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Problem | Points




(1) Consider the following system of linear equations,

r+2y+(a—1)z = 1
z+ay+z = 1
(a—Dx+2y+z = -3

where a € R is a parameter.
(a) Classify the above system according to the values of the parameter a.
(b) Solve the above system for the values of a for which the system is underdetermined. How many parameters
are needed to describe the solution?

Solucién:
(a) We compute first the ranks of the (augmented) matrix associated to the system. For this, we will do
elementary operations.

13 2|1 1 3 2 1
(AB)=(3 1 2|b |~ 0 -8 —4 | -3+0b
1 1 al2b 0 —2 —2+4a|-1+2b
1 3 2 1 1 3 2 1
~[ 0 -2 —2+4a|-1+20 |~ 0 —2 —2+4a|-1+2b
0 -8 —4 | —3+b 0 0 4—4a| 1-7b

The rank of A is 2 if and only if a = 1. When a = 1 The rank of the augmented matrix is 3, if b # 1/7
and 2 if b =1/7. Thus, the system,

e has a unique solution if a # 1.

e is underdetermined if a = 1 and b = 1/7.

e is overdetermined if a = 1 and b # 1/7.

(b) Plugging the values a = 1 and b = 1/7, we see that the original system is equivalent to the following one
z+3y+2z=1
—2y—z=-5/7

Taking y as the parameter. The solution may be written as x =y — 3/7, 2 =5/7 — 2y with y € R.



(2) Consider the matrix

0 -4 3
A=| -4 0 O
3 00

(a) Find the characteristic polynomial and the eigenvalues of the matrix A.

(b) Justify whether the matrix A is diagonalizable. And, if so, find two matrices D and P such that A =
PDP L

(c) Show how you can compute A2%°. (It is enough to write it as the product of three matrices).

Solucién:
(a) The characteristic polynomial is —(A + 1)(A — 1)(A — 2). The eigenvalues are A\ = =1, Ay =1y A3 =2
(b) It is easy to compute that

S(-1) =< (~1,1,0) >

S(1) =< (0,-1,1) >
S(2) =< (1,0,0) >
Hence, the diagonal form D and the matrix change of basis P are
-1 0 0 -1 01
D= 0 1 0 P= 1 -1 0
0 0 2 0 10
(c) Note that A= PDP~!so
10 O
A=pl o1 0o |P!
0 0 1024
Since,
0 1 1
Pt=(0 01
1 11

we have that
1024 1023 1023

A0 = 0 1 0
0 0 1



(3) Given the linear map f : R* — R%,
flzyy,z,t) = (. + 2,22 + y + 22 + 2t,y + 2t, 3z + 2y + 3z + 4¢)

(a) Write down the matrix of f (with respect to the canonical basis of R*). Compute the dimensions of the
kernel and the image of f.

(b) Describe a homogeneous system of equations that determines the kernel of f and a homogeneous system
of equations that determines the image of f. What is the minimum number of equations necessary to
describe each of these systems?

(¢) Find a basis of the image of f and a basis of the kernel of f.

Solucién:
(a) We compute first the ranks of the (augmented) matrix associated to the system. For this, we will do
elementary operations.

13 2|1 1 3 2 1
(AB)=(3 1 2|b |~ 0 -8 —4 | =3+0b
1 1 al2b 0 —2 —24a|-1+2b
1 3 2 1 1 3 2 1
~[0 -2 —2+4a|-142 |~ 0 -2 —24a|-1+2
0 -8 —4 | —3+b 0 0 4—4a| 1-7b

The rank of A is 2 if and only if a = 1. When a = 1 The rank of the augmented matrix is 3, if b # 1/7
and 2 if b =1/7. Thus, the system,

e has a unique solution if a # 1.

e is underdetermined if a = 1 and b = 1/7.

e is overdetermined if a = 1 and b # 1/7.

(b) Plugging the values a = 1 and b = 1/7, we see that the original system is equivalent to the following one
T+ 3y + 2z =1
—2y—z=—5/T

Taking y as the parameter. The solution may be written as x =y — 3/7, z = 5/7 — 2y with y € R.



(4) Consider the set
A={(z,y) eR*:0<y<Inz, 1<z <2}
(a) Draw the set A, its boundary and its interior. Discuss whether the set A is open, closed, bounded,
compact and/or convex. You must explain your answer.
(b) Prove that the function f(x,y) = y? + (z — 1)? has a maximum and a minimum on A.
(c¢) Using the level curves of f(), find the maximum and the minimum of f on A.

Solucién:
(a) The set A is

(b) The boundary (0A) de A is

(_670)

The interior of A is A\ A, and the closure of Ais A = AUJA = A (since A C A). Therefore, A is
closed, it is not open (since 9A N A # ), is compact (closed and bounded). Finally, the set A is convex.
We may also show that A is closed and convex as follows: The functions hq (z,y) = 2 —2y+6, ha(z,y) = =
and hz(r,y) = y are continuous and linear. Hence, the set A = {(z,y) € R? : hy(x,y) > 0, ha(z,y) <
0, hs(z,y) > 0} is closed and convex.

(b) The function f is continuous except at the point (—4,2) ¢ A. Therefore, f is continuous in A, which is
compact. By Weierstrass’ Theorem, la function attains a maximum and a minimum on the set A.

