March 2, 2022
II.1 CALCULUS OF PRIMITIVES

1. ANTIDERIVATIVES. THE INDEFINITE INTEGRAL

The problem we set in this lesson is the following: given a function f, is there a function F'
such that F' = f?

Definition 1.1. We say that the function F : [a,b] — R is differentiable in the interval

[a,b], if F is differentiable in (a,b) and the two following limits exist and are finite

F'(a™) := lim Fla+h) = Fla) and F'(b7):= lim Flath) = F(a).
h—0+ h h—0~ h

We say that F is of class C! in [a, b] if the derivative of order 1 of F is continuous in [a, b].
In the above, we could replace [a, b] by [a,b) or (a,b].

Example 1.2. The function F(z) = z is differentiable in [0, 1], but G(z) = /x is not, since
G'(07) = 0.

In what follows, I denotes an interval [a, b].

Definition 1.3. The function F' is an antiderivative (or primitive) of the function f on the
interval I if and only if F'(z) = f(x) for all z € I.

Example 1.4. Both Fy(z) = 23 + 6 and Fy(x) = 23 — 2 are antiderivatives of f(z) = 322

in any interval [a, b].

Theorem 1.5. If F} and Fy are two arbitrary antiderivatives of f on I, then Fy(x)—Fa(x) =

const. on I.

Proof. By definition of antiderivative, F{ = Fj = f on I, thus (F} — Fy)(z) = 0 for
every x € I. Since a function with a null derivative on an interval is constant, we have
Fi(x) — Fy(x) = const. O

Corollary 1.6. If F' is one of the antiderivatives of f on I, then any other antiderivative

G of the function f on I has the form G(z) = F(x) 4+ C, where C is a constant.
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Definition 1.7. The set of all antiderivatives of the function f on the interval I is called

the indefinite integral of f on I, and it is denoted

/ f(z) da.

Remark 1.8. Note that by Corollary 1.6, [ f(z)dz = F(x) + C, where F is one of the

antiderivatives of f on I, and C' is an arbitrary constant.

Example 1.9. (1) An antiderivative of the constant function f(z) = 1 is =z, thus

(2)

[ 1dz = z 4+ C. In the same way, [(—1)dz = -2+ C

Since (sinz)’ = cosz, we have [ coszdz = sinz + C. The antiderivative of f(z) =
cosx that takes the value —5 at the point z = 7/2 is F((z) = sinx — 6 (this comes

from the equality sinw/2 4+ C = —5).

Not every function has an antiderivative in a given interval. Let the function

-1, ifx <0
sgn(z) = 0, ifz=0;
1, ifz>0;
and the interval I = [—2,2]. If F' is an antiderivative of sgn in this interval, then

F'(x) = —1for z € [-2,0) and F'(x) =1 for z € (0,2]. Thus, F(z) = —x + C; for
xz € [-2,0), and F(x) =  + Oy for = € (0,2]. Since that F' has to be continuous
in the interval [—2, 2], it has to be continuous at 0, thus F'(0) = C; = C3. Hence,
F(z) = |z|+ C for all x € [-2,2]. But F is not differentiable at 0, so we obtain a

contradiction.

1.1. Properties of the Indefinite Integral.

(1)
(2)

[ F'(z)dx = F(x) + C;

For any functions f, g and constants «, 3,

[as@ +sg@yds=a [ f@yde+5 [ o) d.

1.2. Basic Indefinite Integrals.

(1)

(2)

/Od:z:C';

/1dac:x+C;
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(3) /x“dx: o +C (a # —1);
(4)/‘?:111\x|+c (z 4 0):
(5)/axdlezil+0 (O<a751),/emd:z::em—|—0;

(6) /sinxd:c = —cosx + C;

(7) /cos:rdx =sginx 4+ C;

1
(8) / dr =tanz + C (x # g + k7, k integer);

cos? x
dzx .
(9) ﬁ = arcsinx + C (_]. <rxr< ].),
d
(10) /1_:02 = arctanz + C.
X
2. INTEGRATION BY CHANGE OF VARIABLE

Sometimes the task of finding the integral / f(x) dzx is simplified by means of a change of
variable x = ().

Theorem 2.1. Let I,.J two intervals of R and let ¢ : J — R be of class C* in J, such that
o(J) CI. Let f: 1 — R be continuous and suppose that F' is an antiderivative of f on the
interval I. Then the function F(p(t)) is an antiderivative of the function f(p(t))¢'(t) and

hence

[ e @ = Few) +c.

