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Matematicas Avanzadas para la Economia
Examen Final, 24/06/2015 RESUELTO

Halle la solucion de x¢yo — xey1 + ixt =tconxg=0,2x1=0.

Solucion:

The general solution is the sum of the general solution of the homogeneous equation and one particular
solution. The characteristic equation is r2 — r + % = 0, with complex solutions 712 = % + i%, with

module 2% + 2% = % and argument arctan (3/3) = arctan1 = Z. Thus, the general solution of the

homogeneous equation is 27/2(A cos (Zt) + Bsin (5t)), A, B € R. Now try a particular solution of the
form at + b. To find a, b, plug this expression into the equation to get

a(t+2)+b—a(t+1)—b—i—%(at%—b) =1

thus, a = 2 and b = —4. The general solution of the complete equation is
Ty = 2 t/2 (A cos (%t) + Bsin (%t)) + 2t — 4.

To find the particular solution passing through x¢g = 0, 1 = 0 we impose

0 =A-—4,
0 = (A2 +BY)+2-4.
The solution of this system is A =4 and B = 0. Hence, the final answer is

Ty =4- 27t/2 cos (%t) + 2t — 4.
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Halle la solucién del sistema de ecuaciones en diferencias lineales

() -0 )+ (2)

que satisface las condiciones iniciales zg = 0, yo = 0.

Solucién:

Let us see if the matrix A of the system is diagonalizable.
A= M|=—-AN1-X)—-2=0=>A=—-1lor =2

Thus the matrix is diagonalizable since the eigenvalues are distinct. Now we compute a pair of inde-
pendent eigenvectors by solving (A — AI)u = 0. For N(—1) we solve

(1)) ()

that gives u = —2v, thus we can choose (—2,1). For N(2) we solve

(v 2)()-(0)

thus we take (1,1). The general solution of the homogeneous system is thus

() (h)

where a, b are arbitrary constants. A particular solution is a constant vector ( Z > Plugging this

vector into the system we find the following linear system

u =2v+2,
v =u+uv-—2.

Solving we get w = 2, v = 0. Thus, the general solution of the complete system is

() (1)+(3)

Now we employ the initial values to determine the constants a and b. Letting ¢ = 0 in the general

solution we have
2\ (1Y (2)_ ("
“\ 1 1 o) \o)
We find a = 2/3 and b = —2/3.

Note that we could also used more directly the formula

X%+ PD'P7( X, - X9),

2 0 -2 1 -1 0
0 _ _ — —
WhereX—(()),Xo—(O),P—( 1 1>andD_<0 2).
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t+2
int lva 2/(t) = .
(a) (5 points) Resuelva 2/(t) ]

(b) (5 points) Resuelva (2% — xel)dt + (2tx — e')dz = 0, 2(0) = 10.

Solucién:

2 2

t
(a) 2'(z+1)=t+2; [(z+1)dx = [(t+2)dt; % tr=< — C, with C constant.

(b) The equation is exact since (22 — xel), = 22 — et = (2tx — ),
V(t,x) = /(1'2 — ze)dt = 2%t — ze' + g(x)

and
Ve(t,z) =22t — €' + ¢'(z) = 2tz — €,

so g = C' is constant. The solution is implicitly given by
2*t —zet + C = 0.

At t = 0 we have —10 + C = 0, thus finally z°t — ze! + 10 = 0.
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Halle los puntos de equilibrio de la ecuacién diferencial no lineal
2 (t) = aw(t) — 2(¢),

donde a € R es un pardmetro. Utilizando diagramas de fase, estudie si los puntos de equilibrio son
localmente asintéticamente estables dependiendo de los valores de a.

Soluciodn:

Let f(z) = x(a—x). It is a concave parabola. Fixed points are given by f(x) = 0, so we get 1 = 0 and
x9 = a. Case (i) a > 0. Then f is negative in (—00,0) and (a,00) and positive in (0,a). Thus, 2’ < 0
in the two former intervals and 2’ > 0 ion the latter interval and hence z; is unstable and x5 is l.a.s.
Case (ii) a < 01. Then f is negative in (—oo, a) and (0, 00) and positive in (a,0). Thus, 2’ < 0 in the
two former intervals and z’ > 0 ion the latter interval and hence, x; is l.a.s. and x5 is unstable. Case
(iii) @ = 0. Clearly 0 is unstable.
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Las curvas de demanda y de oferta de un cierto bien son

Qq(t) = 100 — 2P(t) + P(t),
Qs(t) = =50 4+ P(t)

respectivamente, donde P(t) es el precio del bien en el instante ¢ > 0 . El precio evoluciona segin la
ecuacién diferencial

. 1
P(t) = £(Qut) ~ Qs(1).  P(0) = 10.
(a) (5 points) Halle una ecuacién diferencial de primer order para el precio P(t) y halle el precio de
equilibirio, PY.

(b) (5 points) Halle el precio P(t). Es convergente cuando ¢t — co?

Solucién:

) . 3
(a) By plugging Qg and Qs into the equation for P and simplifying we get P = 30 — gP. The
equilibrium point, P = 0, is P° = 50.

(b) The solution is P(t) = 50 + 10e3/5%. Yes, it converges to 50.



