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SHEET 4. OPTIMIZATION WITH INEQUALITY CONSTRAINTS

(1) Find the mazimum of the function f(z,y,z) = xyz on the set {(x,y,2) ER3 :x+y+ 2 <

1, z,y,z>0}.

Solution: First we write the problem in the canonical form,

max TYZ
z,Y,2
s.t. r+y+2<1
—x <0
-y<0
—2<0

The Lagrangian is
L=axyz+ M1 —2z—y—2)+ Xz + A3y + a2

and the Kuhn—Tucker equations are

g—i:yz—)\l—i—)\g = 0N\ =yz+ X
g—j:xz—)q—l-)\g = 0 M =22+2A3
g—i:xy—AlJr)q = 0l =2y+N\
Ml—z—y—2) = 0
Xxr = 0
Ay = 0
Mz = 0
A, A2,A3 > 0
r+y+z < 1
z,y,2 > 0

Case 1 A\; = 0. In this case, from equations (1), (2) y (3) we obtain that
yz+d=xz+A3=xy+ Ay =0

But all the variables are positive, so
Yyz=xz=xy =X =A3=X2 =0

The equations (11) yield an infinite number of solutions in which at least two of the variables

x,y, z vanish. The value of the objective function at these solutions is 0.
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Case 2 A\; > 0. Then, z+y+z = 1. If, for example & = 0, we obtain from equations (2)
y (3) that

A3=XM =X >0

and from the equations (6) y (7) we see that y = z = 0. But this contradicts that x+y+z = 1.
We conclude that > 0. Analogously, one can show that y,z > 0. By equations (5), (6)
y (7) we see that

and equations (1), (2) y (3) imply that
yz =xz =1y

that is
r=y=2z

And since z 4+ y + z = 1, we conclude that
1 1

The value of the objective function is

111 1
f<3’3’3> =%
So the point

corresponds to the maximum.

Find the minimum of the function f(x,y) = 2y — 22 on the set {(x,y) € R? : 22 + ¢y <
1, z,y >0}

Solution: First we write the problem in the canonical form,

max z? — 2
T,y,z
S.t. %+ y2 <1
—x <0
-y <0

The Lagrangian is

L=2a?—2y+M(1—2%—9%) + Xz + A3y



SHEET 4. OPTIMIZATION WITH INEQUALITY CONSTRAINTS 3

and the Kuhn—Tucker equations are

%zQw—?Aw—}—Az = 02 Mz =224+ Xy
%:7272>\1y+>\3 = 0 A3=2+2\y

MI-22—9%) = 0

Xox = 0

Asy = 0

A, A2, = 0

224y < 1

z,y > 0

Since all the variables that appear in equation (13) are positive, we have that

A3 >2>0
S0
y=20
and from equation (13) we see that
Az =2

Case 1: z = 0. By equation (14) we see that A\; = 0 y by equation (12) we see that

A2 = 0. That is, of solution of the Kuhn—Tucker equations is
x*y*zO; )\1:)\220, )\3:2

The value of the objective function at these solutions is f(0,0) = 0.
Case 2: = > 0. Then, Ay = 0 and by equation (12), \;y = 1. Now we obtain from
equation (14) that 22 + 32 = 1. And since y = 0, x > 0 we have that

r=1
Another solution of the Kuhn—Tucker equations is
=1, y*=0; M =1, A=0, A3=2
The value of the objective function at these solutions is f(1,0) = —1. Therefore, the

minimum is attained at the point (1,0).

(3) Solve the optimization problem

min 22 + 4% — 202
s.t. 2522 + 4y2 <100
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Solution: We write the problem as

max —22 — y? + 20z
s.t. 2522 + 4y? < 100

The associated Lagrangian is
L= —2? —y? + 202 4+ \(100 — 2522 — 4y?)
and the Kuhn-Tucker equations are
—2x+20—-50 Az = 0
—2y—8\y = 0
2522 +4y® < 100
(100 — 2522 —49%) = 0
A

Vv
o

From (20) we see that y(1 4+ 4X) =0, so if y # 0, then A = —1/4 which contradicts (24).
We conclude that y = 0 and the system reduces to
—2x4+20-50Ax = 0
z° < 4
M4—2?) = 0
A >0

If A =0 from (25) we obtain that = 10. But this does not satisfy (26). Therefore, A # 0

and from (27) we see that x2 = 4. There are two possibilities # = £2. Solving in (25) we

obtain
_10—=x
- 25x
so that if x = —2 then A = —12/50 does not satisfy (28). Therefore, the solution is
8
=2 =0 A=—
&€ ) y ) 50
(4) Solve the optimization problem
max r+y—2z
s.t. z>x? 4y

z,Y,2 >0
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Solution: First we write the problem in the canonical form,

max r+y—2z

T,y,z

s.t. 2249y —2<0
—x <0
-y <0
—2<0

The Lagrangian is
L=x+y—22+ (2 — 2% — y?) 4+ Aoz + A3y + Mgz

and the Kuhn—Tucker equations are

oL

) =1-2Mz+X = 02z =1+ X
X
oL
8—y:1—2)\1y+)\3 = 0e2My=1+ X3
oL
5272+>\1+>\4 = 0 M+ =2
MEi+y?—2) = 0
)\21‘ = 0
Azy = 0
)\42 = 0
A17)\27)‘37A4 > 0
z,y,2 > 0

From equation (29), we see that if Ay =0 o0 x =0, then 14+ Ay = 0 so A2 < 0. Therefore, we
must have that Ay > 0 y > 0. Similarly, from equation (30) we obtain that y > 0. From
equations (33) and (34) we see now that Ay = A3 = 0. The Kuhn-Tucker equations may

now be written as follows

20z = 1
2My = 1
M+ = 2
z? + y2 = z
Mz = 0
A, A >0
z,y,z > 0
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Since A; > 0, from equations (38) and (39) we obtain that

1
x:y:Q—)\l
SO
z2=222>0

And we deduce from equation (42) that Ay = 0 and from equation (40) that A\, = 2.

Therefore, the solution is
1 1

= a—= A =2 do—=Ag—As—
€T Y 472 8’ 1 ) 2 3 >\4 O

(5) Solve the optimization problem

max 2% — 2zy + 4y?
s.t. r+y<4
y > 2z
z,y >0

Solution: The function f(z,y) = x? — 22y + 4y? is convex and the opportunity set is
convex and compact, thus f attains the maximum at some of the vertex of S, which are

(0,0), (0,4) and (2,4). Evaluating we have
f(0,0) =0, f(0,4) =064, [f(2,4)=52.

Hence, (0,4) is the global maximum of f in S.



