Universidad Carlos I1I de Madrid

Department of Economics Final Exam of Mathematics I January 237, 2020

(1) Consider the function f(z) = (x + 1)?In(z + 1). Then:

(a) draw the graph of the function, obtaining firstly its domain, the intervals where f(x) increases and
decreases, its global extrema (if they exist), asymptotes and range.

(b) consider the new function fi(z) = f(x) (only defined on the interval where f(x) is increasing).
Find the domain, the range and the intervals of concavity/convexity of f; !(x). Sketch the graph
of this function.

Hint 1: Use that the function f; is convex to find the concavity/convexity of f; Yx).
Hint 2: Don’t try to calculate the analytic expression of f;!(z).
Part (a) 0.6 points; Part (b) 0.4 points.

a) The domain of the function is {z: x + 1 > 0} = (-1, c0).
On the other hand, since f'(z) =2(z+1)In(z +1)+z+1=(z+1)2ln(x + 1) + 1),
we know that f is decreasing in (—1, —1 + e~ /2] and increasing in [-1 4 e~ /2, 00), so
1+2n(z+1) =0<=In(z+1) = —% <= 2 = —1+ ¢~ /2 and since the logarithm is an increasing
function, then we have
1+2In(z+1) <0if z < =1+ e~1/2 (or, in other words, f/(z) < 0 in the first interval); and
14+2In(x+1)>0if x > —1+e /2 (or, f'(x) > 0 in the second interval).
Regarding asymptotes, because the function is continuous in its domain we can only look for a
vertical asymptote at —17 :
lim f(zx)= lim In@+1) = lim Me+l) = 0; so the function doesn’t have a vertical
1+ e——1+t1/(x +1)2 z—-1+=2/(x+1)3
asymptote. Now, we study the behaviour of the function at oo :

T
lim f(z) =oco= lim L); this means that there aren’t any horizontal or oblique asymptotes.
T—>r00 r—o0 I

Then, the function has a global minimum at z = —1 + e~'/2, whose value is:
f(=14+e1/?)=etn(e71/?) = —Le 1.
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and the range of the function is: [—1e™!, 00).

To conclude, the graph of f is approximately like this:

f(z) = (z +1)%n(z + 1)
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b) We have defined f = f; : [-1+ e71/2,00) — [~3e!, ), so, it is an increasing bijective function.

Then, f; ' : [~2e7!,00) — [~1+ e~ /2, 00) is also increasing and bijective.



On the other hand, f; is convex and increasing, we can deduce that f; 1(96) is concave, using the
symmetry of the inverse function with respect to the first bisector line.

We conclude that the graph of f; ! is represented approximately like this:
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(2) Let y = f(x) be the function defined implicitly by the equation
—8a% + 4% +y° =2,
in a neighborhood of the point x =0,y = 1. Then:
(a) find the tangent line of f(z) at z = 0, and prove that f(x) is convex near the point.
(b) sketch the graph of the function around x = 0 and calculate approximately the area of the region
bounded by the graph of f(x), the z-axis, and the vertical lines © = —§, 2 = 4, for a small § > 0.
Is the approximation greater or smaller than the real area?
Hint for (b): If you didn’t find required tangent line, consider instead y = 1 + muz.
1 point

a) Firstly, we have to calculate the first and second order implicit derivatives of the equation.
First derivative:
—16x + 2yy’ + 6y°y’ = 8z + (2y +63°)y’ =0
then, we evaluate this at x = 0,y(0) = 1 to obtain ¢'(0) = f ’(0) = 0.
Second derivative:
—16 + (2y' + 30y*y" )y + (2y +6y°)y”" =0
and we evaluate at y(0) = 1,4/(0) = 0 to deduce that y”(0) = f(0) = 2
Hence, the equation of the tangent line is:
y—1=0(z—-0),o0r,y=1.
Obviously, the implicit function is locally convex since, f”(0) > 0.
b) Since the graph of f will be above the tangent line y = 1, a sketch of this in a neighbourhood of the
point « = 0, is approximately as follows, taking § = 0, 1:
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Furthermore, because the function is positive near the point x = 0, the area will be the integral

ff s f(z)dx, where we approximately obtain the same result if we exchange f(z) with the tangent
. . 5 5
line y = 1. This means, [“; f(z) =~ [, 1.dx = 24.

