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Abstract

We propose a TAR(3,1)-GARCH(1,1) model able to describe two different types of extreme events: a
first type generated by large uncertainty regimes and a second type where extremes come from isolated
dread/joy events. The novelty of this model resides on the definition of the regimes, motivated by the
occurrence of extreme values, and of the threshold variable, defined by the shock affecting the process
one period lagged. The model is able to uncover dependence and clustering of extremes in high and low
volatility periods. By analyzing the period around the crisis of September 11", 2001 for GM stock prices
we find evidence of predictability of extremes due to correlation in the mean between these observations.
This finding supports the hypothesis of runs of negative returns due to correlation between extreme events

rather to an increase in volatility.
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1 Introduction

In stationary linear time series models the extreme values are generated by the distribution function of
the error term, thereby the importance of assuming distributions with higher kurtosis than the Gaussian
distribution to describe these events. On the other hand for stationary nonlinear (multiplicative) models
extreme observations can be generated either by the volatility process or by the error distribution function.
GARCH models are thought as natural candidates for time series exhibiting clustering of extremes for
they are able to generate this feature by the structure of dependence in the conditional volatility together
with the shape of the error distribution. These processes modeling the conditional volatility, see Engle
(1982) or Bollerslev (1986), are not capable however of producing runs of extremes of positive or negative

sign. In particular, if the error distribution is symmetric these processes satisfy that

Ply: < —v|S¢—1} = Plys > 0S¢}y (1)

with v some positive value and 31 denoting the o—algebra generated by the set of available information
up to time t-1. This property also holds for more convoluted GARCH type processes as E-GARCH
of Nelson (1991), T-GARCH of Glosten, Jagannathan and Runkle (1993) and Zakoian (1994), or other
related models as the stochastic volatility processes of Taylor (1994) and Harvey, Ruiz and Shephard
(1994). A straightforward extension of these processes are ARMA-GARCH models. These processes
model the conditional mean and make allowance then for mean values different from zero that tilt the
conditional distribution of the time series y; in one or other direction making more likely extreme values
of the same sign of the conditional mean. A positive mean implies, in principle, a higher likelihood of
extreme values in the positive tail. This fact, however, makes difficult for the model to describe periods
of runs of extremes of opposite sign than the mean. In this case one should consider distributions with
heavier tails than the Gaussian distribution. Also, from a finance perspective the statistical significance of
the conditional mean component makes difficult to reconcile these models with theory on market efficiency.

A widely explored alternative that extends ARMA processes is the use of nonlinear models for the
mean. These models are founded on the assumption of different regimes or states of the world and
are used to capture different nonlinear phenomena exhibited by time series without having to entertain
error distributions different from the Gaussian probability law. Examples of these nonlinear phenomena
are asymmetries, time-irreversibility, different tail behavior of the distribution of the data, etc. These
models have enjoyed a great popularity since the early work of Tong and Lim (1980), Tong (1983, 1990),
Tsay (1989) or the general survey of Granger and Terdsvista (1993). For alternatives contemplating the
presence of unit roots for certain regimes see Gonzalez and Gonzalo (1998) and for methods for estimating
and testing for the presence of threshold effects see Chan (1990), Hansen (1996, 2000) or Gonzalo and
Pitarakis (2002). Other family of nonlinear models is Smooth Transition Models (STAR) characterized

by an infinite number of regimes and where the variable under study changes smoothly from one state to



the other, see Terdsvirta (1994) among others.

Regarding the way in which the regime evolves over time two classes of threshold models can be
distinguished. In the first class regimes are determined by an observable variable, examples of this with
a finite number of regimes are the initial Threshold AutoRegressive (TAR) model of Tong (1978) or
self-exciting processes (SETAR) where the threshold variable is a lagged value of the time series itself.
The models in the second class assume that the regime cannot be observed and are determined by an
unobservable stochastic process. In this class lies the widely studied Markov Switching Models, see
Hamilton (1989), the STOPBREAK model of Engle and Smith (1999) or TIMA models of Gonzalo and
Martinez (2006). In the last two cases the threshold variable is the shock that is not observable although
estimable.

In this paper we claim that runs of very large observations of stationary time series can be under
some conditions predictable for small time periods. In order to accommodate this postulate we propose a
TAR model that has ingredients from both classes of nonlinear threshold models. The threshold variable
is given by the term representing upcoming information into the model but lagged one period. This
variable is not observable by its nature, but can be estimated at time t. The possibility of conditional
heteroscedasticity is also entertained, thus the model that we propose is a TAR(3,1)-GARCH(1,1) process

defined as follows:

P1Yi—1 + heey, er—1 < ug,
Yo =+ paye—1 + heey, up <1 < ug, (2)
P3Yi—1 + hiey, €¢—1 > Uz,

with &; denoting the shock term, w; and wus threshold values defining the TAR (3,1) model, and h;
describing the volatility dynamics of a GARCH (1,1) process driving the error term. Note that the choice
of volatility process is not instrumental for our analysis. Thus, one could choose instead our TAR model
for the mean with a different structure for the volatility dynamics. Nevertheless, given the popularity
and tractability of GARCH models we will restrict ourselves to the GARCH(1,1) case when presenting
theoretical results.

Under certain conditions, u; and us defining the bounds of the sequence of extremes of €; in each tail
and po = 0, this process makes allowance for dependence of extremes not only produced by high volatility
regimes but by mean dependence produced by the occurrence of extreme shocks. While for economic and
financial time series the first class of extremes is identified with periods of high uncertainty the second one
could well describe, for example, booms and sudden drops in asset prices due to financial distress periods,
periods of peaks in energy prices due to sudden weather variations, or periods of underpriced/overpriced
currencies due to large country-related shocks.

The paper is structured as follows. In Section 2 the model, statistical properties and conditions to

ensure stationarity and geometric ergodicity are introduced. Forecasting properties in the short and long



run are also studied. Section 3 derives the asymptotic theory of the proposed model. In particular we
develop a new nonlinearity hypothesis test to see the statistical significance of the threshold effect, and
study the consistency and inference for the quasi-maximum likelihood estimators of the model parameters.
Section 4 presents a Monte-Carlo analysis of the performance of size and power of this statistical test for
finite samples. Section 5 introduces an application of the methodology to measure the effect on General
Motors (GM) stock prices of September 11th, 2001. Finally, Section 6 concludes. All proofs are gathered

into a mathematical appendix.

2 A TAR(3,1)-GARCH(1,1) model

We consider the following threshold autoregressive model with three regimes where we make allowance for
conditional heteroscedasticity. The main feature of this model is that the threshold variable is the term

describing shocks but one period lagged. The model is as follows:

P1Yi—1 + hiey, €r—1 < uq,
Yy = o+ P2yt—1 + hies, Uy < €r—1 < Ug, (3)
P3Yi—1 + ey, €4—1 > U2,

with u; and wg threshold values defining the TAR (3,1) model, h; a process describing the volatility

dynamics of an error term a; := hse; driven by a GARCH(1,1) process, that is,
hi = Bo+ Pra;_, + Bahi 4, (4)

and {e;} is a sequence of random shocks following a distribution function (d.f.) F.(-) with mean zero and
variance one. The corresponding density function will be denoted by f.(-). This process can be expressed
more compactly as

Yt = &+ ptYe—1 + ay, (5)

with pr = p1I(gi—1 < uq) + pol(ur < e—1 < ug) + p3l(ei—1 > uz), and where I(A) denotes the indicator
function that takes a value of 1 if A is true and zero otherwise. Another alternative is considering as
threshold variable the error term a;_;. In this case the threshold values are time varying and depend on

the volatility regime:
ye = a+ [pl(ac—1 <uiy) +pol(uiy < a1 <usy) + pal(as—1 > uzy)] ye1 + as, (6)

with u}, = hy—1u;, j = 1,2, threshold values that depend on the conditional volatility process. For py =0,
for example, this representation of the model shows that the structure of dependence in the data is driven
by the occurrence of extreme observations in the shock variable e; independently of the volatility regime.
This is in contrast to standard SETAR methodologies where the dependence structure, and therefore the

occurrence of extremes, is influenced by the volatility regime.



