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1I.3 IMPROPER INTEGRALS

1. INTEGRATION OF BOUNDED FUNCTIONS ON UNBOUNDED INTERVALS

Definition 1.1. Let f : [a,+00) — R be integrable in each interval [a,b], with b > a. We
say that the improper integral of the first kind
+o0o

f(z)dz

converges if and only if the limit
b
lim f(x)dx
b—oo J,

exists and is finite and in this case we define

a+0<> f(z)dx = blirgo /ab f(z)dz.

Otherwise, we say that it diverges.

Definition 1.2. Let f : (—oo,b] — R be integrable in each interval [a, b], with a < b. We
say that the improper integral of the first kind

/_boo f(x)dx

b
lim f(z)dz

a——00 a

converges if and only if the limit

exists and is finite and in this case we define

b b
/_ f(z)dz = lim f(z)dx.

a——00 a

Otherwise, we say that it diverges.

Definition 1.3. Let f : R — R be integrable in each interval [a,b], with a < b. We say
that the improper integral of the first kind

/+OO f(x)dx

converges if and only both

/a F(z)dz and /:mf(x)dx

—0o0
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converge for some a and in this case we define

/+OO f(z)dz = /aoo fz)dz + /aJroo f(z)dz.

—0o0

Otherwise, we say that it diverges.

Definition 1.4. Let f: R — R be integrable in each interval [—a, a| for all a. The limit

a
lim f(x)dx
a—oo J_ .,
is called the Cauchy principal value of fj;o f(z)dw.
Proposition 1.5. If the improper integral fj;o f(x)dx converges, then its value coincides

with the Cauchy principal value, that is

+o0 a
/ f(z)dz = lim f(x)dz.

—00 a—r o0 —a
Note that the reciprocal of this proposition is not true. For instance the Cauchy principal

value of f(z) =z is 0, but fj;o xdx diverges.

2. INTEGRATION OF UNBOUNDED FUNCTIONS ON BOUNDED INTERVALS

Definition 2.1. Let f : (a,b] — R be a function that is not bounded in (a,b] but is
integrable in [a + ¢,b] for all € > 0 such that a + ¢ < b. If the limit

b
lim / f(x)dx
ate

e—0t

exists and is finite, then we say that the improper integral of the second kind

/a ’ f(z)dz

/a " Fayde = i / b+ F@)da.

Otherwise, the integral is said to be divergent.

converges, and define

Definition 2.2. Let f : [a,b) — R be a function that is not bounded in [a,b) but is
integrable in [a,b — ] for all € > 0 such that a < b — ¢. If the limit
b—e
lim f(z)dx

e—=0t+ J,

exists and is finite, then we say that the improper integral of the second kind

/ab f(x)dx
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converges, and define

b b—e
/f(x)dx: lim f(z)dx.

e—=01 Jq

Otherwise, the integral is said to be divergent.

Definition 2.3. Let f : [a,b] — R be a function and ¢ € (a, b), such that f is not bounded,
neither in [a, ¢), nor in (¢, b], but is integrable in the intervals [a,c — €] and [c + ¢, b], for all

€ > 0 such that a < ¢ — ¢ and ¢ — € < b. If the two improper integrals

/a “f@)dz  and / ’ f(z)dz

converge, then we say that the improper integral of the second kind

/ab f(x)dx

/abf(x)dw:/acf(x)da;Jr/cbf(x)da:.

Otherwise, the integral is said to be divergent.

converges, and define

3. INTEGRATION OF UNBOUNDED FUNCTIONS ON UNBOUNDED INTERVALS

Let f: I — R, where I is an unbounded interval (I = (—o00,b), (—00,b], (a,o0) or [a,0)),
and f is not bounded in finitely many subintervals of I. Then, I can be partitioned in a

finite number of intervals, I1,..., I, such that the integral

/Ii f(z)dzx

is either an improper integral of the first kind, or an improper integral of the second
kind.

We say that the integral

/If(x)daz

converges if and only if each improper integral | I f(z)dz converges. In this case, the

improper integral of f on [ is

/f(w)dx= f@)dz+ -+ [ f(z)dx.
I I I
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4. ABSOLUTE CONVERGENCE OF IMPROPER INTEGRALS

Definition 4.1. Let [a,b), with —co < a < b < 400, and let f : [a,b) — R be a function
that is integrable in every interval [a, x| C [a, b]. We say that the improper integral f; f(x)dx

converges absolutely if and only if the improper integral

/ (@) d

Proposition 4.2. If the improper integral fabf(x)dac s absolutely convergent, then it is

/abf(x)dx

Remark 4.3. The reciprocal of this proposition is not true. For instance, the Dirichlet

0o -
ST
dx
0 X

converges.

convergent and

< [ V@ia

integral

is convergent, but not absolutely.

