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Abstract

Time invariance of factor loadings is a standard assumijrtitime analysis of large
factor models. Yet, this assumption may be restrictive ssyparameter shifts are mild
(i.e., local to zero). In this paper we develop a new testirag@dure to detedig
breaks in these loadings at either known or unknown dateslidés upon testing for
parameter breaks in a regression of the first ofrtHactors estimated by PCA on the
remainingr — 1 factors, where is chosen according to Bai and Ng's (2002) informa-
tion criteria. The test fares well in terms of power relativeother recently proposed
tests on this issue, and can be easily implemented to avaddsting failures in stan-
dard factor-augmented (FAR, FAVAR) models where the nurobé&ctors is a priori
imposed on the basis of theoretical considerations.
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1 Introduction

Despite being well acknowledged that some parameters inoeasiz relationships can
become unstable due to important structural breaks (égsetrelated to technological
change, globalization or strong policy reforms), a stadgagactice in the estimation of
large factor models (FM, hereafter) is the assumption o&tinvariant factor loadings.
Possibly, one of the main reasons for this benign neglecte#ks stems from the impor-
tant results obtained by Stock and Watson (2002, 2009) degathe consistency of the
estimated factors by principal components analysis (PGAdfter) when the loadings are
subject to small (i.e., local-to-zero) instabilities. Acdingly, these authors conclude that
the failure of factor-based forecasts is mainly due to tistaipility of the forecast function,
rather than of the different components, and hence, theicads to use full-sample factor
estimates and subsample forecasting equations to impoosedsts.

However, the main emphasis placed on local-to-zero breaksbleen subsequently
questioned. For example, by means of a Monte Carlo studyerfgs® Marcellino and
Masten (2008) conclude that, in contrast to Stock and Watghagnosis, the instability
of factor loadings when big (i.e., not local-to-zero) breaccur is the most likely rea-
son behind the worsening factor-based forecasts, patlguh small samples. Likewise,
when discussing Stock and Watson’s research on this tojpnn@ne (2007) argues that
"....to understand structural changes we should devoteeratiort in modelling the vari-
ables characterized by more severe instabilitiesin"this paper, we pursue this goal by
providing a precise characterization of the different gbads under which big and small
breaks in the factor loadings may occur, as well as develample test to distinguish
between them. We conclude that, in contrast to small brdaigshreaks should not be
ignored since they may lead to misleading results in stahele@onometric practices using
factor models and in the potential interpretation of thedathemselves.

A forerunner of our paper is Breitung and Eickmeier (2010, igdaceforth) who are
the first to propose a proper testing procedure to detectreigkls in the factor loadings.
Their test relies on the idea that, under the null of no stmattoreak plus some additional
assumptions, the estimation error of the factors can berégghand thus the estimated
factors can be treated as the true ones. Consequently, at@pevest can be constructed
by regressing each variable in the data set on both the dstinfectors using the whole
sample period and their truncated versions from the dateeobteak onwards. Focusing
on the joint statistical significance of the estimated coffits for the truncated factors,
their test compares the empirical rejection frequency ajriba individual regressions to
a nominal size of 5% under the null of no breaks. In our vievg #pproach suffers from
two limitations: (i) the BE test is mostly heuristic since limiting distribution remains
unknown except in some highly restrictive cases; and (Igdks non-trivial power when
the number of factors is not correctly specified. This logsafer can be very serious. For
example, as explained further below, one of our main resultsat a FM withr original
factors where the loadings of one of them exhibit a big stnattbreak at the same date
admits a standard factor representation with1 factors without a break. Hence, if the
number of factors is chosen as- 1, instead of, their testing approach may not detect
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any break at all when in fact there is one.

Our contribution here is to propose a simple testing procetiudetect breaks in FMs
stemming from different sources which does not suffer froengrevious shortcomings. In
particular, we first derive some asymptotic results findhmg,tin contrast to small breaks,
the number of factors will be over-estimated under big bseaW/e argue that neglect-
ing these breaks can have serious consequences on thestorggeerformance of some
popular regression-based models using factors, whoseeniméa priori imposed without
testing for big breaks. Likewise, it may give rise to diffises when trying to provide
a structural interpretation of the estimated factors chaszording to some consistent
information criteria (see Bai and Ng, 2006, and Chen, 20TB)avoid these problems,
we propose a very simple regression-based testing praeed\s sketched earlier, it is
based on the idea that a FM with big breaks in the loadings eare{parameterized as
another FM with constant loadings but a larger set of factwtsere the number and the
space spanned by the latter can be consistently estimate@Aynder fairly standard as-
sumptions. Hence, rather than directly testing for whe#tidhe elements of the loadings
matrix are stable, which will suffer from an infinite-dimémsality problem as the num-
ber of variables in the panel data set grows, one can insesagvhether the relationships
among the larger finite-dimensional set of estimated facioe stable.

Specifically, our procedure consists of two steps. Firg,rtmber of factors for the
whole sample period is estimatedrassing Bai and Ng’s (2002) information criteriand
then ther Tactors are estimated by PCA. Next, one of the estimatedfa¢e.g., the one
associated to the largest eigenvalue) is regressed onrttemagr'— 1 factors, and then
the standard Chow Test or the Sup-type Test of Andrews (18@pending on whether the
date of the break is treated as known or unknown, is impleetktat test for a structural
break in this regression. If the null of no breaks is rejedtetthe second-step regression,
we conclude that there are big breaks and, otherwise, tthereio breaks exist at all or
that only small breaks occur. Further, on the basis of thk panperties of the covariance
matrix of the estimated factors in different subsamplesalse provide some guidance on
how to distinguish between breaks stemming from the loadorgrom the DGP of the
factors. This difference is important since the latter memdlto reject the null of constant
loadings when it is true, leading to a misleading intergreteof the source of the break.

After completing a first draft of this paper, we became awdig dosely related (un-
published) paper by Han and Inoue (2011, HI hereafter) whaniindependent research,
adopt a similar approach to ours in testing for big breaksNh Fhe two approaches,
however, differ in several respects. In effect, rather thsing a simple regression-based
approach to avoid the infinite-dimensionality problem, a&sde here, HI (2011) test di-
rectly for differences before and after the break in all teenents of the covariance matrix
of the estimated factors. We will argue below that, despiégfact that their tests use more
information than ours, the potential lack of power entaldgcur much simpler approach
only applies to one of our tests (i.e, an LM type-test whichdmees inconsistent) un-
der a very specific and highly unrealistic data generatinggss (DGP). Yet, even in this
special case, an alternative regression-based test basia@ &Vald principle, which in



general behaves much better than LM tests for detectingtatal breaks, does not suffer
from any loss in power relative to HI's. In more general analigtic cases, both of our
tests behave well, with the Wald test being even more pow#rén the corresponding
HI's test for small sample sizes, suchlds= T = 50. One additional advantage of our
simple linear-regression setup is that it permits to useynwdher existing methods for
testing breaks, including multiple ones (see Perron, 2f@d&n extensive review of these
tests).

The rest of the paper is organized as follows. In Section 2prnesent the basic nota-
tion, assumptions and the definitionssohallandbig breaks. In Section 3, we analyze the
consequences of big breaks on the choice of the number of$aand their estimation, as
well as their effects on standard econometric practices faittor-augmented regressions.
In Section 4, we first derive the asymptotic distributionswof tests and next discuss, when
a big break is detected, how one can identify whether it steoms the loadings or from
the process driving the factors; lastly we provide someydital results on how our test
fares, in terms of power, relative to BE’s and HI's tests. tBec5 deals with the finite
sample performance of our test relative to the competing tesng Monte-Carlo simu-
lations. Section 6 provides an empirical application. Fn&ection 7 concludes. Three
appendices contain detailed proofs of the main results.

2 Notation and Preliminaries
We consider FM that can be rewritten in the static canonmathf
X = AR +& (1)

whereX; is theN x 1 vector of observed variable&= (a1, ...,an)’ is theN x r matrix of
factor loadingsr is the number of common factors which is finike = (fy,.. ., fit)" is the

r x 1 vector of common factors, arglis theN x 1 vector of idiosyncratic errors. In the
case of dynamic factor models, all the common factiprand their lags are stacked into
R. Thus, a dynamic factor model withdynamic factors ang lags of these factors can
be written as a static FM withx (p-+ 1) static factors. Further, given the assumptions we
make about the, error terms, the case analyzed by BE (2010) wheresthdisturbances
are generated by individual specific AR processes is alseidered. Notice, however,
that our setup excludes the generalized dynamic FM coresid®r Forni and Lippi (2001)
when the polynomial distributed lag possibly tends to ityini

We assume that there is a single structural break in therfeiadings of all factors at
the same time':

X=AR+ea t=12...T, (2)
X=BR+a t=71+1,...,T (3)

1See Kim and Perron (2009).




whereB = (B1,...,Bn)’ is the new factor loadings after the break. By defining therimat
C = B— A, which captures the size of the breaks, the FM in (2) and (8)bzarewritten
as:

X =AR+CG +& (4)
whereG; =0fort=1,...,1,andGi =k fort=1+1,...,T.

As argued by Stock and Watson (2002, 2009), the effects oésuiid (local to zero)
instability in the factor loadings can be averaged out, st #@stimation and inference
based on PCA remain valid. We generalize their analysis loyvalg for two types of
break sizessmallandbig. In contrast to the former, we will show that the latter canno
be neglected. To distinguish between them, it is conven@partition theC matrix as
follows:

C=I[NA H]

where/ andH areN x k; andN x k, matrices that correspond to th& and thesmall
breaks, and; + k> =r. In other words, we assume that, among ttHactors,k; andky
factors are subject toig andsmallbreaks in their loadings, respectively. Accordingly, we
can also partition th&; matrix intoG{ andG?, such that (4) becomes:

X =AR+AG +HG? + ¢ (5)

whereA = (Aq,...,An) andH = (N4,...,10n).

Once the basic notation has been established, the nexsgtepriovide precise defini-
tions of the two types of breaks.

Assumption 1. Breaks

a. E[|A[|* <. N715N AiA/ — 35 as N— o for some positive definite matriy .

b. ni = = fori=12,...,N and Elki|® < .

The matriceg\ andH are assumed to contain random elements. Assumption 1dsyiel
the definition of a big break which also includes the case @a/hee= 0 ( no break) for a
fixed proportion of variables ad — c. Assumption 1.b, in turn, provides the definition
of small breaks which, besides having some bounded monestsharacterized as being
of order /v/NT so that they can be neglectedd&ndT go to infinity.

REMARK 1. It could be argued that a natural way to define the relevgmbtheses
would beHp : A= B andH; : A# B, as in BE (2010) and HI (2011). However, in the
context of FMs with largeéN, the size of the breaks = B — A has important implications.
For example, whe€ = Op(1/+/NT), we can invoke Stock and Watson’s (2002) results
showing the usual inferences, including estimation antinigsising PC, are still valid
because the effects of these small breaks will be averages$hitandT go to infinity, and
therefore they can be safely ignored. Our definitions of bid small breaks correspond
to fixed and local alternatives respectively where the thieioof small breaks give the
sufficient conditions for ignoring these breaks. In otherdspwherC = Op(1), we have
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a FM with r + k; new factors while, whel€ = Op(1/v/NT), we have a FM with the

r original factors. By contrast, whe@,(1/v/NT) < C < Op(1), we do not know how
many new factors will be detected and the arguments we udeote the consistency of
our test do not work in these cases. Hence, for reasons todbteospp below, we do not
lose anything by focusing exclusively on big breakls (k; = 0vs Hj : ki # 0). Notice
also that we do not examine here the behavior of our testsruock alternatives of the
form %C’C = W,T2c, Wherew 1 is 0p(1), because, according to Assumption 1a, when
%C’C = 0p(1), the FM will not have a new representation with k; factors.

