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MATHEMATICAL OPTIMIZATION. JUNE EXAM 2019-20

1. 1. Letf: R? > R be the following function
f(x,y) = y—x%and the seté, = {(x,y) : 0 < x < a,-€*X<y<O0}.
(a) (0.4 points) Draw the curves of levet = -1, 0, 1 off and the sets
Aa,wherea = 1,.
(b) (0.6 paints) Find, if they exist, the global maximizers and minimizers oh A,.
Solution:
(a) the level curves are the graphsyof g.(x), wheregc(x) = x3 + c.
Aa is limited below by the curvg = —e™, above by the horizontal axis, and at the left
and the right by the vertical lines= 0 andx = a (if a = 1).

b) As the functiorf increases wher decreases angincreases, it is obvious that the
maximum is 0, obtained at the poif@, 0), for anya.
Analogously, whera = 1, the minimum is obtained at the poifit,—e ) and takes the
value-e* -1, ash(x) = f(x,—e>) = —-e™> - x3, the value of along the curve
y = —e %, is concave and obtains its minimumxat 0 orx = 1.
Buth(l) = -e1 -1 < h(0) = -1, so-1- e is the minimum.
On the other hand, the minimum doesn’t exist whea «, becausé(x,0) = —x° tends to
—o0 asx tends tox.

2. LetB(x,y) = 9x — 5x? + 6y — 20y? + 4axy be the profits of a firm when it sellsunits of the
product E and units of the product F, wher@is an unknown parameter.
(a)o.5 points) Find a in order thatB(x,y) be a strictly concave function.
(b)(0.5 points) Let’s suppose now that = 1. Find the critical points oB(x,y), and compute
the production that maximizes the profits, if it exists.
Solution:

4a -40

b) VB(X,y) = (9—10x + 4y, 6 — 40y + 4x) = (0,0) if (x,y) is a critical point.
Multiplying the first equation by 10, and adding up the set;ame obtain.
90- 100+ 6+ 4x = 0 = x = 1, and susbstituting in the first equatign= 1/4.
3. Consider the functiof(x,y) = 2In(1+ x) + In(1 + 2y) defined on
A={XYy) :x+y=1x>0y>0}
(a)o.3 points) Find the point(xo, o) that satisfies the Lagrange conditions of local extremum
onA for f.
(b)(0.4 points) Prove thatxo, yo) is the global maximizer dfon
B={Xxy :x+y<1lx>0,y>0;}.
Hint for b): observing that is both increasing or andy, and strictly concave, draw the set
C =Ly : f(xy) = f(x0,Yo)}-
(c)(0.3 points) Considelf defined onA* = {(x,y) : X+y = 1,x > 0,y > 0}. Find the point, if
it exists, wherd obtains its minimum value.
Solution:
a)vi(x,y) = (2I(1+x),2/(1+ 2y)) = A(1,1) = the point(x,y) must satisfy:
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a)HB(x,y) = < > SoA; < 0,A; = 400- 16a? = 16(25-a?) > 0 < |ak 5.



1+x=1+2

{ TN oyo) = (213,113
X+y=1

b) The setC must be convex, without segments in the frontierf(gsstrictly concave),

and above the sé& (asf is increasing in both variables), $&v,Yo) is the global maximizer
of fonB.

c) AsA* is compact andlis continuous on that set, by the Weierstrass theorem ab#ain
minimum, which can only be obtained ¢, 0) or (0, 1).

Asf(0,1) =In3 < In4 =2In2 = (1,0), the minimum value is obtained {0, 1).

. Consider a consumer that spends a reiof 36 euros on two product#, which has a price
of 9 euros, and, which has a price of 1 euro.

Let's suppose that the utility function of the consumetlgx,y) = 30/xy,

wherex,y are the quantities of the produ@&gsB consumed, respectively.

(a)o.3 points) If we suppose that the consumer obtains its maximum utilligmvhe
consumex = 2,y = 18, what is the value of the Lagrange multiplier of this pesbP

(b)(0.3 pointsy How much decreases, approximately, the utility of the careuf his rent
reduces to 357

Hint for b): if you couldn’t solve part a), consider then thia¢ value of the Lagrange
multiplier is 3.

(c)©0.4 pointsy Now, the consumer can take a small extra quantit% ahdB without any
cost, and we observe that the consumer has increased hiswpiisn of producB

in 0.01 units; i.e.x = 2.01 now.

How much, approximately, has been the increase of his copsomof productB?
Solution:

a) Considering the Lagrange functib(x,y; 1) = 30 /Xy + A(36- 9% -Y),

if we take the partial derivative with respectoxave obtain:

oL/ox = 15JyT — 91 = 0; and now, taking into account th@t y) = (2,18,

we obtain that 45=- 94 = A = 5.

b) AsAU = AAm = -5

c) AsVU(2,9 = 30(3/2,1/6 = (45,9 = 5(9, 1) when the consumer increases his
consumption oB in 0.01 units, he must also have increased his consumptiBriro0. 09
units, as the gradient &f marks the direction of maximum increaselhf



