Norms and the evolution of leaders’ followership*

Antonio Cabrales! Esther Hauk?

September 19, 2024

Abstract

In this paper, we model the interaction between leaders, their follow-
ers and crowd followers in a coordination game with local interaction.
The steady states of a dynamic best-response process can feature a
coexistence of Pareto-dominant and risk-dominant actions in the popu-
lation. The existence of leaders and their followers, along with the local
interaction, which leads to clustering, is crucial for the survival of the
Pareto-dominant actions. The evolution of leader and crowd follower-
ship shows that leader followership can also be locally stable around
Pareto-dominant leaders. The paper answers the questions of which
leader should be removed and how to optimally place leaders in the
network to enhance payoff-dominant play.
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1 Introduction

Many human activities are characterized by a coordination problem where
multiple stable social situations can arise. Previous literature has emphasized
social conventions as a common way of dealing with this coordination issue
(Young 1993, 1998, Burke and Young 2011). How, however, do such conven-
tions arise? In this paper, we examine the effect of leadership on the outcomes
of coordination games. Humans as a species, similarly to many primates, tend
to organize themselves into rather hierarchical groups.! Some individuals take
an action mostly because they are following their leader. Others may take
an action because they prefer to behave similarly to their peers.? Our main
aim is precisely to analyze the interactions of these two ways of reaching a
convention in an environment with two possible conventions that differ in the
societal level of welfare that they yield.

An important aspect of our model is that we consider the impact of “local”
leadership. Individuals interact mostly with those close to them, and their
leaders are part of their communities. The local character of leadership turns
out to be empirically important in identifying its effects in different contexts,
such as technology adoption in developing countries (Yengoh et al. 2010,
Dwivedi et al. 2022) and vaccine adoption (Dhallival et al. 2023, Vincenzo et
al. 2023), but there is scant theoretical literature to provide a good framework
for analysis.?

We model a game with N players located in a circle.* Each of them plays
a coordination game with their k closest neighbors, choosing a single action,
which is either payoff dominant or risk dominant. There are three types of
players: leaders (L), leader followers (LF') and crowd followers (C'F'). Leaders

always take the same action regardless of all the other players’ choices. All

!This tendency has important implications for our psychology (Cummins 2005), social
organization (Manner and Case 2016), and health (Gilbert 2001).

2Bicchieri and Chavez (2010) and Krupka and Weber (2013), for example, have measured
the impact of others’ expectations about the “correct action” on our own choices.

30f course, global leaders who reach the whole population are also important. In an
extension of our work here, we show that our qualitative results do not change when we
consider leadership of global rather than local reach.

4In a later section, we study interactions in a lattice with 2 dimensions and derive impli-
cations for more complex networks.



the other players care about the material payoffs from the coordination games.
Leader followers receive an additional payoff of oy, when following their closest
leader, where oy reflects the leader’s charisma. Crowd followers (C'F') care
about choosing the same action as their neighbors. Therefore, they receive
an extra payoff proportional to the fraction of their neighbors whose action
their own action matches with weight a¢, a measure of this peer influence.
Our L players have a fixed position. They do not try to “pander” to the
opinions of LF' players or anyone else. This modeling choice follows the spirit
of citizen candidate models (Besley and Coate 1998) and models of information
transmission by leaders in which high-quality incumbents do not need to shift
their information to “pander” to crowds (Canes-Wrone, Herron, and Shotts
2001). LF players also have some innate preference for playing A or B (they
obtain «, if they choose their favorite action, and zero otherwise, in addition
to the payoff from playing with their neighbors) and then locate close to an
L player, who acts as a focal point for coordination of like-minded players.
We model two types of agents, leader followers and crowd followers, motivated
by the fact that sensitivity to leadership varies widely in the population (see,
e.g., Smith et al. 2007). Nevertheless, given that the players are playing a
coordination game, everyone can be affected by leaders.

The aim of the model is to capture coordination problems with two different
norms competing for societal dominance: a good but weak norm (the Pareto-
dominant but risk-dominated one) and a bad but strong one (the Pareto-
dominated but risk-dominant one). Such coordination problems have numer-
ous possible instantiations: the use of clean or polluting energy (Ang et al.
2020), the adoption of a farming technology (Miiller et al. 2018), the choice
of a software platform for developers (Fang et al. 2021), language adoption
(Iriberri and Uriarte 2012), the spread of academic ideas (Sunstein 2000), and
expression of opinions on controversial social topics (Buskens et al. 2008),
among others. In many of these applications, the choices of leaders, their
followers and crowd followers determine which option survives and how.

We analyze the game as a dynamic process in which agents adjust their ac-
tions over time. We first analyze the steady states of population choices when

individuals start from an arbitrary action and best-respond to the population



choices in the previous period. Clearly, the stationary states are equilibria of
the game. After play has reached a stationary steady state, we allow all agents
except the leaders to switch not just their actions but also their types.

An important insight of this model is that “good but weak” (i.e., payoff-
dominant but not risk-dominant) social norms need clustered groups of sup-
porters and very charismatic leaders. These two features—clustering and
charisma—are crucial for explaining some important social phenomena. Vac-
cine adoption and social isolation in an epidemic, for example, can be very
beneficial but also quite expensive strategies. Importantly, for vaccines or
isolation to yield benefits, a large fraction of a locally interacting population
must adopt the strategy together. The alternative strategy is to wait for some
kind of herd immunity to arise in the population. In other words, epidemic
containment is a coordination game with local interaction. We know already
that local leaders are important in such a context in both developed (Hallgren
et al. 2021), and developing (Afolabi and Ilesanmi 2021) countries (see also
Dhallival et al. 2023, Vincenzo et al. 2023). Our results on leader targeting
and location can inform interventions in this context.

Another insight delivered by the model is the stark asymmetry in impor-
tance between the leader espousing good (payoff-dominant) norms and the
leader espousing bad (risk-dominant) norms. The risk-dominant norm is guar-
anteed to survive in the population as long as one leader subscribes to the
risk-dominant action even if nobody gains from following her. However, if a
leader who chooses the payoff-dominant action is not sufficiently charismatic
(has a low value of ay), the payoff-dominant norm may disappear. This norm
will take over in a cluster of the population only if oy, is sufficiently high and
there are no risk-dominant leaders inside the cluster.

We explore different policies through which a social planner might improve
welfare. One possibility is for the social planner to target “behavioral change”
by removing one influencer/leader in a context where not all the leaders can
be changed. This policy can work only if the payoff-dominant influencers are
sufficiently charismatic. Since welfare is improved if the payoff-dominant norm
spreads, clearly the target can only be a risk-dominant leader. It is usually

best to remove a risk-dominant leader located between two payoff-dominant



leaders. Sometimes, however, it can be better to remove a risk-dominant leader
who has only one payoff-dominant leader as a neighbor. This is true when the
payoff-dominant leader gains a very large sphere of influence from this removal.

We also study how to optimally place a given number of leaders in the net-
work to enhance payoff-dominant play. The optimal distribution is always to
cluster leaders of the same type. While, for very charismatic leaders, clustering
of risk-dominant leaders at a minimum distance limits their area of influence,
for less charismatic leaders, payoff-dominant leaders should be clustered at a
distance that optimally solves the tradeoff between a larger area of influence
and the probability of inducing payoff-dominant play.

The remainder of the paper is organized as follows: The next section dis-
cusses the related literature. The model is laid out in Section 3. Section
4 derives the steady states with fixed types, and Section 5 discusses their
stochastic stability. Section 6 analyzes the evolution of types according to the
best response dynamic. Section 7 discusses the importance of leaders for the
survival of risk- versus payoff-dominant norms. Section 8 suggests some poli-
cies to foster Pareto-dominant types. Section 9 analyzes what happens if the
neighborhood is a 2-dimensional lattice. Section 10 concludes and suggests

directions for future research.

2 Related literature

Several important strands of the literature connect to our work. Most ob-
viously, Acemoglu and Jackson (2015, 2017) have explored the role of social
norms and leadership in coordination games. Their work follows on the foun-
dational contributions of Young (1993, 1998) and Binmore and Samuelson
(1994).5 Our contribution to this literature is twofold. On the one hand, we
emphasize the local aspect of social norms enforcement and the possibility of
multiple social norms arising in steady state through local clustering. On the
other hand, we emphasize the importance of agents who follow leaders relative

to that of those who simply follow crowds and the interaction of the two types.

SLater, expanded expositions can be found, e.g., in Burke and Young (2011) and Binmore
(2010).



Methodologically, we borrow tools from models of learning and evolution
with local interaction. Ellison (1993) extends the stochastic stability tools of
Young (1993) and Kandori, Mailath, and Rob (1993) for obtaining unique-
ness in the very long run for evolutionary games. He shows that, with local
interaction, convergence times are significantly shorter. Eshel, Shaked and
Samuelson (1998) show that when agents imitate the best-performing agents
in their local surroundings, the population can converge to playing cooper-
atively in a prisoners’ dilemma. Morris’s (2000) paper is perhaps the most
closely related in this group to ours. He characterizes the conditions under
which a risk-dominant strategy can invade the whole population when indi-
viduals play a coordination game in a network. He shows that the survival of
a risk-dominated strategy depends on the relative isolation of a specific group.
The additional insight that we offer to this line of work is the importance of
leaders and their followers in situations in which communities are not isolated.

Important extensions are provided by Alés-Ferrer and Weidenhozer (2008,
2016), whose model captures how the (local) interaction of agents is different
from the information about past behavior. Agents imitate the behavior of the
best-performing agent in the information neighborhood, which is larger than
the interaction neighborhood. They find that the payoff-dominant equilibrium
is the unique long-run equilibrium when the interactions are not too global
under arbitrary network systems. Chen, Chow and Wu (2013) modify the
imitation rule from Alés Ferrer and Weidenholzer (2008) so that players imitate
the best-average strategy rather than the best player, and they find that the
dynamics can converge to the risk-dominant equilibrium alone, or to some non-
monomorphic absorbing states with payoff-dominant-strategy takers being the
majority. As is the case for the literature in the previous paragraph, these
papers do not take into account the importance of leadership in the long-run
outcomes of the population.

Our paper is also related to the vast literature on social norms sustained
through community enforcement. Elinor Ostrom proposed these as an expla-
nation for collective solutions to social dilemmas (see, e.g., Ostrom 2000), and
Cristina Bicchieri shows how they can be measured and the importance of

empirical and normative expectations from contacts (Bicchieri 2005, 2016).



We add to this literature by underscoring the importance of leaders and their
followers for the establishment and survival of norms.

A large literature examines coordination games in networks, starting with
Jackson and Watts (2002) and Goyal and Vega Redondo (2005) and extend-
ing to Cui (2014), Khan (2014) and Bilancini and Boncinelli (2018). Ushchev
and Zenou (2020) explicitly work with social norms, rather than coordination
games, in a linear-in-means model for networks. We contribute to this lit-
erature by studying how leadership and social dynamics impact social norm
adoption.

An important literature centered on leaders was initiated by Ballester,
Calvé-Armengol and Zenou (2006). They study a game with a continuum of
strategies. All agents have the same payoff structure, and there are synergies
between their actions, which depend on their position in the network. Some
individuals are more important because their centrality makes their action
affect those of others in a stronger way. One of the authors’ main results is to
identify the agent whose removal would hurt collective output most strongly.
A main difference between our approach and theirs is that leadership in their
model is based purely on location and requires that the network be irregular.
The kind of game is also very different in that it is mostly about the production
rather than the adoption of a kind of social norm. There have been numerous
extensions of their approach (for a thorough review, see Zenou 2016). In our
context, it is interesting to note the work of Zhou and Chen (2015), who
study a game similar to that in Ballester, Calvé-Armengol and Zenou (2006)
but where players can move sequentially, and the authors study which player
should move first to maximize output.

