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Abstract

We examine the potential importance of heterogeneity in consumers’ ambiguity
aversion for asset pricing, portfolio allocation, and the wealth distribution. Ambiguity
aversion, which is a way of formalizing preferences that are consistent with the Ellsberg
paradox, features first-order effects on utility even in an economy with a small amount
of randomness. Thus ambiguity aversion contrasts the standard model, where risk aver-
sion leads to second-order effects on utility, and it has sharp implications for portfolio
demand and for equilibrium asset returns. In the context of a simple, Mehra-Prescott-
style endowment economy, we consider two types of agents whose ambiguity aversions
differ: some agents display ambiguity aversion while others do not. We show that the
equilibrium “belief” of the ambiguity-averse consumer will evolve endogenously and
nontrivially over time as a result of the equilibrium interaction. Moreover, we show
that “standard agents” will dominate in the pricing of the assets in the long run (but
much less so in the short run), unless there is a recurrent influx of new ambiguity-averse
consumers. Also, given the heterogeneity, the ambiguity-averse agents become (almost)
non-participants in the stock market over time; thus we obtain endogenous limited par-
ticipation. This occurs as the ambiguity-averse consumers will see their relative wealth
decline over time.

1 Introduction

What is the role for heterogeneity in consumer tastes for understanding macroeconomic
phenomena? Indeed, individual decision-making is a key building block in micro-founded
macroeconomic theorizing, though most of this theorizing relies on the “representative-agent”
construct. Thus, the analysis relies on the premise either that, for the question at hand, an
aggregation theorem holds, or that any quantitative departure from it does not significantly
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alter the conclusions of the analysis. Some abstractions from heterogeneity are surely easy
to motivate, but others, we think, do deserve scrutiny, especially when the taste hetero-
geneity impacts importantly on the decisions macroeconomists build their models around.
In this paper the focus is on understanding asset prices and wealth inequality. If different
portfolios deliver different return characteristics, and if these characteristics have sufficiently
different average returns, then in scenarios when different consumers have different portfolios
of assets—a presumption that appears very much in line with data—one might well obtain
sharp implications both for asset prices and for the long-run distribution of wealth. In this pa-
per, we consider one possible determinant of different portfolio preferences, modeled through
taste differences, and we look at its long-run effects on asset prices and wealth inequality:
differences in the degree of ambiguity aversion.

Ambiguity aversion is a way of thinking more generally about “belief formation”, and it
has been used recently for understanding how risky assets might also be perceived as ambigu-
ous and thus command lower prices and higher returns. Heterogeneity in ambiguity aversion
is therefore a way of thinking about the possibility that consumers, despite their being ra-
tional, might have different beliefs about asset returns, thus leading to differences in their
chosen portfolios. Since the ambiguity aversion we consider here is firmly based on axioms
(see below), we are thus studying how differences in tastes might help us understand aggre-
gates. Other approaches to understanding the observed heterogeneity in consumers’ portfo-
lios include (i) heterogeneous needs for risk sharing, (ii) heterogeneity in consumers’ costs
of accessing different financial instruments, and (iii) heterogeneity in information. Surely
heterogeneity in risk sharing needs and transactions costs are important; the present analysis
should be viewed as a complement in that regard. As for differences in information across
people, they are likely very important too, and they are closely related to the object of study
here, since they too lead to differences in consumer beliefs. However, they tend to be quite
difficult to study in general equilibrium, since once needs to provide an analysis of why the
price system does not reveal all privately held information. When it comes to the long-run
effects on wealth inequality, in particular, we know of no study of it that is based on market
interaction with partially revealing prices. Thus, one can perhaps view our current work as
an alternative, and more tractable, way of dealing with belief differences in general equilib-
rium. Moreover, unlike in most representative-agent studies of ambiguity aversion, where
equilibrium beliefs end up being determined very directly based on the modeler’s choice of
the typical parameter for ambiguity aversion (“a” below), in a model with heterogeneity in
ambiguity aversion beliefs evolve endogenously and entirely nontrivially as a function of the
market interaction, as we show in this paper.

Ambiguity aversion is a way of formalizing preferences that are consistent with the Ells-
berg paradox, and it captures a form of violation of Savage’s axioms of subjective probability.
Instead, consumers behave as if a range of probability distributions are possible and as if they
are averse toward the “unknown”. With the typical parameterized representation of ambi-
guity aversion, consumers have minmax preferences, thus maximizing utility based on the
worst possible belief within some given set of feasible beliefs. Thus, in an economy with a
small amount of randomness, there are first-order effects on utility if there is ambiguity about
this randomness. Thus, ambiguity aversion is in contrast to the standard model, where risk
aversion leads to second-order effects on utility.

Previous papers, such as our own work, have analyzed the role of ambiguity aversion for



asset prices, but in representative-agent settings. Alonso and Prado (2008) looks at asset
pricing in a simple Mehra-Prescott-style endowment economy. There, we demonstrate how
larger equity premia can be obtained by assuming ambiguity aversion, along with low riskfree
rates. The key parameter in the model is the amount of ambiguity aversion, but it interacts
nonlinearly with other parameters, such as the coefficient of relative risk aversion. We show a
range of calibrations that match the average returns on risky and riskless assets and calibrate
ambiguity aversion by using the volatility of short-term return on bonds and the return on
the long-term bonds.! A question we thus ask with the present paper is to what extent the
results in this previous work are robust to introducing heterogeneity in ambiguity aversion.

