MATHEMATICS |: ORDERED SETS.

Definition 1: (X, <) is an ordered set when the relation < satisfies the reflective,
antisymmetric and transitive properties. That is:
i)  reflective (a < a);
i) antisymmetric ([a <by b <a] =a=Db);
i) transitive[a<byb=<c]=>a=xc.

Definition 2: (X, <) isatotal orderif Vx,ye X =>[x < yoy < x].

Examples: (R, <) is a total order. (R?, <p) is a non-total or partial order defined
by: (x1,¥1) =p (x2,¥2)S[X1 < x2,¥1 < ¥2]-

Geometrically, this means that (x4, y,) is on the left and below with respect to
(x,,v,). Therefore, (0,1) and (1,0) are not comparable.

Definition 3: if (X, <) is a fully ordered set, we define, for any Ac X, A # @:
a) Maximum (A) = M&e[Va € A= ax<My Me A].
b) minimum (A) = m&[Va € A= m=<ay me A].

Examples: if X=R, A finite and A = [0,1] have maximum, but neither
A=[0,1) nor A=[0, ) have.

Remark 1: Similarly, it is possible to define maximum and minimum in (X, <),
a partially ordered set, but it is a little useful concept.

Example: A={(x,y): x>0,y =0, x+ y <1} has no maximum. To solve this
lack, we introduce:

Definition 4: If (X, <) is a partially ordered set, for any AcX, A+#g, we define:
a) Maximal elements (A)={a € A:4a’' € A,a’ # aya=xa’}.
b) Minimal elements (A)={ a € A:Aa’ € A,a’ # ay a’<a}.

In this way, the set : A={(x,y): x>0,y =0, x+ y <1} has

Maximal elements (A)={(x, y) e A: x+y=1}.

Remark 2: Observe that, if a maximum M exists, then it is the unique maximal
element. The same is true for minimum and minimal elements.

But the opposite is not true: the set

A={(xy): x=0, 0<y<1}U{0<x<1, y=0} has a unique maximal element, the

point (0,1), but it has not a maximum.

Remark 3: a maximal element is also known as Pareto optimum. It is a basic
concept in the economic language since the beginning of the 20™ century.



