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(1) Given the function, 1 point

f(x1; x2; x3; x4) = (x1 + x2 + 2x3 � x4;�x1 � x2 � 2x3 + x4; x3 + x4; 3x2 + x4)

(a) Find the matrix of f with respect to the canonical basis and its rank.
(b) Find the dimension of the image, �nd the dimension of the kernel of

f and �nd a basis of the image of f .

(2) Given the following system of equations, 1.5 points

x+ 4y + z = c
3x� y + 2z = 1
2x� 5y + az = �2

9=
;

(a) Discuss the system according to the di�erent values of a and c.
(b) Solve the system for the case in which it is compatible determinate.
(c) Solve the system for the case in which it is compatible indeterminate.

(3) Given the following matrix 1.5 points

A =

0
@

0 �2 1
�1 1 �1
0 0 �1

1
A

(a) Find the characteristic polynomial and the eigenvalues.
(b) Show that the matrix is diagonalizable.
(c) Find the diagonal form and the change of basis matrix.

(4) Consider the set A = f(x; y) : x2 + y2 � 20; y � x2g. 1.5 points

(a) Draw the set and its boundary. Find the points at which the curves
de�ning the boundary intersect.

(b) Is the set closed, bounded and/or convex?
(c) Consider the function f : A! R de�ned as

f(x; y) =
1

(x� 2)2 + y2
+

1

(x+ 2)2 + y2

Argue whether f attains a maximum and/or a minimum on A. State
explicitly the results you are using.

(5) Let f (x; y) = x�y1��, with 0 < � < 1, be the Cobb-Douglas produc-
tion function, where x > 0 and y > 0 are the units of labor and capital,

respectively and f(x; y) are the units produced. 1 point

(a) Find the gradient of f at the point (a; a), with a > 0.
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(b) Let � = 1=4. Compute the �rst order Taylor polinomial, P (x; y), of f
at the point (a; a), assuming a > 0. Compute P (a+ 001; a+ 002).

(6) Consider the function f(x; y) = 2ax2 + by2 + xy� 2y� 7x+12. 1 point

(a) Assuming a and b are both di�erent from 0, discuss when f is strictly
concave, depending on the values of a and b.

(b) Discuss when f is strictly concave, depending on the values of a and
b, assuming one of them is 0.

(7) Consider the function f(x; y) = x3 + y2 + 2axy. 1'5 points

(a) Compute the critical points of f assuming a 6= 0.
(b) Classify the critical points of f assuming a 6= 0.
(c) Find and classify the critical points of f when a = 0.

(8) Consider the function f(x; y) = (x+ 1)3 + y2. 1 point

(a) Write the Lagrange equations that determine the extreme points of f
on the set A = f(x; y) 2 R2 : x2 + y2 = 1g.

(b) Compute and classify the extreme points of f on the set A.


