Masters in Economics-UC3M Microeconomics 11
Final Exam (May 26, 2021)

Answer exercises 1 and 2, and any one of the remaining exercises.

Exercise 1. A pure exchange economy extends over two periods, today and tomorrow. The
state of nature tomorrow can either be sunny (5) or cloudy (C'). The economy is populated
by two consumers, A and B, whose preferences over consumption today (x), tomorrow when
sunny (y), and tomorrow when cloudy (z) are represented by a utility function w;(z,y, z) =
x%yz, where (a4, ap) = (2,1), and whose endowments are (T4, 7a,24) = (T, YB,2Z5) =
(2,2,2).

(a) (25 points) Calculate the competitive equilibrium prices and allocation assuming that
there are contingent markets for all goods. (You may find it useful to normalize prices so
that p, + p, + p. = 24.)

For i € {A, B}, consumer i’s problem is

max 3 %Yz
(z,y,2)ERT. Y

subject to: x + pyy +p.z < T; + pyYi + P27
Calculating MRS, ,(z,y, 2) = ayy/x and MRS, .(x,y, 2) = a;z/x, and noting that
PoTi + Pyl + P22 = 2 (Po + Py +p2) = 48

and that (py, py, p.) > 0 in the CE (because u; is strictly increasing in x, y, and z), consumer

1’s demands solve the system
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P2 +pyy +p.z = 48,

Thus,
48y, 48 48

) yz‘(p) = ( Zi(p) = m,

xz(p) = ( 2—1——0@)]93,’

24+ ;) pe

Hence, market clearing conditions,

ya(p) +ys(p) =4, 2a(p) + 28(p) = 4,
yield the equations
48 48 48 N 48
dpy  3py dp.  3p:
Solving this system of equations we get p; = p; =7, and therefore p; = 10. The equilibrium
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(b) (10 points) Now suppose that there are no contingent markets, but there is a credit
market and a market for a security that pays 2 units of consumption tomorrow if sunny
and nothing if cloudy. Determine the competitive equilibrium interest rate r* and security
price ¢*. (Hint. Normalizing the spot prices to (p., py,p-) = (1,1,1), you can consolidate an
agent’s budget constraints into a single equation involving her consumption of goods — you
can do this by calculating and substituting the amount she borrows and the number of units
of the security she buys as functions of her consumptions. You will see then the relation

between (¢*,r*) and the prices you obtained in part (a).)
For (r,q), the problem of consumer is i € {A, B}

r+qs 240
y < 2—(14+r)b+2s
z < 2—(1+r)b.
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Clearly, the budget constraints are binding at the solution. Hence, using the last to equations

to solve for b and s we get ,

z— 2
b = —
147
y—z
s = )
2

Substituting b and s in the first equation we get

y—z z—2
=2
2 +1—|—?" ’
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which we may write as

1+7r 1+7r 1+7r 2
24 —— 12 P 12 — =48
<2+T)x+ q(2+r>y+ (2+r> (1+7“ q)z ’

The equilibrium security price and interest rate must solve the system

1+7r
24 = p' =10
(2—1—7’) Pa

1+7r
2 = p'=7
(2+T>q Py
1+7r 2
2 — = pr="1.
(2+r> <1+7’ q) P

Using any two of this equations we get

(¢",r") = (g—;)

And of course, the resulting allocation is that of part (a).
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Exercise 2. The revenue of a risk-neutral principal is a random variable X taking values
r1 = 2, 1o = 4 and z3 = 8 with probabilities that depends on the level of effort of an agent,
e € [0,1], and are given by pi(e) = (1 — /e)/2 and p2(e) = ps(e) = (1 + /e)/4. Effort is
verifiable. There are two types of agents, H and L, present in the population of agents in
fractions g € (0,1) and 1 — ¢, respectively. All agents have the same preferences, represented
by the Bernoulli utility function u(w) = w, and reservation utility u = 0, but different costs
of effort, given by ¢, (e) = e and cy(e) = 2e.

(a) (10 points) Assuming that an agent’s type is observable, determine the contract the

principal will offer to each type of agent, and the principal’s expected profit.

The expected revenue is

HX@HZQ(I_V@>+Q$+&<1+V@>:4+2¢6

2 4

Optimal wage offers involve fixed wages: wr(e) = e and wy(e) = 2e. Effort e, solves

Q%EW@H—M@)

Thus,

1
—1=0, and

1
—-2=0
\/a \EH

that 1is,

e; =1 and ej; =1/4.

