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Mathematics for Economics Il (final exam)

June 29, 2022 Solutions
(a) (10 points) It is known that
1 01 a
2 -1 1 b
3 4 0 c| 10-
1 -1 0 d
Find the value of the determinant
1 0 2a+6 1
2 -1 2b 1
3 4 2c 0
1 -1 2d 0
(b) (10 points) Find an echelon matrix equivalent to the 4 x 5 matrix A below.
1 -1 2 2 1
3 3 0 2 -1
A= 2 —4 6 1 -1
-1 -3 2 -3 -2
Use the echelon matrix to calculate the rank of A.
Solution:
(a) By the properties of the determinant
1 0 20a+6 1 1 0 1 2a+6 1 0 1 2a 1 0 1 6
2 -1 2 1)_ |2 -11 26 | 271121)_’_27110
3 4 2c 01| 3 4 0 2¢c o 3 4 0 2c 3 4 0 0
1 -1 2d 0 1 -1 0 2d 1 -1 0 2d 1 -1 0 0
2 11 2 -1
=-2 —(—6)] 3 4 0|=-20—(—6)x(=7)=-62
3 4 0 ¢ 1 —1 0
1 -1 0 d

(b) We use Gaussian elimination to find an echelon form equivalent to the given matrix.

e row 2—3x(row 1), row 3—2xrow 1), and row 4+row 1. Exchange rows.

1 -1 2 2 1 1 -1 2 2 1
0 6 -6 —4 —4 0 -2 2 -3 -3
0 -2 2 -3 -3 0 —4 4 -1 -1
0 —4 4 -1 -1 0 6 -6 —4 —4

e Subtract row 2 multiplied by 2 to row 3, and add row 2 multiplied by 3 to row 4.

1 -1 2 2 1
0 -2 2 -3 =3
0 0 0 5) 5
0 0 0 —-13 -13

1 -1 2 2 1
0 -2 2 -3 -3
0 00 5 5
0o 00 0 O
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Consider the following matrix.
2/3 —-1/3
A=1 4 /3 2/3 |-
(a) (10 points) Calculate de eigenvalues and eigenvectors of A and prove that A is diagonalizable. Find a diagonal
form D of A and an associated matrix P. Justify your answers.

(b) (10 points) Using the results obtained in part (a) above, calculate the nth-power of A, that is, calculate
2/3 —1/3\"
-1/3  2/3 ’

where n is an arbitrary positive integer. Justify your answer.

Solution:

(a) pa(A) = |A—X|=(2/3—X)?—1/9. The roots (eigenvalues) are A = 1 and A = 1/3, thus A is diagonalizable
since all the eigenvalues are real and distinct.

The eigenspace S(1) is obtained from solving { :E%ggi - E%ggz z 8 , that is, S(1) = {(z, —x) : = € R},

thus (1,—1) is an eigenvalue associated to A = 1.

ens is obtai olvi (1/3)z—(1/3)y =0 i _ :
The eigenspace S(1/3) is obtained from solving { (/D +(1/3)y =0 that is, S(1/3) = {(z,z) : z €
R}, thus (1,1) is an eigenvalue associated to A = 1/3.

1 0 11
D:(o 1/3)’ P:<—1 1)'

(b) From D = P~1AP we obtain A = PDP~! and then A" = PD"P~! as it is shown in the class notes.

The inverse of P is P~1 = ( /2 —1/2 )

Hence

12 1/2

hus 2/3 —1/3\" 11 1 0\" 12 —1/2
-1/3 2/3 )] ~\ -1 1 0 1/3 (1/2 1/2 >
obtaining
2/3 —1/3 \" 11 1 0 12 —1/2
-1/3 2/3 ] ~\ -1 1 0 1/3" <1/2 1/2 )
Finally

2/3 —1/3\" 1/2+1/2)(1/3") —1/2+(1/2)1/3")
(-1/3 2/3) :<—1/2+(1/2)(1/3") 1/2+(1/2)(1/3n))
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(a) (10 points) Classify the quadratic form Q(xz,y,z) = 2 +ay®+ 2;722 +azy+3yz, where a # 0 is a parameter.

(b) (10 points) Draw the plane set D = {(x,y) : 0 <z <2, y <z, y <2 —z} and find the value of the double
integral

//D JiFydzdy.

Solution:

(a) The matrix associated to the quadratic form is

A:

o Nl wle

Nw Q NI
[\

2N v o

with principal minors A; = §, Ay = ‘f—; and As = |A| = %a. Thus, @ is definite positive if ¢ > 0 and definite
negative if a < 0.

