February 2, 2022
1.1 MATRICES AND DETERMINANTS

1. GENERAL CONCEPTS

Definition 1.1. A matrix of m arrows and n columns is a rectangular array of real numbers

ail a2 - Qin
a1 Qe - Q2p
A = (aij)i=1,..m =
j:17' 7n
Uml am2 " Omn
It is said that A is of order m X n.
e The ith arrow of A is formed by elements a;1, a2, ..., Giy.
e The jth column of A is formed by elements a1, az;, . .., am;-

e The element (i, j) of A is a;;. It belongs to the ith row and to the jth column.

e The main diagonal is formed by the elements a1, aso, ..., a,p, donde p is the lesser

of n and m.
Notation 1.2. The set of all matrices of order m x n is denoted M, xp.

Let A,B € Mpyxn, A= (al])z 1,...ms B = (bjj)i=1,...,m- The matrices A and B are equal if
1 n j= 1, LN
and only if a;; = b;; for all ¢ E {1 .,m}, for all j € {17 ...,n}.

2. THE ALGEBRA OF MATRICES

2.1. Sum of matrices. Let A, B € My,xpn, A = (aij)i=1,...m, B = (bi])Z 1,...m- The sum
j:l,. n j= 1, n

of Aand Bis A+ B = C € My,xn, with C = (¢jj)i=1,...,m, where ¢;; = a;; + bw for all
j:17‘ 7

ie{l,...,m}, forall j € {1,...,n}.

2.2. Properties of the sum of matrices. Let A, B,C € M«
(1) A+ (B+C)=(A+B)+C.
(2) A+ B=B+ A.

(3) There is O = (045)i=1,.. m € Myxpn (null matrix), such that A+ O =0+ A = A.
Jj=Ll..m
(4) A+ (-A)=(—A)+ A= 0, where —A = (— aw)lzl, m
j=1,.
1
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2.3. Product of an scalar and a matrix. Let A € My,xpn, A = (aij)i=1,..,m and let
j=1,..,n
A € R. The scalar product of A and A is AA = C € Myxp, with C = (¢;j)i=1,....m, where

j=1,...

)

Cij = Aajj.
2.4. Properties of the product of an scalar and a matrix. Let A, B € M ,xpn, A\, 0 €
R

(1) M(A+ B) = \A+ uB.

(2) A+ p)A = A+ pA.

(3) (Aud) = A(pA).

(4) 1A= A.

2 1 3 6 3 9
Example 2.1. Let A=3 and A = . Then 3A = .
9 6 5 27 18 15

2.5. Product of matrices. Let A € M,x, B € Myxp, where A = (a;j)i=1,...m, B =

j=1,...n
(bij)i=1,...n. The product of A and B is defined as AB = C € My, xp, where C' = (¢ij)i=1,..,m
j:]-?"'ap j=1,....,p
and

Cij = ailblj + aigsz + o+ ambnj for all 7 € {1, . . ,m}, jE {1, . ,p}.

That is, the product AB is the matrix whose (i,7) element is the scalar product of the
ith row of the first matrix and the j column of the second matrix, considered these as

vectors.
2.6. Properties of the product of matrices. Let A € My, xpn, B € My, C € Mpyy,
A peR.

(1) M(AB) = (M)B = A(\B).

(2) (AB)C = A(BC).

(3) If m =n =p=gq, then

A(B+C) = AB + AC
(B+C)A=BA+CA
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(4) AL, = I,A = A, where

(5) (AA)(uB) = (Au)(AB).

6
21 5
Example 2.2. Compute AB and BA, where A = < 5 0 9 ) and B=| 7 —4

0
49 8=2.64+1-(—4)+5-0 -6 117
ANSWER: AB:( =2:6+41-(-4)+5- ).BA: 26 7 27
13 —18
16 8 40

2.7. Matrix transposition. Let A € M,,«pn, A = (aij)i=1,...,m- The transpose matrix of
j=1,...n

A, denoted A' € M, xm, is the matrix A = (agj)i_:17,,.7m with a;j = aj;, that is
7j=1,..n
ai1 a1 . Qml
s a2 G2 Gm2
Aln AaA2n " Qmnp

2.8. Properties of matrix transposition. Let A € M,,xn, A € R.
(1) (A% = 4.
(2) (ZNA)t = \AL
(3) It = I,.
(4) If B € Mypxn, then (A+ B)t = At + Bt

(5) If B € M;xp, then (AB)! = B'A".

3. TYPE OF MATRICES

3.1. Definitions. 1. Row matrix: It has only one row

(a11a12...a1,) € Mixn.
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2. Column matrix: It has only one column

am1

3. A matrix is lower (upper) triangular if and only if all the elements above the diagonal are

null: i < j = a;; = 0 (all the elements below the diagonal are null: i > j = a;; = 0.)