There is also a literature on targeting in networks. Some of it concentrates
on how to design networks so that they are more resilient to external attacks
(Vigier and Goyal 2014, Dziubinski, and Goyal 2017), with a good review in
Dziubinski et al. (2016). Some of this literature concentrates on the optimal
way to identify and potentially change the type of the agents with the most
influence in the network (Galeotti and Goyal 2009, 2010, Golub, Galeotti and
Goyal 2020). As with the pioneering work of Ballester, Calvé-Armengol and

Zenou (2006), the leaders in this literature are influential mostly because of



their network position, and they would have no special power in a regular
network.

An interesting paper from the perspective of the question we study here
is Zimmerman and Eguiluz (2009). These authors study a model where in-
dividuals play a prisoners’ dilemma in a network and choose their action by
imitating the individual in their neighborhood with the highest payoff. The
dynamics of such a game tend to converge to full defection or to states with
a large amount of cooperation. The cooperative steady state depends heavily
on “leaders” who cooperate and have a high payoff and many contacts. If
leaders are removed by means of a random change to their state, there can be
fluctuations between the two steady states.

Another literature in complex science deals with dynamics in the presence
of “stubborn” agents, who can influence others through their actions but do
not change their strategies. These papers often take as their starting point
the “voter model,” (Holley and Liggett 1975, Clifford and Sudbury 1973) in
which agents start in a state and then change their state by randomly imitat-
ing neighbors. Yildiz et al. (2012) show that the presence of stubborn agents
significantly changes the dynamics, which now do not have absorbing homoge-
neous states, and, similarly to us, the authors discuss the optimal placement
of stubborn agents. Hunter and Zaman (2022) ask similar questions but start
from the DeGroot (1974) model for reaching a consensus in a network.

There is also a literature in evolutionary biology (King, Johnson, Van Vugt
2009; Van Vugt, Hogan, Kaiser 2008) that considers leadership as an evolved
means of solving coordination problems. However, these works do not consider
the interaction of leader followers with crowd followers or take into account
the local interaction aspect that we study.

A recent paper by Levine, Modica and Rustichini (2022) models leadership
in societies with potential conflicts between groups as games between leaders.
There are two classes of leaders: group leaders, who share their group’s inter-
est, and a common leader, who cares about both groups. Each leader makes
a recommendation to her potential followers which strategy to play in a 2 x 2
game with the other group. Followers compare the proposed strategy of their

group leader with the proposed strategy of the common leader and follow the



recommendation with the highest implied promised payoff. They will pun-
ish the leader they followed if the realized payoff falls short of the promised
payoff. The paper shows that because of competition between the common
leader and the group leader, the leaders can solve cooperation problems such
as those arising in the prisoners’ dilemma and the battle of the sexes and in
coordination games, but only if the followers’ capacity for punishment is suf-
ficiently high. This approach is complementary to ours because it assumes
that there is competition between leaders and that followers blindly adhere to
their leader’s recommendation. The leader followers in our paper choose the
leader’s preferred action only if it is in their best interest.

Our paper is also related to works modeling leadership and the dynamics of
cultural norms (Hauk and Mueller 2015, Prummer and Siedlarek 2017, Verdier
and Zenou 2018). In these papers, the leaders have an objective function
that leads them to manipulate the diffusion of norms, and they care either
only about the long-run steady state (Hauk and Mueller 2015, Prummer and
Siedlarek 2017) or about both it and the cultural transmission path (Verdier
and Zenou 2018). In Prummer and Siedlarek (2017), leaders are Benevolent—
i.e., they care about the well-being of their followers. Hauk and Mueller (2015)
examine cultural dynamics in contexts with leaders who try to maximize the
number of people socialized to their trait (engage in proselytism) or with rent-
seeking leaders who try to maximize the overall level of socialization effort
exerted in their group and can manipulate cultural perceptions. The leaders
in Verdier and Zenou (2018) manipulate via provision of a group-specific public
good. These papers have active and optimizing leaders, while the leaders in our
model are simply stubborn agents with no concern for their followers (either
their number or their well-being). In addition, in these papers, everybody

follows some leader, and there is no network structure.

3 Model

Society in our model consists of N players located in a circle and of three
different types. Each player’s type is leader, denoted by L, leader follower,
denoted by LF, or crowd follower, denoted by C'F'. Each type plays a coordi-



nation game with her k& (even number) nearest neighbors in k£ games using a
single action x € {A, B}, where k includes the neighbors on both sides of the
player. In other words, each player plays with k/2 neighbors on her right and
k/2 neighbors on her left. We denote by n; the neighborhood of any player i.
The baseline utility of player ¢ from action x € {A, B} is given by

wrle) = 3 S ule ), ()

JEN;

namely, the average payoff from playing the same action with each player that
belongs to her neighborhood.
Action A is payoff (Pareto) dominant and action B risk dominant in the

coordination game, which has the following payoff matrix:

A B
A dd ef
B fe bb

where d > f,b>e, d>b, d+e<b+ f.

The L player cares only about the strategy she supports, which is her
dominant strategy.® LF and CF players receive the “baseline utility” from
the coordination games (1) and an additional utility that depends on their type
and the action of their neighbors. The LF player has utility u; (x)+ar I, when
taking action x. Here, I, is an indicator function taking the value 1 if she uses
the action of the leader closest to her and 0 otherwise, and oy, > 0 reflects the
charisma or influence of the leader L.

The C'F player has a neighborhood of reference, comprising the %k closest
players on the left and right with whom she plays the coordination games. Her
utility from action z is w; () + ack, /k, where k, is the number of her k closest

neighbors taking action x and ac > 0 captures the relative weight given to

SFormally, we could assume that the leader obtains a payoff of 1 if she follows her sup-
ported strategy and of 0 otherwise and is unaffected by the baseline utility (1). Alternatively,
we could assume that the leader cares so much about playing her preferred strategy that
even if all her neighbors were using the opposite one, she would still obtain a higher payoff
from using her favorite strategy.

10



conforming with the reference neighborhood of their peers, “the crowd.””

Each L player is surrounded by [;, LF players on her left and [, LF players
on her right, where I, > k/2 is chosen randomly. All players who are not LF or
L are C'F. Define by lo the number of C'F' between two groups of LF players.
We assume that I > k is a randomly chosen even number. The combined
assumptions on lo and [ imply that the distance between two leaders is a
random even number of at least 2k.% The class (A or B) of the leader is also
random.

We first analyze the stationary steady states with these fixed types. Once
these stationary steady states are reached, we will allow for the possibility of
types shifting over time between C'F' and LF' if the payoff of one is higher
than that of the other. Before doing so, however, we briefly discuss our main

model assumptions.

3.1 Discussion of the main assumptions

One key feature of the model is that the interaction is local. The coordination
games are played only with the k£ closest neighbors in the circle; the L players
affect only LF players who are “nearby,” and the C'F' are concerned with
whether their actions are the same as those of their neighbors. Obviously, our
modeling of leaders as having only local influence is a simplification. Some
leaders do have local influence, and as discussed in the introduction, their
influence has been extensively considered in the contexts of vaccination and
epidemic containment, for example. However, there are indeed leaders with a
wider influence. We will see in section 10 that our framework can handle the
existence of global leaders without markedly changing our conclusions.

The other key assumption in our model is how we choose to model the
different player types and their location. Our L players are stubborn agents

who do not “choose” their strategy to entice more followers to opt for the

"Note that since the players are playing a coordination game, there is already a premium
for conformity. We introduce a¢ because it is important to understand the evolution of
players’ types in later sections.

8We assume that this distance is an even number to prevent players from having two
closest leaders.

11



leaders’ own path. It is simply that they are “born” with an opinion and they
stick to it. They may be better or worse at being followed (i.e., they can have
lower or higher “charisma”), but this is not a conscious choice. Thus, our L
players are closer in spirit to citizen candidates (Besley and Coate 1998) than
to professional politicians (Barro 1973). Canes-Wrone, Herron, and Shotts
(2001) show that high-quality leaders, those with superior information, always
signal truthfully even if doing so runs counter to voters’ current opinions.
There is also very good experimental evidence that leaders who change their
positions to fit the situation are punished by followers (Tomz 2007).° We can
conceive of leaders in the sense of the famous quote from Harry Truman: “To
be able to lead others, a man must be willing to go forward alone.”

Our modeling of two types of agents, leader followers and crowd followers,
is motivated by the fact that sensitivity to leadership can vary considerably
across the population. We will see that even crowd followers are affected by
leadership because of their need to coordinate.!®

The location and identity of leader followers LF can be rationalized as
follows. Some players have an “innate preference” for action A or B. All else
equal, they receive an extra payoff if they choose this preferred strategy, which
we call ap. Clearly a good leader L is capable of delivering a higher o, but
this is also an “innate” parameter of leader L—her “charisma.” Knowing that
other A- or B-loving players are likely to place themselves close to leaders
L espousing the corresponding strategy and that the former also care about
their neighbors’ choices, LF players accordingly choose locations close to their
like-minded leaders. This assumption has empirical support: Connaughton
and Daly (2004) and Meirovich and Ashita (2021) show a close association be-
tween identification with a leader, trust, and physical proximity, for example.
In a context such as ours where there is also a need to coordinate activities,

there is a reinforcing mechanism: By locating close to other supporters of

9Early in his paper, Tomz (2007) recalls, “In the second debate, for example, Bush
stated that he did not see how Kerry ‘could lead this country in a time of war, in a time of
uncertainty, if [Kerry| changed his mind because of politics.” A country at war, he argued,
‘requires a president who is steadfast and strong and determined.”

10We could add more types of players with other levels of sensitivity to leadership, but
this would clutter the results while adding little insight.

12



leader L, players can play like L, and the players close to them are more likely
to coordinate. The C'F' players have no such preferences, so it is fine with
them to be in more neutral territory further away from L players. The mech-
anism whereby this location outcome is implemented need not be particularly
complex. If the space close to leaders L is allocated by means of an auction or
a contest, the LF players would very naturally win those spaces. In addition,
Van Huyck, Battalio and Beil (1993) show how a preplay auction mechanism
can serve to align actions in a coordination game.

The other important distinction is between the LF players, who obtain a
boost only by imitating the L player, and the C'F' players, who receive a boost
by imitating their peers. We believe that this is a realistic feature of human
interaction: We are a hierarchical species, but the group also matters to us. As
we mentioned earlier, these concerns are probably present to different degrees
in all people, but we simplify the analysis by assuming that only either concern
with imitating the leader or concern with imitating one’s peers is relevant at

a given point in time for a specific person.

4 Stationary states with fixed types

We first analyze the stationary states of a dynamic process in which, at time
t = 0, the LF players play the action of their closest leaders and C'F players
take a random action.'' From this period onward, every player best-responds
to the actions of the players relevant to her in the previous period. The
types of the players stay fixed throughout. The best-response dynamics there-
fore determine whether a leader is successful, i.e., preserves loyal followers in
steady state. We now show that while the success of leaders espousing the
risk-dominant strategy (B-leaders) is guaranteed in steady state, leaders es-
pousing the Pareto-dominant strategy (A leaders) might lose the loyalty of
some or all their followers, and we discuss the consequences for steady-state

play. Proposition 1, the main proposition in this section, is:

1We think this is the relevant initial condition since it converts the agents we label
leaders in our model into real leaders by giving them at least an initially “loyal” followership
choosing the action proposed by the leader. Otherwise, the leaders in our model would be
indistinguishable from stubborn agents who always play the same strategy no matter what.

13



Proposition 1 Suppose that d+e+2ap < b+ f — w. Then, if there
1s at least one B leader, everyone converges to playing B except the A leaders.

Suppose that b+ f > d+e+2a;, > b+ f — W. Then, every-
one converges to playing B except the A leaders and the players between two
consecutive A leaders, who can converge to all playing B or all playing A,
depending on initial conditions.