To investigate the influence of the breaks on the number amhasn of factors,
some further assumptions need to be imposed. To achievéstantsnotation with the
previous literature in the discussion of these assumptiwadollow the presentation of
Bai and Ng (2002) with a few slight modifications. ltet>) and||X|| = /tr(2'Z) denote
the trace and the norm of a matix respectively, whildT 7] denotes the integer part of
T x rrfor me [0,1]. Then

Assumption 2. Factors: E(R) =0, E||R||8<ew, TS RF —» Zrand T 157 RF —
'ZF as T— o for some positive definite matrbe whererr* = limt_,e T

Assumption 3. Factor Loadings: E||ai||* <M < o, and N"TAA — 3o, N7I'T — 3¢
as N— oo for some positive definite matrk, andZr, wherel' = [A  A].

Assumption 4. ldiosyncratic Errors. The error terms g the factors Fand the loadings
A satisfy the Assumption A, B, C, E, F1 and F2 of Bai (2003).

Assumption 5. Independence of Factors, Loadings, Breaks, and Idiosyncratic Errors:
[RI_y, [l AN, (ki)Y and[&]{_,; are mutually independent groups, and uniformly

for all i
1 T
— =0p(1).
\/Tt;Ftat p( )

Assumptions 3 and 4 are standard in the literature on FMsvad@pfor weak cross-
sectional and temporal correlations between the erroes Bse and Ng, 2002). Notice
that, in our specific setup, Assumption 3 excludes the casrend new (old) factor ap-
pears (disappears) after the break since this event woully ithat > becomes singular.
However, this is not restrictive since we could always esqyésany potential factor as hav-
ing non-zero, albeit small, loadings in either of the retevsubsamples. Assumption 2,
in turn, is a new one. Since factors and factor loadings dabeseparately identified,
we have to assume that DGPs with breaks in the loadings, vdaichbe reabsorbed by
transformations of the factors, should not be included sdhernative. We also allow
the different factors to be correlated at all leads and l&gsumption 5 on the indepen-
dence among the different groups is stronger than the ussahgtions made by Bai and
Ng (2002). Notice, however, that we could have also assumme slependence between
these groups and then impose some restrictions on this depe& when necessary. Yet,
this would complicate the proofs without essentially altgrthe insight underlying our
approach. Thus, for the sake of simplicity, we assume thelvettndependent in the
sequel.



3 TheEffectsof Structural Breaks

In this section, we study the effects of structural breakghenestimation of both the

number of factors based on the information criteria (IC,deforth) proposed by Bai and
Ng (2002) and the factors themselves through PCA. Our mailimigns that, in contrast to

Stock and Watson'’s (2002, 2009) consistency result forrine factor space under small
breaks, the factor space estimated by PCA is inconsistedttheat the number of factors
tends to be overestimated under big breaks.

3.1 Theestimation of factors

Let us rewrite model (5) witlk; big breaks and, small breaks, so that= k; + ko, in the
more compact form:
X = AR +AG! + & (6)

whereg = HGt2 + . The idea is to show that the new error tergsstill satisfy the
necessary conditions for (6) being a standard FM with newofad* = [F/ G|’ and
new factor loading$A  A.

Let r be the selected number of factors, either by some prior kedyé or using the
information criteria, where notice thatis not necessarily equal to Let F be /T times
ther eigenvectors corresponding to thiargest eigenvalues of the matixx’, where the
T x N matrixX = [X3,Xa,..., X7]", % = X1, %2, ..., %n], F = [F1,F,...,Fr]. Thenwe
have:

Proposition 1. For any fixedr(1 <r <r +k;), under Assumptions 1 to 5, there exists a
full rank rx (r +kq) matrix D anddy 1 = min{+/N,+/T} such that:

R =DR'+Op(dy7) fort=1,2,...,T. 7)

This result implies thak estimate consistently the space of the new factgrs but
not the space of the true original factofg,

Let us next consider two cases. First, wier- 0 (no big breaks), we have that =0,
andR* = R, so that (7) becomes

R =DR + Op(&y7) (8)

for ar x r matrix D of full rank. This just trivially replicates the well-knowconsistency
result of Bai and Ng (2002.

Secondly, in the more interesting case whiare- 0 (big breaks exist), we can rewrite
(7) as

f =Dy Dy (Qtl)+op<1>=Dlﬁ+Dzet1+op<1> ©)

2Notice that for the estimato#s defined heret Ras to be smaller or equal tofor (8) to hold. IfR is
defined as the PC o, r can be larger than



where ther x (r + ki) matrix D is partitioned into the x r matrix D1 and ther x k;
matrix D,. Note that, by the definition o, Gt =0 fort =1,2,...,1, andG{ = F! for
t=1+1,...,T, whereR!is thek; x 1 sub-vector of; that is subject to big breaks in their
loadings. Therefore (9) can be expressed as:

R =DiR+o0p(1)fort=12,...,1, (10)

R=DsR+o0p(l)fort=1+1,...,T (11)
whereD3 =D;+[D2 0], Ois ar x (r —kp) zero matrix, and in generd@l, # 0. Hence,
sinceD1 # D3, this implies that, in contrast to small breaks whBxetends to 0 due to
the local-to-zero properties of the elementsbfn (5) (see Assumption 1.b), under big
breaks the estimated factdfswill not be consistent for the space of the true facters
when these breaks are neglected. Accordingly, as will béaggd below, imposing a

priori the number of estimated factors to be used as pradicioexplanatory variables in
standard factor-augmented models may lead to misleadsudtse

To illustrate the consequences of having big breaks in ttterfdqoadings, consider the
following simple Factor Augmented Regression (FAR) modek(Bai and Ng, 2006):

yt:a/F[+b/\M+U[,t:1,2,...,T (12)

whereW is a small set of observable variables and thel vectorR contains the
common factors driving a large panel dataget(i = 1,2,...,N;t = 1,2,...,T) which
excludes botly; andW. The parameters of interest are the elements of véaidrile K is
included in (12) to control for potential endogeneity argsirom omitted variables. Since
we cannot identifyi anda, only the produc&’R is relevant. Suppose that there is a big
break at date. From (10) and (11), we can rewrite (12) as:

vt = (@D7)(D1R) + bW +u fort=1,2,...,1,
vt = (D5 )(DsR) +bW +u fort =1+1,....T
whereD; D1 = D5 Do = I, or equivalently
i =ajih + bW+ fort=1,2,....1, (13)
v =aph + bW+ fort=1+1,...,T (14)

wherea) = aD; anda, = a'D; ", anduf = u; + 0p(1).

If the number of factors is assumed to be known a prioks r, thenD; = Djl,
D5~ = D5, SinceD; # D, it follows thatD;* # D3 ~* and thusay # a,. Thus, using
the indicator functiori(t > 1), (13) and (14) can be rewritten as

i =aih+ (a2 —a1)'R1(t > 1)+ bW + 0, t =1,2,...,T. (15)

REMARK 2. A straightforward implication of the previous resultliet if we were to
impose the number of factors, on a priori grounds, therafprering the set of regressors
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R1(t > 1) in (15), in general the estimation biwill become inconsistent due to omitted-
variables bias. Interestingly, there are many examplelsariterature where the number
of factors is a priori imposed for theoretical or practicehsons. For example, to name
a few, a single common factor representing a global effeass&imed in the well-known
study by Bernanke, Boivin and Eliasz (2005) on measuringeffeets of monetary policy
in Factor Augmented VAR (FAVAR) models, as well as in the @slalysis in portfolios of
corporate debt by Gourieroux and Gagliardini (2011) whesmgle factor is supposed to
capture a latent macro-variable. Likewise, two factorsagpeiori imposed by Rudebusch
and Wu (2008) in their macro-finance model. Notice that alsin@rgument will render
inconsistent the impulse response functions in FAVAR medehere the regressand in
(12) becomes; 1 = (R, Wi1)'.

REMARK 3. Alternatively, if the number of factors is not imposed &prand instead
is estimated by means of some consistent IC, we will showam#xt section ( Proposition
2) that the chosen number of factors will tendrte k; as the sample size grows. In this
case,D; and D5 are (r +kg) xr matrices, and by the definitions &f; and D3, it is
easy to show that we can always find & (r +k;) matrix D* = D; = D3~ such that
D*Dy = D*D; = I,. If we define

a* = a'D*, (16)
thena] = &, = a* so that (13) and (14) can be rewritten as
yt:a*ﬁt—l—blw—i—l][,t:1,2,...,T, (17)

such that the estimation of (12) will not be affected by thenested factors under big
breaks ifr =r +kj.

REMARK 4. Yet, even in this case, the factors themselves may betdilgects of
interest and thus interpreting their meaning can have itapbmmplications for structural
analysis. For example, a large body of empirical researdimamcial economics is con-
cerned with identifying the factors that determine the gsiof the securitie$.Likewise,
the predictions of inflation rates could be more accuraténéf factors associated with
monetary policy shocks are given more weight than otheofadtientified as productivity
changes. However, the existence of big breaks may hamseidémtification procedure.
For instance, if = 2, a relevant question would be: are there two genuine factoose
factor and one break? Our testing procedure provides aluseftio disentangle these two
cases. In effect, in case of rejection of the null hypotheki®w big breaks, our procedure
allows to estimate consistently the break date. Theretore,should split the sample and
estimate the chosen number of factors according the IC idlifferent subsamples and
merge them to become the new set of factors for the whole saniiplthis fashion, one
could test if the factors are more or less volatile after tremk date or whether there is a
change in their correlation with some observed variables.

Another area where our testing approach can be useful isglicapons where, once
the factors are estimated, a VAR model is specified in ordieleiatify the structural shocks

3Chen et al (1986) and Shanken and Weinstein (2006) are dgasttdtions of attempts to interpret the
underlying forces in the stock market developments in teshs®me observed macro variables.
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which drive them (see e.g. Charnavoki and Dolado, 2012)s identification becomes
more difficult as the number of factors increases. For thésaa it is very important
to determine whether the selection of a large number of fagtodue to having several
genuine factors or to a break in some of them. The insightas itistead of having to
identify r + k; shocks we would only have to identify

In sum, the use of estimated factors as the true factors wdsmang that the number
of factors is a priori known will lead to inconsistent estiesin a FAR under big breaks.
As a simple remedy, 1(t > T) should be added as regressors when big breaks are detected
and the break date is located. Alternatively, without prdieg to know a priori the true
number of factors, the estimation of FAR will be robust to &#séimation of factors under
big breaks if the number of factors is chosen according toesoomsistent IC, although
it may hinder the correct interpretation of the estimateddes in terms of observables.
As a result, in order to run regression (17), our advice isvtmdaimposing the number
of factors a priori, unless a formal test of big breaks is ienpénted. We will illustrate
these points in Section 5 by means of simulations in a tygaralcasting exercise where
the predictors are common factors estimated by PCA.

3.2 Theestimated number of factors

Breitung and Eickmeier (2010) have previously argued thatgresence of structural
breaks in the factor loadings may lead to the overestimatfotihe number of factors.
Yet, since they do not have a formal proof of this result, wecped to fill this gap by
providing a rigorous proof.

Let F be the estimated number of factors in (6) using the IC prophbgeBai and Ng
(2002). Then the following result holds:

Proposition 2. Under Assumptions 1 to 5, it holds that

N7I|TrEwIP[r =r+ki=1
Again, in the absence of big breakkg & 0), this result trivially replicates Theorem 2
of Bai and Ng (2002). However, under big breaks £ 0), their IC will overestimate the
number of original factors by the number of big breaks<(&; < r) because, as shown
above, a FM with this type of break admits a representatidhoui a break but with more
factors.

