UC3M
Temas de Matematicas Avanzadas para la Economia
Examen Final 22 de junio de 2022

Responda las siguientes cuestiones.
(a) (5 puntos) Encontrar la solucién general de la siguiente ecuacién en diferencias

RESUELTO

Tito — 2@¢41 + 22 = 0.

(b) (5 puntos) Encontrar la solucién general de la siguiente ecuacién en diferencias

Ti4o — 2%441 + 224 =t

Solucién:
(a) The characteristic equation is 72 — 27 4+ 2 = 0. The solutions are complex, 1 + i

2+V/4—-8 24++/—4 2+4+iV4 Lt
r = = = = 2.
2 2 2

The module of 1 +i is v/2 and the argument 6 = arctan(1/1) = arctan 1 = /4.

Thus the solution is

pH(C} cos Ot + Casen Ot) = (V/2)!(Cy cos (tm/4) + Cosen (tm/4)).

(b) A particular solution has the form At + B. This is a solution iff
A(t+2)+ B —-2A(t+1)—-2B+2At+2B =t.

This is possible iff A —2A+2A=1and 2A—-2A+ B—2B+2B =0. Thus, A=1and B =0.

We have already solved the homogenous equation, thus the general solution is

(V2)!(C) cos (tm/4) + Cysen (tm/4)) + t.
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Considere la matriz

9
2 - 3
a
A:
a 2 a |’
0o 0 -1

donce a # 0.

(a) (5 puntos) ;Para qué valores del pardmetro a es diagonalizable la matriz A?

(b) (5 puntos) Calcular los valores y los vectores propios de la matriz A. Encontrar una de las formas diagonales
de A y la matriz P asociada cuando A es diagonalizable.

Solucion:

(a) Eigenvalues: —1 double and 5 simple.
This is because the characteristic polynomial is [A — M| = (=1 = A\)((2 = X)2 = 9) = —(A+ 1) (A + 1)(A = 5).
A will be diagonalizable iff the rank of A+ I is 1. The matrix A + I is

AdT=

O Q W
o wele
o W

The two non-null rows are proportional, thus the rank is 1. In consequence, A is diagonalizable for all a # 0.
(b) e S(—1) is generated by (1,0,—1) and (-3, a,0).
To prove this, we solve the system (A + I)x = 0:

323 T 0
a 3 a Y = 0
0 0 O z 0

It reduces to the single equation ax + 3y + az = 0. The solutions are as described above.
e S(5) is generated by (3,a,0).
To prove this, we solve the system (A — 51)x = 0:

-3 2 3 x 0
a —3 a Y 0
0 0 —6 z 0

We get z =0 and ax — 3y + az = 0 as independent equations. The solutions are as described above.

Thus, we can choose
D = diag(—1, -1, 5)
and then

Y
I
—_ O =

3
a
0

o
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Se considera el siguiente sistema lineal de ecuaciones en diferencias

9
Tt41 2 a 3 Tt 8
Zt-&-l = 4 2 Zt + 8 ;
t+1 0 0 -1 t

con a # 0. Notar que la matriz del sistema es la matriz A del Problema 2 anterior.

(a) (5 puntos) Encontrar el punto de equilibrio.

(b) (5 puntos) Para los valores del pardmetro a para los que la matrizA es diagonalizable, encontrar la solucién
general del sistema.

Solucion:

(a) The equilibrium point is the solution of the system

r = 2x+%y—|—3z+8
y = ar+2y+az
z = —z

From the third equation z = 0 and the two first equations become

{x—i—Zy -8

ax+y = 0

Multiplying the first equation by a and subtracting the resulting equation from the second one, we obtain
—8y = 8a, thus y° = —a. Then, 2° = 1. Thus, the equilibrium point is (z°,4°,2°) = (1, —a,0).

(b) The solution is

Ty 1 -3 3 -1
ye | =Ci(-1)" 0 + Co(—1)" a +C350 | o | + a
2t -1 0 0 0

where C1, Cy and C3 are arbitrary constants.



Se considera la EDO

(a) (5 puntos) Probar que la EDO anterior no es exacta y encontrar un factor integrante.

(tx? + 2tx) dt + (2t*x + 3t + 2z) dx

Solucién:
Let P(t,x) = ta? + 2tz, Q(t,x) = (2t + 3t% + 2x). We have

OP oQ
— =2t+ 2t — =6t 44t
ox + 2t 7 ot At
Hence, the ODE is not exact.
We have
9Q _ 9P
ot ox _ ~
P T
Hence,

o) =l 500 =4
is an integrating factor of the equation.

(5 puntos) Encontrar la solucién del siguiente problema de Cauchy.

te(z +2) dt + (2t%x + 3t + 2z) dx, 2(—1) =1

Solucién:
Multiplying the ODE by
plz) = o
we obtain that the ODE
(2tz® + ta?), dt + (3t°2% + 22° 4 2t°2%) dz
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is exact. A potential function is of the form V = % (t2m4 + 2223 + ac4). So, the general solution is defined

implicitly by the equation
2t 42622 42 = C

Plugging in the values x = 1, t = —1, we obtain C' = 4. The solution is defined implicitly by the equation

2t 420222 + 2t =4
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Se considera la EDO
ty' +4y =6t y(1) =y
(a) (5 puntos) Encontrar la solucién cualquiera que sea el valor de yo € R.

(b) (5 puntos) ;Para qué valores de yo se verifica que existe lim;_,04 y(¢)? ;Existe algin valor de yo tal que

lim; 04 y(t) = 1?7 (Existe algtin valor deyy such that lim; o4 y(t) = —0c0?
Solucién:
The equation is linear. The solution is
yo—1
y(t) ="+ =—

For yo = 1 we have lim;_,o4 y(t) = 0. For yo > 1 we have lim; o4 y(t) = oco. For yy < 1 we have lim; 04 y(t) =
—00.
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Se considera la ecuacién diferencial
2" — 62" — Tx = 16e7t — 14.

(a) (5 puntos) Encontrar la solucién general.

(b) (5 puntos) Encontrar la solucién x(t) del siguiente problema de valores iniciales

2 — 62’ — T =16e"" —14. 2(0) =7, 2/(0) = 17.

Solucién:
2(t) =2 —2e 4 cre7t + coe™.
2(t) =2 —2e "t + 2e7t + 3e™.
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