Remark 2.2. It follows form Theorem 2.1 that
[t@as = [ e
z=p(t)

This is the formula of change of variable. If the function z = ¢(¢) admits and inverse

t = ¢~ !(z), then the formula can be rewritten

[ t@ids= [ few)ewa

t=p~1(z)

which is the formula generally used to evaluate the integral [ f(x)dz by the method of

change of variable.
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Example 2.3. Find /tanxdm.

SOLUTION: Let t = cosx. Then dt = —sinx dz. Hence, by the formula of change of variable
i dt
/tanxdx: / ST dr = —/ =—Inlt|+C = —In|cosz|+ C.
cos T t

Example 2.4. Find /\/237 — ldzx.

SOLUTION: Let t = 2x — 1. Then dt = 2dx. Hence,

s R IRV LS RE (V-SSR DAY
/\/2:3 1dz_2/x/%dt_2/t dt_23/2+0_3t +C =20 1)+ C.

Example 2.5. Find /x\/2x — 1ldzx.

SOLUTION: Let t = 2z — 1. Then dt = 2dz. Moreover, x = (1 +t)/2. Applying the change

of variable formula we get
1 1 1 [(t32 /2
2 —1de == [(1 ttl/th:/tl/Q 32dt == | == + —=
/x\/T:c 4/(+) 1 - 1 3/2+5/2 +C

= %(255 —1)%% 4 g(zx ~1)¥2 4.

1
Example 2.6. Find /nxd:v.
x

SoLUTION: Let ¢t = Inz. Then dt = dz/x and

1 1 1
n:Uda::/talt: §t2+C’: §(lnx)2-|-C'.

x

Example 2.7. Find /xe‘“’:2 dz.

SOLUTION: Let t = 2. Then dt = 2zdz and

1
/ar:e_gﬁ2 dx = 2/e_tdt: —ie_t—i-C =——e " +C.
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3. INTEGRATION BY PARTS
For differentiable functions u and v we have (uv)’ = uv’ + vu’. Taking integrals and given

that [(uv)(z)dz = u(z)v(z), we have the following formula of integration by parts.

Theorem 3.1. Let u,v: I — R be of class C' in the interval I. Then

Remark 3.2. This relation is known as the formula of integration by parts. Using the

identifications u/(z) dx = du and v'(z) dx = dv we can write this formula as

/udv:uv—/vdu.

Example 3.3. Find /xem dx.

SOLUTION: Let v = x and dv = e* dx. Then du = dz and v = ¢*. Hence

/:mgﬁclac-acefC —/exdx—ex(x— 1)+ C.
Example 3.4. Find /xQ Inzdz.

SOLUTION: Let u = Inx and dv = x?dwz. Notice that du = dx/x and v = x3/3. Then,

using the formula of integration by parts we get
3 3 3 1 3 1
/a:QIledaz =Ilnzx (g) —/;:dx =Inz (g) — 3/x2dx =Inz <g) — §x3+C.
Example 3.5. Find / arctan x dzx.

SOLUTION: Let u = arctanz and dv = dx. Then du = dz/(1 + 2%) and v = z. Hence

T
arctanx dr = rarctanz — | ——= dx.
1+ 22

Now, observe that using the change of variable t = 22 we have dt = 2z dz thereby

x 1 1 1 1
—— dr==- | —dt==-In|1+¢t+C==-In(1+2%) +C.
/1+$2 r=35 | 137 211] +t| + 2n( + %) +

Plugging this value into the above expression we finally get

1
/arctanmdx = xarctanz — 3 In(1+2?) +C.
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Example 3.6. Find /x2 sinzx dx.

SOLUTION: Let u = 22 and dv = sinz dz. Then du = 2z dx and v = — cos z. Thus
/x2 sinzdr = —x%cosz + Z/xcosxdx.

Applying again integration by parts to the second integral, v = x and dv = cosxdx we

have du = dx and v = sin z, hence
/mcosxdm =zxsinz — /Sinmdw =zxsinz + cosz + C.
Plugging this value into the previous expression we finally get

/x2sinxdx = —2%cosz + 2zsinz + 2cosx + C.

4. INTEGRATION OF RATIONAL FUNCTIONS

P,(x)

A rational function is of the form

, where P,, and @), are polynomials of degrees n

and m, respectively.

4.1. Decomposition into simple fractions. If n > m the fraction is improper and can

be represented
Qu(e) T Gy

where the degree of the polynomial Ry is k& < m. Thus, the integration of an improper frac-

tion can be reduced to the integration of a proper fraction (k < m) and a polynomial.