This process accommodates many different dependence structures and time series dynamics. Our
interest is primarily in describing financial time series. In this case it can be convenient to assume py = 0.

Some examples are plotted below.
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Figure 2.1. Time series representing three different TAR(3,1)-GARCH(1,1) processes. The left panel
depicts a process with o = 0, (p1, p2, p3) = (—0.7,0,0.7) and (Bo, B1,P2) = (1,0,0). Middle panel for « =
0, (p1,p2,p3) = (—=0.7,0,0.7) and (o, B1,32) = (0.05,0.10,0.85); and right panel for « =0, (p1, p2, p3) =
(0.7,0,0.7) and (B, 1, 32) = (0.05,0.10,0.85). The error follows a standard Gaussian distribution. The
threshold values are uy = —1.64 and us = 1.64 and the sample size is n = 1000.

To ensure the stationarity and ergodicity of the above process we need to impose the following as-

sumptions:

A.1 {&;} is an independent and identically distributed (4#id) sequence with mean zero, variance one,
and distribution function F. with Lebesgue density f., that is uniformly bounded and uniformly

continuous.
A.2 By >0and §; >0fori=1,2.
A.3 F [max (0,log(e?))] < oo, for all t.
A.4 E[log(fie? + B2)] <0, for all ¢.
A5 B+ 62 < 1.
A.6 —oco < Ellog(p)] <0, for all ¢.
Assumptions A.1 to A.4 or A.1, A.2 and A.5 are conditions for the strict stationarity and ergodicity

of the GARCH process a;. Assumption A.6 is a standard condition to show the strict stationarity and

ergodicity of threshold models.

Theorem 1.- Assume that A.1 to A.4 and A.6 hold, then process (3) has a unique strictly stationary

and ergodic solution. Equally, substituting A.3 and A.4 by A.5, the same result is obtained.



The following proposition sets the conditions to ensure that the first &k statistical moments of (3) are

finite. First, define [|z]|x = (E [|x|k])l/k.

Proposition 1.- Under the assumptions in Theorem 1 and the following conditions
AT lpelle < 1,

A8 |k < o0 and B [(B122 + )

k/Q] <1,

the first k statistical moments of {y:,a} defined on process (3) are finite.

Proposition 2.- Under assumptions in Proposition 1 for k = 2, the first statistical moment of process
(3) is

@ Elprai—1]
1—Elp)]  1-E[p:]

Ely:) = (7)

If we further assume that the process has zero unconditional mean, the unconditional variance is

_ Var(ay) Cov (p7,9y7_1) — E? [p1y1—1]
B 1 I T 17 R "

and the unconditional correlation of order one is

Cov(ps, yi 1) . )

1)=F
CO’I’T(yt,yt 1) [pt] + Var(yt)

Note that the randomness of the autoregressive parameter adds one extra term compared to the

. . L C 27 27 7E2 _ .
corresponding standard AR(1) process: %ﬁ in the unconditional mean, ov (et yijbz[pz] leeve1d 5 the
t

.. . Cov(pe,y;_
unconditional variance and oY1)
Var(yt)

The expression for the optimal forecast I-periods ahead for the TAR(3,1)-GARCH(1,1) model is also

in the autocorrelation function of order one.

an extension of the corresponding formulas for the AR(1)-GARCH(1,1) methodology. Thus, the optimal

forecasts one-period ahead of y; using the mean square prediction error criterion are

E[yt+1|%t] = Pt+1Y¢, (10)
and

Var (ye+1/Se) = h§+1' (11)

Proposition 3.- Under assumptions in Proposition 2 the optimal forecast l-periods ahead, with I > 1, of
process (3) is

1-E 1—2 - -1 o
Elye1]Se] = alg{;l]] + Elpei1] " praye + ZE[Pt+i+1at+i\%t]E[thrl]l fy (12)
Eadars i=1



Furthermore, as | — oo the optimal conditional forecast converges to the unconditional mean,

L, o Elpiy1a]
I . 7 13
[ye+1]S] 1—Elpir1] 1 - E[pis1] "

with Lo standing for convergence in square morm.

The main advantage of model (3) is its flexibility to describe the dynamics in the mean process. In
contrast to standard TAR models the regimes in our specification depend on the lagged error variable, and
therefore the model can accommodate asymmetries in the likelihood of positive and negative extremes and
in the occurrence of runs of extremes produced by the sign and magnitude of the shock ;1. The following

proposition entertains, in particular, the probability of runs of extremes in the above TAR model.

Proposition 4.- Under model (3),

Po{y: < —v,y1 < —v} = /jlt E. (—v —(a+ P};(é)—? + 6ht_1)>> fe(e) Oe

()

+f k. < ~la *pfjt(f;;? * 5’“*”) . (=) 0.

where  P{Ai} = P{A|S}, 22 = E[y-1]Si—2] = a + pro1y—2, z1; = min {ul,ivh:ftl_Q};l'Zt =
min {1@%} , T3p = Max {Ug%} hi(e) = E[h}|e—1 =€,Su—2] = Bo + B1e? + Boh?_y, and

v denotes a positive threshold. Equally,
()

FE< — a—i—p1 z(tg)z—l—sht 1)))f8 (e) 0=

x4,

ISf (v a+p2 Zi—o +ehi_1))
F.

:E2t

P_o{yy>v, -1 > v} =1—

o

e JIACEE

/ F( Dl 1))>fg(€)56,

! s V—2t—2 V—Zt—2 o V—2¢—2
where xltfmln{uL Fors } thfmax{ul, he 1 },Igt—maX{UQ,iht71 }

In a pure GARCH(1,1) model and with F.(-) being symmetric about zero these two tail probabilities
are identical. In our TAR framework, on the other hand, this will depend on the value of the autoregressive
parameters in each regime, accommodating therefore, the occurrence of clustering of extremes due to large

uncertainty regimes as well as to runs of correlated extremes.



3 Estimation and Inference for TAR(3,1)-GARCH(1,1) processes

The section is structured as follows. First, we discuss nonlinearity tests in Hansen’s (1996) spirit to
determine statistically the presence of TAR effects of the type described above; and second, the section

describes estimation and related asymptotic properties for the nonlinear TAR(3,1)-GARCH(1,1) model.

3.1 Nonlinearity tests

Following the literature on threshold models we will distinguish two cases. One, in which the threshold
vector u = (u1,us) is known, and a second case, in which the vector is not identified under the null
hypothesis. In both scenarios the null hypothesis corresponds to the case p; = ps = ps, or alternatively

to Hy : y2 = v3 = 0, in the following model,
Ye =0 +nye—1 +Yeye—1l(er—1 < ur) +v3yi—1l(er—1 > uz) + hyey, (14)

with v9 := a, 71 := p2, ¥2 := p1 — p2 and 73 := p3 — p2 in model (3). We will see below that the
implementation of heteroscedasticity robust tests implies that the choice of process h; is not instrumental
for the nonlinearity test. For simplicity and consistency with previous results we assume h; following a
GARCH (1,1) process.

The null hypothesis implies no different correlation regimes determined by the magnitude of the stan-
dardized lagged shocks. In this way, we entertain a process that under the null hypothesis is an AR(1)-
GARCH(1,1) model:

Yo = Yo + V1Yi—1 + g,

with hy a GARCH(1,1) defined in (4) . Let us denote ¢, g1, for the vector of true parameters (yo,v1, 80, 81, 82)
of this model under the null hypothesis. For u known and an observable threshold variable, this composite
test is standard in the literature and appropriate test statistics are heteroscedasticity-robust F'—tests and
Wald tests. The special feature of the model under the alternative, an unobserved threshold variable,
implies that to implement the test we need to do a preliminary estimation. Here, we estimate the model
under the null hypothesis by quasi-maximum likelihood (QM L) and store the residuals. Then, in a second
stage we estimate model (14) using as proxy for the threshold variables the residual process from the null
AR(1)-GARCH(1,1) model. The rationale for doing this is that under the null hypothesis the residual
sequence converges in probability to the error sequence in (14). It is clear in this case that the regressors
involving threshold variables are not statistically significant.

