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(a) (5 points) Determine the general solution of the homogenous difference equation
Tiro — Tpp1 — 22¢ = 0.
(b) (5 points) Determine the general solution of the non homogenous difference equation
Tito — Tip1 — 204 = 1 + 2t
(¢) (5 points) Determine the solution of the initial value problem

Tppo — Tppr — 2ap = 1428, 20 =0, 1 = 2.

Solution:

2

(a) The characteristic equation is r? —r — 2 = 0, with solutions —1 and 2, hence the general solution is C;(—1)* +

Cs2t.

(b) Consider the particular solution A + Bt2! and determine the unknown constants by plugging it into the
difference equation
A+ B(t+2)2"2 — A~ B(t+1)2"T! — 2(A 4 Bt2") = 1 + 2",

Equating e ual expressions at the left and at the right hand side we obtain 0 = 0 for t2¢, 8B — 2B = 1 for
2t and A — A — 2A = 1 for the independent term. The particular solution is thus —% + ét?t and the general
solution is

2y = O (1) + 02" — % + ét?.
(¢) The constants Cy and Co satisfy
0:$0:C1+02*%
2=x1=—01+202—%+%
The solution is Cy = % and C; = f%.

The solution asked for is z; = — & (1) + 52 — 1 4 1¢2¢,
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Let the matrix

—a® 3 2
A= o & 1 |,
0 0 —a?

where a is a parameter.
(a) (5 points) Determine the eigenvalues of A. For which values of the parameter a is the matrix A diagonalizable?

(b) (5 points) For the values of a found in part (a) above, determine a diagonal matrix D and an inversible
matrix P such that P~!AP = D.

Solution:

(a) Since the matrix is triangular, the diagonal elements of A are the eigenvalues: \; = —a? double and Ay = 2
simple. Note that A\; # As for all a.

A is diagonalizable iff the rank of (A — (—a?I)3) = (A + a®I3) is one.

0 3 2

A+ad’lz3=| 0 1+4d*> 1

0 0 0
has rank one iff s 2 =3-2(%4+a? =0, that is, iff a® = 1
1+a® 1 2 ’ ’ '

Hence, A is diagonalizable iff a? = 1.

(b) Let a® = 1.
S(—a?) = S(-1):
0 3 2 z 0
0 3 1 y |=10
0 0 0 z 0
Solutions: (z,—2z,z). We choose (1,0,0) and (0,—2,1)
S(2):
-3 3 2 x 0
0 0 1 y | =10
0o o -3 z 0
Solutions: (2y,y,0). We choose (2,1,0).
Letting P
1 0 2
0o -2 1|,
0 1 O
we take
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Consider the following system of linear difference equations.

Ti+1 —a® 3 2 Ty 0
Yir1 | = 0 3 1 w |+ 1],
Zt+1 0 0 —a2 Zt 0

with a a parameter. Note that the matrix of the system is the matrix A of Problem 2 above.

(a) (5 points) Find the stationary or equilibrium point of the system. For the values of a for which the matrix
of the system is diagonalizable (they were found in Problem 2 above), study whether the fixed point is
asymptotically stable.

(b) (5 points) For the values of a for which the matrix of the system is diagonalizable (they were found in Problem
2 above), determine the general solution of the system.

Solution:

(a) Steady states are solutions of the system

x = —a’x +3y +2z
y = +3Y +z +1
z = —ClQZ

The steady state is (T(Z?’ 2,0). According to Problem 2, the matrix of coefficients of the system is diagonal-
izable iff a®> = 1. Thne steady state is (3,2,0). The eigenvalues are —1 double and % simple. The steady state

is not asymptotically stable, but it is a saddle point.

(b) Using the results of Problem 2, and part (a) above, the general solution of the system is

T 1 0 2 3
ye | =Ci(=1)"| 0 |+Co(-D)"| =2 | +Cs2"| 1 |+ 2
2 0 1 0 0
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Consider the ODE
3z’ + 2%z =1,

(a) (5 points) Find the general solution.
(b) (5 points) Find the solution of the initial value problem

32 f2t’r =1, z(-1)=2

What is the interval of definition of the solution?

Solution:

The general solution is
Inft| ¢
22

The solution of the initial value problem
32 +2t%r =1, z(-1)=2

is

In(—t) 2
2 T

the domain of definition is (—o0,0).



(a) (5 points) Find the general solution of the ODE
2 + 62" + 92 =0
(b) (5 points) Find the general solution of the ODE
2" 4+ 62’ + 9z = 63"
(¢) (5 points) Find the solution of the ODE of the initial value problem

a4+ 62 + 9z =63, x(0)=1 2/(0)=-1
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Solution:

The general solution of " + 62’ 4+ 9z = 6e73 is
Ae™3 + Be 3t 4+ 373142
For the given initial conditions, the solution is

e (3t + 2t + 1)
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Consider the following system of ODE’s

/

{x’ = w2y—%—25y+%
Yy o= wy—4y

(a) (5 points) Determine the stationary points.

(b) (5 points) Determine the stability of the stationary points.

Solution:

The stationary points are the solutions of the following system of equations

0 x2y7%725y+%§
0 = zy—4y

The second equation may be written as y(x — 4) = 0. The solutions are = 4 and y = 0.Plugging this into the

first equation we obtain the stationary points are (—5,0), (5,0) and (4, %6) The Jacobian matrix of the system is

_ 2zy—3 2% — 25
S = (B 7E w7
We see that

5
o J(—5,0) = ( 8 9 ) The eigenvalues are —9, 2 and (—5,0) is unstable. It is a saddle point.

. The eigenvalues are —%, 1 and (5,0) is unstable. It is a saddle point.

o J (4, i) < 10% -9 > The eigenvalues are :i:% and (4, %6) is a lL.a.s. It is a spiral point.