Pux) | L [Bue)
/Qm<x> d“"‘/P"—m( VIt [ Q) ™

B4’ 4x 1

because dividing the polynomials we find

Example 4.1.

3+ a2+ 1 1
—— =z — .
22 +1 22 +1
Then 5 )
1
/de- §(x+1)2—arctan:c—|—0.

When n < m, we will use the following theorem. It asserts that any proper fraction can be
decomposed into simple fractions. Although we establish the theorem with full generality,

only the simplest cases will be worked on in the course.
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P,
Theorem 4.2. Suppose that Qn((x)) is an proper fraction (n < m) and that
m(x
Qum(r) = (z —a)* - (x =) (& = p)* + ¢*) - (& = 1)* + 5°)°,
where a,...,b are real roots of multiplicity a,...,B and (x — p)2 + ¢>,...,(x — r)? + s2
are quadratic trinomials irreducible into real factors of multiplicity ~,...,d (notice that

a,...,B,7,...,0 are all positive integers). Then there are constants A;, B;, M;, N;, K;
and L; such that

Py (2) = Aa Aa—1 4t i
Qm(z) (r—a) (z—a)*! T —a
Bs By, By
R Py o A ey o g
M’yx—l_ny M'y—lx'f_Nry_:[ M1x+N1
(z—=p2+¢)  ((z—p?2+g*)t (z —p)* + ¢
T Ksx + Lg Ks_1x+ Ls_1 Kix+ Ly

(R L (R e M o )

The fractions which appear on the right—hand side are simple fractions and the relation is

the decomposition of a proper rational fraction into a sum of simple fractions.

4.2. Integrals of the simple fractions. Each of the partial fractions can be integrated

in terms of elementary functions:
(1) fa;“%adx:Aln]a:—aH-C,
(2) [ i de = i + 0 (a#1),

(3) J 2 do = ¥ n((z —p)* + ¢) + 22 avctan (£2) + C.

Mx+N _ M 1
@) | ey 9 = — s + (Mp + N) | aopepymde.

1
Example 4.3. Find /dm.
22 —5x+6

SoLUTION: Notice that 2% — 5z + 6 = (z — 3)(x — 2). Then
1 A B Az —2)+ Bz —3)

(x —3)(x —2) x—3+x—2_ (x —3)(x — 2)

Setting x = 2 we get 1 = —B, whence B = —1 and setting x = 3 we get A = 1. Hence

1
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. 1
Example 4.4. Find /:[;3—8:[;2d$

SoLUTION: Notice that 23 — 822 = 2?(x — 8) and that

1 _é_'_ﬁ C  Axz(z—8)+ B(z —8) + Ca?
2(x—8) x 2?2 -8 x?(x —8)

if and only if
1 = Az(x — 8) + B(x — 8) + Cz?

Solving, we get A = —1/64, B = —1/8 and C' = 1/64. Hence
/1d:€—_1 Clx__l/cm+1/cm_x_2+x_3+ln|x_8’+0
23 —8x2 " 64 ) =z 8 22 64) x—8 128 24 64 '

5. INTEGRAL OF TRIGONOMETRIC FUNCTIONS

Integrals of the kind
/ R(sinz, cos x)dx,

where R is a rational function, can be reduced to the integral of a rational function of the

class studied above. To this end, the universal change of variable

t:tang, —T<r<T
is used. It can be shown that
. 2t 1—t? 2dt
sing = ——~, cosx =-—>= T = —-.
1+t2’ 142’ 1+ 2

Usually, this change of variable leads to cumbersome calculations There are cases where the

simplification does not require the change above.

e When R is odd in sinz, R(—sinz,cosz) = —R(sinz, cosx), use
t=cosxz, dt= —sinzdzx.
e When R is odd in cosz, R(sinz, — cosz) = —R(sinx, cos x), use

t =sinxz, dt= cosxdx.

e When R is even in both variables, R(—sinz, —cosz) = R(sinz, cos ), use
t = tanx.

in this case

SiNT = ——, sinr = —, dr=

V1+t2 1+12
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e Integrals of the kind [ sin ax cosbzdz, [ sinaxsinbxdz and [ cos ax cos brdz, where

a,b € R, reduce to immediate integrals with the trigonometric formulae
2sinx cosy = sin (x — y) + sin (z + y),
2sinzsiny = cos (z — y) — cos (z + y),

2cosxcosy = cos (x — y) + cos (x + y).



