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(1) Consider the function f(x) = e6x−x
2

. Then:

(a) find the asymptotes and the increasing/decreasing intervals of f(x).

(b) find the local and global extreme points and the range of f(x). Draw the graph of the function.

(c) consider the function f1(x) restricted to the interval where f(x) it is increasing. Draw the graph

of the inverse function of f1(x).

0.4 points part a); 0.4 points part b); 0.2 points part c).

a) The domain of f(x) is R. Since f is continuous in its domain, we only need to study its asymptotes

on −∞ and ∞. Observing that lim
x−→±∞

(6x−x2) = −∞, we can deduce that y = 0 is the horizontal

asymptote of the function on ±∞.

On the other hand, as f ′(x) = e6x−x
2

(6− 2x), we obtain that x = 3 is the only critical point of f

and we deduce that f is increasing on (−∞, 3], because f ′(x) > 0 on (−∞, 3). Analogously, f is

decreasing on [3,∞).

b) From the above we know that x = 3 is a local and global maximizer. Moreover, given that there

is no local minimizer, there cannot be a global minimizer either.

Further more, since f is continuous on R, monotonic in the intervals found and lim
x−→−∞

f(x) =

lim
x−→∞

f(x) = 0, using the Intermediate Value Theorem it is deduced that the range of f is (0, f(3)] =

(0, e9]. Therefore, the graph of the function is approximately:

c) As we can notice, f1 is increasing in (−∞, 3], f1(3) = e9, f1(x) has an horizontal asymptote which

equation is y = 0 at −∞ and its range is (0, e9]. Then, its inverse function is define and it is

increasing in (0, e9], it takes the value 3 at e9, and has a vertical asymptote with equation x = 0.

The graph of the function f1 and its inverse are approximately:



(2) Given the implicit function y = f(x), defined by the equation x2 − x + e−y = 1 in a neigh-

bourhood of the point x = 0, y = 0, it is asked:

(a) find the tangent line and the second-order Taylor Polynomial of the function f at a = 0.

(b) approximately sketch the graph of the function f(x) and its inverse f−1(x) near the point x = 0.

(c) find the analytical expression of f−1(x).

(Hint for part (c): If y = f(x) satisfies the equation F (x, y) = C, then y = f−1(x) will satisfy

F (y, x) = C)

0.4 points part a); 0.4 points part b); 0.2 points part c).

a) First of all, we notice that (0,0) is a solution of the equation. Now, we calculate the first order-

derivative of the equation with respect to x at the point x = 0, y(0) = 0: 2x − 1 − y′e−y = 0 to

obtain y′(0) = f ′(0) = −1.

Then the equation of the tangent line is: y = P1(x) = −x.

Analogously, we calculate the second-order derivative of the equation: 2 + (−y′′ + (y′)2)e−y = 0

evaluating at x = 0, y(0) = 0, y′(0) = −1 we obtain: y′′(0) = f ′′(0) = 3.

Therefore, the second-order Taylor Polynomial is: y = P2(x) = −x + 3
2x

2

b) Using the second-order Taylor Polynomial to approximate the graph of the function f , near the

point x = 0, and the symmetry of its inverse function with respect to the principal diagonal (y = x)

we can sketch both graphs and they can be seen in the figures bellow:

(a) Gráfica de f(x)
(b) Gráfica de f−1(x)

c) As y = f−1(x) satisfies the equation y2 − y + e−x = 1 ⇐⇒ y2 − y + e−x − 1 = 0 we can deduced

that:

y =
1±

√
1− 4(e−x − 1)

2
=

1±
√

5− 4e−x

2
.

¿Which sign should we choose? One possibility it is to notice that the point (0,0) solves the

equation.

Thus, 0 =
1±
√

5− 4e−0

2
, then y =

1−
√

5− 4e−x

2
.

Other possibility, it is to know that f−1(x) is decreasing. Since e−x is decreasing, the function√
5− 4e−x is increasing, hence the need to choose the negative sign.



(3) Let C(x) = 16 + 5x+ 4x
√
x be the cost function of a monopolistic firm and p(x) = 35−

√
x be

the inverse demand function. It is asked:

(a) calculate the production xˆ, such that the firm’s profit is maximized.

(b) find the production x∗ where the derivative of the average cost function is zero. Prove that this

function is NOT convex.

(c) is x∗ the global minimizer of the average cost function?

(Hint for part (c): sketch approximately the graph of the function
C(x)

x
)

0.4 points part a); 0.4 points part b); 0.2 points part c).

a) Fist of all, we calulate the profit function: B(x) = (35−
√
x)x−(16+5x+4x

√
x) = −5x

√
x+30x−16.

Then we calculate its first and second order derivatives:

B′(x) = −15

2

√
x + 30; B′′(x) = − 15

4
√
x
< 0.

We observe that B has only one critical point at xˆ =

(
2 · 30

15

)2

= 16 and, since B is a concave

function, this critical point is the only global maximizer.

b) The average cost function is
C(x)

x
=

16

x
+ 5 + 4

√
x, with x 6= 0,

We calculate its first and second order derivatives:(
C(x)

x

)′
= −16

x2
+

4

2
√
x

;

(
C(x)

x

)′′
=

32

x3
− 1

x
√
x

.

We observe that the average cost function has only one critical point at

−16

x2
+

4

2
√
x

= 0⇐⇒ x2 = 8
√
x ⇐⇒ (

√
x)3 = 8 ⇐⇒

√
x = 2 ⇐⇒ x∗ = 4,

with

(
C(4)

4

)′′
=

32

64
− 1

8
> 0 and then x∗ = 4 is a local minimizer.