Further, in order to implement a heteroscedasticity-robust Wald type test as proposed in Hansen

(1996) we use the ordinary least squares (OLS) method. The corresponding OLS vector of estimators

) = (i g1 (@ye-1 (w)) " (S g1 (w)ye) of 7:= (30,71,72,7)" € T, with T a compact set and



Ye—1(w) = (L ye—1 ye—1l(ee—1 < ur) ye—11(e4-1 > ug))’, satisfies
Vi) =) =% N (0, (u)) (15)

with ¥(u) := M (u,u) "V (u)M (u,u)~! defined by M (u,u) := Ely;_1(uw)ys—1(uw)], V(u) := Els¢(u)ss(u)']
and s;(u) := y;—1(u)as, where <, denotes convergence in distribution.

The vector 7(u) is, however, an unfeasible estimator of v that depends on the unobservable vector of
regressors y;—1(u). Let an H, be the QM L estimator vector of ¢¢ g, and €, +—1 the corresponding residual
sequence obtained from estimating the null AR(1)-GARCH(1,1) process. Now, we use these residuals to
construct the feasible OLS estimator of v defined by 7, (u) = (3, ﬂt,l(u)ﬂt,l(u)')_l O G (w)ye)
with gi—1(uw) = (1 yim1 Ye—1l(en—1 < w1) y—1I(en—1 > u2))’. The following result shows that 7, (u)
also converges to the same asymptotic distribution as 4(u), making possible to construct a Wald type

test.

Proposition 5.- Assume that

=0, (n*1/2> .

Hence, under Hy and assumptions in Proposition 1 for k =8,

¢n,Ho - ¢0,H0

sup |\/ﬁ(:y\ (u) - a’n (U))| = OP(l)'

uelU

Ling and McAleer (2003, Theorem 5.1) gives sufficient conditions for the asymptotic normality of the
QM L estimator in AR(1)-GARCH(1,1) processes. Therefore, using the result in Proposition 5 and further
simple algebra we are ready to derive the nonlinearity test for © known. The hypothesis of interest can
be written as Hy : Ry = 0 with R = [0y I3] a block diagonal matrix where 0z and Iy are the 2 x 2 null

and identity matrices, respectively. The heteroscedasticity-robust Wald test in this case is

T, (u) = n(R7, () [BS, )R] R (w) (16)

o~ ~ o~

with f)n(u) the empirical version of ¥(u), defined by in(u) = M, (u,u) "V, (u) M, (u,u) "1, where

BT 0) = 32 s ()i () snd Vi) 1= 3550 ()5 (00’ with 4 (0) 1= i (1) [ — T () i ()

Theorem 2.- Let fn(u) be the Wald test for the null hypothesis Hy, for a given vector u known. Under
assumptions in Proposition 5 the Wald statistic satisfies

Tulu) 5 X3 (17)

with X3 a chi-square distribution with two degrees of freedom.



For the most interesting cases, such as testing for nonlinearity when the values of the threshold vector
u are not known, u; and uo are nuisance parameters that cannot be identified under the null hypothesis.
In this case Hansen (1996) shows that the composite nonlinearity test is nonstandard. As proposed by this
author, see also Davies (1977, 1987) or Andrews and Ploberger (1994), hypothesis tests for nonlinearity
can be based on the supremum and average of the relevant Wald test statistic computed over the domain

of the nuisance parameter. In our case this is defined by
U= {(Ul,ug) € R? sit. Fg(ul) € (al,bl) /\FE(UQ) € (ag,bg) with 0 < a1 <by <ag <by < 1},

and the relevant test statistics are supueUfn(u) and AveueUﬁl(u) with sup and Ave standing for the supre-

n
mum and average functionals, respectively. Define now the score function Sy, (u) := ﬁ [M (u,u)] 71> s¢(u),
=1

and the asymptotic covariance function

S(u,u*) = M(u,u) "V (u,u* )M (u*,u*) 71,

with V(u,u*) = E[st(u)s¢(u*)’] the functional counterpart of V(u). For the results below we need the

following two assumptions:

Assumption A.9: inf Udet(Z(u, u*)) > 0.

u,u* €

Assumption A.10: The empirical estimators J\/Zn(u, u) and ‘A/n(u, u*) converge uniformly to M (u, ) and

V (u,u*), respectively, over u,u* € U.

In particular assumption A.9 guarantees that the covariance function is well defined, and A.10 with
Proposition 5 ensure that under the null hypothesis, /n (,(u) — v) = Sp(u) + 0p(1), uniformly on u. For
u fixed, expression (15) guarantees the weak convergence of S, (u) to a normal distribution. Now, the
tightness of this process on u € U, shown in Hansen (1996), guarantees the weak convergence of S, (u) to
a Gaussian process with covariance function ¥ (u,u*), with u,u* € U. Under the hypothesis Ry = 0 we

have that \/nR7, (u) converges weakly to a zero mean Gaussian process with covariance function

Theorem 3.- Under assumptions in Proposition 5, A.9-A.10, and Hy : Ry = 0, we have
with To a chi-square process with zero mean and covariance function X (u,u*). Also,

supueUfn(u) = supyevTo, and AveueUﬁl(u) = AveycuTo. (19)

10



The distributions of these asymptotic processes depend, in general, on the covariance function X
hence its critical values cannot be tabulated except in special cases. To obtain the p — values of these
two asymptotic tests we propose two possible approximations to the asymptotic distribution: Hansen’s
p — value transformation and a Wild bootstrap approximation. The validity of these asymptotic approxi-
mations follows trivially from Hansen (1996, 1997). In Section 4 we explore the finite-sample accuracy of
these approximations for different data generating processes and for both supremum and average tests.

First, we discuss in the following subsection the asymptotic properties of the estimation procedure

under the alternative hypothesis of nonlinearity.

3.2 Asymptotic Properties of the Parameter Estimators

Once the hypothesis of linearity of the data is rejected we proceed to estimate jointly the parameters of
the whole model by QM L. In more detail, define u = (u1,u2), ¢ = (a, p, 3), where p = (p1, p2, p3) and

B8 = (Bo, b1, B2) , and maximize the following function,

L(¢,u) = > li(p,u),
t=1

with
1 af (¢, u)
Ii(p,u) = —=Inh2 (¢, u) — —5———,
at((ba u) = Et((bv u)ht(¢>u) =Yt — (avp)ytfl(u)’
h?((ba ’LL) = BO + ﬁlafq(@ u) + /82]7’1%71((;57 u),
and h3(¢,u) = 1_5517"_52 For a given u = (u1,us) € U, the solution is (;Aﬁ(u), then in order to find the

~

optimal threshold vector @, we maximize L,(¢(u),u) with respect to u. Thus, the QML estimator of

o~

(¢, u) is (¢(Un), Un).

Under the alternative hypothesis of threshold effect the objective function l;(¢,w) is neither differ-
entiable nor continuous with respect to the parameter vector. This discontinuity implies that standard
asymptotic results on consistency and asymptotic normality for the parameter estimators cannot be ob-
tained. In fact, the consistency of the threshold estimator for these models needs to be studied on a
case-by-case basis. Thus, Chan (1993) shows the n-consistency of the OLS estimator of the threshold
value u for standard SETAR processes. For more convoluted processes, as our TAR model, the theoretical
derivation of the convergence rate of the parameter estimators is much more cumbersome. Some related
work can be found in Gonzalo and Martinez (2007). Alternatively, following Politis, Romano and Wolf
(1999, p. 177) and Gonzalo and Wolf (2005), the convergence rate of each estimator can be estimated us-
ing subsampling techniques. We elaborate more on this in the following paragraphs, but first we introduce

~

some extra assumptions to derive the consistency of the vector (¢(@y,), U, ) of parameter estimators.

11



Assumption A.11: Let f,;—1 (a) be the density function of a; conditioned on 3;_1, then sup,, fo1—1 (a) <

f. Also, there exists some constant M < oo such that |y;| < M almost sure (a.s.), for all ¢.

Assumption A.12: Let © be the parameter space, then (¢,u) € ©ifu e U, o] <@, 0 < B < fy < Bo,

0< 1 <B1,0< B and

(m + 7s) + (M — mims) < 1,
(771 —l—ﬂ'g) — (7T2 —7T17T3) > —1,

(7T2 — 7T17T3) > —1,

for m = 27()\14-)\2), Ty = 2?()\1’U,1+>\2’LL2)511/2,7T3 = 21/27 with A\ = (|p1|+|p2‘)M and Ay =

(Ipal + [ps]) M.

