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Econometrics II - EXAM
Answer each question in separate sheets in three hours

1. Consider the unobserved effects model for a randomly drawn cross section observation i,

yit = x′itβ + ci + uit, t = 1, . . . , T.

Denote xi = (x′i1, . . . ,x
′
iT )′ and ui = (ui1, . . . , uiT )′ . Assume that the following conditions

(i) E [uit|xi, ci] = 0, t = 1, . . . , T

(ii) E [ci|xi] = E [ci] = 0

(iii) E [uiu′i|xi, ci] = σ2
uIT

hold, but Var(ci|xi) 6=Var(ci) = σ2
c .

(a) Describe the general nature of E (viv′i|xi) , vi = (vi1, . . . , viT )′ ,

vit = uit + ci.

Writing
vi = ui + cijT ,

we have that

E (viv′i|xi) = E (uiu′i|xi) + E (uici|xi) j′T + jT E (u′ici|xi) + jT j′T E
(
c2
i |xi

)
= σ2

uIT + 0 + 0 + jT j′T V ar (ci|xi)

6= σ2
uIT + jT j′T σ2

c .

by (iii) , (i) , (i) and Var(ci|xi) 6=Var(ci) = σ2
c .

(b) What are the asymptotic properties of the Random Effects estimator for this model? State
any additional conditions you need.

The random effects estimator is the FGLS estimate

β̂RE = En

[
XΩ̂

−1
X′
]−1

En

[
XΩ̂

−1
y
]

where
Ω̂n=σ̂2

uIT + σ̂2
cjT j′T

for consistent estimates of σ2
u and σ2

c . For the analysis we need that rank E
[
XiΩ−1X′

i

]
= K,

and
p lim

n→∞
Ω̂n = Ω =E (viv′i)

where
Ω̂n=σ̂2

uIT + σ̂2
cjT j′T

and σ̂2
u and σ̂2

c are consistent estimates of σ2
u and σ2

c , resp. However Ω 6=E (viv′i|xi) . We
could also allow for p limn→∞ Ω̂n = Ω∗ 6=E (viv′i) Then the RE estimate is consistent and
asymptotic normal. The asymptotic variance of β̂RE is

E
[
XΩ−1X′]−1 E

[
XΩ−1vv′Ω−1X

]
E
[
XΩ−1X′]−1

where E
[
XΩ−1vv′Ω−1X

]
6= E

[
XΩ−1X

]
.
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(c) How should the random effects Wald test statistics be modified to have standard properties?

The estimate of the Avar should take into account the previous result, where now

̂E
[
XΩ−1vv′Ω−1X

]
= En

[
XΩ̂

−1

n v̂v̂′Ω̂−1
n X

]
=

1
n

n∑
i=1

XiΩ̂−1
n v̂iv̂′iΩ̂

−1
n Xi

where Ω̂−1
n is a consistent estimate of Ω, maybe the same one as in the estimate calculation,

and v̂ are the vector of POLS residuals for each individual.

(d) Propose an efficient estimate of the parameter β.

We should use a FGLS estimate that takes into account the conditional heteroskedasticity,

β̂RE = En

[
XΩ̂ (x)−1 X′

]−1

En

[
XΩ̂ (x)−1 y

]
,

so that its asymptotic variance is

E
[
XΩ (x)−1 X′

]−1

.

(e) Is the Fixed Effects estimate efficient under (i)− (iii) and Var(ci|xi) 6=Var(ci) = σ2
c?

No, because despite the fact that ci is removed by mean centering and the conditional het-
eroskedasticy condition does not affect asymptotic inference, under RE conditions the previ-
ous (conditional heteroskedasticity) GLS estimate should be better.

When not using information on Var(ci|xi) , FE under the given conditions is efficient. (Only
if E [uiu′i|xi, ci] = Ω 6= σ2

uIT then FE FGLS using information on E
[
üü′
]

should be more
efficient than FE.)

Does your analysis depend on condition (ii)? That is, does your conclusion hold if (ii) fails:
E [ci|xi] 6= E [ci] = 0?

Yes, it does depend, because in this case any GLS estimate is no longer consistent, but FE
is still consistent and now efficient.

2. In the linear regression model
yt = β′zt + vt,

where zt is strictly exogenous and stationary and contains an intercept and vt follows a stationary
AR(1) model

vt = αvt−1 + et,

with |α| < 1 and the et is white noise with variance σ2.

(a) Find the autocorrelation function of vt and of vtzt. Study the asymptotic properties of the
OLS estimate of β based on {yt, zt}T

t=1 .

γv (j) = σ2
eα

j , γv (j) =
αj

1− α
.