Therefore the optimal contracts are (e}, wr) = (1,1) to the Agent of type L, and (€3, wy) =
(1/4,1/2) to the Agent of type H. Thus, with complete information the expected profit to the

Principal s

Her(g) = qBX(ey)] — @u) + (1 - q) (BIX(e})] — @r)

_ q<4+1_%)+41_qx4+2—1)=5_g.



(b) (25 points) Now assume that an agent’s type is private information. Identify the princi-
pal’s optimal menu of contracts for each value of ¢q. (Keep in mind that the principal may
choose to offer a single contract acceptable only by the low cost type; you need to verify

when this contract or a menu of contracts is optimal.)

The Principal may offer the single contract (e,w) = (1,1), which only L type agents
accept, leading to an expected profit

Hso(q) =(1—¢) BXD)]-1)=5(1-q).

Alternatively, the Principal may design a menu of contracts that warrants that agents

of both types will accept. As shown in class, the optimal menu is identified by the optimality

conditions
¥ en) = i+ VS @ g et
B X(en)] = e = 1

and the participation constraint of type H and the incentive of type L,

w(wy) — cyley) +u < wy = 2ey

u(wr) —eper) = uw(wy) — cpleg) & wy — e, = wy — ey.

The solution to this system is

fulg) = 1. dnlg) =1+ (1%(1) () = (ﬁ) g) =2 (1;1(1)

Note that éy(0) = 1/4 and ég(q) decreases with q on (0,1).

The Principal’s profit with this menu of contracts is

Mye(g) = q(BIX(en)] —wn)) + (1 —q) (B[X(er)] —wy)
= q<4+2<%q>—2(1;1q> )—l—(l—q) <4+2f—<1+<%q) ))

5— —.
14+¢

This menu of contracts is optimal for all q € [0,1] since

Mare () — Msc(q) = (5—L> —5<1_q>:q(5q+4> >0

1+g¢ 1+4+¢

(Note that ép(1) = e3;.) The surplus lost due to adverse selection is

q q ¢ q
e (q) — I :(5——)— 5— - ) 0,1).
)~ Mol = (3= 2) = (3= 1) = 1L~ E> 0@ g 0)



Exercise 3. Ann, Bob, and Conrad are planning to lease an apartment together and must
choose its quality as measured by the monthly rental z € R, in thousand euros, they pay.
Their preferences are described by the utility function w;(z,y) = y 4+ «; In z, where y denotes
money available to spend on other goods. They each is endowed with 2 thousand euros, and
their preferences parameters are oy = 1, ap = 2/3 and a¢ = 1/3, respectively.

(a) (15 points) Determine the Pareto optimal monthly rental and the Lindahl allocation.

A Pareto optimal allocation (x,y1,ya,y3) is a solution to the system:

MRS (z,y) + MRSy(z,y) + MRSs(z,y) = 1
ity +tys+x = 6

where
~ Ou /0 oy

© Ou/0y  x
The first equation becomes 2/x = 1. Hence the optimal level of public good is x* = 2. Thus,

any allocation (x,yi1,Ya,ys) such that x =2 and y; + y2 + y3 = 4 is Pareto optimal.
In a Lindahl equilibrium the system of personalized prices must be such that for i €
{A,B,C}
MRSi(e,y) =~ = p;

must hold for x = 2. Hence pa = 1/2, pg = 1/3, pc = 1/6. Incomes after paying the monthly

rental according to Lindahl prices are

45

ag)g)'

(yh,v5, &) = (2 —2pa, 2 — 2p5,2 — 2pc) = (1

(b) (15 points) Calculate the monthly rental assuming that it results from voluntary con-
tributions. (Warning: an interior equilibrium, that is, one in which all contributions are
positive, does not exist.)

The contribution of individual i € {A, B,C}, z; € Ry solves the problem

max.,cr, ¥ + o; In (2_; + )

subject to: y + z; = 2,
where z_; = Z#i zj. This problem is equivalent to
maxer, V(%,2-) = (2—2) +o; In (2 + 2_) .