We consider a simple model and assume that half of the agents display a given amount
of ambiguity aversion while the rest (the “standard agents”) do not. In order to make the
analysis as simple as possible, we specialize to a logarithmic period utility function and iid
and symmetric shocks. For this particular case, we are able to show that the standard agents
will increasingly dominate in the pricing of the assets over time. Furthermore, with this het-
erogeneity, the most ambiguity-averse agents become (almost) non-participants in the stock
market over time; thus, we obtain endogenous limited participation. In conclusion, although
ambiguity aversion shows great potential in providing new asset-pricing implications and in
allowing us to think of a reason why the elimination of aggregate fluctuations might be quite
costly, heterogeneity in the degree of ambiguity aversion will tend to limit these implications
and mainly have effects on wealth distribution and differences in portfolios across consumers.
The implications for wealth inequality, however, are very striking and deserve further study.
The observed inequality in wealth is difficult to explain with standard versions of calibrated
macroeconomic models, and our present work seems to be one avenue for understanding why
some consumers are so rich and others so poor.

Finally, we note that our model has rather extreme long-run implications (both for asset
prices and for wealth) to a large extent because (i) agents live forever and (ii) asset markets
are complete. In this paper, we do not consider asset-market incompleteness (though it
would seem fruitful to examine it). However, we study an extension of the setting above,
which features “overlapping generations”: each period, there is an influx of ambiguity-averse
consumers. Such an economy allows ambiguity to play a role also in the limit and we
characterize its long-run effects.

2 The economy

This is an infinite-horizon exchange economy. Production is exogenous: the economy has a
tree that pays dividends every period. The dividend grows at a random rate, which has a
two-state support given by (A1, A2) and follows a first-order Markov process. The transition
probabilities are given by ¢, — the probability of going to state s if today’s state is s, with
s, =1,2.

When the consumer is ambiguous about these probabilities, he perceives them to be

B(v) = (¢11 —U G “’1) , (1)

(o1 — V2 gy + V2

IFor a survey on the equity premium puzzle, see Kocherlakota (1996).



where v; € [—a,a] (s = 1,2) with restrictions on @ such that all probabilities are in [0, 1].
Parameter a measures the amount of ambiguity in the economy.
Preferences are given by the maxmin formulation

Vils) = u ()] + 8 min EVia(s™), 2)

where ¢ is consumption, u(c) is the period utility function, and Il is a set of transition
probability laws given the history s today.

Aversion to ambiguity is captured by the “minimization” part in the utility formulation
above: the consumer behaves with pessimism, i.e., he assumes the worst possible probability
distribution. For an axiomatic foundation for this preference formulation, see Gilboa and
Schmeidler (1989) for the static setting and Epstein and Wang (1994) and Epstein and
Schneider (2003) for a multiperiod setting.

We consider two types of agents whose ambiguity aversions differ. We look at a general
planning problem first, and then focus on the case with iid shocks. Later, we look at the
case of serial correlation in more detail (NOT DONE YET).

In section 3 we consider a model with both ambiguity-averse agents and “standard” agents
who do not view the economy as ambiguous. In section 4 we conclude.

3 Heterogeneity in ambiguity aversion

3.1 The planner’s problem

We first consider agents with a logarithmic period utility function. The state vector is (d, 0, s):
today’s dividend, the weight the planner puts on consumer 1, and today’s shock. The planner
solves the problem

Vi(d,0) = max Ologe; + (1 — 0)logca+

C1,C2,21 41,294/

’U1€[—a1,a1] 1 ’U2€[—a2,a2] vl

2 2
+B{ min = 6 ¢ (v1) 210+ min (1—0>Z¢ss/<vz>z%/}

subject to

Igl/in ‘/8/ (d)\sl, 9;/) - [9;/215/ —+ (1 — 0/3’) 225/] Z 0, (3)

and
C1 + Cy = d, (4)

where ¢; is agent ¢’s consumption, ¢ = 1,2, z; is next period’s present-value utility for agent
i, Og (Vi) = ¢y — v;, and @y, (v;) = P + v;. The first constraint (3) makes the problem
recursive and the second constraint (4) is the resource constraint. This formulation which is
based on Lucas and Stokey (1984) is also used in Alonso (2007).

Taking FOCs with respect to the consumption of agents 1 and 2, we have

C1 = Qd, (5)

and

o= (1-0)d, (6)
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with respect to z1(1) and z3(1), we obtain

9/1 o 9(%1 - Ul)
[0, " (0= 0)(dy )’ @)

and similarly with respect to z1(2) and z5(2) we have

0, O(gg+v1)
T=0, = 0)(6a+ o) ¥

After some algebra where we use the law of motion for ¢'(s) (equations 7 and 8), we can
rewrite the planner’s problem as

Vis(d, ) = max@logcy + (1 — 0)log co+

2
‘|—ﬁ min {Z d)ss’ [91}1 + (1 — 8)1]2] ‘/s/(d)\sl, 9;/)}
vnve s'=1

subject to

r qbss/(vl)
Ou = egbss/ [Ovy + (1 — 0)vy]’

(9)

and
c1+c= d. (10)

Note that ¢, [fv1 + (1 — 0)va] = ¢y — Ov1 — (1 — 0)vy and ¢, [fv1 + (1 — O)vg] = ¢y + Ov1 +
(1 - 8)’1}2.