Suppose, on the other hand, that d+e+2ayp > b+ f. Then, the LF regions
next to A- and B leaders play the same actions as their leaders. The CF
players between a B leader and an A leader converge to playing B. Moreover,
CF regions between two consecutive A leaders can converge to all playing B

or all playing A in a stationary state, depending on initial conditions.

This proposition is proved with a sequence of lemmas, all of which refer to

outcomes in stationary states.!?

Lemma 1 All LF players with a B leader always follow their leader choosing
strateqy B.

Lemma 2 Ifd+e+2ap > b+ f, all LE players with an A leader follow their
leader choosing strategy A.

Lemma 3 All CF players located in an area where at least one of the leaders

1s a B leader choose strategy B.

Lemma 4 Any B cluster of CF can invade the LF region of an A-leader

until it runs into that leader if
d+e+2a, <b+ f (2)

and jump to the LF followers on the other side of the leader if

2(d — _
dtet2a;<b+f— 21 f]:b ). (3)

in which case all the LF players of the A leader will switch to strateqy B.

12A]] the lemmas in this section are formally proven in Appendix A.
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Lemma 5 There is no stationary configuration that is not a cluster of all A

or all B among CF players between two A leaders.

We now provide an intuitive discussion of how Proposition 1 follows from
the lemmas and why they are important.

First, we start with Lemmas 1 and 2, which relate to the limit behavior of
LF players. To understand whether LI players stay loyal to their leader, we
have to look at the most distant and therefore most exposed LF', who is the
LF sitting at the boundary between the LF and the C'F players. In the initial
round, all the LF players following the same leader play the same strategy,
but the C'F' players can play a different strategy; therefore, the most exposed
LF will have at least half of her neighbors playing the same strategy that she
plays and at most half of her neighbors playing the other strategy. Loyalty
to the leader is guaranteed if the most exposed LF still best-responds with
the strategy proposed by her leader even in the worst-case scenario, when all
her neighboring C'F' players play the other strategy. By the definition of risk
dominance, this is always true for the most exposed LF with a risk-dominant
leader; however, the most exposed LF of a Pareto-dominant and therefore risk-
dominated leader requires a sufficiently high payoff from following the leader
to maintain her loyalty; in other words, the A leader must be sufficiently
charismatic.

Second, we study how C'F players behave under a B-leader, as per Lemma
3. The conditions in Lemmas 2 and 1 for full loyalty to the leader depend
only on the most exposed LF player in the circle and therefore extend to
other interaction structures where we could have one or more of these most
exposed players, e.g., an interaction structure in which all LF players play half
of their coordination games with other LF' players following their same leader
and play the other half of the games with random members of society. The
conditions ensure that LF-led regions are immune to invasions of the strategy
not proposed by the respective leader. However, will the strategy played by
the LF players spread to the C'F' regions? Risk-dominant play will spread
from LF to C'F regions since the boundary C'F player has at least half of her
neighbors playing the risk-dominant strategy (namely, all her LF neighbors),

which by definition makes risk dominance the best response.
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The third case relates to CF players between A- and B-leaders, as in
Lemma 4. From the previous lemmas, all players between two B leaders end
up always playing strategy B. What happens in areas between a B- and an A
leader? We have already established that all LF" players under the B leader’s
influence and all C'F’ players choose strategy B. When can risk-dominant play
invade the adjacent A-led region? Clearly, this occurs when the most exposed
A-led LF does not stay loyal to her leader because the leader is not sufficiently
charismatic. This will unravel to all A-led LF' players being located on the side
of the leader from which the B invasion occurs. In this case, all LF' players
of A leaders located between two B leaders will be invaded by risk-dominant
play.

What happens if the A leader is located between a B leader and another
A leader? Will she be able to serve as a barrier to protect her LF players on
her other side (who are located between two A leaders) from the invasion of
risk-dominant play triggered by the B-led region? Now, the most exposed LF
is the player located directly next to the invaded A leader but on the other
side of the invasion. Since the A leader is stubbornly playing strategy A, the
most exposed LF' player has two more neighbors playing the Pareto-dominant
strategies than neighbors playing the risk-dominant strategy. Whether the
invasion occurs now depends not only on the leader’s charisma oy but also on
the size of the neighborhood k. If £ = 2, there cannot be any invasion because
the leader serves as a complete barrier against the risk-dominant invasion:
Both neighbors of the LF player located next to the A leader on the other
side (that is, both the A leader and the neighboring LF' player) play strategy
A, and therefore this player’s best response is to stick to strategy A. When
the size of the neighborhood grows, this player will encounter LF' players on
the other side of the leader who have been invaded by risk-dominant play. The
larger the neighborhood, the easier is it for the invasion to jump the barrier of
the leader, which can only be prevented by the leader’s having sufficiently high
charisma. Lemma 4 states the exact conditions under which risk-dominant
play from a C'F' risk-dominant cluster spreads to an A-led LF' region.

Under condition (3), an A leader whose closest leaders are of different

classes cannot serve as a barrier against a one-sided B invasion. Moreover,
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risk-dominant play will spread to the other side of the A leader and convert
not only all of her followers but also the C'F players next to the A-led area,
who will then invade the LF players of the adjacent A-led region. The invasion
will jump to the other side of the A leader and will continue to spread until all
CF and LF players play strategy B. In steady state, everyone plays B except
the A leaders.

If condition (3) is violated but condition (2) holds, an A leader whose
closest leaders are of different classes might serve as a barrier against the
invasion of risk-dominant play initiated by the B-led area, but risk-dominant
play may still originate from the C'F’ players located between two A-led areas.
Whether this happens depends on the random initial conditions that affect
the first-period choice of C'F' players located between two A leaders.

The final case is that of C'F players between A-leaders, as in Lemma 5.
If the C'F players between two A leaders settle on a risk-dominant cluster,
risk-dominant play will spread to the LF players between two A leaders if and
only if condition (2) holds. If, on the other hand, the C'F' players between two
A leaders settle on a Pareto-dominant cluster and condition (3) is violated,
everyone between the two A leaders will choose the Pareto-dominant strategy.
Hence, at intermediate levels of leader charisma (if condition (3) is violated
but condition (2) holds), the players located between two A leaders will all
play the same strategy; whether it is the Pareto-dominant or risk-dominant
strategy is determined by initial conditions. Hence, LF players of A leaders
may stay loyal to their leader, but the only role of the leader is to serve as an
invasion barrier. The loyalty itself is driven by the random initial conditions
that make C'F' players converge on A.

At high levels of leader charisma, the LF players stay fully loyal to their
leader and are no longer affected by C'F players between two A leaders, who
will converge randomly to an A or B cluster.

To understand Proposition 1, let us consider the possible cases.

If the neighborhood parameter &k is sufficiently large, there are three pos-

sible outcomes in a steady state of this game.

1. At a sufficiently low impact of leadership «j, only the risk-dominant

strategy B is capable of surviving.
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2. At intermediate oy, there is a possibility of the Pareto-dominant strat-
egy A surviving, but this can occur only in regions between two adja-
cent A leaders and if the initial conditions happen to be conducive, in
the sense that sufficient C'F' players played strategy A as their initial
random action. Even between two A leaders, initial conditions may fa-
vor convergence to all-B play. In all other regions, everyone plays the

risk-dominant strategy B.!3

3. Finally, if the value of leadership is high enough, then with certainty the
LF players play the same strategy in the coordination game as their clos-
est leader all the time. In addition, the C'F players in between A leaders
can converge to playing the Pareto-dominant strategy A under appro-
priate initial conditions. All other C'F players play the risk-dominant
strategy B in the limit.!*

A key aspect of this result is that once a sufficiently large cluster of agents
playing one strategy or the other forms, the action happens at the boundaries
of the cluster. This is why risk dominance is so important. Someone at the
boundary has half of her neighbors playing one strategy and half of them
playing the other. In the absence of extra elements, such as leadership, risk
dominance would take over the population. This explains why, in Proposition
1, clustering and relatively strong A leaders are crucial for the survival of the
Pareto-dominant (but risk-dominated) strategy in the limit. Propagation of
the risk-dominant strategy does not rely on leadership as much since norm
following and even the pure dynamic reaction over time are sufficient to keep
this strategy in play.

The proposition does not mention the possibility of limiting states that are
not stationary. There can be some of those between A leaders. For example,
when k =2 and d + e 4+ 2a;, > b+ f, one can have a limit state in which the
CF players between two A leaders fluctuate between ABABABAB....AB and
BABABABA....BA. The literature on chaotic dynamics usually calls such

13These results also hold at low oy, and sufficiently low k.

“Note that ac does not play a role in the results of this section. This is because the
coordination game already provides the premium to play the action more prevalent in the
neighborhood of a C'F player.
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states “blinkers”. They are a curiosity, but even if they exist, they do not
qualitatively challenge our argument since, as we now show, such blinker states
have a relatively large amount of A play.

Lemma 6 The absorbing sets in which there is any A play must have at least
50% A play.

Proof. In any state of an absorbing set, there cannot be any cluster with
more than k/2 players using strategy B. In between those clusters, the sets
that can survive with A play must have at least k/2 players using strategy
A or they will be completely eliminated. Thus, there must be at least equal

numbers of A and B players in the limiting states.

5 Stochastic stability

In Proposition 1, we saw that for d + e + 2o, > b+ f — W> there are
multiple possible stationary states between two A leaders. A natural question
in this context is whether one of those steady states is more likely to emerge in
the long run. Borrowing techniques from Young (1993) and Kandori, Mailath
and Rob (1993), one can answer that question if the evolution of strategic
choice has some randomness. Rather than best-responding to the actions of
other agents in previous periods, the agents best-respond to their environment
with probability 1 — ¢ and choose the alternative action with probability €. In

this case, the result is straightforward to show.

Proposition 2 Suppose thatb+ f > d+e+2a;, > b+ f — w. Then,
the limit distribution of play between two consecutive A leaders as ¢ — 0 gives
probability one to all players choosing B.

Suppose, on the other hand, that d + e + 2a, > b+ f. Then, the limit
distribution of play between two consecutive A leaders ase — 0 gives probability

one to all crowd followers choosing B and all leader followers playing A.

Proof. See appendix. m
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The steady state with all-A crowd followers is still interesting because,
if one starts from a steady state with all A, the transition time to an all-
B situation with very small € should be very long and the kind of social
phenomena that we are interested in are likely to not last an exceedingly long

amount of time.

6 Steady states for the evolution of types

In this section, we study the evolution of types after convergence to a station-
ary steady state over strategies in the coordination games has been reached.
Even in one of the most extreme, and often pathological, versions of leader-
followership, cult following, the literature (Bainbridge and Stark 1979, Rous-
selet et al. 2017) has long established that individuals come in and out of the
cult. In the process, they consider the costs and benefits of doing so. Obvi-
ously, there is an attachment benefit (our 1) lost upon an individual’s moving
out of the cult. However, life outside a cult could be more in sync with that
in the rest of society (our ), with one’s actions potentially better matching
those of one’s peers. This reasoning with respect to the decision of whether
to follow a leader of course extends to more standard leadership situations.
The literature has explored this issue, and it is quite complex (Vilikangas,
and Okumura 1997, Messick 2004, Liborius 2014); however, our simplified
model captures important elements of the observations made in the empirical
literature.

To be precise, we assume that a C'F' can become an LI if the payoff of a
C'F in the stationary steady state, at the player’s current position and given
the current population state, is lower than that of an LF and vice versa. In
other words, players choose the type expected to maximize their utility in the
current period.

In our study of the evolution of types, the premium given to crowd following
becomes important. To clarify why, we compare the conditions under which
a C'F does better or worse than an LF' playing the same strategy in the

coordination games.
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Lemma 7 An LF following her leader outperforms a C'F playing the same
strateqy as the leader iff
arp > x_]faCa ) (4)

where xy is the number of neighbors playing the same strateqy as the player

under consideration.