Assumption A.13: Let (¢o,uo) be the true parameters, then: (¢o,ug) = argmax 4 yyco £ [Ln (¢, u)].

Assumptions A.11 and A.12 impose conditions on the memory and on the extent of discontinuity of
the TAR-GARCH process. Assumption A.13 is an identifiability condition for the true parameters of the

process. With these assumptions in place we are ready to introduce the next theorem.

~

Theorem 4.- Let ((E(ﬁn), Un) = (Q(Un), p(Un), B(Un), n) be the vector of quasi-maximum likelihood esti-
mators of (¢,u) for the TAR(3,1)-GARCH(1,1) process in (3). Then, under assumptions in Theorem 1
and A.11 to A.18,

(#(n) = 6(w)) = 0r(1). (20)

Remark: For the particular case of a TAR(3,1)-IID, condition A.12 boils down to assuming

2f (Ip1l +21p2| + lpsl) M < 1.

Due to the nonstandard nature of the problem asymptotic theory for general threshold models has not
been widely explored yet. Some few examples are Chan (1993), Hansen (2000) or Gonzalo and Pitarakis
(2002). The distribution of the parameter estimators, and in particular of the estimator of the threshold
value u usually depends on the continuity of the threshold model. Thus, in principle, in the standard
SETAR environment the inference problem can be considered solved when the model is continuous, in this
case Uy, and the rest of parameter estimators in the model converge asymptotically to a normal distribution
at a /n—rate. In the discontinuous case Chan (1993) shows that n(u, — u) converges weakly to a non-
degenerate distribution that depends on a very complicated way on a compound Poisson process and that
apparently cannot be consistently estimated. Under more restrictive assumptions such as threshold effect

vanishing asymptotically, the method of Hansen (2000) can be employed. As discussed before, Gonzalo

12



and Wolf (2005) solve this problem by using subsampling techniques to estimate the convergence rate of
the threshold estimator and to approximate the distribution of the parameter estimators. In particular,
these authors extend this technique to situations where the discontinuity of the model is not known and
the inference for the regression parameters of the model becomes very difficult.

The discontinuity of our TAR(3,1)-GARCH(1,1) process implies that the whole vector of parameter
estimators gg(ﬁn) is consistent at a higher rate than y/n, and therefore one has to rely on asymptotic
results of the type derived in Chan (1993) and Hansen (2000). Also, as in the SETAR case it is not known
whether a bootstrap approach would work. Thereby, following Gonzalo and Wolf (2005) we propose
subsampling methods to estimate the convergence rate and to approximate the exact finite distribution
of the vector ((E(En),ﬂn) For sake of space we only present the main results. The interested reader is
referred to Politis, Romano and Wolf (1999).

To this end let J,(z, F) = P{r,|0, — 8] < x} be the finite-sample distributions of the standardized
QM L estimator é\n of the parameter 6, where with an abuse of notation §n and @ stand for any element

of the vector (¢(uy,),Un) and (¢(u),u), respectively. In our case the convergence rate 7, is not known,

and needs to be estimated. Define J,(z, F) = P{7,|0, — 6] < x} and the corresponding subsampling

approximation
N 1 n—b+1 R N
Jn,b(x,F): m FZI I(Tbleb’i—9n| Sl’),

where 1 < b < n is referred to as the block size, §b,i is the QM L estimator computed from a subsample of
consecutive observations (y;, . .., Yi+s—1), and 7y is the corresponding convergence rate for each subsample.
Given that the rate of convergence is not known this expression cannot be computed. Instead, we define

1 n—b+1

Tus@ F) = —0 > 1 (105~ Ol <),
i=1

and denote by j;i(u, F) the v-quantile of jn,b(x,F). Now, let b; = [n"¢] for constants 0 < kK1 < ... <
kr < 1, with [-] denoting the nearest smaller integer value, let v; for j = 1,...,J be some points in

(0.5,1) and let z; ; = log(j;’ii (v;, F)). If 7, is of the form 7,, = n" we can define the following estimator

Tn, =017 with Ky j given by

M-

(2, — Z)(logb; — log)
Ry =—=t , (21)

(logb; — log)?
i=1

~

<
~

_ 1 -1
where z;. = 3> 25, ¥ = 17
j=1 i

J . I
> 2, and log = 3" log(b;).
15=1 i=1
Politis, Romano and Wolf (1999, Theorem 8.2.1) shows that this estimator satisfies
K1 =k +op((logn)~h). (22)
The following proposition establishes the asymptotic validity of subsampling with an estimated rate
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of convergence.

Proposition 6.- Assume that (i) J,(z, F) converges weakly to a continuous limiting distribution J(z, F');
(i4) b — oo and b/n — 0, as n — oo; (iii) T, = n*, with 1/2 < k < 1. Let 7, = n*7 defined in (21),
then,

sup |z, F) — J(z, F)| = op(1). (23)

Let v € (0,1), and let ¢, (V) = j,;ll,(v, F) be the v-th sample quantile of ib7b(x, F). Then,
P {?n\é\n -0l < En,b(V)} — v, asn — oo. (24)

Thus, the asymptotic coverage probability of the interval 0, + 71, 5(v) is the nominal level v.
The proof follows as a special case of Theorem 8.3.1 of Politis, Romano and Wolf (1999, p. 184).

The threshold nature of the TAR(3,1)-GARCH(1,1) process introduced in (3) implies that the maxi-
mum likelihood estimators of the model parameters properly standardized satisfy assumption () in propo-
sition 6. Assumption (i) is standard in subsampling, and can be achieved by a proper choice of the
block size b. Finally, and again due to the threshold nature of the process, assumption (#i7) holds with

1/2<k<1.

4 Simulation Experiment

This section consists of a Monte-Carlo simulation experiment to examine the performance of size and
power of the preceding test for finite samples. For completeness, and following Hansen (1996), we explore
the bootstrap and p-value transformation methods for approximating the finite-sample distribution of the

supremum and average tests above discussed.

4.1 Finite-Sample Performance of Nonlinearity Tests

For the first simulation experiment we commence studying the empirical size of the test for three linear
processes in the mean. These are an 7id process, a pure GARCH(1,1) process and an AR(1)-GARCH(1,1)
process:

1. Yt = & with Et Zid(0,1)7

2. Yy = a; = ethy, and h? = By + fra?_; + Boh?_; with parameters By = 0.05, £, = 0.10 and 3 = 0.85,

and ¢; defined as in the previous case.

3. Yyt = pys—1 + a¢ with p = 0.20, and a; defined as in the previous case.
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The error term is assumed standard Gaussian although other simulation experiments could be de-
veloped to see the robustness of the test to departures from Gaussianity. In all of the experiments the

threshold regime is defined by the following space:

U= {(u1,uz) € R* s.t. Fe(uy) € (0.10,0.30) A F.(uz) € (0.60,0.90)}.

Whereas we use n = 250, 500 for the Wild bootstrap approximation we consider n = 250, 500 and
1000 for the p-value transformation. This is due to the poor results obtained from the second method for
small sample sizes. The number of Monte-Carlo simulations for all the experiments is M = 2000. The
following table 4.1 reports empirical estimates of the size at 5% and 10% significance level for the statistic

defined by the supremum of fn (u) over the set of possible threshold values.

supuev T (u) n=250 n=500 n=1000
size 005 010 | 005 010 | 0.05  0.10
IID 0.077 0.138 | 0.068 0.136 | 0.059  0.116
GARCH(1,1) 0.090 0.160 | 0.077 0.133 | 0.070  0.130
AR(1) — GARCH(1,1) | 0.087 0.145 | 0.080 0.150 | 0.070  0.125

Table 4.1. Empirical size at 5% and 10% of the supueUfn(u) test for n = 250, n = 500 and n = 1000 for
different data generating processes derived from the Hansen p-value transformation. M = 2000 Monte-
Carlo simulations and 500 internal simulation replications (except for the case n = 1000 where we use

300 internal simulation replications).