3.1.1 A special case: no serial correlation and a, =0

In the simpler case where shocks are 72d and symmetric and consumer 2 is not ambiguity-

averse (vy = as = 0), the planner’s problem becomes?:

V(d,0) = max flogey + (1 —60)logeat

’
C1702795/

2
+8 min {Z¢s,<ev)V(dAS,,9;,)}
s'=1

vE[—a,a]
subject to
¢y ()
0,/ — 9 s y 11
“ =0 ()
and
cg+ce=d. (12)

2From now on, we drop the subscript on v and a, since it should be clear that they refer only to consumer
1.



Using the FOCs for consumption, we obtain ¢; = d and ¢, = (1 — 0)d, so we obtain

V(d,0) =logd +log6°(1 — 6) %+
+Bmin[(¢ — Ov)V(dA, 04) + (1 — ¢+ v)V(dA2, 03)]

with 5
—0
"= 1
and
,  ,l—9+w
b = 1—¢+6v (14)

Here, we conjecture that V' (d, 6) takes the form Alogd + W (#). This guess delivers
Alogd +W () =logd +log#°(1 — )0+

+Bmin {(¢ — Ov) [Alog(dAr) + W(61)] + (1 — ¢ + v) [Alog(dA) + W (05)]} -

Inspecting this functional equation, it can be seen that A = % works and we can express

W(0) as 7
W) =1logh’(1 — )0+

log Ay o —v log Ay l—¢p+wv
= +W<0—¢_HU>} (-0 60) [1_5 +w<9—1_¢+%)”.

This is a one-dimensional dynamic programming problem delivering optimal v as a func-
tion of # and hence, a law of motion for §. The variable § also corresponds to the fraction
of the total wealth—the current dividend plus the value of the tree—owned by agent 1 in
a complete-markets equilibrium. The following figures for W (6) and v(#) below assume the
following values for the parameters: A\; = 1.02, Ay = 1.01, § = 0.98, ¢ = 0.5, and a = 0.2.

Figure 1, for W(6), reveals a shape similar to log§’(1 — 6)'=?  which is the (constant)
flow utility of a planner in a two-type economy where no consumer has ambiguity aversion.

Figure 2, for the optimal choice of v, shows that v is close to zero and interior at first
(for small 6’s), and then it increases monotonically in 6 and reaches the upper bound a for a
value of 6 a little above 0.9. We will interpret these findings in more detail in the following
sections.

+8 min {(¢ — 9v) {

vE[—a,al
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Figure 1: W(6)

Figure 2: v(0)



3.2 The special (iid) case: the decentralized economy

Markets are complete and consumers trade in equity shares of the tree and in a riskless bond
that is in zero net supply. We denote the consumer’s bond and equity holdings b and e,
respectively.

We assume that A\; > Ay so that the bad outcome is state 2 — the outcome where the
dividend is low. The ambiguity-averse consumer puts a higher weight on the bad outcome
than what is warranted by the objective probability; that is, he becomes pessimistic because
he is worried about that outcome and does not know its probability. The objective probability
of this state is 1 — ¢ but he chooses the belief in the bad state. His belief is ¢p(v) =1— ¢+ v
and he chooses v from the set v € [—a,a]. The higher is a, the more ambiguity there is in
the economy.

The consumer’s problem is given recursively by

2
V(d,w,0) = max {logc + ﬁminz O (V)V(Agrd, wl, 6’;,)} ;
e Y s'=1

subject to the budget constraint
c+p(d,0)e+q(d,0)b = w, (15)
wl, =b+e[Ayd+ p(A\sd,0)], (16)
and the law of motion for ¢, given by
0 = g+(d,0), (17)

where (d,w, 0) is the state vector, w is the consumer’s wealth today, p is the price of equity,
e is the fraction of the equity share held by the consumer, ¢ is the price today of a bond
that pays one unit of the consumption good next period, and b is the holdings of the bond.
(The argument d is included for g only for completeness; it will not be there under the log
assumption. )

The consumers’ decision rules for all (d, w, ) are

ci(d,w, 0) (18)
ei(d,w,0) (20)

for i € {1,2}.
Total wealth in the economy when the state variable is (d, ) is d + p(d, ). Thus, market
clearing requires, for all values of the arguments,

c1(d,0[d+ p(d,0)],0) + co(d, (1 —0) [d+ p(d,0)],0) =d, (21)

bi(d,01]d+ p(d,0)],0)+ by(d, (1 —0)[d+p(d,6)],0) =0, (22)
and

e1(d,0[d+ p(d,0)],0) + ex(d, (1 —0)[d+ p(d,0)],0) = 1. (23)
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The relative wealth dynamics, finally, is given by

wlls/<d7 6)

s/ d,9 == ’
9(:0) = @ 0) + why (4,0)

where
wlls’(dv 9) = bl(d7 0 [d + p(d, 9)] ) 0) + el(da 0 [d + p(d, 0)] ’ 6) (d)‘S’ + p [d>‘8’7 98’(d7 Q)]),
and
why(d,0) = ba(d, (1-0) [d + p(d, 0)] ,0) +e2(d, (1-0) [d+ p(d,0)], 0)(dAs +p[dAy, g5 (d, 0))).

Now we will show how to find prices and portfolio allocations in this economy. We use the
planning problem and we identify the 6 in that problem with the corresponding variable here:
the planning weight on agent 1 equals the relative fraction of total wealth held in equilibrium
by this agent.