4. Square matrix of order n: it has the same number of rows and columns, m = n.

ail a2 - Qin
ag1 a2 -+ G2p
A =
apl1 Am2 -+ Qdnn
® a;;, v =1,...,n, are the diagonal elements.

e A is a diagonal matrix if and only if the non diagonal elements are null: i # j =
Q5 = 0.

e A square matrix is scalar if and only if it is diagonal and all the diagonal elements
are equal to each other.

5. A € M,,x,, is idempotent if and only if A2 = A.

6. A € My« is nilpotent if and only if there is p € N such that AP = O.

7. A€ Myxy, is symmetric if and only if A* = A, that is, if A = (ajj)i=1,....m, then
j=1,..n
Qij = Qjj; for all 7,5 € {1, R ,n}.
8. A € M,y is antisymmetric if and only if A® = —A, that is, if A = (aij)i=1,....m,
Jj=1,...,n
then

aij = —aj; foralli,j € {1,...,n}.
4. DETERMINANTS

To a square matrix A we associate a real number called the determinant, |A| or det (A), in

the following way. The determinant is a mapping

det : Mpyxpn — R
A det A
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such that
e For a matrix of order 1, A = (a), det (4) = a.

a1l a2

e For a matrix of order 2, A = ( ), det (A) = ajja92 — aj2as;.

a1 Q22

e LFor a matrix of order 3

aylp a2 a3

Q22 a23 a12 a3 a2 ais

det (A) = as1 asn a3 | =an — ag + a3

a3z2 ass asz ass a2 Aa23

az1 asz2 as3

This is known as the expansion of the determinant by the first column, but it can be
done for any other row or column, giving the same result. Notice the sign (—1)+7

in front of the element a;;.

Before continuing with the inductive definition, let us see an example.

Example 4.1. Compute the following determinant expanding by the second column.

11
3 3

11
4 5

4 5

— (—1)1*29
(—1) 5 3

+ (_1)2+23 + (_1)2-‘1—31

W o =

=W N

w ot =
|

— 2. (=3)+3-(0)—(1)-1=5

4.1. Definitions. 1. A minor of a matrix A is the determinant of a submatrix which are

obtained from A by deleting several rows and the same number of columns.

2. Given a square matrix A = (aij)izl,._,,n, the complementary minor of element a;;, denoted

J yeees Tl
M;;, is the determinant of order n — 1 which results from the deletion of the row 7 and the
column j containing that element.
...n, the adjoint of a;;, denoted A;;, is the comple-

%
J on

mentary minor of a;;, multiplied by (—1)7*7, that is, A;; = (—1)" M;;.

3. Given a square matrix A = (a;j)i=1,
=1,

4. The adjoint matrix of the square matrix A = (a;j)i=1,....nm, denoted A*, is the matrix
7j=1,..n
whose elements are the adjoints of the elements of A, that is
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4.2. Expansion of determinants by the elements of a row or a column. Let A =

(aij)i

J

1,..n € Mpx. For n > 3, the determinant is defined as follows.
1,...,n
e Expansion by the elements of the ith row:

det A= a1 41 + applio + -+ aindin

e Expansion by the elements of the jth column:

det A = ay;A15 + agjAzj + -+ + anjAn;.

Example 4.2. Find the value of the determinant

1 20 3
4 7 21
1 3 3 1
02 07

ANSWER: Expanding the determinant by the third column, one gets

1 20 3
PR 1 23 123
=(—1)*"22(1 3 1 |[+(-1)*™3|4 7 1

1 331
027 027

020 7

4.3. Properties of the determinants. Let A, B € M, x,. Let A € R.
(1) |A] = [A"].
(2) |AA| = A" |A].
(3) [AB| = |A[|B|.

(4) If in a determinant two rows (or columns) are interchanged, then the value of the

determinant is changed in sign.

(5) If two rows (columns) in a determinant are identical, then the value of the determi-

nant is zero.

(6) If all the entries in a row (column) of a determinant are multiplied by a constant A,

then the value of the determinant is also multiplied by this constant.

(7) In a given determinant, a constant multiple of the elements in one row (column)
may be added to the elements of another row (column) without changing the value

of the determinant.
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(8) If a determinant has a line (row or column) of zeros, then the determinant is null.

5. INVERSE MATRIX

When we want to solve an equation like 52 = 10, we simply divide by 5, 57152 = 57110,

and find quite trivially the solution z = 2. If the equation is matricial
AX = B,

where A and B are given matrices and X is the unknown matrix, we wonder whether there
is an object like 571 in the scalar example above, so that the matrix equation can be solved.

Obviously, if such a matrix B exists, it must fulfill BA = I,,.

Definition 5.1. A square matrix A € M, «, is called regular or invertible if there exists
a matrix B € M,,x, such that AB = BA = I,,. In this case, the matrix B is called the
inverse of A and it is denoted A~!.
5.1. Properties. Let A, B € M, «, and let A € R, A # 0.

(1) A is invertible if and only if det A # 0.

(2) If A is invertible, then A~! is unique, and it is given by

(3) I, is invertible, and I,;! = I,,.

(4) If A is invertible, then A~! is invertible and (A~1)~1 = A.