For the statistic defined by the average of fn (u) the results of the simulated size are reported in table

4.2:

AveyepTh(u) n=250 n=500 n=1000
size 005 010 | 005 010 | 005  0.10
1ID 0.059 0.110 | 0.057 0.116 | 0.055  0.120

GARCH(1,1) 0.069 0.128 | 0.066 0.113 | 0.062  0.113

AR(1) = GARCH(1,1) | 0.070  0.122 | 0.069 0.119 | 0.058  0.112

Table 4.2. Empirical size at 5% and 10% of the Aveueyf’n(u) test for n = 250, n = 500 and n = 1000
for different data generating processes derived from the Hansen p-value transformation. M = 2000 Monte-
Carlo simulations and 500 internal simulation replications (except for the case n = 1000 where we use
300 internal simulation replications)

The Hansen p — value transformation is too “liberal” for the supremum case. This can be produced
by the definition of the U space. Hansen (1996) observes that the pointwise test statistics are ill-behaved

for extreme values of u, that is, with F.(u) close to 0 or 1, and proposes a [0.2,0.8] region for searching
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potential thresholds.

Our model, however, focuses on threshold effects on the extremes of the time

series, hence our interest in giving more freedom to the threshold region in order to capture this effect.

Nevertheless, the empirical size seems to converge to the nominal size for the three processes and two test

statistics.

This phenomenon, on the other hand, is less important for the Wild Bootstrap approximation for

which we report simulations for n = 250, 500 and M=2000 in tables 4.3 and 4.4.

supueUfn(u) n=250 n=500

size 0.05 0.10 0.05 0.10

1ID 0.056  0.107 | 0.054 0.107
GARCH(1,1) 0.051  0.110 | 0.058 0.108
AR(1) — GARCH(1,1) | 0.062 0.113 | 0.066 0.111

Table 4.3. Empirical size at 5% and 10% of the supueUfn(u) test for n = 250, n = 500 for different
data generating processes derived from the Wild bootstrap p-value approzrimation. M = 2000 Monte-Carlo

stmulations and 500 internal simulation replications.

AveueUfn(u) n=250 n=500

size 0.05 0.10 0.05 0.10

11D 0.043 0.096 | 0.052 0.101
GARCH(1,1) 0.044 0.094 | 0.049 0.100
AR(1) — GARCH(1,1) | 0.046  0.092 | 0.054  0.099

Table 4.4. Empirical size at 5% and 10% of the AueueUfn(u) test for n = 250, n = 500 for different
data generating processes derived from the Wild bootstrap p-value approximation. M = 2000 Monte-Carlo
simulations and 500 internal simulation replications.

Finally, we present power results for the test when we use the Wild bootstrap approximation. For

that, we consider two different models. In both cases the conditional mean is given by:

Yt = O.Qoytfl.[(&'tfl S —170) — 0-20%—1](515—1 > 170) + a;.

In the first case, a; = &, in the second one a; = g;h; with h? = 0.05 + 0.10a?_; + 0.85h7_;. In both

cases, ¢ is 7id N(0,1). The results are in tables 4.5 and 4.6.

supueUfn(u) n=250 n=>500
size 0.05 0.10 0.05 0.10

TAR — 1ID 0.332 0.476 | 0.664 0.779
TAR - GARCH(1,1) | 0.257 0.382 | 0.527  0.657
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Table 4.5. Empirical power at 5% and 10% of the supueUfn(u) test for n = 250, n = 500 for different
data generating processes derived from the Wild bootstrap p-value approzrimation. M = 2000 Monte-Carlo
stmulations and 500 internal simulation replications.

Aveycy T, (u) n=250 n=500
size 005 0.0 | 0.05 0.10

TAR — IID 0.431  0.562 | 0.776  0.857
TAR — GARCH(1,1) | 0.339  0.467 | 0.643  0.742

Table 4.6. Empirical power at 5% and 10% of the AveueUfn(u) test for n = 250, n = 500 for different
data generating processes derived from the Wild bootstrap p-value approzrimation. M = 2000 Monte-Carlo
stmulations and 500 internal simulation replications.

Note that in both examples and for both test statistics the power grows with the sample size, however
the average test statistic seems to be more powerful. Regarding the structure of the volatility process
we observe more power of the nonlinearity test against homoscedastic alternative processes. To obtain
a better insight about the power of both test statistics for the Wild bootstrap approximation method
we carry out another two Monte Carlo experiments where different values of (p1, p2, p3) and (u1,us) are

considered. The family of models under the alternative:
Yr = pyr—11(et—1 < —u) — pyr—11l(e—1 > u) + az,

are indexed in the first case by p, with p =4/10 for ¢ = 0,1,...,9 and v = 1.7; and by w in the second
case, with u = 1.5+¢/10 for i = 0, 1,...,6 and p = 0.2,0.5. For simplicity, we only consider in these cases
a; = e¢hy with h? = 0.05 4 0.10a?_; + 0.85h? , and a sample size n = 250. As in previous cases, &; is
itd N(0,1). The empirical size of the test is reported in Figure 4.1. As expected, the power of the test
is increasing with p, although it stabilizes close to one after p = 0.60. However the power is quite stable

respect to the threshold parameter w.

1.0 1.0
P 8 S 8 ] s
0.8 0.8 p=0.5
- 0.6 0.6
(<5
=
I o .
0.4 4 0.4
,,,,, e NNINEE St t
0.2 024 p=02
8 Sup test 5% —————-— Sup test 10% Sup test 5% . Ave test 5%
. Ave test 5% ° Ave test 10% (| | | TTT0=- Sup test 10% o Ave test 10%
0.0 0.0-L,

0O 1 2 3 4 5 6 7 8 .9 15 ~1. 17 18 19, 20 21
Figure 4.1. Empirical power at 5% and 10% of the sup,cy; Tnfu) and AveycyTy,(u) tests for n = 250
and different data generating processes: on the left the power is indezed by p, on the right by u. The power
is derived from the Wild bootstrap p-value approzimation with M = 300 Monte-Carlo simulations and 200
internal stmulation replications.

The following section explores the suitability of these nonlinear processes for modeling financial returns.
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5 Empirical application: Predicting in crises episodes

After the bombing attacks that shook the US in September 11th, 2001 the stock exchanges all around the
world fell dramatically not only that day but during a short period of time after the attack. It is striking
however to observe that this drop in asset prices worldwide elapsed only a short period of time, five to
ten days and then markets went back to normal. The following plot represents the sequences of prices
and log-returns r, = 100 (InP; — InP;_1) of General Motors (GM) stocks for this episode. The data are

collected from Yahoo-Finance.

GM stock prices
T

GM log-returns
10 T

1o /

-15

L L L
1000 1200 0 200 1000 1200

L L
0 600 800 00 600 800
3/01/2000-31/12/2003 03/01/2000-31/12/2003

Figure 5.1. The left and right panel depict the prices and log-returns, respectively, of GM stocks for the
period 03/01/2000 — 31/12/2003. The arrows points to September 11th, 2001.

In this section the TAR-GARCH methodology is applied to determine statistically if the returns on
the days following this event were predictable or not. If the events simply sparked an increase in volatility
as stated by the leverage effect investors were better off by conserving their assets than to exposing to
adverse movements of prices before the realization of the buy/sale order. In contrast, if these events were
sparked by an extreme shock investors could have predicted future returns just after the shocks.

The following table reports the estimates of the different candidate models above studied. The analysis

comprises 1004 observations.
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Model | GARCH(1,1) AR(1) —GARCH(1,1) TAR(3,1)— GARCH(1,1)
« 0.104 0.108 0.183
(0.069) (0.070) (0.072)
01 - —0.052 0.072
(0.031) (0.043)
02 - —0.052 —0.031
(0.031) (0.061)
- —0.052 1.225
ps (0.031) (0.027)
Bo 0.117 0.117 0.087
(0.033) (0.033) (0.069)
061 0.079 0.076 0.080
(0.012) (0.012) (0.050)
B2 0.902 0.904 0.908
(0.014) (0.014) (0.105)
Log Ikl 2252.3 2251.1 2659.8

Table 5.1. u; = —0.919, uy = 0.785. Estimates for September 2001 subsample (01/01/2000-31/12/2003),
n=1004. p-value of Hansen test (supycvTn(u)=0.046, p-value of Ave,cuTn(u)=0.064). The standard
errors of the different estimates are in brackets. In the TAR(3,1)-GARCH(1,1) column these values cor-
respond to the subsampling exercise for b =500 and M =n —b+ 1.