To derive the prices for bonds and equity, we take first-order conditions from the con-
sumer’s problem with respect to b and e.

The price of bonds, ¢(d, 6), then becomes

1— 1 1
q(d,0) =p )%—F )\2¢+00 (/\—2—/\—1)} = ¢(0). (25)
The price of the bond is increasing in v. In addition here, the price of bonds is increasing
in 6. We show below that the ambiguity-averse agents demand the bond. The bond is more
valuable when marginal utility of consumption is high (which occurs in the bad state). As ¢
increases, there is a higher demand for the bond, so its price goes up.
And the price of equity, p(d, 0), is given by

(d,0) = 3 { (¢ — 0v) [M\id + p(\id, 0))] n (1 — ¢+ 60v) [Nad + p(Nad, 05)] } | (26)
)\1 )\2
where we recall that 06 )
, -
61 - ¢ . QU S 07 (27)
and 01— 6+ v)
0, = 1_¢—+05 >0, (28)

from the planning problem. (The inequalities above follow since v > 0.)

The latter laws of motion reveal that the ambiguity-averse agent gains in relative wealth
when the state is bad and loses when it is good: his probability “beliefs” are tilted toward
the bad state.

We see that p(d, 0) = dp() solves this equation, delivering

p(0) = B{(¢ — 0v) [L+p(6)] + (1 — & + Ov) [1+ p(65)]} - (29)



This is a functional equation: it holds for all 6 (recall that v may also depend on ). The
solution to this functional equation is

p() = ) (30)

and
p(d,0) =

So the price of equity does not depend on 6.

The equilibrium holdings of equity of consumer 1, which can be obtained by using the
expression for future wealth, w}, = by +e;(Ayd+p., ), together with the equilibrium condition
that wl, = 0, (d\y + pl,), are given by

(31)

0N — O\

61(d, 9) = )\1 — )\2

= é1(0). (32)
Thus, the equity holdings of agent 1 are independent of the level of d. We see that if v =0,
in which case 6 = 0, = 0, then é,(0) = 6: the consumer’s share of the tree equals his initial
share of total wealth.

On the other hand, when v > 0 (recall that wlog we use A\; > \;), we know that 0] <
0 < 6,, which makes the holdings of equity lower as compared to the case when v = 0.
That is, the ambiguity-averse agent will have a smaller share of equity holdings than his
overall wealth would otherwise prescribe: this is a portfolio composition effect. How much
his portfolio composition will be changed must be numerically examined.

We can also examine the portfolio effect by looking at the amount of bonds purchased by
agent 1. Her equilibrium holdings of bonds are obtained as

)\

bl(d79> = 1 _ﬁ

[0 — é1(0)] . (33)
It is interesting to note here that bond holdings are proportional to d. Naturally, they are
zero in the special case v = 0, when e; = 0 and 0’ = 0. Moreover,

/ /
0~ enf0) = o — DL

A1 — Ao
o 7 0 34
=% T M > U, (34)

since 05 > 07, and thus we conclude, consistently with the above insights regarding equity
holdings, that the ambiguity-averse agent increases his bond holdings relative to the v = 0
zero-bonds case: his portfolio composition moves away from equity and into bonds because
he is more pessimistic than person 2 in his perception of the return (performance) of equity.

The consumer is exposed to two sources of uncertainty in this economy: (i) the payoff of
equity and (ii) the price of the bond. The price of the bond depends on 6, the relative wealth
of consumer 1, and this variable is random. In particular, since 05 > 6 > 67, the price of the
bond, ¢, increases if state 2 occurs and it decreases if state 1 occurs.
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Below we numerically compute solutions for v(6), 6,(6), 65(6), e(6), %, q(0),
and b(0) for agent 1. Once more, the parameter values are A\ = 1.02, A\, = 1.01, 5 = 0.98,
¢ =10.5,and a = 0.2.

As we see from the graphs in figure 3, the ambiguity-averse consumer short-sells equity
for most values of 6. The reason for this is the following. State 2 is bad for the ambiguity-
averse consumer for two reasons: (i) the payoff from equity is low and (ii) the price of the
bond increases so that it makes the good next period more expensive (this consumer does
not own any goods next period). Therefore, to provide protection against the former type
of uncertainty, the ambiguity-averse consumer buys bonds and to provide protection against
the latter type of uncertainty, the ambiguity-averse consumer sells equity short. We shall

analyze the details of the graphs in figure 3 in what follows.

Outcomes in the two extreme cases: # = 0 and 0§ = 1:

When 6 is 0 — the standard agent has all the wealth — asset pricing is standard because all
assets are priced by the standard agent. In this case, there is voluntary non-participation in
equity: at 8 = 0, a measure-zero ambiguity-averse agent chooses not to participate in equity
markets. He chooses v = 0 and holds only bonds. Why? If he had positive equity, he would
need to choose a v > 0, because his portfolio would do well in good times, so he would be
pessimistic with regard to that state. But such beliefs would imply that selling equity short
is optimal which is a contradiction. Similarly, negative equity implies v < 0, which implies
that positive equity is optimal which again is a contradiction. So the only possibility for the
ambiguity-averse agent at 6 = 0 is to hold zero equity, hold bonds only, choose v = 0, and
have constant consumption.