Finally, it is important to stress that, although the presenf structural breaks in
the factor loadings may lead to wrong estimation of the faspmce and the number of
factors, the common part of a factor modéH andBFR) can still be consistently estimated
if enough factors are extracted.
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4 Testing for Structural Breaks

4.1 Hypothesesof interest and test statistics

Our goal here is to develop a test for big breaks. As menti@aive, if we were to
follow the usual approach in the literature to test for dincel breaks, we would consider
the following null and alternative hypotheses in (2) and (3) : A=Bvs. H1 : A#B.
However, this standard formulation faces two problemsstHfonly small breaks occur,
the alternative hypothesis may not be interesting stheeA — B vanishes adl — c and

T — . Secondly, and foremost, sindeandB areN x r matrices, we would face an
infinite-dimensional parameter problemMgrows if we were to consider differences in
all their individual elements.

Relying upon the discussion in (10) and (11) about the inisterscy off for the space
of the true factor$ when big breaks occur, our strategy to circumvent this ok to
focus instead on how the dependence properties agfésimated factors (using the whole
sample) change before and after the potential break datee Sn line with the standard
assumption in Bai and Ng (2002) and Stock and Watson (200&)(unknown) number
of true factorsy, is considered to be invariant to the sample size, our pusviesult in
Proposition 2 ensures that- ky, with k; <, is finite-dimensional. Hence, to detect big
breaks, we should rather consider

Hoik]_:O,
H1:k1>0,

where the new null and alternative hypotheses correspotigttoases where there are no
big breaks (yet there may be small breaks) and there is dtdeasig break, respectively.

To test the above null hypothesis, we consider the followinarstep procedure:

1. In the first step, the number of factors to estimatds determined by Bai and Ng's
(2002) IC ¢ =) applied to the whole sample (t=1,...,T), andommon factorsk)
are estimated by PCA.

2. In the second step, we consider the following linear regogssf the first estimated
factor on the remaining — 1 ones:

Fie = CoFar + -+ rF + g = CFge + Uy (18)

whereF_y; = [Fx ---Fg] and c=[c,--- ¢}’ are (F— 1) x 1 vectors. Then we test for
a structural break of ¢ in the above regression. If a struatinreak is detected, then
we reject K : k; = 0; otherwise, we cannot reject the null of no big breaks.

REMARK 5. It is noteworthy that, though tireestimated factors by PCA are orthog-
onal by construction for the whole sample, and hencecthector of coefficients in (18)
is the zero vector when the regression is run from T tthis property does not obviously
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hold when the sample is split into two subsamples, beforeadisd the potential break
date. Hence regression (18) is always meaningful and befis $h the testing procedure
can be very easily implemented in practice. In the secong stéhough there are many
methods of testing for breaks in a simple linear regressiodet) we follow Andrews
(1993) to define the LM and Wald tests when the possible bre#d id assumed to be
known, and theiGup-typerersions when there is no prior knowledge about the break dat
Moreover, since the LM, Wald and LR test statistics have #mesasymptotic distribution
under the null, we focus on the first two because they are ctatipoally simpler.

Define D* :V*l/Zr'z}\/z as the limit of the matriXD in equation (8), wher&/ =

diag(vy,Vo,...,Vr), V1 > Vo > ... >V, are the eigenvalues (ifl/ZZle/z andrl is the
correspondlng eigenvector matrlx (see Bai, 2003). Defe= DIk and,/ 1 =D R,
whereD] is the first row ofD* andD* ; is the matrix containing the second to last rows of

D*. Finally, let the(r — 1) x (r — 1) matrixS= IimVar(% Zthla@—lt?n)-
Following Andrews (1993), the LM test statistic is defineda@kws:

20 - == (= Zf ute)'$7( 1Ttiﬁ1tat) (19)

wherer=1/T, Tis a pre-assumed date for the potential bregaks the residuals in the
OLS regression of (18) andSis a consistent estimator &f°

The corresponding Sup-LM statistic is defined as:

2(m) = supt (= ZFnut) (= ZFltut) (20)

wherefll is any set with closure lies if0, 1).
Similarly, the Wald and Sup-Wald test statistics can be taoted as:

27() = (1 1) T (&u(7) — &o(7)) §* (E(7) — o) (21)
and /
£*(M) = supm(1— ) -T<61(7T) —62(7'[)) §1<él(n> —62(7'[)) (22)
el

whereci (1) andc, () are OLS estimates afusing subsamples before and after the break
point : [T 1.8

4By constructionp= Fy;.
5See Appendix A.3 for discussions on the estimatioB.of

-1
We can also construct the Wald tesfl'a(scl () —¢& ﬁ)) ( +ﬂ5) (él(ﬁ)—éz(ﬁ)) and the Sup-

Wald test similarly, wher&, and$, are estimates of using subsamples. Yet, in all our simulations, the
results based on these two methods are very similar. Therdf brevity, we focus on the ones obtained
using the full sample estimation &f as in (21) and (22).
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To illustrate why our two-step testing procedure is coesittit is useful to consider
a simple example wheme= 1, k; = 1 (one common factor and one big break). Then (6)
becomes:
X =Afy +Ba+e

wheregt =0fort=1,...,7,andg = fyfort =17+ 1,...,T. By Proposition 2, we will
tend to getr = 2 in this case. Suppose now that we estimate 2 factotsd). Then, by

Proposition 1, we have:
ftl) (ft)
D +0p(1

whereD = <g; g ) is a non-singular matrix. By the definition gf we have:
4

fu=difi+0p(1) fio=0dsfi+op(1) for t=1,...1,

fio = (di+dp)fe+0p(1) fio=(d3+dg)fi+o0p(l) for t=1+1,....T,
which imply that:

R dq -

ftlzd—;ftz-i—op(l) for t=1,...,1,
~ di+ds -~
fip = fio+0p(l) for t=1+1,... T.
0= G da 2 p(1)

Thus, We can observe that the two estimated factors arerlynedated and that the co-
efficients dl and dlidi before and after the break date must be different due to the no
smgularlty of theD matrix. As a result, if we regress one of the estimated faoborthe
other and test for a structural break in this regression,veeilsl reject the null of no big
break. The case wherg = 0 (although excluded by our Assumptions) may render the
above regression for the first subsample invalid. In seetiér2, we will consider such an
special alternative where our LM test may become inconsisthile our Wald test still
exhibits very high power.

Likewise, if the break date is not a priori assumed to be known, the Sup-type tests
will yield a natural estimate of at the date when the test reaches its maximum value. In
what follows, we derive the asymptotic distribution of tlesttstatistics (19) to (22) under
the null hypothesis, as well as extend the intuition behimslsimple example to the more
general case to show that our test has power against relgi@mtatives.

4.2 Limiting distributions under the null hypothesis

Since in most applications the number of factors is estithatemeans of Bai and Ng's
(2002) IC, and it converges to the true one under the null thgsis of no big break, we
start with the most interesting case wherer.

As discussed earlier, under the null, the use of PCA 1mpfre$ Zthl F 4F; =0
for any T by construction, so we hawe= 0 in (18) andu; = Fy; in (19). To derive the
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asymptotic distributions of the LM and Wald statistics, vd®pt the following additional
assumptions:

Assumption 6. vT/N —0asN— o and T — ,

Assumption 7. {R} is a stationary and ergodic sequence, &t Fjr — E(FtFjt), Qt} is
an adapted mixingale with, of size—1fori,j=1,2,...,r, thatis:

% E(E(YielQ-m)?) < v

where Y; + = FitFjt — E(FitFjt), Qt is a c—algebra generated by the information at time
t,t—1,..., {a} and{ym} are non-negative sequences grg= O(m 1-9) for somed > 0.

. 2
Assumption 8. SUPo 1) Hﬁ i SN aiR e H = 0p().

Assumption 9. ||S— || = op(1), and S is ar — 1) x (r — 1) symmetric positive definite
matrix.

Assumption 10. The eigenvalues of thexr matrix Zo2¢ are distinct.

Assumption 6 and 8 are required to bound the estimationsaff, while Assump-
tion 7 is needed to derive the weak convergence of the tdgtits using the Functional
Central Limit Theorem (FCLT). Assumption 10 is the AssuraptG of Bai (2003), which
is necessary fad P p*.

Note that these assumptions are not restrictive. AssumgtallowsT to beO(N1*9)
for —1 < 6 < 1. As for Assumption 7, it allows one to consider a quite gahelass of
linear processes for the factor§i = ;1 @kVit—k, Wherevw = [vy;...v]" are i.i.d with
zero means, andar(vi) = aiz < o, In this case, it can be shown that:

\/E(E(YijﬂQt—m)z) < Ui0j< f |<nk|> <k§m|¢1k|>

k=m

for which it suffices that

[oe]

( S |<nk|> = O(m /279
k=m

for somed > 0, which is satisfied for a large class of ARMA processes. Agdion 8

is similar to Assumption F.2 of Bai (2003), which involves@enean random variables.
Finally, a consistent estimate 8Sfcan be calculated by a HAC estimator, yielding positive
definite estimates of the covariance matrix like, e.g., thygutar Newey and West’s (1987)
estimator with a Barlett kernel which is the one used in ommsations below.

Let” & "denoteconvergence in distributignhen:

"Though not reported, other estimators like those based creR&ernels, yield similar results in our
simulations about the size and power properties of the LM\&aldl tests.
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Theorem 1. Under the null hypothesisH k; = 0 and Assumptions 1 to 10, as N— oo,
we have that both the LM and Wald tests verify

2(7), 2 (1) % X*(r—1)
whererr= 1/T for a givent; and

2(n), 2*(M) % sup(#; (1) - m_m))’(%_l(m ~ 10/4(1)) /(1 - )]

el

for any setll with closure lies in(0,1), where#;_1(-) is a r— 1 vector of independent
Brownian Motions on0, 1] restricted tor1.

The critical values for the Sup-type test are provided in i (1993).

REMARK 6. Itis easy to show that Theorem 1 still holds whien r. However, when
r > r, the matrixD* may not be asymptotically full ranked. Yet, as simulatianséction
5 show, Theorem 1 still provides a reasonably good appraxamaf the distribution of
test statistics in finite samples in such an instance. Maedhe case wheme> r can be
avoided if, instead of relying on a priori choicergfpractitioners use Bai and Ng's (2002)
IC, in line with the result in Proposition 2.

4.3 Behavior of LM and Wald testsunder the alternative hypothesis

We now extend the insight of the simple example consideresgation 4.1 to show that,
under the alternative hypothesig (> 0), the linear relationship between the estimated
factors (using the whole sample) changes at tino that the proposed test is consistent
and therefore that big breaks can be detected.

