,. . ., TE such that for every 4i<n, the traders iﬁ"i‘ have the same utility,
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the same initial endowment, the same information field, and the same priors. An allocation
% in the economy” is anequal treatment allocatioif it assigns the same random bundle
to traders in the same s"él‘, 1<i<n; thatis, ifty, tzeTi.‘ for some ki<n, then

X(w, 1) =X(w, 12),

for all we£2. Letk be a natural number and l&tbe an equal treatment allocation&fi.

For 1<i<n, denote byk(-, i) the random bundle thatassigns to the traders '|I'rt.<. Define

the allocationx in £ by x(w, t)=%(w, i) whenevewe 2 andteT;. We callx the allocation

in £ which corresponds td. For every natural numbér we denote by>(£) the set of all
allocations in€ which corresponds to equal treatment ex-post core allocatiofé-isuch
allocations exist by Theorem 3.1 and Debreu Scarf's Theorem; see Debreu and Scarf (1963).

Theorem 4.6. Let Ebe an economy with a finite number of traders satisfying (A.1)—(A.4).
Then REE)=2,C(ER).

Proof. Let wes2. For every natural numbet denote byC(£¥(w)) the set of all core
allocations in€(w) which corresponds to equal treatment allocations fifw). By the
Debreu-Scarf's Theorem,

W(E (@) = [C(E" ).

k=1

Therefore, by Theorem 3.1, we obtain that

o
ﬂC(E") = {x| x is an assignment andw, -) € W(E(w)) for all w € 2}.
k=1

Hence, by Theorem 4.3, REX=2,C(£F). O

5. Concluding remarks

The ex-post core of an economy with asymmetric information does not depend on the
information structure of the economy. In some cases, however, the logical relation between
the ex-post core and the set of rational expectations equilibrium allocations of an economy,
and the relation of these sets with other solution concepts studied in the literature, does
depend onthe information structure. Einy et al. (2000), for example, show thatin an atomless
economy with asymmetric information, Wilson’s fine core is a subset of the ex-post core.
Thus, Theorem 4.5, which we view as the main result in the present paper, implies that
under assumptions (A.1)—(A.3) and (A.5), every allocation in Wilson’s fine core is a rational
expectations equilibrium allocation; see Corollary 3.4 in Einy et al. (2000).

Our results rely on the assumption that there is a finite number of states of nature. In fact,
when there is an infinite number of states of nature some conceptual problems arise; it is
not clear, for example, how to define the joint information of a coalition.
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