If a; > z_;, then

8‘/(0, Z,i) Q;
-~ 7 = _]_
8Zi + Zi + 2

and zf = a; — z—; > 0; otherwise 0V (0,z_;)/0z; < 0 and zf = 0. That is

> 0,

2] = max{a; — z_;,0}

Hence 2z > aa — (25 + 25), for otherwise Ann would increase her contribution. Then

25 = 25 =0, and therefore 2% = 1. The resulting allocation is

(VC vc ,vC VC)

T ,Ya Y HYc :<1717272)



Exercise 4. In a competitive insurance market firms serve a continuum of individuals with
preferences represented by the Bernoulli utility function u(z) = Inx and initial wealth of
W = 2 euros, who face the risk of suffering a loss L = 2 euros with probability p. For a
fraction A € (0,1) of the individuals p = py = 1/2, whereas for the remaining fraction
p = pr, = 1/3. Insurance companies cannot tell whether an individual’s probability is of one
or the other value.
(a) (20 points) Calculate the policies that will be offered in a competitive equilibrium, and
identify the values of A for which such an equilibrium exists.

(a) As argued in class, a competitive equilibrium, when it exists, is separating, and in-
volves offering the policies (Iy, Dy) = (puL,0) = (1,0), and (I1, D) satisfying

I, = pu(L—Dy)
u(W—pHL) = (1—pH)U(W—[L)—|—pHU(W—[L—DL).

Substituting I, = pr,(1 — Dy) into the second equation, and using the parameter values and

utility function given we get

1 2D 1 2D
ln(2—1):§1n(2— SL)+§ln(2— 3L—DL),

that is, Dy, solves the equation

2 2
1=(2-2"2) (222 ) e 2440 —7=0.
3 3
The solution is
D; = i—1~1121
L NG =~ L
2-D
I, = ; L~ (.293.

The expected utility of a low risk agent with this policy is
1 1
(1 —pp)u(W—=Ip)+pru(W—I,—Dyp) = (1 — §) In(2— 0.293)—|—§ In(2—0.293 — 1.121) ~ 0.178.

For this menu to be a CFE a low risk individual must not prefer the full insurance pooling

policy (F(V)L,0), with
500 = A (%) - ) <%> _ %

to the policy (Ir, Dy), that is,

In(2—(2)5()) < 0178
Ad
9 _ 2+ A < 0178
—5— =
=
A > 3(2—€"™) —2~0415.



(b) (10 points) Suppose that the government puts to a referendum a law requiring that
everyone subscribes a full coverage insurance policy. Identify the values of A\ for which such

a proposal would be approved by a majority of the electorate.

With a mandatory full insurance policy competitive pressure will force insurance firms to
offer the policy (I,0) = (pL,0), which all individuals would subscribe.

Obviously, if the fraction of high risk individuals form a majority, that is, if X > 1/2,
then the referendum will result in the approval of the law requiring that everyone subscribes
a full coverage insurance.

If X € (0.415,0.5), then the fraction of low risk individuals form a majority, and these
indiwiduals are better off subscribing the policy offered in the competitive separating equilib-
rium. Hence the referendum will result in the rejection of the law requiring that everyone
subscribes a full coverage insurance.

For X\ € (0,0.415) there is no clear reference to consider since a competitive equilibrium

does not exist, and hence the theory does not allow to anticipate the result of the referendum.



Exercise 5. Consider the true value bidding equilibrium of a sealed-bid second price action
in which there are 2 bidders whose values are iid according to the cdf with support [0, 1]
given by Fx(z) = 2x — 2.

(a) (20 points) Calculate the expected gross surplus, the expected seller’s revenue, and a

bidder’s expected payoff.

The gross surplus is Yl(z), whose cdf is I, (y) = (Fx(y))*. Hence froW) =202y —v*) (2-2y),

and

7

2 ! 1
B[] = /O ylye (y)dy = /0 2 (2 — ") 2 - 2y)dy = ;.

The seller’s revenue is Y2(2), whose cdf is

Fyo(y) = 2Px(y) - Px(v)’ =2 (2y — ) — (2y ")

Hence
o) =401 -y)",
and
@) 1 1 3 1
B = [ty )y = [ ay(-y)ay =
0 0

Thus, a bidder’s expected payoff is

(b) (20 points) If the seller value is 1/4, what would the reserve price that maximizes the

seller expected payoff?

If the seller’s value is xo = 1/4, then the optimal reserve price solves the equation

T =29+

1
Alr)’
where X is the hazard rate of Fx, AMx) = fx(y)/ (1 — Fx(z)). Hence r solves

1_1_1—(27“—7“2)@> 3 1
r=-—4— ‘2 &or=-—_r
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that s,