First, let us consider the case wherer + 1 so thaD; andD} in (10) and (11) become
(r+1) x r matrices with full column rank. Notice that we can always f{nd- 1) x 1
vectorsp; andp; which belong to the null spaces bf andDg/ separately, that ig; D1 =
0 andp,D3 = 0. Hence, premultiplying both sides of (10) and (11)ddyandp; leads to:

pitR=0p(1) t=12...,1,
pbR=0p(1) t=1+1,....T
which, after normalizing the first elementsmf andp, to be 1, implies that:
Fi = F/_upj+0p(1) t=1,2,...,1, (23)
ﬁlt = If/fltpé(—i_op(l) t= T+17"'7T7 (24)

whereF’_y = [fa,..., fr114] andp;, p; are bothr x 1 vectors. Next, to show that #

p5, we proceed as follows. Suppose thyat Null(D}) andy € NuII(D;’), then by the
definitions ofD; and D3 and by the basic properties of full-rank matrices, it holast t
y € Null(D’). SinceD is full rank (r + 1) x (r + k1) matrix andk; > 1, then Nul(D’) =0
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and thusy = 0. Therefore, the only vector that belongs to the null spdde;candD3 is
the trivial zero vector. Further, because the rank of théspdce ofD; andD3 is 1, we
can always find two non-zero vectors such that# bp, for any constanb # 0. More
generally, whem > r + 1, the equations (23) and (24) still hold by giving zero caoeffits
to the extra estimated factors:

Fi = I:A’fltpik-l-OfAerz,t-I-----I—OfAr—t-l—op(l) t=12...,1,
Fi = ﬁ/fltp§+oﬁ+2,t+‘“+0ﬂ_t+Op(1) t=1+1,...,T.

Notice that whem <r, the rank of the null spaces bf andD; becomes zero. Hence,
the preceding analysis does not apply in this case desgitexistence of linear relation-
ships among the estimated factors. If we regress one of timeaged factors on the others,
with p; and P2 denoting the OLS estimates of the coefficients using the tbsamples
before and after the break, it is easy to show fhat> 6, andp, — 6,, but generally we
cannot verify that; +# 6-.

REMARK 7. Consequently, as will be confirmed by our simulations\wetwr test is
consistent whem > r.8 Hence, by equating to possibly different values df generated
by Bai and Ng's (2002) IC in finite samples we would get moreusilyesults if the test
rejects the null for some of these values rather than for ongy. In other words, running
the test for differents can provide useful information. For example, if the nutegected
for r = 3,4 but not forr = 2, this could be an indication that= 2, since our test begins to
have power when > r.

4.4 Disentangling breaksin loadings from breaksin factors

A potential critique for all available tests for big breaksHM is that they cannot differ-
entiate between breaks in factor loadings and breaks indh&ri@nce matrix of factors.
For illustrative purposes, consider a FM where the factadiogs are constant but the

covariance matrix of the factors breaks= 2, E(RF/) = (FlJ i) fort=1,...,T/2,

andE(RF/) = (—1p —1p) fort=T/2+1,...,T, with p # 0 and 1. If we further as-
sumeZp = limy_»A’A/N is a diagonal matrix, then, in view of Bai (2003), we have that
R = R +0p(1), whereR is a 2x 1 vector. In this case, regressifg on Fx will yield
estimated coefficients close ppand —p before and after the break, respectively. As a
result, our tests will detect a big break in the factor logdinwhile the true DGP has a
break in the factors and not in the constant loadings.

Although the above example has been excluded by our Assang®iand 7, it is plau-
sible that the factor dynamics may be in practice subjedrrtiral breaks. For instance,
if the factors are interpreted as common shocks to the ecpnibien it is likely that the

8We will consider a rather special example in the next seatibere our LM test may fail to achieve
consistency but our Wald test is still consistent.
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volatilities of these shocks have decreased since the hiegiof 1980s as evidenced by
recent studies on the effect of the Great Moderation (sge,®ali and Gambetti, 2009).
Hence, for interpretational purposes, it becomes relewaiatentify whether breaks stem
from changes in the factors themselves or in their loadings.

The main difficulty in doing so lies in the fact that, sinceytlage multiplicative, factors
and loadings can not be separately identified using PCA, abhiteaks in the former
can be easily expressed as breaks in the latter, and colyverse mentioned earlier,
this identification problem not only affects our test butoalee competing ones in the
literature. For example, as discussed in the Introductioren that the HI test is based
on the comparison of the covariance matrices of the estohaigtors before and after
the break, it will also exhibit power against breaks in thetdas as long as the estimated
factors are consisteftAs regards the BE test, though in principle seems to be rdbust
breaks in the true factors because it is conditional on ttimated factors, Hansen’s (2000)
results imply that the asymptotic distribution is bound tffed insofar as the marginal
distributions of the regressors (i.e., the estimated fagtthange.

Yet, in spite of these shortcomings, we briefly outline hepgacedure that allows to
differentiate the source of breaks by examining the rankefdovariance matrices of the
estimated factors. To illustrate this idea, consider flistsimple example in subsection
4.1, where the DGP has 1 factor and 1 break in the loadingdatdAs shown in Propo-
sition 2, the estimated number of factors will converge tara] our test will detect the
break. Next, consider an alternative DGP, this time with @des i = [Fy, Fx]’, con-
stant factor loadings, and a break in the covariance mattixeofactors at date such that
E(RF’) = Z; in the first subsample arif( RF/) = %, in the second subsample. Under this
DGP, as long as/IT 5[, RF/ converges to some positive-definite matrix, the estimated
number of factors will also converge to 2, and both will besistently estimated. Hence,
as discussed above, our tests may also detect a big brea& fadtor loadings when it
actually happens in the covariance matrix of the factors.

To differentiate between these two cases, notice that, dkiariance matrices of the
estimated factors before and after the break in the first Ogg&ak in loadings) converge
to matrices with reduced rank (i.e, equal to 1 in this exajngiken by

1 = E(f)DiDjfort=1,...,71,
¥y = E(f2)(D1+Dy)(D1+Dy) fort=1+1,...,T.

whereD1 andD; denote the first and second 2x1 column vectors, respectivieiiye 2x2

full-ranked matrix given byD = (gi 32) in this DGP.
4

By contrast, in the second DGP (breaks in factors), the spaording covariance ma-

°In view of Bai and Ng’s (2002) results, the estimated numbéactors and the factors themselves are
still consistent as long ag'T 3{_; RF/ converges to some positive-definite matrix.
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trices will converge to matrices with full rank (i.e., eq@al2 in this example) given by

5, = DD fort=1,...,71,
S, = DD fort=1+1,...,T.

Therefore, when our tests detect a break in the FM, a rankdesdd be applied to the
covariance matrices of the estimated factors in the subesnefore and after the break
date. If the break happens in the loadings, the matriceslégh@ve reduced rank and,
as result, separate application of Bai and Ng's (2002) ICheorespective data sets will
choose a single factor in each of the two subsamples. Calyeifsthe break happens in
the factors, the matrices should have full rank and, as dtyéise IC will choose this time
2 factors in each of the subsampl8s.

4.5 Comparison with other availabletests
45.1 Comparison with the BE test

BE (2010) is, to our knowledge, the first paper that propodestdor big breaks. Thus, it
seems natural to start by discussing how our testing praeeshmpares to theirs. In our
view, the BE test suffers from three shortcomings which asethvmentioning before the
comparison is carried out.

First, the BE test will lose power when the number of factereverestimated. The
BE test is equivalent to the Chow test in the regres¥jpa- aiR + gt wherek is replaced
by . However, as we have shown, a FM with big breaks in the factadihgs admits
a new representation with more factors but no break. ThuBE&st may fail to detect
breaks in this case. Although the authors are fully awaréisfgroblem (see Remark B
in their paper) and suggest to split the sample to estimateahrect number of factors,
in principle this is not feasible when the break date is abergd to be unknown. Using
a Sup-type Test, as BE propose, solves the problem of theounkbreak date but, since
the number of factors will tend to be overestimated, lackavigr will still be a problem.

Secondly, their testing procedure is mainly heuristic. iThall hypothesis isA = B,
oraj =G foralli=1,...,N, rather thamaj = ; for a specificj.'* They construciN
test statistics (denoted sy, i = 1,...,N) for each of theN variables, but do not derive
a single statistic foHp : A = B. One possibility that the authors mention is to combine
the N individual statistics to obtain a pooled test which is astatipally normal, but
this requires the errorg; andej to be independent if # j, an assumption which is

10n Chen, Dolado and Gonzalo (2012, in process) we are cliyngatking on the asymptotic distribution
of the rank test based on the eigenvalues of the sample aacarmatrices df, in each of the subsamples,
as an alternative approach to the direct use of Bai and N§@2Pcriteria. Interestingly, notice that this rank
test could also account for the possibility of new factorsiag after the break date (excluded by Assumption
3), since in this case the rank will be larger in the second thahe first subsample.

1The authors do not mention this, but it is implicitly assurbedause they need the factors to be consis-
tently estimated under the null, which will hold onlydf = 3 for alli = 1,... N, or alternatively if the the
break is small according to our previous definition.
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too restrictive. In their simulations and applications tkecisions are merely based on
therejection frequencies.e., the proportion of variables that are detected to hagaks
using the individual statisticg. As shown by their simulation, this rejection frequency,
defined byN-sN 1(s > a) wherea is some critical value, may converge to some
predetermined nominal size (typically 5%). Yet, in prideigt cannot be considered as a
proper test insofar as its limiting distribution is not dexdl.

Finally, the individual tests for each of the variables megd to incorrect conclusions
about which individual variables are subject to breaks @airttoadings of the factors, as
BE seemingly dd? A key presumption for their individual test to work propertythat
the estimated factoi§ can replace the true factors, even under the alternativethgpis
(given that the number of factors is correctly estimated we have shown before, when
big breaks exist, the space of the true factors is not wetheséd (see equations (10) and
(11)). If we plug in the estimated factors in this case, soargables that have constant
loadings may be detected to have breaks due to the poor éstintd the factors. To
illustrate this caveat, let us consider a FM with big breakshie factor loadings where
we select the right number of factars=r, and there is one of the variabl¥g that has
constant loading$?

Xt = afR +&t.
Then, from (10) and (11), we can also write the above-meat@yguation as follows:

Xt = (a/D;Y)(D1R) +ex = (/D YR +& t=1,2,...,1,
Xi = (a/Dy 1) (D3R) +er = (a{Dy YR +& t=1+1,...,T

where€; = e +0p(1). Notice tha‘rai’Dl‘1 =+ a{DE‘l sinceD; # D3. As aresult, the factor
loadings will exhibit a break when the true factors are re@thby the estimated factors.
Hence if we apply the individual test & usingR, we may wrongly conclude that there
is a big break in that variable when in fact there is none.

To analyze how serious this problem could be in practice, @ggh a simple simula-
tion exercise. First, we generate a FM model with- T = 200,r = 1, where the first 100
variables have constant factor loadings while the remgithl0 variables have big breaks
in their loadings. Then we estimate the factors by PCA andyapp individual tests for
all the 200 variable$? Applying the BE test, we find that rejection frequency forthk
200 variables is 587%, close to the proportion of variables that have brealsvéver,
the rejection frequencies for the first and second 100 vimsadre 5208% and 5315%,
respectively, which means that we falsely reject the nulhiore than half of the variables
that are stable while we reject the null correctly for onledralf of the variables that have

12For example, in BE (2010, Section 6, pg. 26), it is stated 'itre seems to be a break in the loadings
on the CPI and consumer expectations,..., but not in thérdgaaf commodity prices".

LNotice that this is possible because of Assumption 1.a.

YFor simplicity, all the loadings, factors and errors areegated as standard normal variables, the mean
of the factor loadings of the second 100 variables are shifye0.3 at timet = 100. The reported numbers
are averages of 1000 replications.
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breaks. Further, we have checked that, by increasing tleeosithe breaks, the rejection
frequency can rise up to 90% while the true fraction is 50%.

Our LM and Wald tests cannot either identify which particwariables are subject to
breaks in the factor loadings but can circumvent the othergroblems. Regarding the
first problem, we have derived its limiting distribution irh@orem 1 both for the cases
of known and unknown breaking dates. As for the second pnopt®ntrary to the BE
test, our test needs more estimated factors than the trubemgm> r) to maintain power.
However, as shown in Proposition 2, use of consistentr|€ ) implies thatP[f =r +
kl] — 1.