When 6 is 1 — the ambiguity-averse agent has all the wealth — asset pricing is non-standard.
In particular, there is a high equity premium: since the representative agent, who must be
holding all the equity and no bonds, now is ambiguity-averse, v must be positive and high
(at its bound, if a is small). This means pessimism toward the good state, a very high bond
price, and a low risk-free rate. Thus, the equity premium becomes very high. With CRRA
and more than log curvature, the price of equity would fall and the equity premium would be
even higher. (No closed-form solutions for the heterogeneous-agent economy here, though.)
The case with a representative agent with ambiguity aversion is treated in Appendix

Intermediate values: # > 0 but not too high

Unless 6 is quite high (in the numerical example), the ambiguity-averse agent is still at
an interior solution: the present value utility next period is the same for each value of .

When 6 is positive but not too large, the ambiguity-averse agent short-sells the stock.
Why? State 2 (the bad state) is now bad because it makes 6 fall (equity does poorly, so
the standard agent loses in relative terms). The price of the bond must then increase since
ambiguity-averse agents become richer in relative terms and demand more of it.

A very small amount of pessimism rationalizes their choice, i.e., liking state 2 makes you
sell equity short. Thus, you are still indifferent between which state occurs: if state 1 occurs,
the bond price is low (good, since they demand it); if state 2 occurs, their portfolio does well.
v is set so that the present value utility is equal across the two outcomes.

Intermediate values: nonlinearity
If 6 is positive but small, changes in 6 do not have any considerable effects on ¢, so the
randomness in ¢ is not so important. Then, ambiguity-averse consumers mainly hold bonds

11
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and short-sell equity somewhat to protect against the uncertainty in p. This asset choice

makes
V(wy, 0y) = V(wh, 05) (35)

for a small value of the belief v; that is, v is still an interior solution.

The higher is 0, the more the bond price reacts: the ambiguity-averse agents now want to
short-sell equity more, and an even higher v is needed to justify this behavior. Agents buy
bonds and short-sell equity more heavily. To understand this in somewhat more detail, note
that the value of v is larger, reflecting more pessimism about state 2. Since V' is decreasing
in 6 and increasing in w (the former is true because ¢ is increasing in 6), and since 6} is much
larger than 6/, w) needs to be much larger than w/ in order to equate V (wy, 07) and V (w, 65)
— and hence still make v an interior solution. This is achieved by short-selling equity even
more heavily. Thus, a high ¢ and a high v are reinforcing; as can be seen, # and v appear
multiplicatively in the bond-price formula above! I.e., we have a nonlinearity in the portfolio
pattern. So when 6 is high, ambiguity aversion makes the fluctuations in ¢ very large.

At some point, v hits the bound a. Beyond this bound, as the the ambiguity-averse agent
has a higher fraction of total wealth, he will decrease the bond holding and increase the equity
holding, simply for market-clearing reasons (recall: at = 1 he holds only equity). Over this
range, the equity premium increases sharply, to motivate the ambiguity-averse agent to hold
more equity and less bonds. Close to 8 = 1, the fluctuations in € have become very small, and
the uncertainty resulting from changes in ¢ is therefore also very small and ambiguity-averse
agents consequently do not need to short-sell the stock.

3.3 Relative consumption and wealth in the long run

We can analytically show? that
E(0')6) < 0, (36)

i.e., that over time, the relative wealth of the ambiguity-averse agents decreases toward zero:
these agents disappear, economically speaking.
However, it can also be shown that

9/
E(— | —p_0l,
(5) —os 37)

so the rate at which they disappear goes to zero: they remain with positive wealth for a long,
long time. [to be continued]

4 Overlapping generations:an influx of ambiguity-averse
consumers

[to be completed]

3The proofs of expressions (36) and (37) are in the appendix. This result and the following discussion are
reminiscent of the analysis in Coen-Pirani (2004).
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5

Conclusion

[to be completed]
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Appendix

A1 Heterogeneity in ambiguity aversion
A1.1 The planning problem

We restate the planning problem:

Vis(d,0) = maxflogc; + (1 — 0)log co+

C1,C2

2
—Fﬁ min {Z gbss/ [91)1 + (1 — 0)212] %/(d}\sl, 9;/)}

V1,V2
s'=1

subject to

r ¢851(U1)
=P (ol .

and
c1+cy = d. (39)

Taking FOCs, we obtain ¢; = 6d and ¢; = (1 — 0)d. The rewritten problem becomes:
Vi(d,0) =logd + log #°(1 — 6)' 0+
Homin {[g — o = (1= 0] Vildhi,00) + [0+ 601 + (1= 0)ua] Va(dho, )
subject to

/o ¢ss’(v1)
o (] o

We conjecture that V(d,0) takes the form Alogd + W,(#). This guess delivers

Alogd + W,(#) = logd +log#°(1 — )7+

+Amin{[py — o — (1= O)vy] [Alog dhy + Wi(01)] + [9,0 + Ovr + (1 = O)va] Va(dAs, 02)}

A1.1.1 Special case: serial correlation and a; =0
In this case, we have

Vi(d,0) = max flogecy + (1 — 0)log co+

’
CI7C2»951

2
+ﬂ min {Z ¢ss’ (6U>‘/3/ (d)\517 9;’) }
° s'=1

subject to

r_ (bss’(vs)
O =0 vy “
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and
C1+ Cy = d. (42)