Since the function is convex, its graph is underneath the tangent line and the approximate integral

is smaller.
Note: If you use the tangent line y = 1 + max, the result is equal because, the area of a rectangle

whose base is 26 and height 1, is exactly the same as the area of a trapezium with the same base and

average height 1.



(3)

Let C’'(z) = 0.14z + 3 and I'(z) = —0.26z + 103 be the marginal cost and revenue functions of
a monopolistic firm, with z > 0 being the number of produced units of a certain kind of
goods. Then:

(a) find the production that maximizes the profit. For this level of production, For this level of
production, the additional approximate profit of producing one more or less unit will it be
positive or negative?

(b) knowing that the cost of producing 10 units is 44 monetary units, find the production that mini-
mizes the average cost. For this level of production, what’s the additional approximate profit of
producing one more unit?

Part (a) 0.4 points; Part (b) 0.6 points.

Firstly, we have to calculate the first and second derivative of B :

B'(x) =1I'(z) — C'(x) = —0.26z + 103 — (0.14z + 3) = —0.4x + 100; B"(z) = —0.4 < 0

so we notice that B has only one critical point at = % = 250 and since B is a concave function,
then the critical point is a global maximizer.

With this level of production, the additional profit of producing one more or one less unit will be
negative, but close to 0, since x = 250 is the global maximizer of B(x).
The cost function is C(x) = 0,0722 + 3z + Cp.

Since C(10) =0,07-10+3-10+Cy =44 = Cp =T,

%25—1-3—1-0,073:.

If we calculate its first and second order derivative function:

=7 14
Chulw) = =5 +0.07:Cl(2) = = >0

the average cost function is Cy,(z) =

we can see that x = = 10 is the only critical point and because Cy,(z) is a convex function,
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that critical point is the only global minimizer.

Therefore, the level of production that minimizes the average cost is = 10.
For this level of production, the additional profit of producing an extra unit will be approximately
96 m.u., since:

B(11) — B(10) ~ B'(10) = —4 + 100 = 96



(4) Given the set A= {(z,y) € R?: 2% <y <3 - 2|z|)}. Then:
(a) draw the set A and find, if they exist, the maximal/minimal elements, the maximum and the
minimum of A.
(b) calculate the area enclosed by the set A. What’s the area enclosed by

B={(z,y) eR?: 2+ 1<y <4-2z[)}?

Hint for (a): Pareto order is defined by: (zo,y0) <p (z1,y1) <= x¢ < 21 and yo < y1.
Hint for (b): What is the relation between the sets A and B?
Part (a) 0.6 points; Part (b) 0.4 points.

a) Since the set A is symmetric with respect to the y-axis, we can just focus our attention on = > 0. For
those values, (z,y) € A if
fla) =% < y <320 = g(a).
The graphs of both functions y = 22,y = 3 — 2 intercept at = 1.
Therefore, the sketch of A will be approximately:

y=3- 2|

Since, g(z) is decreasing on [0, 1] and f(x) is also decreasing on [—1,0],

Pareto’s order describes the special points in the set as:

maximum(A) doesn’t exist, {maximals(A)} = {(z,3 —2z) : 0 < x < 1}.

minimum(A) doesn’t exist, {minimals(A)} = {(z,2?) : =1 <z < 0}.

b) As we have mention before, the area is going to be twice the area of the set on the right to the y-axis.
So,

1 1
A=2 Of(g(a:) — f(z))dz =2 Of(3 — 2z — 2?)dz = 2[3z — 2% — 323} =

=2(3-1- %) = 1—30 square units.

On the other hand, B is just one unit vertical translation upwards of the set A, So the area of B is

the same as that of A.