(b) The set D is the infinite region represented in the figure below

3=

D

/k 1 2N\ 3
—14+ y=2-z

To calculate the integral, note that integrand function y/x + y is defined only when z+vy > 0, thus the effective
region of integration is the subset of D given by

D' ={(x,y) :0<z2<2, y<uz, y<2—mz,2+y>0}

The subset D’ is represented here

14 y=2—-=x

-34 ;1;—|—y:0




To integrate, we write D' =

the triangle of vertexes (0,0), (2,—2) and (2,0).

3 -

(=]

1 2-vy2 3
14
1 -
N —— ; t:
1, j 3
1 Do
72,
_3,

Hence

r+y=2

z+y=0

D1 U Dy, where D; is the triangle of vertexes (0,0), (1,

// vr+ydrdy
Dy
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1) and (2,0) and D5 is

1 2—y
= / dy VvV +yde
0 y

0 2
= / dy/ v +ydr
—92 —y

0 -
2 =2
/ g(.%‘ +y)%/? dy
_9 T=—y

;/2(@+yfp—ﬁﬂkﬂﬁ“ﬂdy

2 0
f/<2+wW%w
3J 2

22 5/2’?!:
35(2+ ) y=—2

4 (52

15@ —Qb%ﬁ%ﬁ
NG

15

4 16 28
// \/:c—i—ydxdy:// \/x+yd:vdy+// \/x+ydwdy:5ﬂ+ﬁﬁzﬁﬂ.
D Dy Do
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(a) (10 points) Study the convergence of the improper integral

/341n(x—3)dx

and find its value if it results to be convergent.
Hint: Calculate lim,_ 3+ (2 — 3) In (x — 3) using L’Hopital’s Rule.
(b) (10 points) Study the convergence of the improper integral

e 1
/ ST,
5 25"‘332

and find its value if it results to be convergent.

Solution:

(a) We first find a primitive of the integrand. Let v = In(z — 3) and dv = da, so du = 15 dz and v = z. By
parts,

/1n(a:—3)da:=x1n(x—3)—/xfgdx.

1\IOW7 ﬁ =1+ %, hence

/ a 3 dx = / (1 + 3 3> dxr =2+ 3In (z — 3) (plus an arbitrary constant that we do not consider).
T — T —

Hence
/ln(xf?))dx:xln(fo)f:EfSln(x73):(x73)ln(x73)7$.
Thus
4 4
/ln(x—S)dac: lim In(x —3)dz
3 a—3t [,
= alirglJr ((x —3)In(z—-3)— m) .
= lim, ((4—3)1n(4—3)—4—(a—3)1n(a—3)—a)
— (=34 -3 —4- lim ((a—S)ln(a—B)—a)

=1x0-4+3=-1,
once we have calculated that lim, ,3+(x — 3)In (z — 3) = 0 using the hint:

B 1 Y
lim (z —3)In(x —3) = lim w: lim 937_13: lim _(z=3)F

=0.
r—3t z—31 73 z—31 ~ @32 z—31 ,(,1?/‘/37

(b) Since 25 + 22 > 2, we have ﬁ < ?12 Since f;o 2—12 dx is convergent, we have, by the comparison principle,

that the requested integral converges. Let us find its value.

o 1 1 [ 1
— dr=o | ————do
5 25+w 25 Js 14 (x/5)

1 > 5
- v t=2 Jqt =4
25 ), 1+ (t=3 >)
5 > 1
= — ——dt
25 ), 1+
Larctant| 1( tan 1 £ 0) Im _ 7
— — arctan = — | arctan 1 — arctan = —=-— = —.
5 = 5 54 20
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(a) (10 points) Calculate the following limit

. n>+7-—n
lim ———.
n—oo \/n2 4+ 13 —n
Justify your answer.

(b) (10 points) State the Theorem of Leibniz about alternating series.

Check that the series

> 1
-1 n+1 .
fulfils all the hypotheses of the Theorem of Leibniz. If S is the sum of the above series, and Sog denotes the
partial sum of the first 26 terms of the series,
1 1 1 1

R T
Vi o2 V25 V26

which is the bound to |S — Sag| provided by the Theorem of Leibniz?

Solution:

(a)
n?+7-n . (Wn24+T7=n)(Vn2+T7+n)(Vn2+13+n)

lim —————— = lim
n—o0\/n2 + 13 —n 2o (V2 +13 —n)(vVn2 + 13 +n)(v/n2 +7+n)

7(Vn?+13+n)

= lim
n—o0 13(vn? + 7+ n)
7 \/1+%+1
_r
13

(b) For the statement of the Theorem of Leibniz for alternating series, see the class notes.

Let us denote a,, = 3%/5 Then |S — Sog| < ag7 = ?/1? =1