Using the FOCs for consumption, we obtain ¢; = 6d and ¢, = (1 — 0)d so we obtain
Vi(d,0) =logd +log 6°(1 — )7+
+Bmin (g — Ov)Vi(dAr, 05) + (B3 + 00, Va(dAo, 03)

with
0, = 0—531__ o (43)
sl s
and bt
g, — L2 44
2 (bsQ + H'US ( )

Here, we conjecture that Vi(d, ) takes the form Alogd + W(#). This guess delivers
Alogd + W,(0) = logd + log 6°(1 — 6)* %+

+Omin (¢ — bvs)(Alog(dAr) + Wi(8:)) + (62 + v) (Alog(dAs) + Wa(6,))) -

Inspecting the above expression, it can be seen that A = ﬁ works and leaves

W,(0) = log#°(1 — 0) "+

cmin (0.~ 000 [0 s (22 Y] g [0 s (5220 ) )

for s = 1,2. This is a two-dimensional dynamic programming problem that delivers optimal
vs, S = 1,2, as a function of §, and hence a law of motion for 6.

A1.2 The decentralized economy

The problem of the consumer is

2
Vald, w, 6) = max {1og e+ Bmin Y b (v Ve hod, ul, e;,)}
,0,€ Vs 8/:1

subject to the budget constraint
¢+ ps(d,0)e + gs(d, 0)b = w, (45)

wl, = b+ e[Aod+ py(dryg,0.)] (46)

and the law of motion for ¢, given by
0, = gs(d,0,s) (47)

where p is the price of equity, e is the fraction of the equity share held by the consumer, ¢
is the price today of a bond that pays one unit of the consumption good next period, and b
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is the holdings of the bond. (The argument d is included for g only for completeness; it will
not be there under the log assumption.)
The consumers’ decision rules for all (d,w, 0, s) are

cis(d,w, 0) (48)
bis(d, w, 0) (49)
eis(d,w,0) (50)

for i € {1,2}.
Total wealth in the economy when the state variable is (d,6,s) is d + ps(d,6). Thus,
market clearing requires, for all values of the arguments,

c15(d, 0 [d + ps(d, 0)],0) + cas(d, (1 = 0) [d + ps(d, 0)] ,0) = d (51)
bls(d> 0 [d + ps(da 0)] 76‘) + b2s(d7 (1 o 0) [d + ps(d7 9)] ,(9) =0 (52)
615(d, 0 [d —f-ps(d, ‘9)] 70) + 625(d7 (1 - ‘9) [d +p8(d’ 9)] ,9) =1, (53)
The relative wealth dynamics, finally, are given by
gs/(d79, 8) _ wls/<d7975) (54)

wig(d, 0, 5) + why(d, 0, s)’
where
wiy(d, 0, 5) = bis(d, 0 [d + ps(d, 0)],0) + e15(d, 0 [d + ps(d, 0)], 0)(dAs + psr [dAs, g (d, 0)])
and
Wy (d, 0, 5) = bas(d, (1-0) [d + ps(d, 0)] , 0)+eas(d, (1=0) [d + ps(d, 0)] , 0)(dAs+ps [dAs, 9o (d, 0)])

Now, we will show how to find prices and portfolio allocations in this economy. We use the
planning problem and identify the # in that problem with the corresponding variable here:
the planning weight on agent 1 equals the relative fraction of total wealth held in equilibrium
by this agent.

The Euler equation for bonds is given by

qs(d,0) 1 1
Cis(d, w, 0) - ﬁ gbsl(v) Cil()\ld, wq/l'lj 9/1) + ¢82<U) CiQ()\gd, w£2, 9/2) ) (55)
and since ¢5(d, w, ) = 0d (and co5(d, w,0) = (1 — 0)d), we have

0 8) = 59 (S 4 ). (56)

Simplifying further using the law of motion for ¢/, and deriving the Euler equation for
equity in a similarly fashion, the prices of bonds, ¢,(d, @), and of equity, ps(d, @), then become

qbsl —fv
(¢51 - v)/\l
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and

(58)

pold,0) = 3 { (¢51 — O0) [Aliz 21 (d0)] | (6 +00) [AQ;Z + p2(Aad, 65)] }
1 2

We see that p,(d, ) = dps(0) solves this equation, delivering

Ps(0) = B{(¢1 — Ov) [1+ pr(07)] + (¢ + Ov) [1 + P2(65)]} (59)

This is a system of two functional equations.
Asset holdings are the following. First, his equilibrium holdings of bonds are

bis(d, 0) = [d\ + p1(\id, 0))] [0 — e1s(d, 0)] = dXy [1 + p1(67)] [0 — é15(0)]

It is interesting to note here that bond holdings are proportional to d. Naturally, they are
zero in the special case v = 0, when e = # and 0’ = 0.
And his equilibrium holdings of equity are

01 [dM 4+ pr(\ad, )] — 05 [dha + pa(Nad, 65)]
[dAy + p1(Mad, 07)] — [dha + pa(Nad, 65)]

_ 9 AL+ 1(07)] — 05 [1 + pa(65)]
A L4 pa(01)] = Az [1 + pa(65)]
This is once more a system of two functional equations.

Neither bond holdings nor equity holdings depend directly on s, but they do through the
dependence of the 's on s.