5. PROPERTIES OF THE IMPROPER INTEGRAL

Let [a,b), with —oco < a < b < 400.

(1) Linearity. If f and g are integrable in every interval [a, z] C [a, b], and their improper
integrals are convergent in [a, b), then fab(oz f(z)+Bg(x))dx converges for all o, 5 € R,

and

/ab(ozf(:c) + Bg(z))dz = (a /abf(a:)dx + ﬁ/abg(m)dx.

(2) Let ¢ € (a,b) and let f be a function that is integrable in every interval [a, z] C [a, b].
Then the improper integral fab f(z)dx converges if and only if fcb f(z)dx converges.

/abf(x)dm:/acf(x)da:Jr/cbf(x)dw.

(3) Barrow’s rule. If f : [a,b) — R is continuous, F : [a,b) — is an antiderivative of f,

In this case,

and f; f(x)dx converges, then

T—b—

b
/ f(z)dz = lim F(x)— F(a).
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(4) Change of variable. Let f : [a,b) — R be continuous and let ¢ : [, ) — R be of
class C', where —0co < @ < 8 < 400, ¢(a) = a, lim;_,5- ¢(t) = b and the image
#¢([e, B)) = [a,b) (the image of the interval [a, B) by ¢ is [a,b)). Then

b B
/ f(x)dz = / F(6(0)d (1)t

(5) Integration by parts. Let u,v : [a,b) — R be two functions of class C! such that
two of the following three integrals are convergent. Then the other integral will be

convergent as well, and

z—b—

b b
/ u(x)v'(z)dz = lim (u(az)v(az))—/ o (z)v(x)dz.
6. CONVERGENCE CRITERIA

Let [a,b), with —o0 < a < b < +o0.

(1) Let f : [a,b) — R such that f(xz) > 0 for all « € [a,b), and f is integrable in very
interval [a,z]| C [a,b). Then the improper integral f; f(x)dx converges if and only

if the function
F(z) = /x f(t)dt
is bounded in [a, b). '
(2) Comparison criteria. Let f, g : [a,b) — R integrable in every [a,z] C [a,b).
(a) Suppose that 0 < f(z) < g(z) for all € [a,b). Then
(i) fabg(x)da? converges = fab f(x)dz converges.
(ii) fab f(x)dz diverges = f;g(az)d:v diverges.
(b) Suppose that f(z),g(x) > 0 for all x € [a,b) and that
lim @ =/.
z—b= g()
Then
(i) 0 < £ < +00 = both f; f(x)dx and f:g(:v)dx have the same character.
(ii) £ =0 and ffg(:z:)da: converges = f: f(x)dx converges.

(iii) £ = 400 and ffg(:z‘)d:c diverges = fff(:v)dx diverges.

(c) Let f :]a,b) — R such that f(xz) > 0 for all z € [a,b), and f is integrable in

very interval [a, z] C [a,b).
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(i) Suppose that b < +o0, that is, the interval [a,b) is bounded, and
lim f(x)(b—2)* =k, with —co < k < +o0.
z—b—

Then

b

a<l = / f(z)dz converges,
b

a>1l = / f(z)dz diverges

(ii) Suppose that b = +o0, that is, the interval is [a, 00), and
lim f(z)x® =k, with —oo < k < +00.
T—+00

Then

[e.9]
a>1 = / f(x)dx converges,
a

a<l = / f(z)dz diverges.

Remark 6.1. All definitions and results above for improper integrals in the interval [a, b),

are equally valid for improper integrals in intervals (a, b], with —oco < a < b < +00.

7. GAMMA AND BETA FUNCTIONS

Definition 7.1 (Gamma function). The gamma function I" : (0,00) — R is defined as

I‘(p):/ e aPldz.
0

Remark 7.2. Note that ' is an improper integral, which converges for all p > 0.

7.1. Properties of I'.
(1) T'(1) =1.

p+ 1) = pI'(p), for all p > 0.

— —~ —~~ =
N[ —
SN—
I
B

p)I'(1—p) = %, forall 0 < p < 1.

Definition 7.3 (Beta function). The beta function 5 : (0,00) x (0,00) — R is defined as

B(p,q) = /1 2P (1 - z)" .
0

Remark 7.4. Note that § is an improper integral, which converges for all p > 0, ¢ > 0.
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7.2. Properties of j.
(1) B(p,q) = B(g,p), for all p > 0 and ¢ > 0.
(2) B(p,q) = 2f07r/2 sin??~! z cos?? ! dx, for all p > 0 and ¢ > 0.
(3) B(p,a) = 1 ZT(p+q), for all p > 0 and ¢ > 0.

(4) B(p,q) = % for all p,q =1,2,....