Proof. Since the LF and C'F play the same strategy, they obtain the same
payoffs from playing the coordination games, while the LF additionally obtains
o, since she follows her leader and C'F’ obtains an extra payoff from conforming
to the crowd Ztac. The strategy with the higher extra payoff outperforms the
other strategy. m

Lemma 7 states that the extra payoff from leader following must be higher
than the extra payoff from crowd following weighted by the proportion of
people playing the strategy in the neighborhood. If o = 0, then by Lemma 7,
an LF always outperforms a C'F playing the same strategy, so the introduction
of the a¢ parameter allows the types to be more balanced.

We want to understand whether the evolution of types favors or harms
Pareto-dominant play. Here, we summarize our results; the exact propositions
and their proofs can be found in Appendix C. We distinguish the different
stationary steady states with fixed types and discuss the new steady states that
can be reached when types can evolve. In the exposition, leaders’ strategies
are set in blackboard bold font (A or B), LF players’ in bold font (A or B),
and CF players’ in italic font (A or B).

First, observe that the evolution of types does not change risk-dominant
play between two risk-dominant leaders but does convert all the C'F' players

into LF players or vice versa.

BB...BB.....BB...BB for a; > a¢

BB..B B...... B B..BB — letletr
- T BB...BB.....BB...BB for af, < ac
L e} L -~
lp+Ho+r

Nor does the evolution of types change the risk-dominant play between

a risk-dominant and a Pareto-dominant leader with low charisma, i.e., when
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d+e+2ap <b+ [ .

AB...BB..BB.BB...BB for a;, > ac

AB.B B....B B.. BB — tsle  li+sle
N o 1 AB...BB.....BB...BB for ay, < ac
lL+;g+lL

The players whose closest leader is the Pareto-dominant leader will convert to
C'F since risk-dominant play is their best response.

However, when leaders are highly charismatic, i.e., when d4+e+2ay > b+ f
such that with fixed types their LF players stay loyal to them, when types can
evolve, Pareto-dominant play will increase if the benefit from crowd following

is not too high and will be harmed otherwise.

e Ford+e+2ar,>b+ f+ac

AA..AA..AB..BB...BB for oy > a¢

lL-:%lc lL+%lc
AL A B BB BB ¢ A4 AA.AB.BB..BB for a; < ac
le lC le l[pi»%lc lL+%lC

Observe that when types can evolve, the most vulnerable type playing
the Pareto-dominant strategy is an LF playing A just at the boundary of
an all-B cluster played by C'F' players. When d + e+ 2ap > b+ f + ac,
this most vulnerable LF-A player does not want to switch to C'F-B
but starts to invade the CF-B cluster. In this case, all players will
choose the same strategy as their closest leader. They will all be LF" iff
oy > ac. Otherwise, the players closest to their leaders will be C'F' while
those furthest away from the leader will be LF. The latter are close to
the border between payoff-dominant and risk-dominant play and hence
prefer to follow the leader and not the crowd since one section of their

neighbors plays the other strategy.

e Forb+ f <d+e+2a; < b+ f+ac, the CF-B cluster starts to invade
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the LF-A cluster; hence,

AB...BB..BB..BB...BB for a; > a¢

~ A

AA..A B...B B..BB— litzle  ltgle
= T AB...BB.....BB...BB for a; < ac
lL+;;+lL

Similarly, when types are allowed to evolve, an excessively high ac may
harm Pareto-dominant play between two A leaders. In this case, in the sta-
tionary equilibria with fixed types, the C'F' players either converge to all-A or

all-B play. In the former case, we obtain the following:
e For a¢ high, Pareto-dominant play is eliminated:

AA. A A..A A.AA — AB...BB.....BB...BA
= = S

~~
lL lc lL lL+lC+lL

AA.A B...B A..AA — AB..BB.....BB...BA
= = N %

~~
lr, lo lr, lp+Hle+lL

e For low a¢, Pareto-dominant play always survives:

( AA..AA.... AA._AA for a; > ac
lL+;;+lL
AA. A A.AAA A. A for (a—c + a—c) < ap < ac
AA..A A...A A.AA — e Nl D S 2 k
! I I <lL >lc' <lL
e - AALAA. L AAAA for af < (2 + 2<)
\ I +lo+

or is even created:

AA..AA.....AA..AA for a; > ac

AA.A B...B A..AA — lHe+HL
—~ T~ AA..AA.... AA..AA for ap < ac
L C L ~
lL+lc+lL

In short, the evolution of types can affect Pareto-dominant play only if

leaders are sufficiently charismatic. In this case, if a¢ is low, the evolution of
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types can increase Pareto-dominant play. However, if a¢ is high, the evolution
of types can further harm Pareto-dominant play. A higher a¢ reinforces the

advantage of risk-dominant play.

7 Relative importance of A and B leaders

We have claimed that leadership is less important for the long-run survival
of the risk-dominant but Pareto-dominated strategy B than for the Pareto-
dominant but risk-dominated strategy A. To explore the extent to which this
matters, we study what happens when the charisma of leaders disappears. In
particular, we analyze the case where o, = 0 and o, > 0 and then observe

what happens for oy, > 0 and oy, = 0.

Lemma 8 The stationary steady states with fixed types as described in Propo-
sition 1 are unaffected when ar, =0 and ar, > 0. However, when oy, =0
and ar, > 0, payoff-dominant play can occur only between two consecutive A
leaders when d4+e > b+ f — w and initial conditions are favorable for
the CF followers.

Proof. Observe that even when a, = 0 when types are fixed, all LF' players,
including the furthest away from a B leader, will follow this leader choosing
strategy B simply because B is risk dominant (see Lemma 1). On the other

hand, when types are fixed, unless the A leader has a minimum of charisma,

b+ f—(d+e)
2

from this A leader might not follow her and may deviate to the risk-dominant

namely, ar, > op, = (see Lemma 2), the LF players furthest away
strategy, which will unravel to the LF" closest to the A leader. The remainder
of the lemma follows from setting o, = 0 in Proposition 1. =

Given this result, to understand the implications of o, = 0 for the evolu-
tion of types, we need only to evaluate how this assumption affects Propositions
8 and 9 when ar, > 0. It is easy to see that, with ay,, = 0, the only difference
with respect to the previous results is that, in regions close to B leaders, there
will be C'F' players because B leaders can no longer attract LF players. How-
ever, strategy A still cannot invade regions with a B leader: These regions

will be populated by C'F' players playing B. This is so because a C'F' playing B
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does better than a C'F playing A when half of her neighbors are playing B and
half are playing A.While the existence of B leaders guarantees the formation
of risk-dominant clusters, their charisma, i.e., how attractive they are, does
not matter for the choice of actions.

On the other hand, since o, = 0 already affects the steady states when
type are fixed, it also has important implications for the survival of all-A
regions when types can evolve. Introducing this assumption into Proposition 8,
we learn that an all-A cluster between two A leaders can survive the evolution
of types with everybody becoming a C'F' between the two A leaders only if
the payoff from rule following is sufficiently high. In particular, condition (9)
needs to hold, which leads to

E(b+f—(e+4d))

5 —(d—f+b—e).

ac > ac =

The above results allow us to establish the following remarks, which provide

further insights.

Remark 1 The risk-dominant action B is always guaranteed to survive as
long as there is a B leader somewhere, while the risk-dominated action dis-
appears if ay is low, and its expansion is always limited by the existence of
a B leader. In other words, the risk-dominated action can never infiltrate re-
gions where the closest leader is a B leader. The B leader is a shield against

infiltration no matter how charismatic A leaders are.

Remark 2 If there were only A leaders, then, at sufficiently high oy, the

stationary steady state could converge to the whole population playing A.

8 Policies to maximize payoff-dominant play

In this section, we examine different strategies that an authority might use to
maximize A play. We first study the optimal distribution of a fixed amount of
charisma among A leaders. Then, we allow the authority to strategically either
remove or place a leader. These instruments may seem rather abstract, but

there is a growing interest in the development literature in policies targeting
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community leaders to effect behavioral change in their communities (see, e.g.,
Valente and Pumpuang 2007 and Vyborny 2021), and our framework can

inform the implementation of such policies.

8.1 Optimal distribution of charisma

Assume that the amount of charisma oy, is specific to each leader and is also
a choice variable of the authority, who has at her disposal the total amount of
charisma A = ), a,,. We analyze how A should be distributed if this principal

wants to maximize the amount of A play in the stationary state.

Lemma 9 Charisma should be distributed to mazimize the number of A lead-
ers for whom of = (b+ f — (e +d)) /2 and should be given to A leaders with
the highest l,. Moreover, consecutive A leaders should be favored to receive

Qg .

Proof. By Lemma 2, aj is the minimum amount of charisma that ensures
that all leader-followers stay loyal to their A leader in the stationary steady
state. Additional amounts of charisma will not lead to additional limit A play.
In addition, lower amounts are not enough to keep the leader’s followers with
her, so they are not useful for the objective of the principal. The higher [,
is, the more A play due to LF players. By Lemma 5, for sufficiently high
ar, CF regions between two consecutive A leaders in a stationary steady
state converge to either playing all A or playing all B, depending on initial
conditions. Hence, if the A leaders are consecutive, there is a probability that
the crowd-followers between them also converge to playing A. m

Since lc is also random in our model, a question arises: namely, how to
allocate charisma if there is a choice between different pairs of consecutive A
leaders. This is complicated by the fact that there is a tradeoff. One can
choose A leaders with a high o between them. If play converges to an all-A
state, this involves a larger number of A players. On the other hand, with a
high s, there is a higher likelihood of an initial cluster of B play that then
leads to an all-B state. Indeed,
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Proposition 3 From a random initial condition between two A leaders, if the
distance between them becomes sufficiently large, in a stationary steady state,

all CF players converge to playing B.

Proof. If a k-cluster of B players forms, all players end up playing B. The
chance of a k-player cluster forming at random at ¢ = 0 increases as the
distance between two A leaders grows. m

In section 8.3, we explore in depth the tradeoff between the probability of

convergence to all A and the number of players using A in the limit.

8.2 Removal of leaders

Suppose that a social planner considers removing B leaders to increase the
amount of A play.’® To avoid the simplistic case where all B leaders can be
removed, suppose that she can remove only one leader.

Suppose that one B leader can be removed after play in the game with
fixed types has reached the steady state or after the game with evolving types
has reached the steady state.!® Since the leader has been active before, now,
in the first round after the removal, the LF types remain as LF', and the CF

players remain as C'F’ but reoptimize the strategy in the coordination game.

Proposition 4 The removal of a B leader after the game with fized types or
evolving types has reached a stationary steady state makes a difference to the
final outcome only when d + e + 2a, > b+ f + ac, implying that (11) holds
and at least one of the leaders closest to the removed B leader is an A leader.

1. If the removed B leader was located between two A leaders, all players

formerly under the influence of this B leader play A.

2. If the removed B leader was located between an A- and a B-leader, the
number of players using A will grow in the new area of influence of the
A leader.
15One alternative policy that produces qualitatively similar results is to reconfigure the
network such that an A leader is proximate to a B cluster of LF players.

16In Appendix E, we study the case where the leader is removed at the beginning of the
game.
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Proof. See Appendix D. m

The following corollaries are immediate consequences of Proposition 4:

Corollary 1 The best candidate for removal of a B leader located between two

A leaders is the one at the greatest distance from these two A leaders.

Corollary 2 The best candidate for removal of a B leader between an A leader
and a B leader is the one resulting in the largest new area of influence of an

A leader who was the unique closest A leader of the removed B leader.

Corollary 3 The overall gain in A play is greatest with the removal of a B
leader between two A leaders if the area of influence of this B leader is larger
than the largest new area of influence of an A leader who was the unique A
leader closest to the removed B leader. Otherwise, the unique A leader should

be removed.