While the linear AR(1)-GARCH(1,1) model points towards a negative conditional mean process the
nonlinear TAR-GARCH model also reflects this effect for the middle regime but describes as well two
outer regimes where observations have a different and stronger dependence structure. The number of
extremes in the sequence of shocks is 200 for the lower threshold and 128 for uy. Hence, there is sufficient
information in the samples to believe that there is positive dependence between series of positive extremes
and between runs of negative extremes. The case of positive extremes is more significant. There is
statistical evidence of nonlinearity and thereby of the presence of different regimes for the conditional mean
process. Both supremum and average Hansen tests and the corresponding bootstrap counterpart tests
(supyevTn(u)=0.024, and Ave,cyT, (u)=0.048) are found significant at 10%, and the likelihood function
of the TAR model is substantially larger than that of the GARCH and AR-GARCH models. Further,
this is also observed from the standard deviation estimates obtained from the subsampling approximation
with b = 500, see Politis, Romano and Wolf (1999, p. 95) for details on how to estimate the standard
deviation via subsampling methods.

Therefore, although the magnitude of the lower regime autoregressive parameter is small we believe
that the nonlinearity of this model supports the presence of dependence in both extreme regimes, and
therefore provides evidence to claim that the sequence of extreme observations after the bombing attacks
of September 11" were positively correlated. It is also worth mentioning that these effects could have
been more significant if NYSFE would have not interrupted trading in the floor for one week after the

attack.
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Finally, a simple visual inspection of the histogram of the residuals, figure 5.2, also supports the

statistical significance of the TAR(3,1) — GARCH(1, 1) model.

AR(1)-GARCH(1,1) model
T

TAR(3,1)-GARCH(L,1) model
T T .

-8 -6 -4 -2 0 2 4 -8 -6 -4 -2 0 2 4
01/01/2000-31/12/2003 01/01/2000-31/12/2003

Figure 5.2. Histograms for the residuals sequence from AR(1)-GARCH(1,1) (left panel) and from TAR(3,1)-
GARCH(1,1) (right panel) for the period 03/01/2000 — 31/12/2003.

6 Conclusions

This paper introduces a new class of nonlinear threshold models. Its novelty resides on two features of
the model that make it different from previous TAR methodologies. First, the regimes are motivated by
the occurrence of extreme values, and second, the threshold variable determining the regime is defined by
the shock affecting the process in the preceding period. In this way this process is able to describe two
types of dependence, linear dependence derived from the occurrence of extreme shocks and clustering of
large observations derived from the occurrence of high volatility periods.

The model is flexible in what is able to describe a variety of dependence structures; asymmetries in
the probabilities in the tails, in the sequences of runs of extremes, etc. This is particularly interesting for
modeling financial time series for this model is able to replicate in a parsimonious way the stylized facts
commonly encountered in these series, including the absence of linear correlation, but accommodating
at the same time the possibility of linear correlation in the extremes. This fact led us in the empirical
application to study the consequences of the September 11*" terrorist attack in GM stocks. Using our
TAR-GARCH method we find evidence of predictability of extremes after this event due to correlation in

the extremes and not to an increase in the underlying volatility.
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MATHEMATICAL APPENDIX:

Proof of Theorem 1: The strict stationarity and ergodicity of a; and p; together with assumption A.6
are sufficient conditions for the unique strictly stationary and ergodic solution of (3). This is shown
in Brandt (1986). In order to prove the strict stationarity and ergodicity of a; Kristensen (2006) uses
assumptions A.1 to A.4 and Ling and McAleer (2003) A.1, A.2 and A.5. O

Proof of Proposition 1: From equation (5) and Theorem 1,

o) Jj—1
Yt = ptye—1 + ay = Zat—j H Pt—i-
=0 i=0

with Hi_:lo pt—i = 1 by convention. Denote ||p¢||x = A1. Then, from the Minkowsky inequality, indepen-
dence of €; and strict stationarity of a;:

o j—1 ) j—1
lyells <> Nlary [T peills = lacle + D lpe—sae—sallell T] or—illx
j=0 =0 j=0 i=0

(1 — A1+ max; [pi]) [|ae]k

o0
< laells + D Mllpe—jas—j-llx < (1— ) ’

Jj=0

with A\; < 1 by assumption A.7. Then, it is sufficient to show that ||a;||x < o0, to prove Proposition 1.
For that,

1/2
lacll = lla?ll)3
Ha?”k/z = ||€§h?||k/2 — ||5t2||k/2||h§||k/2
p
1hE]lk/2 < Bo + 1B1€7—1 + Bellksallhi_1 k2 < ﬁ

with Ao = [|B1€7 + Balk/2 < 1 and [|e7||5/2 < oo by assumption A.8, which proves that [|a;||r < oc. O

Proof of Proposition 2: Now we derive the first two moments of the process y; = a+ psy:—1 + a¢, with
as = hiey, when the assumptions in Proposition 1 hold for k = 2.

Ely] = a + Elpiyr—1]- (25)
Replacing y;_1 in the above expression we obtain
Ely) = o+ Elpy—1] =+ Elp (o + pr-1yi—2 + ar-1)] -

Now, using the stationarity of the process p;y;—1 and the independence of p; from p;_1y;_o it is simple
to see that

a Elpiai_1]
FEy| = .
W =B Y 1B
Now in order to obtain E[y;] = 0 the intercept must be & = —F[pa;_1]. For that case, the unconditional

variance is

Var () = E [y7] -

Also,
Var (yi) = Var (prye—1) + Var (ar) .
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Note that
Var (pwyi—1) = E [p{yi 1] — E? [pey—1],
and
E [p{yi 1] = Cov(p},ui—1) + E [pi] E [y7_1] -
Then
E[y?] = Cov(p},yi-1) + E [p7] E [yi-1] — E? [peye—1] + Var (ar)
2

and by stationarity (Var (y.) = E [y] = E [y?_,]) we obtain

_ Var (ay) Cov (P%» yt{l) - E? [P+ye—1]
Varle) = 153 1= B[] '

Finally, for the first order autocorrelation we compute first the autocovariance of order one that yields,

Cov(ys, y1—1) = E [p] Var (y) + Cov(ps, yi—1),

given that E[py? 1] = Cov(ps,y7_1) + Elp:]E[y?_,]. Hence the first order autocorrelation is

Cov(pe,y7_1)

1)=F
OO’/"/’(yt,yt 1) [pt] + Var (yt)

Proof of Proposition 3: Under assumptions in Proposition 2 the optimal forecast [-periods ahead, with
[ > 1, of the process y; = o+ pryr—1 + heey are

Elye1[Se] = a (L + Elpe|Se] + Elpryiperi—1|Se] + . 4 Elperi -+ pega|Se]) +
Elperiperi-1 - pea2|Selpr1ye + Elprriaii—1[Sel+
Elpitipryi—10e41—2|Se) + - o+ Elpegipesi—1 - - - pry2aer1|Se).