Γvz (j) = E
[
vtztvt+jz′t+j

]
= E

[
ztz′t+j

]
E [vtvt+j ]

= γv (j) Γz (j) ,

if E [vtvt+j | . . . , zt−1, zt, zt+1, . . .] = E [vtvt+j ] .
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We have that under standard conditions,

E [ztz′t] = M > 0

and a law of large numbers and a central limit theorem for time averages of vtzt,

βOLS
T =

(
T∑

t=1

ztz′t

)−1 T∑
t=1

ztyt

is consistent and asymptotic normal with

T 1/2
(
βOLS

T − β
)
→d N

0,M−1
∞∑

j=−∞
Γvz (j)M−1

 .

(b) Write the log-likelihood
Lσ2(e1, . . . , eT )

of (e1, . . . , eT ) assuming Gaussianity.

Lσ2(e1, . . . , eT ) = −T

2
log (2π)− T

2
log
(
σ2
)
− 1

2

T∑
t=1

e2
t

σ2

(c) Using that et = et(β, α) = vt −αvt−1 = yt −αyt−1 − β′ (zt − αzt−1) , t ≥ 2, use the previous
question to write the log-likelihood

Lβ,α,σ2(y2, . . . , yT |y1, z1, . . . , zT )

conditional on (y1, z1, . . . , zT ) .

Lβ,α,σ2(y2, . . . , yT |y1, z1, . . . , zT ) = −T

2
log (2π)− T

2
log
(
σ2
)
− 1

2

T∑
t=2

(
yt − αyt−1 − β′ (zt − αzt−1)

σ

)2

= −T

2
log (2π)− T

2
log
(
σ2
)
− 1

2

T∑
t=2

(
y∗t − β′z∗t

σ

)2

where, t = 2, . . . , T,

y∗t = yt − αyt−1

z∗t = zt − αzt−1.

(d) Obtain the scores for β, α, σ2 based on Lβ,α,σ2 . Interpret the corresponding moment condi-
tions implied by the score vector.

∂

∂β
Lβ,α,σ2 =

T∑
t=2

(
y∗t − β′z∗t

σ

)
z∗t
σ

=
1
σ2

T∑
t=2

et(β, α)z∗t

∂

∂α
Lβ,α,σ2 =

T∑
t=2

(
yt − αyt−1 − β′ (zt − αzt−1)

σ

)(
yt−1 − β′zt−1

σ

)

=
1
σ2

T∑
t=2

et(β, α)vt (β)

∂

∂σ2
Lβ,α,σ2 = − T

2σ2
+

1
2σ2

T∑
t=2

(
y∗t − β′z∗t

σ

)2
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If we know rewrite the sample moment conditions ∂
∂θL

(
θ̂
)

= 0 as

1
T

T∑
t=2

et(β̂, α̂)z∗t (α̂) = 0

1
T

T∑
t=2

et(β̂, α̂)vt

(
β̂
)

= 0

1
T

T∑
t=2

et(β̂, α̂)2 = σ̂2

where the first condition is the sample equivalent of E [etz∗t ] = 0, the identifying moment
condition for β in the linear regression model

y∗t (α) = β′z∗t (α) + et,

that leads to the GLS type estimate

β̂ =

(
T∑

t=2

z∗t (α) z∗t (α)′
)−1 T∑

t=2

z∗t (α) y∗t (α)

the second condition is the sample equivalent of E [etvt] = 0, the identifying moment condi-
tion for α in the linear regression model

vt (β) = αvt−1 (β) + et,

which leads to the estimate of α,

α̃ =

(
T∑

t=2

vt−1 (β)2
)−1 T∑

t=2

vt−1 (β) vt (β)

and the last one is the definition of the sample residual variance, E
[
e2
t − σ2

]
= 0.

3. Assume that the sequence xt generated by the following nonlinear autoregressive model

xt = m (xt−1; δ0) + εt

is strict stationary and the possibly nonlinear function m (·) is smooth, E [εt|xt−1, xt−2, . . .] = 0
and we know that δ0 ∈ ∆ ⊂ Rk.

(a) Given observations x1, . . . , xT consider the estimation of δ0 by nonlinear LS . Provide the

asymptotic properties of the NLS estimate δ̂
NLS

T under the assumption that

E
[
ε2

t |xt−1, xt−2, . . .
]

= σ2 (xt−1) .