Observe that, independently of the timing of the removal of the B leader,
the removal of a B leader between A leaders might enhance all-A play. If A
leaders are sufficiently charismatic (o, is large), then this is guaranteed if the
removal happens either after the steady state in strategies is reached with fixed
types or after the steady state of the evolution of types is reached. In both
cases, the greatest impact emerges if the B leader who is removed is located
between the two A leaders who are furthest apart. If the removal of the B
leader happens at the beginning of the game (see Appendix E), whether A
play is enhanced depends on initial conditions. By Proposition 3, this is more
likely the closer the two consecutive A leaders surrounding the eliminated B
leader are located. Of course, at the same time, if these two leaders are close
to one another, the number of affected players is smaller.

If A leaders are sufficiently charismatic («ay, is large), A play also grows if a
B leader located between an A leader and a B leader is removed either after the
steady state in strategies is reached with fixed types or after the steady state
of the evolution of types is reached. The area of influence of the neighboring
A leader will grow, and everybody in this area will play the Pareto-dominant
action. Hence the size of the growth of Pareto-dominant play corresponds to

the size of the increase in the area of influence of this neighboring A leader.
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8.3 Strategic placement of leaders

Suppose again that a social planner wanted to increase the number of people
playing the Pareto-efficient outcome A and could strategically place a fixed
number of A leaders in the circle. What would be the optimal location of
those leaders? Since, from Propositions 1 and 8, A play by nonleaders can
occur in steady state only when A leaders are sufficiently charismatic, this
question is relevant only when d + e + 2a;, > b+ f — w. We start our
analysis with the case in which leaders are highly charismatic. We allow types

to evolve as in section 6.

Proposition 5 Suppose that d + e + 2ap > b+ f + ac, i.e., that condition
(11) holds and there are at least two A leaders to be placed. Then, one way to
maximize A play is to place all B leaders in a cluster next to each other at the
minimal possible distance and place on each side of the cluster an A leader at

the minimal possible distance from the B leaders limiting the cluster.

Proof. If condition (11) holds, by Proposition 9, everybody plays the same
strategy as their closest leader. Hence, A play is maximized by minimizing
the area of influence of B leaders. m

If condition (11) is violated, A-play after the evolution of types can be
achieved in steady state only between two consecutive A leaders and requires
favorable initial conditions. Now, there is a first decision as to the optimal
distance between the A leaders trading off the probability of converging to
all-A play and the area of influence of the consecutive A leaders. Assume that
the planner has solved this tradeoff,!” and call this optimal distance h*. Then,
the only remaining question is the relative position of the A leaders among

themselves and other B leaders.

Proposition 6 Suppose that b+ f+ac >d+e+2ap > b+ f — W.

The location of A leaders that mazximizes the possibility of A play is a cluster

of them next to one another at distance h*.

1"We deal with this optimal tradeoff in detail in section 8.3.1.
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Proof. Taking an A leader surrounded by B leaders and placing her next to a
cluster of A leaders clearly increases the likelihood of steady state A play. The
reason is that an isolated A leader never induces A play but two consecutive
A leaders might do so. Similarly, merging two clusters of A leaders increases
the likelihood of A play at the new boundary between the two clusters. m

Clustering leaders of the same class always maximizes the probability that
the Pareto-efficient outcome is reached. However, the reasons for clustering
and the optimal distance between leaders depends on their charisma. If leaders
are so charismatic that, after the evolution of types, everybody in the leaders’
area of influence chooses their preferred action, the area of influence of B
leaders should be reduced to the minimum. For less charismatic leaders, A
play requires clustering of A leaders at the distance that optimally resolves
the tradeoff between the area of influence of the A leaders and the probability
of converging to all-A play.

8.3.1 Optimal placement of leaders: An explicit characterization

To give a more concrete illustration of how this tradeoff between the probability
of converging to all-A play and the area of influence of the consecutive A
leaders works, we study the optimal placement in detail. We then study its
comparative statics. The free parameters in our model are the number of
neighbors k, the number of crowd followers [, and the numbers in the payoff
table for the game. The influence of the numbers in the payoff table can
be summarized in m, the minimum number of extra players choosing A that
would lead a player to prefer playing A when k/2+m neighbors choose A and
the rest choose B (m must be even in our model). Note that m can be defined
as the smallest even natural number for which (5) holds.

d+e>b+f—m(d_fk+b_e). (5)

Then, let p (Ic, k, m) be the probability that a cluster with at least k/242—
m/2 playing B forms at time zero among C'F' players. Observe that if a cluster
of C'F players with at least k/2+2—m/2 playing B forms, then we are guaran-
teed to converge to all B from the initial condition. We argue heuristically (in
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Appendix F) that maximizing the objective function (1 — p (¢, k,m)) lc over
lc will generally yield an upper bound on the optimal [, and it is a feasible
number to characterize.!8

Proposition 7 Assume that the objective function is (1 — p (lo, k,m)) l.; then,
there is generically one I}, (k,m) that mazimizes the objective. The I% (k,m)

increases with k and decreases with m.

Proof. See Appendix F. m

The explanation for why [f (k,m) decreases with m is straightforward.
With a larger m, the advantage of the risk-dominant strategy is larger. A
smaller cluster of B players can invade because B is a best response with
a lower probability of B play. Hence, there are many more possible initial
conditions from which all-B play in the limit can be attained. For k, the
reason is that the clusters that are needed to start a successful invasion are
larger when k grows and the likelihood of their forming randomly at time zero

is smaller.

9 Interaction in a lattice

Up to now, we have assumed that players interact in a circle. We now discuss
(informally; for a formal discussion, see section G in the appendix) how our
insights with fixed player types extend to more general patterns of interaction,
a lattice with 2 dimensions, either infinite or folded around a three-dimensional
torus so there are no boundaries. In this case, we assume that each player
interacts with all players who are fewer than n steps away in each of the 2
dimensions. Hence, (2n+1)? — 1 = k is the total number of neighbors for any
player.

Note that, with a lattice, it is no longer true that the risk-dominant equi-

librium always invades the population in a simple coordination game where

18Part of the reason why this is so is that some initial conditions will go to blinker states
in the limit. At small &, it is not too difficult to deal with these cases, but for a general
treatment of k, it is very complicated to completely characterize all initial conditions that
lead to blinker states.
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players best-respond to the population choices from the previous period. The
reason why risk dominance is so powerful in a linear environment (the circle)
is that the players at the boundary between clusters have half of their neigh-
bors playing each strategy. (Recall that a risk-dominant strategy is defined
precisely as the strategy that is a best response when half of the population
uses it.) In a lattice, the neighborhood structure is different. In case some
A clusters and some B clusters form, at the linear boundary between clusters
of these two types, each person would interact with n(2n + 1) players of the
different type and n(2n + 3) of the same type. For example, with n = 1, we
have a two-dimensional lattice, and players interact with the neighbors who
are one step away in each dimension. Hence, the total number of neighbors
k= (2n+1)* — 1 = 8. At the linear boundary between an A and a B cluster,
each person would interact with 5 people of her own type and 3 people of the
different type. Hence, for players at the boundary of an A cluster, only % < %
of their neighbors are using the risk-dominant strategy, so risk dominance is
no longer a sufficient condition for the risk-dominant strategy to invade. This
indicates that the payoff-dominant strategy has a better chance of survival in

a lattice than in a circle.

Remark 3 The survival of A is easier in the lattice than in the circle because
exposure to outsiders is more limited. With more general interaction struc-
tures, Morris (2000) provides conditions under which risk-dominated strate-
gies may survive even in the absence of leaders. A key condition for a group
to be uninvadable is the exposure to external influence of the most externally

connected person in the group (relative to her degree of connections inside the
group).

10 Global leaders

We have assumed throughout the paper that L players have local influence.
This is realistic because some leaders do in fact have only local influence.
However, there do exist people with a more global followership. We now argue

that the existence of global leaders does not necessarily alter the qualitative
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conclusions of our paper. Assume there are two global L players, one choosing
action A and another choosing action B, whose action influences all LF" play-
ers. The influence of the global L player choosing A can be written as a§4,
and the influence of the one choosing B is af. It can be easily seen that the
model would now be equivalent to one where a local LF close to an A leader
would have utility u, + apls+ ozfAIA + afBIB. However, since Ig = 1 — 14,
this is equivalent to u, + (az + af4 — a¥P) Iy + afP. Similarly, for an LF
close to a B leader, her utility is u, + (az + of® — af4) Iy 4+ af“. Thus, the
new situation is analogous to one where A- and B leaders now have different
degrees of charisma. We have already studied the situation where leaders have
different charisma (in section 7), and it is clear that what matters is the sign
of a§4 —a$B. If the global A leader has higher charisma, it will make survival
of the A strategy more likely. Low charisma on the part of the global A leader,
on the other hand, might even destroy the chance of local survival of the A

strategy.

11 Conclusion

We have postulated a game in which leadership and norm following interact, in
an environment where individuals play a coordination game with local interac-
tion. We find that the survival of Pareto-efficient outcomes over time depends
heavily on clustering and on the existence and strength of leaders willing to
support the actions leading to those outcomes.

Several important extensions to this model could be considered. We as-
sume that people either follow leaders or follow their peers. Mixed motivations
could be important. The extent of peer influence is limited to a small environ-
ment, consistent with evidence about the cognitive limitations on the scope of
human relationship networks (i.e., Dunbar numbers; see e.g., Dunbar 1992 and
Dunbar and Shultz 2007). However, we have focused on particularly simple
network structures, where the evolution is relatively tractable. More com-
plex structures might produce interesting results. In particular, the effects of
leadership that can reach differently sized segments of the population seem

a worthwhile avenue for future research. In the same vein, a model that al-
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lows leaders to influence the size of their followership and compete with other

leaders for followers seems a fruitful avenue for future research.
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A Proofs of lemmas leading to Proposition 1.

Lemma 1: LF with a B-leader always follows her Leader in choosing
strategy B.
Proof. It suffices to look at the LF most distant from her B leader, who has a
payoff of at least % (bg + f%) + o, from choosing B and at most % (d% + e%)
from choosing A; thus, from b+ f > d + e, strategy B is the best response. m
Lemma 2: If d+e+2a;, > b+ f all LF players with an A-leader
follow their leader in choosing strategy A.
Proof. It again suffices to look at the LF most distant from the A leader.
She has a payoff of at least % (d% + e%) + ay, from choosing A and of at most
% (b% + f%) from choosing B, so from d + e 4+ 2a;, > b+ f, she continues to
play A. m
Lemma 3: All C'F players located in an area where at least one
of the leaders is a B-leader choose strategy B.

Proof. Take a C'F located next to a B-led region where all LF" players play

40



B by Lemma 1. Her payoff from playing B is at least % (bg + f%) + ac%. Her
payoff from playing A is at most % (d% + eg) + ac%. Hence, she will choose B
because b+ f > d+ e. By induction, all the C'F’ players next to a B-led region
flipto B. m

Lemma 4: Any B cluster of C'F players can invade the LF region
of an A leader till the invasion reaches the leader if d + e + 2o
< b+ f and jump to the LF players on the other side of the leader
ifd+e+4+2a, <b+ f— w in which case all the LF' players of
the A-leader will switch to strategy B.
Proof. We know that the LF most distant from her A leader facing a B cluster
invasion (from the left) has a payoff ¢ (d% + e%) + oy, from choosing A and of
% (b% + f%) from choosing B, so from d+e+2a;, < b+ f, she flips to playing B.
By induction, this frontier keeps advancing until it reaches the A leader. Now,
the LF to the right of the A leader has a payoff % (g + 1) + 7 (g — 1) + ar.