(5) If A is invertible, then A\A is invertible and (AA)~! = A~1A47L.

(6) If A and B are invertible, then AB is invertible and (AB)~! = B71A~!,
(

7) If A is invertible, then A’ is invertible and (A?)~1 = (A=)t
Definition 5.2. A € M,,x,, is called orthogonal if and only is it is invertible and A=t = A?.

6. RANK AND TRACE

Definition 6.1. The rank of matrix A € M, xn, denoted rank A, is the order of the largest

non-—null minor of A.

Example 6.2. Find the rank of A = 0o 3 11
2 -1 -1 1
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ANSWER: The rank is at most 3. Instead of finding the echelon form of A let us use minors.

Notice that # 0 hence, the rank of A is 2 at least. If we find one non—null minor

of order 3, then the rank is 3. We need to check 4 minors of order 3

-1 2 1 -1 2 0 -1 10 2 10
0 3 1|=0, 0 3 1|=0, 0 1 1]=0, 3 1 1|=0.
2 -1 -1 2 -1 1 2 -1 1 -1 -1 1

6.1. Properties of the rank of a matrix.
(1) The rank of a matrix is invariant with respect to the following operations

e Exchanging two parallel lines (rows or columns).

Deleting a line whose elements are all null.

Deleting a line that is a linear combination of other parallel lines.

Multiplying all the elements of a line by a number different from zero.

Adding to a line another parallel line multiplied by a number.
(2) If A € Mypxn, then rank A < min{m,n}.

(3) If A € My,xn, then A is invertible if and only if rank A = n.

(4) rank I, = n and rank O = 0.

(5) If A € Mipxn, then rank A = rank A’.

(6) If A € My« and B € M,,xp, then

rank AB < min{rank A, rank B}.

Definition 6.3. Let A € M,,y,,, where (a;j)i=1,...m. The trace of A, denoted by trace A,
7j=1,..,n
is the sum of the diagonal elements of A

trace A=a11 + -+ anp-

6.2. Properties. Let A, B € M, «p, let A € R.
(1) trace At = trace A.
(2) trace AA = Atrace A.

(3) trace A+ B = trace A + trace B.
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(4) trace AB = trace BA.

7. ELEMENTARY OPERATIONS WITH MATRICES

Definition 7.1. The following operations with rows and columns of a matrix A € M, xn

are called elementary operations.
e Interchange of parallel lines of A (rows or columns).
e Multiplication of a line of A (row or column) by a constant different from zero.

e Addition to a line of A (row or column) a constant multiple of another parallel line.

Definition 7.2. Two matrices A, B € M,,xn are called equivalent if and only if one of

them can be obtained from the other by means of finitely many elementary operations.

We are interested in computing the inverse of a regular matrix by means of elementary

operations.

Theorem 7.3. If A € M« is invertible, then A is equivalent to the identity matriz I,.

This says that one can find the inverse of a regular matrix by means of elementary operations

on the identity matrix I,,. From a practical point of view, the Gauss method considers the

matrix
ail a2 ... Gin ‘ 1 0
a1 a2 ... G92p ‘ 0 1
(A’In) - ‘
an1 QAQp2 ... Qpp ‘ 0O 0 ... 1

and performs elementary operations on rows until A is transformed into the identity matrix

I,,, so that I,, becomes A~

1 1 0
Example 7.4. Find the inverse of the matrix A= 0 1 1
1 0 1
1 10| 100
ANSWER: Consider the matrix (A[I3) = 0 1 1 | 0 1 0 |. In the following oper-
101 001
ations, r; denotes the 7th row vector, and r; — Ar; means that we subtracts A times the row
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rj to the row r;.

1 101] 100 1 10] 100
(rs—=r)~]10 1 1] 010 ]; (r34+ra)~] 01 1| 010
0 -1 1] -1 01 002 | -111
110 10 0 200 | 1 -1 1
(2rg—r3)~ | 0 2 0 | 1 -1 |; @rn—m)~| 020 1 1 -1
002 -1 1 1 002 | -1 1 1

, 100 | 1/2 —-1/2 1/2

<><2>~ 010 | 1/2 1/2 —1/2

001 | —-1/2 1/2 1/2

Definition 7.5. The upper echelon form of a matrix A € M,,xn is any of the upper
triangular matrices B = (b;;)i=1,....m € Mmxn which are equivalent to A and such if b; = 0

j=1,...n
for some i € {1,...,m — 1}, then b; 4141 = 0.

Theorem 7.6. The rank of a matriz A € Mu,xn is the number of non—null rows in any of
the echelon forms A.

-2 -1 1 2
Example 7.7. Find the rank of the matrix A = o 2 2 -3
4 1 -1 0

ANSWER: The rank is at most 3. Let us find the echelon form of A.

9 1 1 2 9 11 2 9 11 9
1/2

0 2 2 —3 || o 2 9 3|, o 92 9 _3

4 1 -1 0 0 -1 1 4 0 0 2 5/2

Hence, the rank of A is 3 (three non—null row vectors in the echelon form of A).