(c) The level curves of g are parabolas of the form y = C' — 2 con C € R.

0,3

/A/
P TN

Graphically, we see that the minimum is attained at the point (0,0) and el maximum at the point (—6,0).



(5) Consider the function f:R? — R
fory) = | EEE S @) #(0.0),
. 0 si (z,y) = (0,0).

(a) Study if the function f is continuous at the point (0,0). Study at which points of R? the function f is
continuous.
(b) Compute the partial derivatives of f at the point (0,0), if they exist.

Solucidn:
(a) We study the limit when (z,y) — (0,0) using straight lines z(t) = ¢, y(¢t) = kt with k € R,
. . (1 +kt) . (1+ k) 1
i f k) =l e e~ T e 1R

and since it depends on the parameter k € R, the limit does not exist and the function is not continuous.
(b) The partial derivatives of f at the point (0,0) are

81’ t—0 t
ay t—0 t
Note that for every ¢ # 0,
12
f(t,O) = LTQ =1
f(Oa t) =0
Therefore,
of

1
%(O, 0) = %E)r(l) n does not exist

97 0,0)=1im 2 =

Jy t—0 ¢

(¢) For each (z,y) # (0,0), the function f(x,y) is defined as a quotient of polynomials and the denominator
does not vanish. Therefore, for (x,y) # (0,0), all the partial derivatives exist and are continuous. We
conclude that the function is differentiable at every point (z,y) # (0,0).
At the point (0,0) the function is not continuous and, hence, is not differentiable. (Alternatively, one
may argue that

of

%(0’ 0)

does not exist.)



(6) Given the quadratic form
Qx,y,2) = 22+ 2ay* + 22 + 2axy + dayz

(a) Determine the matrix associated to the above quadratic form.
(b) Classify the above quadratic form, according to the values of the parameter a.

Solucién:
(a) The partial derivatives of the function are
af 3
— =8z° —4x
ox
of
= =4y —4
By Yy Y
and, since the function is differentiable in all of R2, the critical points are solutions of the system of
equations,
873 — 42 =0
4y —4y =0
The solutions of the first equation are
1 -1
r=0,—,—=
V2 V2
and the solutions of the second equation are
y=0,1,-1

From here we obtain 9 critical points:

(0,0), (0,£1),( +1),

L 0), (e~
ﬁ7 ) \/5’
(b) The Hessian matrix of f is
2422 — 4 0

and the eigenvalues are \; = 2422 — 4 and Ay = 12y? — 4 We see that

-4 0 1 8 0
Hf(0,0)—( 0 4) Hf(i\/iail)_<0 8)
-4 0 1 8 0
SO
(0,0) is a local maximum
the four points
1
+—,+1 are local minima
( 7 )
and the four points
1
(0,£1), (x——=,0) are saddle points

\/i,
(c) fis of class C?(R?), so f is concave if and only if H f(x,y) is negative definite or negative semidefinite.
This happens if 2422 — 4 < 0 and 12y? — 4 < 0. So we get that

<~ e y*<

S| =

that is,
1 1 1

1
——=<r<-—= e — —F= —
V6 V6 NV
Hence, the largest open set where f is concave is

1 1 1 1
A={(z,y) eR*: ——= <z <

V6 V6 V3 3



(d) The set A is convex. In the set A, the Hessian matrix, H f(z,y), is negative definite. Hence, f is strictly
concave in A and its unique critical point in that set, (0,0) is the global maximum in A.
We study now if there is global a minimum on A. Since the set A is open, if there were a minimum of
f in A, it would be a critical point of f. But, since f is concave, all the critical points of f are global
maxima. Therefore, f does not have a minimum (local or global) in A.



(7) Consider the function
fz,y) =23+ 3> — 3zy.
(a) Determine the critical points of f and classify them.
(b) Determine the convex and open sets in R? where the function f is concave, and the convex and open sets
in R? where the function f is convex.
(c) Study if f attains any global extreme points on the set A = {(x,y) € R?|z > %, y > %}




10

(8) Consider the function
f(@,y) = xe®
and the set
A={(z,y) € R*: 2% 49> = 4}.

(a) Find the Lagrange equations that determine the extreme points of f on the set A.

(b) Determine the points that satisfy the Lagrange equations and find the extreme points of f on A, if
they exist. Specify whether the extremum points correspond to a global maximum or minimum. (Hint:
2e72 < et

Solucién:
(a) The Lagrangian function is

L(z,y,z,\) =222+ —x—2+422 + Nz +y — 2).
The Lagrange equations are :

a—L = 4dz—14+X=0
oz
oL
— = 2y+A=0
Ay vt
oL
&~ 1482 =0
0z o
oL _ r+y—2=0
o TTYTET
(b) From the first equations, we see that 4o — 1 = 2y = 1 — 8z. Substituting this in the last equation, we get
that
“w YT Tw o T

From this we see that the unique point which satisfies the Lagrange equations is (ﬁ, —i1 %)
The Hessian matrix of the function L is

4 0 0
HL(z,y,2)=10 2 0
0 0 8

which is positive definite. Hence, (3, -7, %) is a minimum. since the Lagrangian function does not

have any other critical points, there is no maximum.