Her payoff from playing B is % (g — 1) + % (g + 1), so she flips if

2 (d — b—
d—|—6—|—2aL<b+f—( f;j 2

Lemma 5: There is no stable configuration that is not a cluster
of all A or all B among CF players between two A-leaders.

Proof. Take a C'F' player who is in a sector with x A neighbors and k — z
B neighbors. The payoff from A is w

W + oz(;k’Tx. A is better than B if

+ acy. The payoff from B is

x (f—e)tac
£t f)—(etb)+ 200 (6)

Suppose that 6 holds for an A sitting next to a B to the left of B. Then,
we will show that B wants to flip to A. Observe that the difference in the
neighborhood between A and B is that there is one person to the extreme left
of the A interval-—call her C—who does not belong to the B interval and one
person to the extreme right of the B interval who does not belong to the A
interval-—call her D—and A has B as a neighbor and B has A as a neighbor.
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Assume first that condition (6) holds.

Case 1. C'is A and D is A. Then, B has one more A neighbor than A, so
B wants to switch to A.

Case 2. C'is A and D is B. Then, B has the same number of A neighbors
as A, so B wants to switch to A.

Case 3. C'is B and D is A. Then, B has two more A neighbors than A, so
B wants to switch to A.

Case 4. C'is B and D is B. Then, B has one more A neighbor than A, so
B wants to switch to A.

By induction, this unravels to all players being C'F between two A leaders.

Suppose that (6) does not hold for an A sitting next to a B to the left of B.
Then, an analogous argument shows that A wants to flip to B. By induction,

this unravels to all players being C'F' between two A leaders. m

B Proof of Proposition 2

Proof. Take first d + e 4+ 2a;, > b+ f . From Proposition 1, we know that
the only stationary steady states have all C'F players choosing A or all C'F
players choosing B. To exit the state where all C'F' players are choosing A
toward a state where all C'F' players choose B, it is enough that a cluster of
mutants with k/2 + 1 players that plays B be created. On the other hand, to
exit the state where all C'F' players are choosing B toward a state where all
CF players choose A, we need at least half of the players between the two A
leaders to switch to A.

To see this, note that, in this case, there can never be a cluster of more
than k/2 — 1 B-C'F players together. This means that, next to any group of
k/2—1 B-CF players, there must be A-C'F players. To prevent their switching
back to B, these must number at least k/2—which means that, from the initial
position, there must be more A-C'F players than B-C'F players. This is in the
most favorable case where having one more neighbor playing A than B makes
A the best reply, which will not always hold.

Since the number of C'F players between two leaders is larger than k, the

number of mutations required to go from all A to all B is smaller than the
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number of mutations required to go from all B to all A. Then, from Young
(1993) and Kandori, Mailath and Rob (1993), the result follows.

The other case follows a similar argument.

In case the steady state is a blinker, as before, to shift from a blinker to
all B, only k/2 — 1 mutants are needed. On the other hand, we know from
Lemma 6 that at least half the population plays A. Hence, the number of
mutants needed to go from all B to a blinker will be larger than £/2 — 1. =

C Evolution of types

We first study leaders who are not sufficiently charismatic to keep all their
followers loyal. In this case, the evolution of types never increases Pareto-
dominant play but might harm it by converting some all— A regions into all-B

regions.

Proposition 8 Let d+ e+ 2ap < b+ f.

All-B regions before the evolution of types remain all-B regions after the
evolution of types. Within these all—B regions, everybody closest to an A
leader now is a C'F, while all players closest to a B leader are LF iff ap > a¢
and are C'F otherwise.

For all-A regions before the evolution of types, which can arise for d + e +
2a;, > b+ f — W, different cases apply:

1. They remain all-A regions after the evolution of types:

(a) Everybody becomes LF playing A if

d+e+2a;,>b+ f+ac (1—%) —Q(d_fl:b_e) (7)

and oy, > ac.

(b) All former CF players playing A continue to play A and partially
wmwvade the LF players playing A but do not reach all the way to the
A leader if (7) holds and ac > o > (5 + 3)ac. The first LF not
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to convert is the LF with the smallest y, where y is the number of
her neighbors playing B such that, by Lemma 7, condition (4) holds
forx, =k —vy.

(c) All players become C'F players playing A if
1 1
ag, < (5 + E) (676 (8)

4  2(d— b—
b+f<e+d+ozcE+( f]j 6). (9)

and

2. They become part of an all-B region after the evolution of types with only
CF when both (7) and (9) do not hold.

Proof.

Suppose that d+e+2ay < b+ f— W, implying that everyone except
the A leaders chooses strategy B before the evolution of types. Then, the LF
next to an A leader who played B will switch to a C'F' playing B because she
does not receive any benefit from following the leader but does obtain benefits
from following the crowd followers who all play the same strategy. For the LF
and C'F closest to a B leader, they choose to be LF by Lemma (7) iff o, > a¢
since z; = k because all neighbors play B.

Suppose that b+ f > d+e+2a; > b+ f — &
the regions playing B continue to play B, but the C'F’ players playing B will

%b_e). In this case, all
invade the LF' players who play B in regions next to an A leader because
these LF' players do not follow their leader and choose B, so they are better
off following the crowd. All the players in a B region who are closest to a B
leader will become LF iff o > ao since they are surrounded by only all—B
neighbors and become C'F' iff ap < ac.

Now, we study what happens to the regions between two A leaders who
converged to playing A before the evolution of types set in. We first study the
choice of the most exposed LF' player. For illustrative purposes and without
loss of generality, consider a sequence of leaders B, A, A and assume that
all-A play has been reached between the two A leaders. The most exposed LF
is the LF' to the right of the first A leader, who faces B play to the left of the
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A leader. Hence, all of her g neighbors to the right play A, while to her left,
the leader plays A and the remaining g — 1 neighbors play B. Therefore, this
most vulnerable LF prefers to remain an LF playing A instead of switching
to a C'F playing B if

d (k e (k b [k f(k ac [k
E(§+1>+E<§—1)+OéL>E(§—1>+%<§+1>+T(§—1),

which simplifies to (7).
This most vulnerable LF prefers switching to being a C'F playing A instead
of remaining an LF playing A if

d [k e [k d (k e [k ac [k
%(§+1)+E(§_1)+aL<E(§+1)+E(§_1)+7<§+1>’

which simplifies to (8).

If we combine (7) and (8), the condition to remain an LF' is

20, > max{ac <1+2>,b+f—(d+e)+ac <1_2) _2(d_fk+b—€)}'

k k
(10)
Note that, for this most vulnerable person, being a C'F' playing B is worse

than being a C'F playing A if

b [k f(k ac (k d(k e (k ac (k
E(§_1)+E<§+1)+?(5_1)<E<§+1>+E<§_1)+?(§+1
which simplifies to (9).

1. Assume that (7) holds and ay > a¢, which implies that (8) is violated.
Then, the most vulnerable LF' will remain an LF playing A. Moreover,
everybody between two A leaders becomes an LF' playing A since LF-A
dominates C'F-A even when all neighbors play A.

2. Assume that (7) holds and (8) is violated. Moreover, a, < a¢, so that, in
combination with (8) being violated, the parameter restriction becomes
ac > ap > (% + %)ac. In this case, the C'F players playing A invade
the LF' regions but do not take it over completely. The C'F invasion
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stops at the greatest distance k — y from the A (where y is the number
of neighbors in the B region of the A leader), satisfying ay > %ao,

which guarantees that condition (4) of Lemma 7 is satisfied.

3. Assume that (8) holds and (9) holds. The C'F players playing A domi-
nate both C'F' players playing B and LF players playing A, so everyone
becomes a C'F playing A.

4. Assume that (7) and (9) are both violated. Then, C'F' players playing
B dominate both C'F' players playing A and LF players playing A. The
most exposed player will switch to a C'F' playing B, converting her neigh-
bor into the most exposed player in the same position. By induction,
the former all-A region becomes an all-B region, with all players between

the A leaders becoming C'F' players playing B.

]

We next study leaders who are sufficiently charismatic to keep all their
followers loyal before the evolution of types. The next proposition shows that
the extra benefit from crowd following is crucial in determining whether the

evolution of types favors or harms the spread of Pareto-optimal play.
Proposition 9 Suppose that d+ e+ 2a;, > b+ f .

1. Suppose that
d+e+2a,>b+ f+ac. (11)

(a) If ar, > ac, all players will become LF' players following the strategy
of their closest leader.

(b) If a, < ac, all players will play the same strateqy as the closest
leader in the coordination game, but some will be C'F and some

will be LF, in particular:

1. All players located between two leaders of the same class will be
CF.

46



1. For players located between two leaders of different classes,
those furthest away from their closest leader will be LEF, im-
itating their leader, while those sufficiently close to the leader
will be C'F, choosing the same strategy as their closest leader.
By Lemma 7, the number of neighbors x) who play the same
strategy in the coordination game as the player in question is
defined by the lowest xy, for which condition (4) is violated.

2. If (11) does not hold, so that
b+ f+ac>d+e+2a,>2b+f,

all players between two B leaders will play B and are LF iff ap > a¢
and are C'F otherwise. All players between two leaders with different
strategies will play B in the coordination game where everybody closest
to an A leader becomes a C'F', while all players closest to a B-leader are
LF iff ap > ac and are C'F otherwise. All players between two B leaders
will also play B and are LF iff ap > ac and are C'F otherwise. We

must distinguish the following cases for players between two A leaders:

(a) If before the evolution of types the C'F players converged to playing
B, those C'F players invade the area of LF'-A, and in the long run,
all players become C'F players playing B.

(b) For all-A regions between two A leaders before the evolution of types,
the results of Proposition 8 apply.

Proof.

Look at the B region boundary with an A-LF who must decide whether
to switch to being a C'F playing B (she cannot switch to being a C'F' playing
A because, with half of the neighborhood playing B, a C'F' always plays B).

This person remains an LF' if

L LA D Y S R
p\fg Ty )T p\Ug Ty ) Ty
d+e+2a;, > b+ f+ ac,
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which coincides with (11). Under (11), all the C'F' players playing B next to
an A-LF playing A decide to switch to LF players playing A as long as their
closest leader plays A since they face exactly the tradeoff described to derive
(11). When the closest leader switches to B, then the C'F players playing
B must decide whether to become LF' players playing B. The first one who
is surrounded on one side by all-B players and on the other by all-A players

compares

1/ k k 1/ k k 1
b+ f+2a, > b+ f+ac,

which definitely holds because b+ f > d + e and (11) holds. The next player

compares

1/ k+1 k-1 1/ k+1 k-1 k/2+1
E(b St >+aL>E<b — 5 )+ac —

so the frontier keeps advancing until %& < Z—é =d > % so that condition (4)
of Lemma 7 is violated.

If Z—é = d* > 1, this will never happen, and then all C'F' players playing B
closest to a B leader will become LF' players playing B.

If (11) holds and oy > a¢ or equivalently d* > 1, the A-LF' players will
advance as long they are closest to an A leader, and everybody closest to
a B leader becomes an LF' playing B. All areas between two A leaders are
converted to A-LF areas that invade either the former B-C'F area (since (11)
holds) or the former A-C'F area (since o, > a) located in between these two
A leaders. All players located between two B leaders are surrounded by only
B neighbors and will become B-LF' players since ay > ac¢.

If (11) holds and aj < ag¢, or equivalently d* < 1, then at the frontier
between an A-LF area and a B-C'F area, the A-LF will invade the neighboring
B-CF players as long they are closest to an A leader, and players closest to
a B leader play B. Those whose closest B leader is nearest the frontier of the
all-A area, so that =t > d*, are LF players playing B. All the others with

a closest B leader are C'F' players playing B. Everyone located between two
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leaders of the same type becomes a C'F' playing the strategy of her nearest
leader since o < a¢ and the leader is always surrounded by players playing
her same strategy in the coordination game.