4.5.2 Comparison with the HI test

The HI (2011) test is based on the comparison of the covaeiamatrices of the esti-
mated factors before and after the break. In view of our tesmlequation (10) and (11),
1YIRF = D12¢D} +0p(1), fde—iT 51.1RF = D32¢Dj +0p(1). Therefore, the HI
test is able to detect breaks3if — >¢ andD; andD3 converge to different limits ail
andT go to infinity. Specifically, their test is defined as:

T (A(m)V1A(m))

where

A —veeh| LSRR Ly AR
= p t t-
T Z T-1 TF1
andV is a HAC estimator of the covariance matrix &frr) which is either constructed
using the whole sample (LM version of the test) or using soipdes before and after the

break (Wald version).

Basically, the HI test exploits the same insight as our testonverting an infinite-
dimensionality problem to a finite one, except that it reb@sa different use of the es-
timated factors. Compared to ours, the HI test uses morenration since our LM test
only uses the first row (except the first element)%qullftlft’, while our Wald test uses
all the elements of the matrix except the first oAg { F2).

In principle, it may seem that the use of less informatiomesprice one has to pay to
render our testing procedure much simpler than theirs.rAafteboth steps in our approach
can be easily implemented in any conventional statistictthsre used by practitioners,
while HI's test is computationally more burdensome. Yet; daim in what follows is
that, despite exploring less information, our Wald tesesaways consistent and exhibit
very similar power to theirs. Yet, the LM test may be less pdulgeven inconsistent)
than the HI test for a rather specific type of alternativeggested by HI (2011), to be
discussed in the sequel.

Consider the simple case where- 1 andk; = 1. Then we can write the FM as:
X =Arfy +Axfx +&
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where A; and A, areN x 1 vectors of factor loadings before and after the braals
the break datefy = fil(t < 1) and fx = f1(t > 7). In this casesr = 5[  RF/

is diagonal by construction. If it is further assumed tI@’A is diagonal for given
N, whereA = [A, Ag]. Then, it can be shown thd; = Op(1) and fx = Op(3y}) for
t=1,..,7,s0thaty 3 f4 = Op(dy %), and3 31, fur fax = Op(3y %) (see Bai and Ng,
2011). AlthoughS-! diverges in this case at a raBg(T /553 1),'® our LM/ Sup-LM
tests may fail to achieve consistency since they rely eiuﬁ@sbn the (squared) covari-
ance term weighted b§ 1. A heuristic explanation of this problem is that, combining
the previous probabilistic orders of magnitude, the LM/&iybtests behave in general as
Op(T#28%) which, forT < N, become©y(T /%) rendering the test inconsistent while,

forN<T,itis Op(T4/5/N) which might lead (albeit not necessarily so) to inconsisgen
given that our Assumption 6 only assumgs /N — 0 as bothN andT increase.

Nonetheless, our Wald and Sup-Wald tests always verifyistarey (including for
this DGP), as will be confirmed by the simulations in sectiofise insight is that, in con-
trast to the LM tests which only involve the comparison of tbgariance terms ofy; and
fo in each of the two subsamples, the Wald tests rely on a sicolaparison of the ratios
between such a covariance and the variancéxofi.e., the OLS-estimated slopes in re-
gression (18) for the two subsamples). Thus, though unégorétvious DGF% Siq fufa
is a small term converging to zero, the fact tHat!_, f2 also converges to zero at the
same rate implies that the difference in estimated slop€,(4).1© Yet, there could be
some odd draws in the simulations (see the discussion irestibs 5.4 below) where this
Op(1) term might not be bounded away from zero because the numeardhese peculiar
realizations turns out to be very small in absolute valudifote samples. Except in these
cases, the previous reasoning implies tat(¢; (1) — &()) is Op(\/ﬂ. However, even
when (€1(m) — & (1)) is very small in this special DGP, the fact ttat! diverges at a
rate Op(T /583 1), makes our Wald test rather powerful. Indeed, except for Huwe:
mentioned draws, our Wald tests diverge under this DGP atc&hrfaster rate than the
corresponding HI tests. To see this, notice that, since fgmeants inA(m) are always
Op(1) and bounded away from zero so thaT A(m) is Op(v/T), HI's (2011, Assumption
9'a) computation ok implies that their test become,(T/Br) = Op(T#/%), whereBr
= Op(TY/%) is the Bartlett bandwidth parameter in the HAC estimatortum, our Wald
test with such a bandwidth (T 83 1/Bt) = Op(T*/583 1) > Op(T*/5). Henceits rate
of divergence under this specific departure from the nulllvélin general (i.e., except for
the odd simulation draws) larger than the rate of HI's tests.

It is also noteworthy that the assumption made by HI (201bual’A/N being ex-
actly a diagonal matrix for a given value Nfis extremely restrictive, making the special

15Notice that, as shown in Appendix 3, sinSés a HAC estimator using a Bartlett kernel, this matrix is
always positive definite and therefde= Op(T%/55, %) implies thatS * = Op(T /583 7).

16Note that, althougl% St fzzt converges to zero in probability in the first subsample,atigays positive
by construction. Thereforg (1) is Op(1), as is obviously the case @b (71) in the second subsample, where
=yl f2 converges to a positive constant.
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DGP considered above of very little practical relevance thim slightly more plausible
case where, in the limifs = lim S, is diagonal (although this case is also excluded by
our Assumptions 1 and 5) but the elements in the sequpilée¢/N} do not satisfy exactly
the previous assumption, our LM and Wald tests would be botfsistent. Indeed, our
simulations reported in section 5 below show that ours arisl tdsts perform very simi-
larly in terms of power under the type of breaks allowed byAssumptions 1 and 5, and
that the Wald test has even better power properties in seralpkes T andN < 100) than
theirs.

REMARK 8. Since our tests are based on a linear regression modey, ottzar avail-
able methods in the literature can also be applied to oumskstep procedure. For in-
stance, when the break date is not known as a priori, one esth@€USUM type-test first
proposed by Brown, Durbin and Evans (1975), and also ChemHand’s (2011) test via
nonparametric regression. Thus, this flexibility allowagiitioners to draw conclusions
about breaks based on broader evidence than just that prbleida single test.

REMARK 9. Finally, it is important to notice that, although mosttseare designed
for single break, our tests also have power against mulbiaks, since the second step
involves a well-established test for a linear relationsHip see this, consider the simple
example of a FM with one factor and two big breaks:

Xk =Af-1(t<11)+Bfi-I(i<t< 1) +Dfi-1(t > 12) + &

=Ag +Bh+Ds +&a

wheregr = fi - 1(t < 11), hy = fr - 1(11 <t < T2), ands = f; - 1(t > 12). In view of Propo-
sition 2, Bai and Ng’s (2002) IC will lead to the choice of 3tias which, when estimated
by PCA, imply the following result:

f:lt dip ds d7\ /&
EZI =|dy ds dg ht —l—Op(l).
fa d3 ds do/ \&

Then, by the definition of;, hy ands; we have:

i d
]izt =|d ft-i-Op(l)fOFt:l,...,T]_
fat ds

f:lt dy
fgt =|ds | fi+o0p(l)fort=r14,..., 12
fa dg

fi dz
tZt =|dg| fi+o0p(l)fort=r1o,...,T
fat do
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Hence, we can find one vectigm, p2, p3]’ which is orthogonal t¢d, d», d3)’ and[d, ds, dg]’,
plus another vectaipa, ps, ps]/ which is orthogonal tdd;,dg,dg]’. It is easy to see that
[P1, P2, P3] # [P4, Ps, Ps] (Otherwise théd matrix will be singular), and thus we can find a
breaking relationship between the estimated factors aed ese Bai and Perron’s (1998,
2003) to detect a second break.

Summing up, compared to the HI tests, our tests use lessmat@mn but are much
easier to implement, and any available test for the existehbreaks in a linear regression
model can be used for (18). The price we pay for using lessnmdton in our simpler and
more flexible procedure is that our LM and Sup-LM tests (butthe Wald tests) may be
inconsistent for a special class of DGPs that have vere |itthctical relevance. For less
restrictive DGPs, both the LM and Wald tests are consisterd,the latter turns out to be
even more powerful than HI's test in small samples. Simafatesults supporting these
statements are provided in the next section.

5 Simulations

In this section, we first study the finite sample propertieswfproposed LM/Wald and
Sup-LM/Wald tests. Then comparisons are made with BE tesHhtest by means of sim-
ulations. Since the only BE test with a known limiting dibtrtion is their pooled statistic
when the idiosyncratic components in the factor model adependent, we restrict the
comparison to this specific case instead of using theirtiejeérequency approach whose
asymptotic distribution remains unknown. For HI test, wetfgshow the case where our
LM and Sup-LM tests lose powers due to the use of less infoomaénd where our Wald
and Sup-Wald test remain consistent. Then we compare owt Wat and HI test for
small samples. Finally, we use a simple factor-based feteamodel to illustrate the
consequences of ignoring big breaks as discussed in S&cfion

5.1 Sizeproperties

We first simulate data from the following DGP:
r
Xt =) dixFe+ e
K=1

wherer = 3, ajx ande; are generated as i.i.d standard normal variables,{&gpd are
generated as:

Fae = @Rct—1+ Vi
where@, = 0.8, @ = 0.5, @3 = 0.2, andvy is another i.i.d standard normal error term.
The number of replications is 1000. We consider both the Lk Afald tests and their
Sup-type versions defined in (19)-(20) and (21)-(22). Theemial breaking date is
considered to be a priori known and is seTd® for the LM/Wald tests whil&1 is chosen
as[0.15,0.85] for the Sup-type versions of the tests. The covariance rm&is estimated
using Newey and West's (1987) HAC estimator.
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Table 1 reports the empirical sizes (in percentages) folLiMANald tests and Sup-
LM/Wald tests using 5% asymptotic critical values for saengizes N andT) equal to
100, 150, 200, 250, 300 and 1060We consider three cases regarding the choice of the
number of factors to be estimated by PC: (i) the correct orer(= 3), (ii) smaller than
the true number of factors & 2 < r = 3), and (iii) larger than the true number of factors
(f=4>r =23).18 Although forN, T > 150, Bai and Ng’s (2002) IC tests very often select
3 factors, there are some cases where 2 and 4 are also selected

Broadly speaking, the LM and Wald tests are slightly undediforr = 2 and 3 and
more so whemr = 4. Yet, the effective sizes converge to the nominal siz&land T
increase. This finite sample problem is more accurate wélStp-LM test especially for
small T, in line with the findings in other studies (see, Diebold arteg; 1996). This
is hardly surprising because, for instance, whiiea 100 andn = [0.15,0.85], we only
have 15 observations in the first subsample. By contrastoudth the Sup-Wald test is
too liberal forT = 100, in general behaves better than the LM test (see Kim andiRe
2009). Another conclusion to be drawn is that, despite sommemdlifferences, the tests
perform quite similarly in terms of size even when the seéatumber of factors is not
correct.

5.2 Power properties

We next consider similar DGPs but this time witk= 2 and now subject to big breaks
which are characterized as deterministic shifts in the medthe factor loading$’ The
factors are simulated as AR(1) processes with coefficidris8dor the first factor and @
for the second. The shifts in the loadings ar2 &d 04 at timet = T /2. Table 2 reports
the empirical rejection rates of the LM/Wald and Sup LM/Weddts in percentage terms
using again Bai and Ng's (2002) IC with 1000 replications.

As expected, both tests are powerful to detect the breaksmgsl > r = 2, while the
power is trivial wherr =r = 2. However, the Wald tests exhibit in general more power
than the LM tests and hence, in line with Kim and Perron’s @08sults, we recommend
using them in empirical applications. For safety, we rec@ndio use data sets with large
T (at least around 200), witN > 100, in order to run these tests reliably in practice.