This expression can be simplified given that the shock sequence €; and in turn p; are #d. Also, using
that ps11 and pgioas41 are stationary sequences and a;41 a martingale difference sequence the preceding
expression reads as

-1 , -1 4
Elyi1|St] = a Y. Elpes1]* + Elpe1] " perye + O Elpriv1aeti| S| Elpega] =
=1

i=0
Thus,

1—Elpia]'”

2 -1 )
Bl T Elpia] pesrye + 1;E[pt+i+lat+i|%t]E[pt+l}lilil'

Elyi|Si = a
As [ — oo the optimal conditional forecast converges to the unconditional mean in Ls.

a Elpii1a4)

1= Elpr41]  1- Elpa] (26)

L
Elyi|S]) ==

This is equivalent to show that HE[yH_lK‘yt} - %{tfiaﬂ — 0. Note that it is sufficient to prove that
t+1 2
-1
I—i—1
> N E[higlSie] = E [hegillly | Elpesal| -0, (27)
i=1

when | — oo, given that E[pir1a:] = E[pi+1€t)F [he]. To prove this result we use asymptotic theory for
Ly — mizingales, defined as follows: a zero mean process z; is a Lo — mizingale if | E [2Si—m]|ly <

llctlly v (m) , with v (m) — 0, see Davidson (1994) or McLeish (1975). Using A.8 for k = 2 it can be
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proved that z; = hy — Elh] is a Ly-Near Epoch Dependence (Lo-NED, see Davidson (1994) or McLeish
(1975)) on &, of size —oo. Further, from Theorem 17.5 of Davidson (1994) and A.8, the process z; is a
Ly-mixingale with |||, < ¢p < 0o and 7 (m) = A§* with A3 = (51 + f2) < 1. Then, expression (27) has
the following upper bound that satisfies

-1 -1
. l—i—1 — _

> A @ lledlly [Blperall <Y AT el < (0= 1) X e,

=1 i=1

with Ay = max {As, E(p;)}. By A.7, 0 < Ay < 1. Then, the upper bound goes to 0 and (26) immediately
follows. H

Proof of Proposition 4: By Bayes’ theorem

Py < —v,yp-1 < —v} =P{ys < —vNy—1 < —vNepoqg <ug}
+P{y: < —vNy1 < —vNuy < g1 < ugl
+P{yt <—vNy—1 < —vNeggg > ’LI,Q}7

where v denotes a positive threshold. By operating on the first expression on the right term we obtain
the following result:

—v— (a+ p1 (a+ pi_1Yi—2 + €hi—1))
ht (€)

Tt
Profys < —vNy1 < —vNer Sun} :/ F. ( ) fe (€) Oe.

Operating in the same way with the other summands we obtain the first part of Proposition 4. The second
part of the proposition is obtained in the same way, taking into account that

P o{ye > 0,901 > v} =P _o{yi—1 > v}
= Pro{ys <vlyr—1 2 v,6001 SurPo{y—1 > v,6-1 < un}
= Pro{ys vlys1 2 v,un <eor SualProo{yi1 > v,un <gpq Sugl
=P oy > v|yi—1 > v,60-1 > ua}Pro{yi—1 > v,60-1 > ua},

given that P_o{ys—1 > v,er—1 S ur} + Pi—ofyr—1 > v,u1 < o1 S un} + Proofyr—1 > v,60-1 > us} =
P _ofys—1 > v}. O]

Proof of Proposition 5: To obtain the result in Proposition 5 it is sufficient to study the convergence

n
in probability to zero of ﬁ > ai[yi—1(u) — Ye—1(w)]. In particular we concentrate on showing this for one
i=1

element of the vector, namely, a; [y;—11(ei—1 < u) — yr—11(en1—1 < w)]; for the remaining terms the result
is analogous. This process, using further notation in Koul and Ling (2006), can be expressed as

1 o - -
7 D a1 (e <u) = I(e1 S utubny1 (2) + o1 (7))
t=1

~ " o he(bo,ug+n 7 ?8) =R (90, ~ N ) R T G
where 7 = n1/2 (d)n,Ho _¢01H0) 7bn,t (.’E) _ t( 0,Hq :t(d)o z?}) t( 0H0)7Cn,t (1,) _ Ht( 0,Hg :t(%;l)ﬂt( oHo),

and g (¢o,r1,) the AR(1) mean process. In order to prove this result we need to show the weak convergence
of the empirical process

1 n
K (u,z) = 7 Y awy1Pi1(s), <€ H,
t=1
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where ¢ = (u,z); H := (u,u) x (b, 5)5 and U, _q () :=I(g4—1 < u+ubp -1 (z) + cn -1 (x)), with b, and
¢n,+ rtandom variables which are 3;_; measurable. For the rest of the proof we define the following distance,
d(X,Y) = maxi<;<p | X; — Y;|"/* with X,Y € R*.

Lemma A1l.- If the following assumptions W.1 and W.2 hold,

W.1 For each n > 1 and ¢ € H, {(as,yt—1,bnt—1 (x), cn—1 (z)) : 1 <t <n} is a strictly stationary and
ergodic process. The sequence {a;y;—1P¢—1(s),St—1,1 <t < n} is a square-integrable martingale
difference sequence for each ¢ € H. Also, there exists a function C (s1,¢2) on H x H to R such that
uniformly in (¢1,%) € H x H,

n

Y ayi U (9) Wi () = C(s1,52) +0p (1) (28)

t=1

W.2 For every § > 0 there exists a finite partition Bs = {Hy;1 <k < N(4,H,d)} of H with N5 :=
N (6, H,d) being the elements of such partition, such that

/\/log(N(;)d(S < 00, (29)

and .
)
sup %72 =0p(1), (30)
5e(0,1)NQ
with
CV, (B;s) = maxn™! ZE sup lasyi— 191 (s1) — a1V 1 (§2)|2 Sl (31)
k =1 (s1,52)EH K X Hy,

then it follows that
K, (s) = Kuo(9),

with K (s) a Gaussian process with zero mean and covariance function given by C' (¢1,¢3) .

Proof of Lemma A1. It follows from Theorem Al in Delgado and Escanciano (2007). O

A consequence of the asymptotic tightness of K, (¢)(= K, (u,x)) is that if  converges in distribution

to xg, then

sug | K, (u, @) — Ky (u,z0)] = op (1).
ue

Therefore, for T = nl/2 (&,HO — ¢07H0), under Hy, conditions W.1 and W.2, and given that sup b, + (x¢) =
1<t<n

op (1) and sup ¢y (zo) = op (1), it follows from Lemma Al that
1<t<n

sup
uelU

1 n
% fz::l arye—1 [L(e—1 <u) — I(e—1 < u+ubp -1 (z0) + Cnt—1 (330))]‘ =op(1).
This and the previous results prove that

sup
uelU

=op (1),

1 n
% E atYt—1 [I(Etfl <u)— I(En,tfl < U)]
t=1

and
n

sup | — > ailyi1(u) = Gir (w)]

— =0, (1
uelU \/ﬁt:l P()
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which proves Proposition 5. We only need to show that conditions W.1 and W.2 are satisfied in our case.

In particular, the proof of (28) follows from the assumptions in Theorem 1 and a uniform law of large
numbers, see Jennrich (1969, Theorem 2). The proof of W.2 is more cumbersome. From the compactness
of H we have

/\/log (N (0, H,d))dd < 0.
0

Now, let Bs be a partition of H d—balls with respect to d. Thus (29) holds for such partition. We shall
prove that (30) is also satisfied for such partition. Given that £, does not depend on < and is iid, CV,, (By)
in (31) is upper bounded by

n
1 2, 2 2
max n E(ajy; {|Si-1) sup  (Pi(sr) — Py (s2))”° <
5, B (hS) (0 )

n 1/2 n 1/2
(anE%a%yf_A%H)) (max sup 12(%«0%@2))‘*) :

1<k<Ns (s1, Cz)EHk

From conditions in Proposition 1 for k = 8 we obtain that E [E? (a%yt271| S¢-1)] < o0, and therefore,
n=t Y, E? (afy? 1| Si—1) = Op (1). Now, for the second right term let us define the following difference
of indicators:

Uy (61, 0) = I(er < up + 6 (14 bpg—1 (@) + vnt1 (21)) + ubn i1 (2k) + wOne—1 (T) + Cni—a (@) + Wn i1 (T1))—

—I(er <up — 8 (1 + byt (k) — vne—1 (Tx)) + Urbn -1 (Tk) — urVn -1 (T8) + Cni—2 (T) — i1 (1)),

where vy, ¢ (T) 1= SUPg(y 5)<s [bn,t () = bne (8)] and w4 (T) 1= SUPgy 5)<s [Cn,t (T) — cne (5)]. We also
introduce the conditional distribution function Fy_; (¢,0) = E (\Tlt (Sk, 5)‘ %t,l) Without loss of gener-
ality suppose that u; > 0 (for the opposite case the expression can be bounded in a similar way). Using

the monotonicity of the indicator function we obtain

n n

—1 -1
max su n U, (¢1) — ¥ (s max n U, (s
ISkSNs (¢4, C2)I;Hk tz; ete) ! 2)) 1sksNs Z o0

< = [~ —F ! - :
< max n t_zz i (5k,0) = Fioa (,0) | + | mmax n ;Ft 1 (s, 0)

Now the first term of the last inequality is the sum of a martingale difference sequence and can be easily
proved that is o, (1). The second term, using that max,. f- (¢) < f < oo, by A.1, and the mean value
theorem, can be upper bounded as

n
1 4
1%%)1{\/5 n- ZFt 1(sk,0) <2f 1<mk%}1(\75 n ; [5 (1 +bng—1 (k) + Uk -1 (T) + Wp -1 (l‘k)]
< 2f5* + 0,(1),

where the last inequality follows from assuming that

E (13%% bt (xk)) — op (1)
E (15%23\, Up,t—1 (T k)) =op (1)
E( max wn 1(:vk)) —op(1).