If (11) does not hold, then the A-LF' players switch to B-C'F' until they
reach the A leader. From this point on, the analysis that we performed for the

previous proposition holds.

D Proof of Proposition 4

Observe that eliminating a B leader located between two B leaders will never
make a difference regardless of whether this leader is removed in the steady
state with fixed or with evolving types. It is also easy to see that removing a B
leader when d+e+2ay; < b+ f can never make a difference. By Proposition
8, no new all-A regions can evolve, and some might be preserved if we already
have an all-A region between two A leaders before the evolution of types, so
removing a B leader will not create a new all-A region. Let b+ f < d+e+2ay,
and consider that the leader is removed after the steady state in fixed types
has been reached and before the evolution of types has started. If condition
(11) does not hold, no new A clusters can be created since the B-C'F' of the
removed B leader will invade any A-LF, and there is no difference in final
outcome. Thus, assume that condition (11) holds.

When b+ f < d+ e+ 2ap, all LF players with an A leader follow their
leader in choosing strategy A before the types are allowed to change. Thus,
if we eliminate a B leader between two A leaders, all the LF players of that
eliminated B leader now have as their closest leader an A leader and play A.
This proves (1) for leader removal after the steady state in fixed types has been
reached. Similarly, if the eliminated B leader is located between an A- and a
B leader, the LF players of the eliminated leader closest to the A leader will
play strategy A, while those closest to the B leader will play strategy B in the
first round after the removal. All the C'F players will continue playing B since
B is risk-dominant and at least half of their neighbors play B. We have shown
in the proof of Proposition 9 that if (11) holds when the possibility to change
types holds, A-LF will invade the B-C'F' regions, and everyone will play the
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same strategy in the coordination game as their closest leader. Therefore, if
a B leader between two A leaders is removed, the entire influence area of the
removed B leader converts to playing A, while if the removed B leader had
only one closest A leader, A play grows in the new influence area of this A
leader. This proves (2) for leader removal after the steady state in fixed types
has been reached.

Now, consider the case where the removal of one B leader happens after
the steady state in the evolution of types has been reached.

Assume that d + e + 2ap > b+ f + ac. When a B leader between two A
leaders is removed, in the first round, the B-LF' players around the removed B
leader become A-LF'. By Proposition 9, if ay, > a¢, this is the final outcome.
If af < ag¢, then in the first round, the B-C'F' players around the removed
B leader remain B-C'F because at most half of their neighbors play A. From
the next round onward, the B-C'F' players start being invaded by the A-LF
players, while on the other side, the A-LF area is invaded by the A-C'F players
who border the A-LF'. In the end, though, all those players will be A-C'F’, and
hence, all players formerly under the influence of the removed B leader will
be added A players. This proves (1) for leader removal after the steady state
in the evolution of types has been reached. When a B leader between an A-
and a B leader is removed, in the first round, only the B-LF players around
the removed B leader who fall into the new area of influence of the A leader
become A-LF. If oy > a¢ all players in the new influence area of the A leader
become A-LF and this is the final outcome. If a; < a¢ then by Proposition
9, the former B-LF players who become A-LF in the first round are those
located furthest away from the removed B leader and hence bordering the A-
LF area before the removal of the B leader. The B-C'F players now under the
influence of the A leader continue playing B since B is risk dominant and at
least half of their neighbors play B. Since (11) holds, A-LF players can invade
these C'— LF players, while on the other side, the A-LF area is invaded by the
A-C'F players who border the A-LF area. In the end, though, everyone under
the influence of the A leader will play A, with those closest to the A leader
being C'F' and those furthest away being LI, so everyone in the new influence

area of the A leader will be a new A player. This proves (2) for leader removal
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after the steady state in the evolution of types has been reached.
|

E Removal of leaders at the beginning of the

game

We now study leader removal at the beginning of the game after all leaders are
already located in the circle. Since the removed leader has never been active,
we assume that the LF players surrounding that B leader become C'F' players

because now they are no longer located next to a leader.

Proposition 10 Suppose that there are at least 2 B leaders and one B leader
1s taken out before the game starts. The only removal of a B leader that can
make a difference in increasing A play is that of a B leader whose nearest
leaders on both sides are A leaders when d+ e+ 2ap > b+ f — W.
Proof. This is a corollary of Proposition 1. m

The situation is now identical to that in the beginning of the game in
general but with one fewer B leader. We know from Proposition 1 that,
ifd+e+2a, < b+ f— w, everybody except A leaders plays B
in the limit so the removal of B-leaders does not make a difference. When
d+e+2a,>b+ f— w, there can be clusters of A players in between
two A leaders. Hence, change can only occur if the extirpated B leader is in
between two A leaders.

When removing one B leader surrounded by the two A leaders before the
game has started, the social planner faces the same tradeoff as in section 8.1.
The probability of reaching an A cluster will be very small if the distance
between two A leaders is large. However, this is how one can create a large A
cluster.

F Proof of Proposition 7

We first develop the heuristic argument for focusing on our objective function.
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Remark 4 Let q(l.,k,m) be the probability of all the other initial states that
converge to all B outside those counted in p (., k,m) . Then, a more precise ob-
jective function (albeit one less feasible to characterize) is (1 —p (le, k,m) — q (le, k,m)) L.

The characterization of the solution would use

(1—p(lc,k,m)—q(lc,k,m))lc— (1—p(lc—2,k,m)—q(lc—Z,k,m)) (lc_2>
= 2—(p(e, k,m)—p(le —2,k,m))l. —p(lc. — 2, k,m)
- (Q(lcvk7m)_Q<lc_27k7m))lc_quc_2akam)'

We use in the characterization
2— (p<lcak:7m) _p(lc_27k7m))lc _p(lc - 2ak7m)7

so the optimal I%; with the objective function including q (L., k,m) will be lower
of

—(qUekym) —q(le—2,k,m)) . — q(l. — 2,k,m) < 0. (12)
Clearly, —q (I, k,m) is negative, so the only reason (12) would not be true is if
—(q ey kym) —q(le —2,k,m)) l. > 0. This can actually happen when l. is rel-
atively large because, when l. is large (relative to k), most of the probability of
arriving at all B arises from initial conditions with at least k/2+2—m/2-sized
B clusters. Howewver, large values of l. are also clearly not optimal. Thus, in
fact, the relevant cases appear those for which — (q (I, k,m) — q (Il — 2,k,m)) . <
0.

Proposition 7: Assume that the objective function is (1 — p (I, k,m)) le;
then, there is generically one I’ (k,m) that maximizes the objective. The
X (k,m) increases with k and decreases with m.

Proof. Let C(l¢) be the total number of initial configurations with at least
k/2 + 2 —m/2-sized B clusters.

Let np the number of B players in a cluster. Note that there is just one
configuration with a cluster where all the C'F’ players play B no matter what
the size of [¢ is. Similarly, the number of initial configurations where clusters
with —x positions fewer than the maximum possible is always the same no

matter the value of [ Observe that, when we move to a cluster of size [o — 1,
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there are always just two configurations where the cluster is located at the two
extremes of the C'F players. For smaller-sized clusters, we need to distinguish
two situations: (i) that where the cluster is located at the border of the LF
players, in which case it has one C'F' neighbor playing B, and (ii) that where the
cluster is interior among the C'F players and therefore has two C'F' neighbors
playing B.

In case (i), for each of the 2 border positions, 2Ue=(n5+1)) clusters exist, and
hence, the total number is 2 % 2(e=(5+1)) = 9le=—np)

In case (ii), there are (Ic — np — 1) interior positions, for each of which
2(le=(nB+2)) clusters exist, and hence, there is a total of (Ig —np —1)2(e=(s+2)
clusters. Given this, when we increase the size of I (which is even), we need
to add to C (I —2) the cases of the smallest (ng = k/2 + 2 — m/2) and
second-smallest (ng = k/2 + 3 — m/2) cluster sizes. Therefore, C(l¢) can be

defined recursively as follows:

CU) = Cll—2) +2-as2omin) (13
+ (g — (k)2 +2 —m/2) — 1)2Ue=(k/242=m/252))
+2(lc—(k/2+3—m/2)) + (ZC' - (kf/2 + 3 m/2) o 1)2(l5—((k/2+3—m/2)+2))

Of the minimum-sized cluster, there are 2Uc—(k/2+2=m/2)) configurations
where that cluster is at the edge of the interval and (Ic — (k/2 +2 —m/2) —
1)2Ue=(k/242=m/242)) in the interior. Analogously, with the second-smallest
cluster, there are 2(lo=(k/2+3-m/2)) configurations at the edge and (Ic—(k/2 4+ 3 — m/2)—
1)20e=((k/2+3=m/2)+2)) in the interior.

The formula 14 simplifies to:

C(le) = Clg—2)+ e ®/242=m/2) o (1 — (k)2 —m/2) — 3)2Ue~(k/2=m/2+4)
42lle=(k/243=m/2)) 4 (1 — (k/2 — m/2) — 4)2Ue—((k/2=m/2)+5))
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We are now in a position to define p (¢, k, m)

C(le)  C(lc—2) o(lc—(k/2+2-m/2))
- +

p(lC7k’m) 2ZC - 2ZC 2ZC
o(lo—(k/2+2-m/2+2))
(e = (k2= m/2) - 3 ——
9(le—(k/243-m/2)) 9(le—((k/2—m/2)+5))
i + (le — (k/2 — m/2) — 4) o
C(le —2)

= ——+ 9= (k/242-m/2) 4 o—(k/2+3-m/2)
e

+(le — (k)2 —m/2) — 3)2(-k/2+2=m/2+2)
+ (lo — (k/2 — m/2) — 4)2(=((k/2=m/2)+5).

Note that the last two terms are increasing in [ and the second and third are
independent. Since the recursive terms all have the same structure, the full
formula is increasing in [c.*°

The change in the expected number of /¢ is:

(L=p(c,k,m))lc = (1 =p(c—2km))(lc —2)
=2—(p(lc,k,m)—p(lc —2,k,m))lc —p(lc —2,k,m).

p(lc, k,m) is increasing in lc, so — (p(lg, k,m) — p(lc — 2,k,m)) lc is nega-
tive. Thus, the change might be first positive for lc = [Z™ = k + 2 when
(p (1™, k,m) — p (I&™ — 2,k,m)) is not too large (if not, the max is already
at [2") and then negative, so there is a unique maximum generically.
For the comparative statics, we need to show that

2—(p(le, k) —p(le —2,k)) lc —p (lc — 2, k) moves up with k (and down with
m), such that the new zero will be to the right of the old one so the maximum
will be higher with k& and lower with m.?°

Let C(l¢) be the number of initial conditions given m, k, for which a cluster

YExcept possibly for the first term. However, the variation in [, is important only for
p(lo,k,m)—p(lc — 2, k, m), and in this computation, the first terms of the recursion cancel
out.

200bserve that this needs to be done for I, constant, so the first term in the recursion
does not shift and we thus do not need to characterize it.
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with at least k/2 + 2 — m/2 players play B:

C(le)

Note that

C(le —2) + o(lc—=(k/2+2-m/2))

+(lg = (k/2 4+ 2 — m/2) — 1)2c—(k/2F2=m/2+2)

o= (/243=m/2) (1 (/2 4 3 — m/2) — 1)20—((k/2+3-m/2)+2)
C(le —2) + o(le—=(k/2+2-m/2))

+(lg = (k/2 — m/2) — 3)2o=(k/2=m/2+4))

o= (/243-m/2) (1 (12— /2) — 4)20o—((k/2-m/2)+5)).