5.3 Power comparison with the BE test

To compare our test to the BE test, we need to construct a ghatddistic as suggested at
the beginning of this section. The pooled BE test is conttdias follows:

NS — NP
v2Nr

17As mentioned earlier, the critical values of the Sup-tyststare taken from Andrews (1993).

18Notice that the choice af= 3 allows us to analyze the consequences of performing oyosex test
with the under-parameterized choiceref 2, where two factors are needed to perform the LM/Wald test in
(18). Had we chosen= 2 as the true number of factors, the test could not be peribfore = 1.

19The results with other types of breaks such as random shétsimilar.
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wheres is the individual LM statistics in BE (2010). This test shdwdonverge to a
standard normal distribution as long@&sandej; are independent, an assumption we also
adopt here. For simplicity, we only report results for theecaf known break dates.

We first generate factor models with- 2, and compare the performances of the pooled
BE test with our Wald test under the null. The DGPs are sintidahose used in the size
study. The second column of Table 3 (no break) reports therbpérecal sizes. In general,
we find that both tests exhibit similar sizes.

Then, we generate a break in the loadings of the first factdewlie other parts of the
models remain the same as in the DGP where we study the poagenties. The break
is generated as a shift of sizelGn the mean of the loadings. As before, we consider
two cases: (i) the number of factors is correctly selected:r = 2; and (ii) the selected
number of factors is larger than the true one: 3 > r = 2. The third and fourth columns
in Table 3 report the empirical rejection rates of both testagreement with our previous
discussion, the differences in power are striking: when2, the pooled BE test is much
more powerful while the opposite occurs whes 3. Notice that, according to Remarks 6
and 7, for = 2, our test, will not be able to detect the break, whereas fo3, the pooled
BE test will be powerless. However, according to our resulroposition 2, the use of
Bai and Ng’s (2002) IC will yield the choice af=3 as a much more likely outcome as
N andT increase. For example, for this simulation, on average @hehlooses = 3 in
94.6% of the cases.

5.4 Power comparison with the HI test

We first consider the following DGP borrowed from HI(2011f}: = pfi_1 + U, A1 =
VO.8ILY, LY, Ap = V12[Ly, —L5), X = Agifr +-e¢ fort =1,..., T /2, andXs = Ay fi + 6
fort =T/2+1,...,T, whereL; andL, are%N x 1 vectors with standard normal i.i.d
elementsyy, et ~i.i.d N(0,1), andp = 0.8.

This is the very special DGP discussed in subsection 4.5etevkA is an exact di-
agonal matrix, a feature which may lead to the inconsistefour LM and Sup-LM due
to the use of less information. The results presented ineTdlgrovide evidence for this
theoretical result by showing that, even foe= N = 500 the rejection rates of these tests
do not exceed 70%. On the contrary, the power of the Wald apdV#ald tests is very
close or even equal to 100% in all instances. Moreover, i@ With our previous argu-
ment, it can also be observed that the latter diverge at nastbrfrate than HI's tests. This
can be verified in the last column of Table 4 which display®gsdf the average ratios of
Wald/Waldy;, whereWald andWaldy, denote are Wald test in (21) and the Wald test of
HI respectively for a given break date. Yet, despite this Imhigher divergence rate on
average, the power of our Wald test sometimes does not ré€&h hecause, as discussed
above, there are a few<(0.5%) simulation draws where the numerator in (21) is very
close to zero. Nonetheless, power is always very close t&100

For more general alternatives, whes& is not an exact diagonal matrix, both our
LM and Wald tests and HI test perform equally well férandT larger than 100. These
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results, omitted to save space, are available upon regtiestever, for smaller sample
sizes between 50 and 100, our test outperforms HI test. Ustilite this feature, the
(size-adjusted) power curves of ours (solid line) and Hl'aldests (thin lines), using
the Bartlett kernel, are plotted in Figure 1 for the follogiDGP: f; = pfi_1 + U, Xit =
Ajifi+efort=1,...,T/2,andXi = (A +b)fi+ei fort=T/2+1,... T, A, U, 6t ~
i.i.d N(0,1), p = 0.8, andb is the break size which ranges from 0 t®0 As can be
observed, our Wald test has better power properties thattest in all these cases.

5.5 Theeffect of big breaks on forecasting

Finally, in this section we consider the effect of having brgaks in a typical forecasting
exercise where the predictors are estimated common fadtost, we have a large panel
of dataX; driven by the factor§; which are subject to a break in the factor loadings:

X =AR1(t<T1)+BRLl(t>T1)+ea.

Secondly, the variable we wish to forecgstwhich is excluded from te, is assumed to
be related tdr as follows:

Vir1 = aFR + Vi1
We consider a DGP whei¢ =100, T =200 1 =100,r=2,a =[1 1], R are gener-
ated as two AR(1) processes with coefficien® @nd 02, respectivelyg andv; are i.i.d
standard normal variables, and the break size is charaeteby a range of mean shifts
between 0 and 1 occurring at half of the time sample size.

The following forecasting procedures are compared in auukition:

Benchmark Forecasting: The factdtsare treated as observed and are used directly
as predictors. The one-step-ahead forecast ixfdefined ag; (1) = &R, whered'is the
OLS estimate o& in the regression of; 11 onF.

Forecasting 1: We first estimate 2 factérsrom X by PCA, which are then used as
predictors iny; (1) = &R, wherea’is the OLS estimate af in the regression of;,; onF.

Forecasting 2: We first estimate 2 factdksfrom X by PCA, and then usg and
R1(t > 1) as predictorsy; (1) = &[F R1(t > 1)), whered'is the OLS estimate af in
the regression of;,1 on R andR1(t > T1)].

Forecasting 3: We first estimate 4 factors (replicatingk; = 4) R from X% by PCA,
which are then used as predictorsyifil) = &R, whered'is the OLS estimate of in the
regression oft.1 onF.

The above forecasting exercises are implemented recly,sévg., at each timg the
dataX;, X;_1,..., X7 andy, y;_1,...,Yy1 are treated as known to forecgst;. This process
starts fromt = 149 tot = 199, and the mean square errors (MSES) are calculated by

199 _ 2
MSE — Z (Vt+1—W (1)) .
t=Ta9 51

To facilitate the comparisons, the MSE of the Benchmark €astng is standardized to
be 1.
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The results obtained from 1000 replications are reportétigare 2 with the different
break sizes ranging from 0 to 1. It is clear that the MSE of tbee€asting 1 method in-
creases drastically with the size of the breaks, in line withdiscussion in Section 3. By
contrast, the Forecasting 2 and 3 procedures perform gqueall and their MSEs remain
constant as the break size increases, although they campetform the benchmark fore-
casting due to the estimation errors of the factors for tleseh sizes o andT. In line
with our previous analysis, the lesson to be drawn from thés@se is that, in case of a
big break, imposing the number of factors a priori can sigaiftly worsen forecasts.

6 An Empirical Application

To provide an empirical applications of our test, we use ISttd Watson’s (2009) data
set consisting of 144 quarterly time series of nominal aativariables for the US ranging
from 1959:Q1 to 2006:Q4. Since not all variables are avhalétr the whole period,
we end up using their suggested balanced panel of standdrdiziables withl = 190,

N = 109 which more or less correspond to the case wiere200,N = 100 in Table 2,
where no severe size distortions are found. We refer to StadkWatson (2009) for the
details of the the data description and the standardizptioredure to achieve stationarity.

Since the estimated number of factors using various Bai aji&l([8002) IC range from
3 to 6, we implement the test for= 3,4,5 and 6. In view of their better performance,
we use the Wald tests. Although other trimmings have beed, wge report results using
M = [0.3,0.7] since, being\ not too large, it is preferable to use longer subsamples to
compute the maxima. It corresponds to the time period rangom 19730Q3 to 1992Q3
which includes several relevant events like, e.g., thenilepshocks (1973, 1979) and the
beginning of great moderation period (1984). The graphglayd in Figure 3 are the
series of Wald tests for different valuesrofvith the horizontal lines representing the 10%
critical values of the Wald and Sup-Wald tests.

When compared to the critical values of the distributions, the Wald tests reject the
null of no big breaks for = 3,4.5,6 when the break date is assumed to be known at
1982 in agreement with the results in BE (2010). Stock ands@évaf2009) get similar
conclusions about the existence of breaks around the e28lysl However, one important
implication of our results is that the breaks should be preted as being big rather than
mild and therefore should not be neglected in subsequestdsting practices with these
factors.

As for the case when the break date is not assumed to be akawin, we find that
the Sup-Wald test rejects the null whes: 4, 5, 6 (i.e., exceeds the upper horizontal line).
Given that our Wald test is consistent when r (Remark 7), we may conclude that 3
and that there is a big break. The estimate of the break dateusd 1979 (second oil price
shock), rather than 1984 which, as mentioned before, istheaandidate considered by
BE (2010) as a potential break date in their empirical apgibi; with the same data set.
Using Bai and Ng's (2002)Cyy; criterion we find 3 factors for each the two subsamples
pre and post-1979 and 4 factors for the whole sample. Thilswiog our results in
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subsection 4.4, our preliminary interpretation of thaires as stemming from an abrupt
change in the loadings of one factor= 3 andk; = 1) rather than from the variance of the
factors.

7 Conclusions

In this paper, we propose a simple two-step procedure téaielsig structural breaks in the
factor loadings of large FMs that circumvents some limitasi affecting other available
tests, like BE (2010). In particular, we derive the limitidgtributions of our test, while
theirs remains unknown, and show that it has much better ppvaperties when the
choice of the number of factors is based upon Bai and Ng'sqR@6nsistent IC. We
also compare our tests to those developed in independektoydil (2011, unpublished)
which are closely related to ours but differ in their implertaion. We show that our
regression-based tests are simpler than theirs and tlatghhwe use less information
in exchange for simplicity, the information used in our agguh is combined in a more
efficient way. Further, our Wald test has better power thanHthtest when dealing with
rather small sample®N(< 100, T < 100).

Our method can be easily implemented in practice by mean€afwhen either the
break date is considered to be known or unknown, and can Iptembi®m a sequential pro-
cedure when the number of factors might not be correctly@hasfinite samples. Lastly,
and foremost, our testing procedure is useful to avoid gerfiorecasting/estimation prob-
lems in standard econometric practices with factors, IR and FAVAR models, when
the factor loadings are subject to big breaks and the nunmiactors is a priori deter-
mined (as is conventional in several macroeconomic anddiabapplications).

In the second step of our testing approach, a Sup-type tesed to detect a break
of the parameters in that regression when the break datsusnesl to be unknown. As
the simulations show, this test performs very well espcighenT > 200. For smaller
samples, as it happens with many other Sup-type, bootstraprgprove the finite-sample
significance level performance of the test compared to theldéed asymptotic critical
values of Andrews (19935. It is high in our research agenda to explore this possjbilit

Moreover, as discussed earlier (see Remark 9), out tegtimgach can allow for mul-
tiple big breaks, either through sequential estimatide, ilh Bai and Perron (1998), or by
using an efficient search procedure, like in Bai and Perr@03}, for locating the candi-
date break dates. Exploring further this issue remainshagoin our research agenda.

Finally, though we have outlined in section 4.4 a simpleitgsprocedure to identify
whether breaks stem from loadings or the volatility of thetdas, we plan to derive other
alternative tests based on the rank of the covariance maitrike estimated factors in
different subsamples which can also be extended to testti@r sources of parameter
instability, like e.g., the appearance of new factors oupbchanges in the DGP of the
idiosyncratic errors.