1<k<Nj
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These last three conditions are shown in Koul (2002) in a similar context. With this we have proved that
CV, (Bs) = 6°0p (1),

and therefore (30) is satisfied. O

Proof of Theorem 2: From expression (15) and the result in Proposition 5 we have that

Vi@ (u) =) % N (0,2 (u)). (32)

By a law of large numbers and arguments similar to those in Proposition 5 f] (u) is a consistent estimator

of the asymptotic variance X (u). Therefore, \fE V2(w) A (u) — ) = N(O 1). Tt is immediate to see
now that T),(u) converges weakly to a centered x3 distribution. O

Proof of Theorem 3: The proof immediately follows from Theorem 2, assumptions A.9 and A.10, and
the tightness of the process S, (u) that follows from the uniform convergence in Proposition 5. The weak
convergence of the supremum and average tests follows from the continuous mapping theorem. O

Proof of Theorem /: Given assumption A.13 the consistency of ((E, an) is given by the following result

sup |Ly (¢,u) — E [Ly, (¢, u)]] 250, (33)
P UEO

where © is the parametric space defined in A.12. Define B (¢, u,d) = {8,& €0:d ((d),u), (5, ﬂ)) <
with d(.) any distance, and

—

I (¢,u) > sup {zt (5, a) . d, i€ B (¢,u,5)}
L (6,u) < inf{lt ((E,a) = B(¢,u,5)}.

The result in (33) follows from the following conditions (see Theorem of Andrews 1987):

C.1 © is a compact metric space.
C.2

a) I (d,u),lf (¢p,u) and I (¢, w) are random variables, Vo, u € ©,Vt and V4§ sufficiently small (where &
may depend on ¢, u).

b) I (¢,u) and 1. (¢, u) satisfy pointwise strong (weak) laws of large numbers, V¢, u € © and Vo suffi-
ciently small (where § may depend on ¢, ).

C.3 For all ¢,u € O
lim sup [n ! Z (If (,u)) — E (I (¢, u))]

6—0 n>1

and likewise with [} (¢, u) replaced by L. (¢, u) .

Now we prove conditions C.1 — C.3 for our model using the assumptions of Theorem 4. Condition C.1
can be proved straightforward from the definition of ©. Moreover, it can be proved that max;<;<s|p;| <
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p < oo and 0 < B2 < 1. Now we define I} (¢, u) and I, (¢, u) in our case. For that, we need the following
processes:

dat (¢,u,0) = 0C + M (|p1| + |p2]) Tne (¢, 1) + M (2] + |ps) Lae (¢, u)

oC — izl 172
dht (¢7 u, 6) = ﬁ + ZﬂQ 1 dat—i (¢7 u, 6) 3
- M2 =1

Livy1 (6,u) =1 (uihy (¢, u) = A (¢, u,0) < ar (¢,u) < uih (¢,u) + A ($,u,9));
A (¢, u,6) = uidps (¢,u,0) + 6Ch + dat (¢, u,0) ;
72 Bo + B (@+2M)?
1— 0,

)

with C' any finite constant independent of ¢, 8, = sup {‘Bg‘ : 5 € B(¢,u, (5)} . Then it follows from above

that there exists some C' < oo such that

sup

Qag (¢7 ’LL) —a (ga ﬂ) ‘ S dat (¢7 u, 5) and sup
b, ueB(¢,u,d)

buEB(¢,u,0)

he (1) — hy (;5, ’ﬁ)‘ < dps (6,0, 8) .

Using the law of iterated expectation (LIE) and the Mean Value Theorem it is easy to prove that
[Tt (9, w)l], < 2F [0Ch + wi lldne—1 (6w, 8) |y + [ dat—1 (¢, u, 8)]],]
with C7 < oco. Using again the LIE and the previous result

dat (¢, u,8)|l; < 6Co + 2f (Arur + Aguz) |dni—1 (¢, u,6) ||y + 2f (AL + X2) [|das—1 (¢, u,6)|;

5C 1
dne (6,u,6)|, < W + 38,7 B ldar—i (¢, u.0)|),
- M2 =1

with Cs, C3 < co. Therefore

t—1 L,
[ dat (6,1, 8)[ly < 6Ca +2F (M + A2 [ldar—1 (6w, 8[|y + D 2F (M + Aouz) 557 2 1 dat—i (6,4, 0)]I,
=2
t—1 .
< 6Cs + 71 ||dar—1 (6,0, 0|y + > wamh ™ ||dar—i (¢, u,6)],
=2

with Cy, C5 < co. Rewriting the previous equation

Hdat (¢a u75)”1 < 505 (1 - 71—3) + (Wl + 7T3) ||dat—1 (QS,U, 5)”1 + (71—2 - 7T17T3) ||dat—2 (¢7U, 5)”1 )

and therefore, under the conditions of assumption A.12 it can be shown that there exits C,, C}, < oo such
that

Hdat (¢a U,5)||1 S 5Ca
||dht (¢5 u’5)||1 < 5Ch
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Now define

1 6,00 = —g g () + 2P0 2 (o) 4 2 o 4 et () B (000
2o =0
= lt (¢7 ’LL) + 2 (2M + a) Eg(;Qdat (QS? u, 6) + 2 |:(2M + a)zﬁ + ﬁ0:| gazdht ((ba u, 6)

l*t (¢,U) — _% lnh% (¢7u) _ tht (gaua(s) _ %eg ((b’u) _9 (2M +a)ﬁdat (¢vua 6) + (21\342—’_04) dht (¢7u76)
o =0

= lt (¢5 u) -2 (2M +a) Eg(;Qdat (¢7u75) -2 |:(2M +a)2ﬁ+g0i| g(;tht (¢a U,CS) .

Thus, there exists C* < oo such that

L ) 2[(2M+a)25+g0 L
Jimy sup | ; (B (17 (#,u) = B (I (¢,w))]| < 5 Jimy s ;E (dne (6,u,6))| +
2(2]\4/3;_0()}1 (%1_1% 51;1; -1 Z E (dut (¢,u,9))
o n t=1
2[((2M +a) + 1) @M + @) T+ 6|
< 7 lim 6C* = 0.

0

The same result can be shown for I, (¢, u) . With this result condition C.3 is proven. Finally, to prove C.2
we prove that I (¢, u) and 1. (¢, u) with mean p; and p., respectively, are Ly — NED of size —oo with
constants dj < ||I7 (¢, u) — pf|| and dup < ||l (¢, u) — pat]] on g4, which is o — mixing of size —oo (given
that these are iid). The details of the proof are similar to those in Davidson (2002) and hence omitted
for sake of space. With this result we can apply Theorem 20.19 of Davidson (1994) for a; =t and ¢ = 2.
Note, however, that to use this theorem we must prove

and the same result for l.; (¢, u) — pye. This inequality is upper bounded as follows:

given that max; 2 ||} (¢,u)||, < oo from previous results. The same result applies to s (¢, u) — ft.¢. Then,
from Theorem 20.19 of Davidson (1994)

4/3
< 00,

I ( ¢,

2

4/3 o

Z 32 17 (6,u)]13/° < max2 |1} (6,u) ||2/?’Zt‘4/3<oo

i ( <l5,

T
T Z d)? ) 07
. T
T (e (6y1) = ) “550,
t=1
satisfying both processes a strong law of large numbers and proving C.2 b). O
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