615<d, 9)

é15(0) (60)

A1.3 The special case where 0 =0

We solve the problem for an ambiguity-averse agent who is measure zero in the economy.
This agent solves the problem

V(w,d) = maxu(c) + mvinﬁ (¢ — v)V(wy,d\r) + (1 — ¢+ v)V (wy, dAs)]

cbe
subject to

c+qgb+pde =w (61)

wy = b+ (Md+ phid)e (62)

wh = b+ (Aad + pAad)e (63)

The FOCs with respect to b are
qu'(w — qb + pde) =

= [B{(¢—v)u [b+eMd(1+p) —gb — pdhi€'] + (1 — ¢+ v)u' [b+ edad(1+ p) — gb' — pdAae’]}

and with respect to e, they are
pdu'(w — gb + pde) =
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= B{(¢ —v)u' [b+ e\d(1 + p) — qb' — pdrie'] \d(1 + p)+
+(1 — ¢+ v)u' [b+ elad(1 + p) — gb" — pdrae’] Xad(1 + p)}
Using logarithmic utility, we see that these equations become

¢ —v n l—¢p+w
b+ ed(1+p) — gl — pdhie’ b+ elad(1 + p) — gt/ — pdrae’

P, (6= )\ (L= 6+ )k
1+p b+ e d(1+p) —qbl —pdhie! b+ elad(1+ p) — gb' — pdAqe!
We guess that

(w — gb + pde)

=

] (w — gb+ pde).

b=ayw (64)
and
ed = a w. (65)
Then
q =
o—v 1—¢+vwv }
= + 1—qap—pa
g { [y + ac A (14 p)] (1 — gy — phiae) [ + acda(1 4 p)] (1 — gay, — phoce) (1=qas=pac)
_r
1+p

{ (¢ —v)\ . (1—o+v)A
[ap + @A (1 +p)] (1 — gap — phiae) o + aedo(1 + p)] (1 — g, — procre)

The problem of the consumer can be rewritten as

} (1—gap—pa)

V(w) = mxloge + min 8(6 — 0)V (w}) + (1 = & + )V (w))

subject to
c+gb+pé =w (66)
w; =b+ e (1+p) (67)
wh = b+ éXy(1 +p), (68)

where é = de. The variable v will be chosen (due to the envelope theorem) so that V(w}) =
V(w}), i.e., so that w} = w). That means that b = qpw and é = 0 — the agent does not hold
equity — and from the FOC above, that

¢—v l—9p+v
= 1 —qay). 69
1=5 ap(l —qo) (1 — qoy) ( 1) (69)
This expression simplifies to
apq =0 (70)
and then consumption is given by
c=(1-p)w. (71)



Since = = [ in the § =1 case, this implies

ap=(p—v)A\ + (1 —p+0v)As. (72)
Therefore,
PA + (1 — ) A — ay ap — Ao
= =¢— —— 73
A — Ao ¢ A — Ao (73)
and .
2
= ¢ — 74
v=0- T (74)
For ¢ = 0.5, 3 =0.98 \; = 1.02, and \y = 1.01, ap = 2252 and
)\
v=¢ — = 0.00246. (75)
+ A2

A2 Proofs of subsection 5.3
We want to proof that

("] 6) < (76)
e 96— §(1 -6+
) = ¢ 2 Y ARG )
B 16) =" 2 (- g TR0, ()
expression (76) becomes:
0(¢—v) 0(1—¢+v)
g T T (78)
Simplifying (78) yields:
%0 < 0. (79)
Since v #£ 0,
0 <1. (80)

And condition (80) is always true in the case we study, otherwise we would be back to
the case of one agent.

The proof that limy_q F (%/) = 1 is even simpler. First, consider expression for E <%> :

o 90— l—¢+v
E(§>_¢¢—6v (—¢)W (81)
Then, the limit becomes:
o — l—¢+v
6—0 P — (1_¢)1—¢+90_
¢—¢;”+<1—¢>—1If;”=¢—v+1—¢+v:1. (52)
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A3 Representative-agent asset pricing

In this section and for simplicity, we first consider an ambiguity-averse representative agent
with a logarithmic period utility function and discount factor . In addition, we first assume
that shocks are 7id and symmetric, i.e., ¢, = 0.5. After that, we consider a CRRA period
utility function and assume serially correlated shocks. Then, we calibrate the economy and
report the model’s performance.

There is an equity share that is competitively traded and a riskless bond that is in zero
net supply. We denote the consumer’s bond and equity holdings b and e, respectively.

The representative agent holds the tree and thus, his consumption in every period is the
dividend of the tree. A log-period utility function together with the assumption of iid shocks
imply that p, the price of the tree, will be linear in d, the dividend, and independent of the
state: p(d) = pd.

The ambiguity-averse consumer puts a higher weight on the bad outcome than what is
warranted by the objective probability; that is, he becomes pessimistic because he is worried
about that outcome and does not know its probability.

We assume that A\; > Ay so that the bad outcome is state 2 — the outcome where the
dividend is low. The objective probability of this state is 0.5, but he chooses the belief in the
bad state. His belief is ¢(v) = 0.5 — v and he chooses v from the set v € [—a,a]. The higher
is a, the more ambiguity there is in the economy.

The problem of the representative agent with wealth today given by w is

V(w) = maxlog [w — p(d)e] + f min (¢ —v)V(w)) + (1= ¢ +v)V (wh)

vE€[—a,a]

subject to
w'l = [>\1d + p(d)\l)] e,

and
wy = [Aad + p(d9)] e.