Under suitable identification and consistency properties δ̂
NLS

T will be asymptotically normal
with asymptotic variance given by

E
[
ṁt−1,0ṁ

′
t−1,0

]−1
E
[
σ2 (xt−1) ṁt−1,0ṁ

′
t−1,0

]
E
[
ṁt−1,0ṁ

′
t−1,0

]−1

where ṁt−1,0 = ṁ (xt−1; δ0)
Propose a suitable iterative scheme to approximate such estimate starting from an initial
value δ̃T . Establish any additional condition you use.
We can propose Gauss-Newton,

δ̂
NLS

T (k) = δ̂
NLS

T (k−1)−En

[
ṁ
(
xt−1; δ̂

NLS

T (k−1)

)
ṁ
(
xt−1; δ̂

NLS

T (k−1)

)]−1

En

[(
xt −m

(
xt−1; δ̂

NLS

T (k−1)

))
ṁ
(
xt−1; δ̂

NLS

T (k−1)

)]
.
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4. It is known now that
σ2 (xt−1) = σ2 (xt−1, γ0)

for some γ0 ∈ Γ ⊂ Rp. Analyze the asymptotic properties of the nonlinear GLS estimate of
θ =

(
δ′, γ′

)′ minimizing the objective function

QT (θ) =
1
T

T∑
t=1

(
xt −m (xt−1; δ)

σ (xt−1, γ)

)2

+
1
T

T∑
t=1

log σ2 (xt−1, γ) .

Now we have that

ST (θ) = − 1
T

T∑
t=1

 2
(

xt−m(xt−1;δ)
σ2(xt−1,γ)

)
ṁ (xt−1; δ){(

xt−m(xt−1;δ)
σ(xt−1,γ)

)2

− 1
}

σ̇2(xt−1,γ)
σ2(xt−1,γ)


so that under conditions guaranteing a CLT for time series (the vector is a MD sequence, so we
would need also ergodicity)

T 1/2ST (θ0) →d N

0,

 4E
[

ṁ(xt−1;δ0)ṁ(xt−1;δ0)
′

σ2(xt−1,γ0)

]
0

0 µ4E
[

σ̇2(xt−1,γ0)
σ2(xt−1,γ0)

σ̇2(xt−1,γ0)
′

σ2(xt−1,γ0)

] 
if

E

[(
xt −m (xt−1; δ0)

σ2 (xt−1, γ0)

)3

|xt−1

]
= 0

E

{(xt −m (xt−1; δ0)
σ (xt−1, γ0)

)2

− 1

}2

|xt−1

 = µ4

which holds under (conditional) symmetry and constant curtosis, and

HT (θ) = − 1
T

T∑
t=1



2
(

xt−m(xt−1;δ)
σ2(xt−1,γ)

)
m̈ (xt−1; δ)

−2 ṁ(xt−1;δ0)ṁ(xt−1;δ)
′

σ2(xt−1,γ)

2
(

xt−m(xt−1;δ)
σ2(xt−1,γ)

)
σ̇2(xt−1,γ)
σ2(xt−1,γ)ṁ (xt−1; δ)

′

{(
xt−m(xt−1;δ)

σ(xt−1,γ)

)2

− 1
}

σ̈2(xt−1,γ)
σ2(xt−1,γ)

−
(

xt−m(xt−1;δ)
σ(xt−1,γ)

)2
σ̇2(xt−1,γ)
σ2(xt−1,γ)

σ̇2(xt−1,γ)′

σ2(xt−1,γ){(
xt−m(xt−1;δ)

σ(xt−1,γ)

)2

− 1
}

σ̇2(xt−1,γ)
σ2(xt−1,γ)

σ̇2(xt−1,γ)′

σ2(xt−1,γ)


so that

HT (θ0) →p

 2E
[

ṁ(xt−1;δ0)ṁ(xt−1;δ)
′

σ2(xt−1,γ)

]
0

0 µ4E
[

σ̇2(xt−1,γ)
σ2(xt−1,γ)

σ̇2(xt−1,γ)′

σ2(xt−1,γ)

] 
(a) Take σ2 (xt−1, γ) = exp (γ1xt−1 + γ2) and derive the LM test statistic for testing the null

hypothesis of γ1 = 0 against γ1 6= 0 based on QT (θ, γ) .

In this case
∂

∂γ
σ̇2 (xt−1, γ) =

[
exp (γ1xt−1 + γ2) xt−1

exp (γ1xt−1 + γ2)

]
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and therefore

ST,γ1

(
θ̃n

)
= − 1

T

T∑
t=1



xt −m

(
xt−1; δ̃T

)
σ (xt−1, γ̃T )

2

− 1

 σ̇2 (xt−1, γ̃T )
σ2 (xt−1, γ̃T )


= − 1

T

T∑
t=1



xt −m

(
xt−1; δ̃T

)
exp (γ̃2)

2

− 1

 exp (γ̃2) xt−1

exp (γ̃2)


= − 1

T

T∑
t=1

[{
ε
(
δ̃T , γ̃2

)
− 1
}2

xt−1

]
.

Then

LMT = T
ST,γ1

(
θ̃n

)2

Ṽ

where Ṽ is a consistent estimate of the asymptotic variance of ST,γ1

(
θ̃n

)
.
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