20see, e.g., Hansen (2000).
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Appendix

A.1: Proof of Propositions 1 and 2

The proof proceeds by showing that the errors, factors aamings in model (6) satisfy Assump-
tions A to D of Bai and Ng (2002). Then, once these results aveem, Propositions 1 and 2
just follow immediately from application of Theorems 1 an®fBai and Ng (2002). Define
F'=[F G],&=HG,+a,andl =[A A]. The proofs of Lemma 1 to Lemma 8 are simi-
lar to those in Bai and Ng (2002). To save space and avoiditiepetwe put them in our online
appendix (http://www.eco.uc3m.es/ jgonzalo/WP1.html).

Lemmal. E||R|[* <wand T 15[ R*F* — Zf as T— o for some positive matrig;.
Lemma 2. E||[||* < o, and N"IT'T" — Zr as N— o for some positive definite matrse .

The following lemmae involve the new errogs Let M and M* denote some positive con-
stants.

Lemma 3. E(g) =0, E|&|® < M*.

Lemmad. E(gle/N) =E(N7IN  sser) = Ki(S,t), [y (s, 9)| <M* foralls, andy L, (s t)? <
M*foralltand T.

Lemmab. E(gej) = 17, with |17 | < |13 | for somer;; and for all t; and N2 5, 51 |77 <
M*

Lemma6. E(&rgjs) = T s and(NT) 3, z’j\lzl Y11 T sl < M,

Lemma 7. For every(t,s), E|[N"Y25N  [gsgr — E(gs&t)][* < M*.

Lemmas. E(% z{\‘zl“%leFﬁsﬁH2> <M.

As mentioned before, once it has been shown that the new$agit the new loadingsf” and
the new errorsg; all satisfy the necessary conditions of Bai and Ng (2002)pBsitions 1 and 2
just follow directly from their Theorems 1 and 2, withreplaced by +k; andF replaced byR*.

A.2: Proof of Theorem 1

We only derive the limiting distributions for the two vera® of the LM test, since the proofs for
the Wald tests are very similar. LEt define ther x 1 vector of estimated factors. Under the null:
ki = 0, whenr =r we have

R = DR +0p(1).
Let Dqi. ) denote thdth row of D, and D( j) denote thejth column ofD. Definejt DR, and
Fia = ) X R as thekth element of7;. Let Fi: be the first element df, andF_;; = [th Frt]

while Jlt andJ 1t can be defined in the same way. Note tﬁﬁtdepends omMN andT because
D = (FF/T)(AA/N) (see Bai and Ng, 2002). For simplicity, [€rr denote[T 1.
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Note that undeHg, we allow for the existence of small breaks, so that the moaelbe written
as Xy = AR + e + niGZ. However, sincen; G is Op(1/v/NT) by Assumption 1, we can use
similar methods as in Appendix A.1 to show that an error tefrthis order can be ignored and
that the asymptotic properties Bf will not be affected (See Remark 5 of Bai, 2009). Therefore,
for the sake of simplicity in the presentation below, we @liate the last term and consider instead
the modelX; = AiR + g in the following lemmae (9 to 13) required to prove Lemma 14ckhs
the key one in the proof of Theorem 1.

Lemma.

sup H%:an(lft ~F)F || = Op(&5)-

ne[0,1]

Proof. The proof is similar to Lemma B.2 of Bai (2003). For details ser online appendix.

O
Lemma 10.
1T7TAA/ 1T7TJ:0:/ O(5N2)
sup ||l= Y RK —= Y A% || = NT).
nem”n; (-7 3 AF| = oulsit
Proof. Note that:
1T7TAA lTT( A
YRR =Y %#H
TS ' OTL t
_ 15ee IS omED)
Tt; ‘ Tt: ‘
1Trr,\ / =/ 1Trr = n/
= 7 Ft(Ft—FDH‘f (R—DR)(RD)
t= t=
1T7T , 1 T , 1T7‘[ R .
= =S (R-DR)(R-DR)+=DY R(R-DR) += Y (R -DR)(FD).
Tt: T t= Tt;
Thus,
lTITAA lTT[ A
sup ||= Y RF —= Y A
,TE[OJ]HTt_ CTE t
1T7T R R , 1T7T R ,
< sup|= ) (R—DR)(R—-DR)||+2|D| sup ||= ) (kR—DR)FK
ne[o.l]HTth ) Y[ +2i ”ne[o.l]HTé( R

< 1iHﬁ—DFtH%zan sup HETZ?(F}—DH)F{
Tt: me[0,1] Tt:

: 2 2 _ 2 , _
sinces ¥{_; || —DR||” = Op(8yF) and sup(oy H 13(R - DFt)Ft’H is Op(&yF) by Lemma
9, the proof is complete.

O

The next two lemmae follow from Lemma 10 and Assumption 6:
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Lemma 11. . .
ni[lég] H%t;ﬁ—ltlflt — %t;j—ltjlt” =0p(1).

Proof. See Lemma 10 and Assumption 6. O

Lemma 12.

1 L . .
— N F 4 F || =0p(1).
H\/Tt; 1t 1t P()

Proof. By construction we havé 5 F_F}, = 0, and then the result follows from Lemma 11.
O

Let = denoteweak convergencéhen:
Lemma 13.
1 T
\/_Tt; (71 Fu —E(F_uTn)) = S*W_1(m)
for me [0,1], where#;_4(-) is a r— 1 vector of independent Brownian motions [On].

Proof. The proof is a standard application of Functional CLT. Fdeide see our online appendix.
O

Lemma 14.

1 T R R
i lez_ltF1t = SY22° | (m)
t=

for 1 € [0,1], where the processg? ,(m) = #;_1(m) — m#;_1(1) indexed by is a vector of
Brownian Bridge or{0, 1].
Proof. If we show that

1 T B T
= Zx [ff_n% ~Ty 9_15915] = s24° ,(m) (A.5)
t= s=1

for me [0,1] and

sup
1€[0,1]

=0p(1), (A.6)

1 T R R 1 T 1 T
—= ) F_uFn— —= [cg‘lltflt—-r_ Zlﬁlsﬁls}
T VT2 2

then the result follows from Lemma 11.
First note that

1 T7T|: 1 T
] ff_]_tfflt T coj—lseojls]
T 2
T

1 I3 1 T 1 T
= =) (FuFu—E(F_nFu))+= <— F_1sF1s— E(F_1s71. >7
hence A.5 can be verified by applying Lemma 13.
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To prove A.6, we first defin®_; as the second to last rows Df andD; as the first row oD.

Then we have A A
Z_1%1 =D_1RF'D}

and
F_wFy =D |RF'D].

It follows that:

(F-uwFn — F-uTn)
- Zl( “1RF/D} ~ D_1RF/Dj+D_1RF/D; ~ D' RFD] )
t=
1

o ! * 1 o ! *
Zx Ft> (D} — Dl) (D_1—D*; (Wt;FIFt>D1.

Next, defineZ_y Fy = 1 1 1.7 1sF1s, andF_yFy = 2 511 F_1Fss, then:

lTrr S

Til 9—15915
2l s; )
(L W
— D*;| —= Y FuFx | D;
1 \/-I_-t; 1kt | D7
D 1TnFFD'D 1THFFD’D 1TnFFD
= D', —= _1tF1t |DI —D_1| —= _1tFie |D] +D_1| —= _1tFat
! \/Tt; ! \/Tt; ! \/Tt;
D L THF Fi |D+D 1 TITFiF D'
—Da| —= 1tk +D1| —= 1t
\/TtZi ! \/Tt; !
1 Tn’i / 1 Tni / 1 1 ~
= (D*,—-D_ — §$ F_uF¢ |D +D_1| —= S F_4F DY — D))+ — —N Z_
(D1 1)(\/thl 1t 1t> 1 1<\/-|th1 1t 1t>( 1 1) T2 <Ts_ 1s

Combining the above results gives:

— Tnfj +Fat 1 ¥ [ff—ltfflt—T_l S ff—lsffls]
T T2 2
1 Tm R 1 T T
= ﬁt; (F_wFu— FuFu) + \/—Tt; (Tlszlﬁlsﬁls>
I _ , 1 Ir - ,
= D (\/—_ 21 (HFt/ — F—ltFlt)> (Dﬁ_ — D?[ ) + (D_l — Dil) (F 21 (FtFt/ _ F—ltFlt)> D?[
p— t=
1 T

15 (15 F )

Following the similar arguments of Lemma 13, we can prove tha

2 77 8 - o
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Moreover, it is easy to check th@D|| = Op(1) and ||D — D*|| = op(1) (See Bai 2003). Finally,
H% S 1.7 1s71s|| is 0p(1) by Lemma 12. Then A.6 has been shown and the proof is complete.

O

Theorem 1:

Proof. The results for LM and Sup-LM tests follow from AssumptiorL@mma 14, and Continu-
ous Mapping Theorem.
For the Wald and Sup-Wald tests, notice that:

VT () - &) = (1T iﬁ_ltlf’lt)1(1/\/Ti|f_1t|flt)—(1/T S Euf) tNT S Faf)

t=1+1 t=7+1
T 1 T 1 T
= (1T ZF,ltFilt) +(1-1/T ZF,ltFilt) (1/VT ZlF,ltFlt).
t= = =
By Lemma 10 and thdd — D* = op(1), we have:
T " R 1 T " R l T
1T ZiF—ltFilt =TT ZF—ltFilt = Zlff—ltffiu +0p(1). (A7)
whent =T (= 1/T = 1), this implies
T R 1 T
t= t=
By LLN we haveE(.%_1.%#’ ;;) = l,_1. Applying LLN again to A.7 gives:
g & P
1/T ZlF_ltFilt — Tﬂr_]_
t=

asN andT go to infinity. It then follows from Lemma 14 that:

and the limit distributions of the Sup-Wald and Wald testkofo easily. O

A.3: Consistent Estimator of S

We now discuss the consistent estimatoBSoking the HAC estimator of Newey and West (1987).
Recall thatS= IimVar(\% zjzlf,ngzit).

Notice thatE (#_yF1) =0, becausé 31 | F_ 4Ty =1 51 F yFu+0p(1), andi 57, 7 4 Fy —
E(F_uZu) by Assumption 7 and 31, F_yFy = 0.

First, we define the infeasible estimator®f

§7) =Fol#)+ 5 wi.mFy(2)+ (7
i=
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wherem= Oy (T3), w(j,m) = 1— =l is the Bartlett kernel, and

T
z wFuTu | Ty
J+1

—||H

t=

Since the above estimator is a HAC, it is natural to make theviing assumption:
Assumption 11. ||S(.#) — || = op(1)

Next we consider a feasible estimator®ivhere.Z is replaced by, :
m
S(F)=To(F)+ Y w(j,m)[;(F)+T;j(F)]
=1
where

.
i(F) > FuFuFu jF .
T+

+1

—|||—\

t=
If we further assume:

Assumption 12. ||D* — D|| = op(T~%).
then we have the following results:

Proposition 3. Assume that Assumptions 1 to 12 hold, under the ngillkd = 0, we have
Hé(ﬁ) - SH =0p(1)
Proof. Given Assumption 10, it suffices to show that
|S(F) = 8(%)| = 0p(1).

It is easy to see that:

and

IN

F—ltFltFlt JF 1t—j J—ltyltylt—jgilt—jH
HF“t Z|)
5N )+ Op(|[D*=D|)).
Notice that the result in the last line follows from the fduat
IR~ < ||[R - DR[| +[[PR - DR

and|f, - DR = Op(&})
Finally we have

I5F) = &(#)|| = Op(TE & }) + Op([| D"~ D)0
by Assumptions 6 and 11.