Here, for ease of notation, we have excluded the bond (since bond holdings must be
zero in equilibrium). Moreover, the budget constraint: ¢ + p(d)e 4+ g(d)b = w where w =
[d+ p(d)] e_1 +b_1 (e_1 and b_; are equity and bond holdings chosen in the previous period)
has been substituted away. The Euler equation for equity is

p(d)u'(d) =

B{(6 — a)[\d + pOwd)u' (0d) + (1 — 6 + ) had + p(had)]e/ (\ed) } - (83)

Clearly, p is linear in d (a constant times d), whenever u/(c) = ¢~ (here, 0 = 1). Since
the period utility is logarithmic, the price of equity does not depend on beliefs because the
payoff and the inverse of marginal utility (u’) are proportional to Ad so that the payoff times
marginal utility is the same in both states. Thus, p(d) = %d solves the Euler equation
above: the price of equity is independent of ¢ and a.

Trivially here, since e = 1 in equilibrium, w} = %, why = %, then V(w}) > V(w}), so
the solution for v is a corner, i.e., v = a. In section 5, we show that v can be an interior
solution when the economy is populated by both ambiguity-averse and standard consumers.
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The Euler equation for bonds similarly gives

g(d)u'(d) = B{(¢ — a)u'(\d) + (1 — ¢+ a)u'(A2d) } . (84)

We see that ¢ depends on beliefs:

S )|

The higher is a — the more ambiguity aversion there is in the economy — the higher is the belief
that the bad state will happen, and the higher is the present value of one unit tomorrow,
since the probability weight placed on the state with a high marginal utility is higher.

The net expected return on equity, ER,, is given by

_ A+ (1 — @) Ao
B

and it is independent of the belief. The net return on bonds, R,, decreases when ambiguity
aversion increases, because R, = % — 1.
The equity premium in this economy is

ER@ - 17 (86)

A 1—0¢)A A
ER, — Ry = P10 122 . (87)
B BI(1 = @)A1 + Az + a(Ar — Ag)]
If we make ¢ = 0.5, then the equity premium in this economy is
A+ A A
ER, — R, = 222 = (88)

26 B0.5(M + o) +alh — )]
When ambiguity is most extreme, i.e., when a = 0.5, the equity premium becomes

A1 — Ao
26

Using A\ = 1.02, \y = 1.01, and 8 = 0.98, the equity premium is 0.5%, which is 200 times
larger than the equity premium for the same parameter values when a = 0 — the standard
model. Although this is an example, and not a calibration, it illustrates that the effect of
ambiguity on asset prices/returns can be substantial.

If the period utility is u(d) = 4% the price of equity depends on beliefs. In fact:

l—a?

Bl (gt ]
] R )

A3.1 Serial correlation

We now assume that the period utility is u(c) = 611:2 and the shocks are serially correlated.

The problem of the representative agent with wealth today given by w and today’s shock
s is

Vi(w) = maxu[w —py(d)e] + § min (d,y —vs)Vi(wy) + (¢ + v:)Va(w5)

vs€[—a,al
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subject to

wy = [A1d + p1(dy)] e,
wh = [Aod + p2(dA2)] e
The Euler equation for equity is
ps(d)u'(d) =
B{(¢a — vs)Md + pr(Md)]u'(Md) + (940 + vs)[Aod + p2(Aad)]u'(A2d) } (90)
The price of equity is still linear in d, and is now given by
ps(d) = kyd (91)
where
ks = 0 [(¢a = v) N1+ k1) + (000 +00) A (1 + k)] (92)
for s =1, 2.

Explicitly solving for k; and ks, we obtain:

B¢y — a)\ @ [1 — B¢y + a))‘;a} + B(d1y + a)Ay " + FP(d1y + a)(dyy — a) (A1 Aa)' ™

-
' [1 — B¢y + a))\%—a] [1 — B(d1; — a))‘%_a] - 62(¢12 +a)(¢g; — a)(M )~
and
ey = B(day + )Xy~ ° [1 — B(p11 — a))\%—a] + By — A + By — a) (P10 + a) (A A2)' 7@

[1 — B(dgg + a))\;a} [1 — B(p11 — a))‘%ia} - 52@12 +a)(¢a1 — a)(AAg)

Thus, wealth in the next period is:

and
why = Xod(1 + ky). (94)
The price of the bond is given by
1 1 1 1
s(d) = — — — - — 95

for s =1, 2.
The conditional expected net return on equity is

Dg1 [Md + pr(Mid)] + dyo [Nod + pa(Nad)]
ps(d)

for s = 1,2, and the unconditional expected net return on equity ER¢, is

ER = -1 (96)

TER]+ (1 —m)ERS — 1
where the invariant probability 7 solves
T =T+ ¢y (1 — 7). (97)
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Therefore,

ERC — 7T§b11 [Ard + p1(Aid)] + dy5 [Nod + pa(Nad)] i
p1(d)
Go1 [Md + p1(Md)] + @op [Aad + pa(Nad)]
(1= 7) X0l 1 (98)

P+ K + dpda(1 + Kp) P (1 + K1) + dopda(l + ko)

ER® = 1— -1 (99
. +(1-m - (99)
The expected net return on the bond, R?, is given by
1 1
T—+(1l-—m)——-1=
0 q2
1 1—
- i + 1-m 1L (100)

1 1 1 1 1 1 1 1
¢11W+¢12g+a(g_ﬁ> ¢21W+¢22g+a<g_ﬁ>
Finally, the equity premium is given by

ER® — R
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