However, taking x = 100,

(
C(100)

100

)′′
=

32

1000000
− 1

1000
< 0, then the function is not convex and

we cannot ensure that the critical point is the global minimizer for the average cost function.

c) Now, studying the monotonicity of the function from the sign of its first order derivative we observe

that:

(
C(x)

x

)′
< 0 if 0 < x < 4; and

(
C(x)

x

)′
> 0 when x > 4.

Hence,
C(x)

x
is decreasing in (0, 4] and increasing in [4,∞). Therefore, the critical point is the

only global minimizer of
C(x)

x
, as it is shown in the figure:



(4) Given the function f(x) =

{
x2 − 2x + a2 x < 2

x2 − 7x + 12 x > 2
Then:

(a) state Bolzano’s Zero Theorem for the function f defined on the interval [1,K], where K > 2.

Determine the values of a and K for the function f(x) so the hypothesis (or initial conditions) of

the theorem is satisfied.

(b) state Lagrange’s Mean Value Theorem for a function f defined on [−1, 2]. Find the value of a such

that the hypothesis of the theorem is satisfied.

For the found values of a, calculate the point or points c where the thesis (or conclusion) of the

theorem is satisfied.

0.5 points part a); 0.5 points part b).

a) The hypothesis is that f is continuous in [1,K] and also f(1) · f(K) < 0.

The thesis or conclusion is that there exist a point c ∈ (1,K) such that f(c) = 0.

First of all, we need that f is continuous at x = 2. Since lim
x−→2−

f(x) = a2, f(2) = lim
x−→2+

f(x) = 2,

we can deduce that the function is continuous on [0,K] when a = ±
√

2.

Secondly, supposing f continuous, we obtain f(1) = −1 + a2 = −1 + (±
√

2)2 = 1 > 0,

then the condition f(1) · f(K) < 0 is satisfied when f(K) < 0.

On the other hand, we have x2 − 7x + 12 = (x− 3)(x− 4), then f(K) < 0 if 3 < K < 4.

Finally, the hypothesis of Bolzano’s Theorem is satisfied if:a = ±
√

2, and 3 < K < 4.

b) The hypothesis of the theorem is that f is continuous on [−1, 2] and derivable in (−1, 2).

The thesis or conclusion is that there is a point c ∈ (−1, 2) such that
f(2)− f(−1)

3
= f ′(c).

We have already seen that the function is continuous on [−1, 2] when a = ±
√

2.

But now, we don’t need the function to be derivable at x = 2.

Since f(2)− f(−1) = −3 =⇒ −3
3 = −1 = f ′(c) = (2c− 2), it is satisfied if

2c− 2 = −1 =⇒ c = 1/2 ∈ (−1, 2).



(5) Given the function f(x) = 4
√
x − 2x and the set of points A = {(x, y) : −f(x) ≤ y ≤ f(x)}, it is

asked:

(a) sketch approximately the set of points A. Find, if they exist, maximal and minimal elements, the

maximum and the minimum of A.

(b) Calculate the area of the given set.

(c) consider the sets of points A+ = {(x, y) : 0 ≤ y ≤ f(x)} and B(x0). Where B(x0) is the set of

points bounded by the coordinate axes and the tangent line at a point in the graph of f(x), this

is, (x0, f(x0)) ∈ A+ where f(x) is decreasing.

Which between both sets have the greatest area? (Hint: You can justify your answer without the

need to calculate the area of B(x0)).

(Hint for part (a): Pareto’s order is defined: (x0, y0) ≤P (x1, y1)⇐⇒ x0 ≤ x1, y0 ≤ y1).

0.4 points part a); 0.3 points part b); 0.3 points part c).

a) f(x) is increasing in [0, 1] (as f ′(x) =
4

2
√
x
− 2 > 0 if 0 < x < 1) and decreasing in [1,∞) (as

f ′(x) =
4

2
√
x
− 2 < 0 if 1 < x).

Also, (x, y) ∈ A only if 0 ≤ x ≤ 4, since:

i) if x < 0, x doesn‘t belong in the domain of f(x) and,

ii) −f(x) = f(x) ⇐⇒ 4
√
x = 2x ⇐⇒ 4 = x.

Hence, the draw of A will be approximately like:

Then, Pareto order describes the set properties:

maximum(A) do not exist. maximals(A) = {(x, f(x)) : 1 ≤ x ≤ 4}.
minimum(A) do not exist. minimals(A) = {(x,−f(x)) : 0 ≤ x ≤ 1}.

b) First of all, looking at the position of the graphs we know that:

area(A)=2
4∫
0

(4
√
x − 2x)dx = 2

4∫
0

(4x1/2 − 2x)dx = [then applying Barrow’s Rule we obtain:] =

2

[
4 · x

3/2

3/2
− x2

]4
0

= 2

(
4 · 43/2

3/2
− 42

)
= 2

(
4 · 8

3/2
− 16

)
= = 2

(
64

3
− 16

)
= 2

(
64− 48

3

)
=

32

3
area units.

c) The function f(x) is concave, since f ′′(x) = 2

(
−1

2

)
x−3/2 =

−1√
x3

< 0, then, the graph of f(x)

will always be below of the tangent line at any defined point (x0, f(x0)).

Therefore, the area of B(x0) will be greater than the area of A+, since the latter set always is

contained in the former, as you can see in the figure below.