Op(
Op(

O'IIH

=0p(1)
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Figure 2. The MSEs of different forecasting methods (se¢@eb.4).
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Table 1: Actual Size of the Nominal 5% Size Tests for Difféar8ample Sizes and Differ-
ent Choices of the Number of Factor$ in a Factor Model withr = 3.

N T Go.0s|F =2 GooslT =3 Gooslr =4
LM SupLM Wald Sup Wald LM SupLM Wald Sup Wald LM SupLM Wald Supaid
100 100 5.0 1.0 5.9 4.8 2.3 0.2 4.2 6.7 0.5 0.2 1.3 11.6
100 150 5.0 1.9 4.9 3.1 35 0.7 3.7 4.8 1.1 0.3 1.9 7.0
100 200 5.7 2.7 5.0 4.0 4.9 1.8 4.0 35 3.0 0.5 2.9 3.9
100 250 5.3 3.2 5.3 3.9 4.4 1.8 4.7 3.2 2.3 0.9 3.4 3.1
100 300 6.2 4.5 6.7 4.0 5.3 2.0 5.1 3.4 3.8 1.1 4.7 3.9
150 100 5.3 1.2 5.9 5.1 2.6 0.2 4.0 7.9 0.8 0.2 2.3 12.9
150 150 5.9 1.8 5.2 4.0 2.9 0.5 3.4 4.0 1.3 0.3 2.7 6.1
150 200 5.5 2.6 6.2 4.5 35 1.2 5.1 3.4 2.3 0.9 3.0 4.3
150 250 6.0 2.9 6.9 3.8 35 1.6 5.7 3.1 3.2 0.5 3.6 4.7
150 300 5.8 3.7 6.3 4.4 3.9 25 5.1 4.0 35 1.3 4.0 3.7
200 100 4.6 1.1 5.4 5.0 2.3 0.1 3.0 8.6 0.4 0.4 15 15.6
200 150 4.7 2.3 5.6 3.2 2.8 0.2 3.7 4.3 1.2 0.1 2.7 5.6
200 200 5.4 3.0 5.1 2.9 4.0 1.6 3.4 2.5 2.6 1.3 3.2 35
200 250 6.2 3.7 7.0 4.0 3.8 2.0 6.8 4.1 2.4 1.1 4.1 5.2
200 300 5.3 3.1 5.5 4.6 3.2 1.5 35 4.0 3.4 1.3 2.6 45
250 100 5.2 0.8 7.4 5.1 2.1 0.4 45 7.0 0.6 0.2 35 12.9
250 150 4.1 25 5.7 3.6 2.9 0.5 3.9 4.2 1.6 0.0 2.4 6.4
250 200 5.3 2.6 6.5 4.9 35 0.8 4.6 5.0 2.9 0.3 3.4 5.2
250 250 5.3 3.1 6.2 4.3 4.7 1.8 5.6 3.1 4.0 0.7 35 3.6
250 300 5.5 4.0 5.1 3.7 4.3 1.5 4.0 3.3 3.4 1.4 2.9 3.7
300 100 4.7 0.6 5.2 5.4 1.5 0.2 3.4 8.5 0.3 0.3 2.9 14.0
300 150 4.6 1.8 6.4 5.4 2.9 0.8 4.8 4.7 1.7 0.5 2.8 7.0
300 200 3.7 2.6 7.0 4.0 3.2 0.8 6.5 4.1 1.7 0.5 4.2 5.5
300 250 5.9 35 6.3 41 48 1.7 5.2 3.4 2.7 1.0 3.3 35
300 300 5.7 4.2 4.2 4.1 6.2 3.2 4.4 3.4 3.9 1.4 2.8 3.2
1000 1000 5.7 6.1 7.1 5.9 5.8 4.2 6.2 4.9 6.5 4.7 5.8 35
Notes: The DGP i = 2?:1 OikF + &c whereRg = @Fce—1+ Vie; Oik, &t andvy; are i.i.d standard nor-

mal variables, andgy = 0.8, ¢ = 0.5, @3 = 0.2. The number of replications is 1000. The reported sizes

correspond to the LM and Wald tests and their Sup-type vessi@he potential breaking date=T /2 is
considered to be a priori known for the LM/Wald tests wHilas chosen a$0.15,0.85] for the Sup-type

versions. The covariance mati®is estimated using the HAC estimator of Newey and West (1987)
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Table 2: Power of Nominal 5% Size Tests for Different Sampize$ and Different
Choices of the Number of Factors) (in a Factor Model withr = 2 and Shifts in the
Factor Loadings.

N T 6{0»05|I'_: 2 a()»os‘l’_: 3 é{o_os‘l’_: 4
LM SupLM Wald Sup Wald LM SupLM Wald Sup Wald LM SupLM Wald Supaid
100 100 6.3 1.8 8.1 5.4 77.9 1.8 100 98.3 41.7 0.5 100 97.3
100 150 8.9 25 10.0 438 95.8 24.0 100 100 88.8 2.8 100 99.9
100 200 8.9 4.1 9.3 5.4 97.6 72.9 92.0 92.0 955 39.6 91.8 92.5
100 250 12.0 5.3 12.4 6.5 99.1 98.0 97.4 97.4 99.0 779 97.4 97.
100 300 13.0 6.5 11.6 6.0 99.6 98.0 83.6 83.6 99.4 941 83.5 83.
150 100 6.1 2.2 7.8 5.9 77.9 1.4 99.7 99.5 41.6 0.6 99.8 99.0
150 150 7.5 2.2 8.3 5.0 954 245 100 100 88.5 2.2 100 100
150 200 8.8 4.1 9.8 5.4 98.8 76.5 100 100 97.7  40.2 100 100
150 250 9.7 4.8 10.3 6.0 99.4 944 99.0 99.1 985 79.1 99.0 99.1
150 300 11.4 6.3 10.8 7.1 99.7 98.6 90.5 91.1 99.7 94.5 90.7 91.
200 100 6.4 15 7.6 4.6 79.4 2.3 100 97.7 42.9 0.7 100 99.2
200 150 8.5 34 9.5 6.3 97.0 241 100 100 89.0 3.0 100 100
200 200 8.6 35 9.3 45 99.0 776 100 100 98.0 388 100 100
200 250 11.5 45 12.3 5.7 100 96.8 100 100 100 82.7 100 100
200 300 11.2 54 12.6 6.4 99.8 98.8 99.9 99.9 99.7 95.1 99.9 99.
250 100 5.1 14 6.7 45 80.4 1.8 100 99.7 45.2 1.0 100 99.2
250 150 6.7 2.4 7.8 5.0 97.0 245 99.9 100 90.7 3.2 100 100
250 200 7.2 34 7.8 5.0 99.2 78.9 100 100 98.4 409 100 100
250 250 10.5 5.5 11.3 5.8 99.8 95.6 100 100 99.7 82.4 100 100
250 300 11.5 5.7 12.0 7.6 99.9 99.2 100 100 99.9 95.1 100 100
300 100 6.0 1.6 7.0 6.7 80.1 1.2 100 99.1 45.4 0.3 100 98.9
300 150 8.6 21 9.9 4.7 97.3 24.9 100 100 91.5 34 100 100
300 200 8.6 4.3 9.2 6.8 99.3 79.0 100 100 98.4 433 100 100
300 250 11.4 4.4 11.9 5.8 99.8 94.3 100 100 99.5 826 100 100
300 300 11.3 5.9 121 7.7 99.8 99.0 100 100 99.8 96.3 100 100

Notes: The DGP i¥i; = Zﬁ:l iR+ et whereRg = @Rt 1+ Via; ik, &t, andviq are i.i.d standard normal
variables, andp, = 0.8, ¢ = 0.2. The number of replications is 1000. The shifts in the medrise factor
loadings are 0.4 and 0.2 at= T /2. The other characteristics of the Monte Carlo experimenga in Table

1.
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Table 3: Size and Power Comparison of BE and LM Tests at NdrieSize for Differ-
ent Sample Sizes and Different Choices af a Factor Model withr = 2 and No Shift or
One Shift in the Factor Loadings.

N T no breaks =2 1 breaky =2 1 breaky =3

BE Wald BE  Wald BE  Wald
100 100 6.0 3.9 100 5.6 219 96.8
100 150 5.9 5.2 100 7.2 18.2 100
100 200 5.2 4.3 100 6.2 26.0 89.8
100 250 5.3 4.8 100 8.7 179 97.7
100 300 5.7 4.3 100 7.4 30.2 839
150 100 6.4 4.3 100 5.8 18.3 94.6
150 150 5.9 5.7 100 6.6 16.2 100
150 200 5.6 4.3 100 6.2 125 100
150 250 55 4.5 100 5.7 149 983
150 300 4.9 4.0 100 5.6 20.6 89.7
200 100 55 4.1 100 4.1 20.0 95.8
200 150 5.4 4.8 100 6.6 15.8 100
200 200 7.0 4.5 100 6.3 14.0 100
200 250 6.5 4.7 100 7.5 126 100
200 300 5.0 4.7 100 7.8 12.0 99.7
250 100 6.8 3.9 100 4.2 188 97.0
250 150 5.4 5.3 100 5.9 149 100
250 200 4.5 4.6 100 6.1 11.3 100
250 250 5.1 4.2 100 6.6 109 100
250 300 6.6 4.9 100 8.3 7.9 100
300 100 7.3 4.7 100 5.4 19.7  96.3
300 150 7.0 3.6 100 6.1 14.4 100
300 200 5.9 3.4 100 6.0 13.6 100
300 250 5.9 5.4 100 6.7 12.0 100
300 300 5.7 6.1 100 7.0 10.0 100

Notes: The DGP is as in Table 2. The shift in the mean of thefdotdings is either zero (no break) or 0.1
(break).
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Table 4: DGPX; = A1 fit +Aofx +&,A1 = v0.8[ &, L&]/,/\z =12 /2,

—L5)’, wherel,

andLp areN/2 x 1 matrices with i.i.d normal elementfy; = fix 1(t < 1), fr = frx 1(t >

1), fy = 0.8f_1+ u;, rande; ~ i.i.d N(0,1).r = 2.

N T LM SupLM  Wald SupWald Io vy;ggl)
100 100 540 39.3 995 100 7.20
100 150 580 487 995 100 7.14
100 200 613 52.2 99.4 100 7.07
100 250 610 51.1 99.6 100 6.97
100 300 636 55.1 99.4 100 6.91
150 100 580 434 999 100 8.11
150 150 6L1 50.5 996 100 7.96
150 200 610 525 100 100 7.79
150 250 647 57.6 99.7 100 7.77
150 300 627 53.9 999 100 7.75
200 100 565 420 999 100 8.64
200 150 595  49.9 100 100 8.50
200 200 640 575 99.9 100 8.42
200 250 636 547 100 100 8.30
200 300 628 552 100 100 8.28
250 100 562 419 996 100 9.04
250 150 59.7  49.4 99.8 100 8.94
250 200 633 539 99.7 100 8.82
250 250 644 57.0 999 100 8.81
250 300 650 50.1 99.8 100 8.77
300 100 559 421 998 100 9.46
300 150 577 480 99.8 100 9.27
300 200 606 502 995 100 9.23
300 250 644 562 997 100 9.19
300 300 646 57.0 999 100 9.17
500 500 674 618 100 100 10.03
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Figure 3: US data set. The Wald tests using the trimnfiing [0.3,0.7], forr =3 t0 6

(from top to bottom), and the corresponding 10% asymptaticcal values (horizontal
dotted lines) for the Wald (red) and Sup-Wald Test (black).
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