C(le)

p(lc,k,m) = Sl

We first check that p (I¢, k, m) increases with k£ and decreases with m:

Clle)
9lc

Thus, since

_ (lo=(k/2+42-m/2)) (lo=(k/2—m/2+4))
Ao b o~ (/2 -m/2) -9
o(lc—(k/2+3-m/2)) o(lc—((k/2—m/2)+5))
e (e = (b2~ mf2) — )
Cllo - 2)

— + 2(7(k/2+27m/2)) 4 (lC - (k/2 . m/2) o 3)2(7(k/27m/2+4))
2tc—
42(=(k/243-m/2)) | (lo — (k/2 —m/2) — 4)2(—((k/2—m/2)+5))~

C(c)

=i Is simply a summation of terms that all increase with £k and

decrease with m, the result follows.

We now check that the differences also increase with k and decrease with
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m

Clle) C(ec—-2) (C’(lc -2) C(lec— 4)) N ollo—(k/2+2-m/2))

2lc

9lc olc—2 olc olc—2 olc
o(lc—(k/2-m/2+4))
e — (kf2—mf2) —3)
olc—(k/2+3-m/2)) olc=((k/2=m/2)+5))
e+ o — (b2 m/2) )
oo —(k/2+2-m/2)-2) ollo—(k/2-m/2+1)-2)
_( e+ e — (/2= m/2) —3-2)
ol —(k/2+3-m/2)-2) ollc—=((k/2=m/2)+5)-2)
_( o+ (o — (b2 m/2) —4-2)

Cle) Clc—2) _ (C(lc -2) C(lo— 4)) L o(~(k/242-m/2))
2lc 2lc—2

9lc 9lc—2 B
+(lg — (k)2 —m/2) — 3)2(-(k/2=m/2+4))

42(=(k/243-m/2)) | (le — (k)2 —m/2) — 4)2(—((k/2—m/2)+5))
— (2(—(k/2+2—m/2)) + (Ig — (k/2 —m/2) — 3 — 2)2(—(k/2—m/2+4))>
— (2(*(k/2+3*m/2)) 4+ (lg — (k/2 —m/2) — 4 — 2)2(*((7€/2*M/2)+5)))

2lc 2lc—2

QZC 2lc—2

Cle) Clc—2) _ (C(lc -2) C(lo— 4)) 49 5 9~ (B/2-m/210) | g o(~((k/2-m/2)+5))

2lc 2lc—2

_ (C(lc —2) Clc— 4)) 4 o(—(k/2-m/2+3)) | o(—((k/2-m/2)+4)).

Clle) _ Clc—2)
2lC 21072

with k& and decrease with m, the result follows. m

Thus, since is just a summation of terms that all increase

G Interaction in a lattice

The L players are given a neighborhood with a fixed number of LF' players
in both dimensions—call it [, > n. All players who are not LF or L are
CF. Define by lc the number of C'F' players between the closest two groups
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of LF players in any dimension. We assume that [ > 2n. The combined
assumptions of [ and [, imply that the smallest distance between two leaders
is at least 2/, + 2n in any dimension. Respecting this condition, we assume
that leaders are placed at random in the lattice and that their type A or B is
also random. For the ease of exposition, we set ac = 0.

As we mention in the body of the paper, the payoff-dominant strategy
has a better chance of survival in a lattice than in a circle. Clusters of payoft-
dominant strategies may survive even in the absence of charismatic A leaders if
risk dominance is not too strong. Hence, we need to strengthen risk dominance
if we want the risk-dominant strategy to have a similar advantage as in the

circle.

Proposition 11 Assume that

(n+1)7%-1 (n+1)7%-1
b=ty =g > @ <1_m) (14)

and set ac = 0.
Then, all LF players with a B leader always follow their leader in choosing
strateqy B. All CF players adjacent to a B-led region also choose strategy B.

Moreover, if

n(2n + 1)

n(2n + 1)
=00 TRV

m)—l—aﬁ-l(b—l—d—(f—l—e)) < (b—e)

k

these B players will fully invade a neighboring A-led region. If

(d—f) (1—(2:1(24:1—1;1_)1>+%+%(b+d—(f+e))

n(2n+1) n(2n +1)
> (b—e)m>(d—f) (1—m>+0&L,

the B invasion will stop once it has converted the boundary of the LF area
where the A leader is located into playing B if there is no other B-led region
in the neighborhood invading from another direction.

All the LF players of an A leader stay loyal to the A leader if (d — f) %—i—
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2_
ap > (b—e) (1—%).
Proof. We proceed by establishing each part of the proposition separately.

Claim 1 LF players with a B leader always follow their leader in choosing
strateqy B.

Proof. It suffices to show that the most distant and most exposed LF' play-
ers with a B leader will not want to switch to playing A. These most dis-
tant and exposed LF' players live at the corners of the square of LF' play-
ers with their B leader in the center of the square, and all players out-
side this square are C'F’ players. Hence the most distant and exposed LF

players have (n + 1)2 — 1 neighbors who are LF' players playing B and are

1— (n+1)2-1
(2n+1)2—1

case, all play A. Thus, these most exposed LF players obtain a payoff of

at least b% +f <1 — %) + ay from choosing B and at most

surrounded by a fraction ( ) of C'F players who, in the worst

d (1 — %> + e(("L from choosing A. Hence, for B to be a best

(2n+1)2-1 2n+1)2-1
cponse, e VS (1 B o, a1 )

nt1)2— n ntl)’—
6—((27;11))2—11 or, equivalently, (b — e)#))21 +ar > (d—f) (1 - %)?

which is implied by Assumption 14. =

Claim 2 All CF players located in an area where at least one of the leaders

15 a B leader end up choosing strateqy B.

Proof. We know from Lemma 1 that a square of LF' players playing B will
form around a B leader. Let us consider the C'F players located at the frontline

of this square. By Assumption 14, the best response for all C'F’ players with
n+1

(2nt1)2—1 1
this applies to all the C'F players at the frontline of the LF-Bsquare who are

at least a fraction of LF nelghbors playing B is to play B. Note that

located at two steps or more from a corner of the Bsquare since the fraction

of their neighbors in the LF-B square is exactly %

CF players will play B. Now, consider the players who are one step from

n(n+1)
(2n+1)2—1

neighbors playing B, namely, all their LF neighbors in the B square, but now

Hence, all these

the corner of the B square: They used to have at least a fraction of
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they also have 2n—1 C'F players playing B due to those located at two steps or
more from a corner of the B square now choosing B with certainty. Thus, the

fraction playing B for those C'F’ players located at one step from the corner

. n(n n— n%+3n— n+1)%—
of ;Che LF-B square is now at least ((Qﬁ)ﬁf,ll = (anl’)zfl > ((2n++11))2711 =
%, and hence, by Assumption 14, they will change to playing B. Finally,

consider the corner players, who originally had at least a fraction of m

neighbors playing B, namely, all their LF neighbors in the B square. Now,

however, at least 2n of their C'F’ neighbors are best responding by playing B.

n%42n _ (n+1)
nt1)2—1  (2n+1)%— 1

by Assumption 14, they will switch to playing B. Hence, all the C'F players at

Thus, the fraction playing B is now at least ( Therefore,
the frontline of the LF-B square are choosing B. Now, by the same argument,
we have a new frontline of C'F’ players located next to the B square that will
convert to playing B. The result that all C'F' players next to a B-led region

end up choosing B follows by induction. m

Claim 3 Any B cluster of C'F players can invade the LF region from one di-
mension of an A leader till it reaches the leader if (b — €) —EH_ ~ (4 — f) (

(@n+1)2—1
ar, and can jump to the LF followers on the other side of the leader if
(d—f) ( ﬁ) tapttb+d—(f+e) < (b—e) @2 in which

case all the LF players of the A leader will switch to strateqy B.

Proof. We know that the LF' players most distant from their A leaders who
are located at the boundary of the B cluster (from one dimension) have n(2n+

1) B neighbors and therefore a payoff of d <1 — %) + e% + ap

from choosing A and a payoff of ho2ntlh) f <1 — M) from choosing

(2n+1)2-1 (2n+1)2-1
n(2n+1) n(2n+1) n(2n+1) n(2n+1)
B, so if b i @21 T f( - 2n+1)271> > d <1 - (2n+1)271> €1 T A
or, Equivalently,
n(2n+1) n(2n+1)
d— 1l—-—— <(b—e) —m——
( f)< (2n+1)2—1)+O‘L b= Gnrmz-1

they switch to playing B. By induction, this frontier keeps advancing until it
reaches the border where the A leader is located and all the LF' players in this
boundary also switch to playing B. Now, the LF' players to the other side of the
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A leader have a payoft d (1 — (2"(1”% + l) +e (% — %) +ay, from play-

ing A. Their payoff from playing B is b (#;1)1 — %) +f (1 — % + %),
so they switch if

b(%‘%)”(“%ﬁ)

or, equivalently,

n(2n+1)
2n+1)2 -1

(d— f) (1— n(2n+1) 1)+aL+k(b+d (f+e) < (b—e)

(2n+1)% —
|

Claim 4 If (d— f) 2L L o) > (b—e) (1 - M) , all LF players

(2n+1)2—1 (Zn+1)2—1
with an A leader follow their leader in choosing strategy A.
Proof. It again suffices to look at the LF' players most distant from the A
leader (those located at the corner of the LF' players’ A-led square) and show
that they do not want to switch. They have a payoff of at least d-s—5— (n+1)° -1 +

(2n+1)2—1
e (1 — %) + «ay, from choosing A and of at most b (1 — %) +
f% from choosing B, so they keep playing A if (d — f) % +ar >

(2n+1)2—1
This concludes the proof of Proposition 11. m

(b—e)(1—%>.-

Assumption 14 guarantees that the most distant and most exposed LF
with a B leader will always follow her B leader. This player is located at
a corner of the square of LF' players who in the first period all choose the
same strategy as their leader. This LF' player therefore has (n + 1)2 —1LF
neighbors out of her k = (2n + 1) — 1 neighbors. All the remaining neighbors
are C'F players who might be playing strategy A. Hence, if this player wants
to stick to B when all her C'F' neighbors are playing A, then all LF players
with a B leader will follow their leader. By Assumption 14, this is indeed the
case even if the B leader lacks charisma (a; = 0). Hence, a square of LF

players playing B forms around a B leader.
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Similarly, Assumption 14 also guarantees that all C'F’ players adjacent to a
B-led region will also choose strategy B. This guarantees that all C'F players
located directly at the boundary but at least two steps away from the corner
of the LF-B square around the B-leader will choose strategy B, and this will
spread first to the entire boundary and then to the entire C'F’ region. If there
is an adjacent A-led region, this region will be invaded unless the A leader is
sufficiently charismatic (sufficiently high « ), which mirrors Lemma 4 for the
circle.

In contrast to what holds for the circle, it is not always true that, between A
leaders, there is convergence to all C'F' players playing A or all playing B, even
when Equation 14 holds. To give an example, consider a situation in which
n = 1. If a cluster with a square of four C'F' players using B forms in that
region and the remaining C'F' players use A, this can be stable. The B players
have 3 B neighbors, and if Assumption 14 holds, namely, g(b— e) > g(d— f),
that is enough for them to keep playing B. The most exposed C'F players
playing A have six neighbors playing A, and hence, it is possible that this is
also enough for them to keep playing A, namely, if 2(b—e) < $(d— f). In
this case, the situation is stable. However, if the B players form a cluster of 9
players, they would invade, since the most exposed A player now would have
3 neighbors playing B and hence, by Assumption 14, would convert to playing
B.

In the same vein, let us consider a case where Assumption 14 does not hold.
Then, in the previous example, a cluster of 9 B players would not invade the
area between two A leaders. In addition, in that case, consider a situation
with oy, = 0 and half the plane occupied by players using A. Then, it is no
longer true that B will invade the A region since the A players at the boundary
each have 5 neighbors playing A and only 3 playing B. If Assumption 14 is
not satisfied, the A strategy may survive even in the absence of charismatic A

leaders.?!

21Tn this specific example, A would invade, but this is not true in general for n > 1.
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