Appendices to the paper ''Detecting Big Structural Breaks in Large Factor Models' (2011)
by Chen, Dolado and Gonzalo.

A.1: Proof of Propositions 1 and 2

The proof proceeds by showing that the errors, factors and loadings in model (6) satisfy Assump-
tions A to D of Bai and Ng (2002). Then, once these results are proven, Propositions 1 and 2
just follow immediately from application of Theorems 1 and 2 of Bai and Ng (2002). Define
F*=[F G'|.,& =HGy+e,andT=[A Al

Lemma 1. E||F*||* <coand T~'Y_ | F*F" — X% as T — oo for some positive matrix Zj.

Proof. E||F*||* < o follows from E||F;||* < > by Assumption 2 and the definition of G.
To prove the second part, we partition the matrix Xp(= limz_,c 7! Z,T:1 F,F)) into:

<211 ):12>
o In
where 21 =limy o T Y F'EY, 20y =limy o T 'Y F2FY 21 =limr o T YT F'E,

and F! is the k; x 1 subvector of F; that has big breaks in their loadings, F,? is the k» x 1 subvector
of F; that doesn’t have big breaks in their loadings. By the definition of F* and G! we have:

o (TUELEET TUSLEE TN R
THYEE =| 1YL RE 1YL RR T Y FR
=1 (A VANRY 1) L A VANNY ) B D WA (20 4

By Assumption 2, the above matrix converges to

I Y12 (1—7")Zn
Th= , I (1—m")%),
(1—717*)211 (1—7[7*)212 (1—717*)211

Moreover,

i L2 0
det(Zp) =det [0, T (1—7)%,, | =det(Sr)det(n*(1— 7)) >0
0 0 = (1—-7m")Xy

because X is positive definite by assumption. This completes the proof. O

Lemma 2. E||[;||* < oo, and N"'T'T — Zr as N — oo for some positive definite matrix Xr.

Proof. This follows directly from Assumptions 1.a and 3. O
The following lemmae involve the new errors &. Let M and M* denote some positive constants.

Lemma 3. E(g;) =0, E|g;|® < M™.



Proof. This follows easily from Assumptions 1.b, 2 and 4.
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also by Assumption 4. Thus, the proof is complete.

Lemma 5. E(g:€) = 15, with |1} ,| < || for some
M.
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for all ¢. Therefore
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Lemma 6. E(&;¢€j5) = 1/;,; and (NT)~! 1): Y YL T sl S M.
Proof. By Assumption 4, (NT)~! 12 LY YT |tijas| < M, where E(ejejs) = Tij 5. Then:
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and we have
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following the same arguments as above.
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Lemma 7. For every (t,s), EIN"V2YN  [e&: — E(g5&1)]|* < M*.
Proof. Since €; = ¢; + 1‘[l~’G,2 =ey+ Op(ﬁ)’ we have:
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Lemma 8. E(N 1 Hﬁztlez*g” ) < M*.

Proof. By the definition of &, we have:
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then by the definition of F;* and G?,
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Therefore, by Assumptions 1.b, 2, 4 and 5, it follows easily that the first part of the right hand side
of the last inequality is O(1). For the second part, notice that

roT T
- Y Y ¥ E(FpFp(niE)(MIF) )

p=1t=1+1s=7+1

and that
E(EP sp an TIIF))
< E(Rp)’EMF)?
< 0(1)E||111|!2E||Ft||2
= 0( )
2
Thus we have E(% A H%ZITZI F*n!G? ) = 0(%), and the proof is complete. O

As mentioned before, once it has been shown that the new factors: F;*, the new loadings: I" and
the new errors: & all satisfy the necessary conditions of Bai and Ng (2002), Propositions 1 and 2
just follow directly from their Theorems 1 and 2, with r replaced by r 4k and F; replaced by F*.

A.2: Proof of Theorem 1

We only derive the limiting distributions for the two versions of the LM test, since the proof for
the Wald tests is very similar. Let F, define the r x 1 vector of estimated factors. Under the null:
ki =0, when 7 = r we have

F, =DF;+o0,(1).
Let D(;) denote the ith row of D, and D.;) denote the jth column of D. Define %, = DF,, and

Gy = Dy X F; as the kth element of Z,. Let F}, be the first element of £, and F_1, = [Fy - Ey),

while ﬁlt and ﬁ_l, can be defined in the same way. Note that ﬁf depends on N and T because
D= (FF/T)(A’A/N) (see Bai and Ng, 2002). For simplicity, let 77 denote [T 7).

Note that under Hy, we allow for the existence of small breaks, so that the model can be
written as X; = A;F; + e;; +1;G?. However, since 1;G? is OP(I/\/IW) by Assumption 1, we can
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use similar methods as in Appendix A.1 to show that an error term of this order can be ignored and
that the asymptotic properties of F; will not be affected (See Remark 5 of Bai, 2009). Therefore,
for simplicity in the presentation below, we eliminate the last term and consider instead the model
Xy = A;F; + e;; in the following lemmae (9 to 13) required to prove Lemma 14 which is the key one
in the proof of Theorem 1.

Lemma 9.
1 TTL' A .
sup H ~ 2| =0,(552).
7€l0,1] '
Proof. Following Bai (2003) we have:
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Consider the first part of the right hand side, we have
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TYL L ||E —DFSHZ is 0,(8y7) by Theorem 1 of Bai and Ng (2002), sup,rem TY HF,H2

2 .
7 Ximt [|F[|” = 0,(1) by Assumption 2, and supzc(q 7 Eioy X7 W(s,1)* < 7 By By w(s,1)* =
O,(1) by Lemma 1(i) of Bai and Ng (2002). Therefore:
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For the second part, note that:
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because ||D|, | F;F/|| and + ¥/ X1 |y (s,1)| are all O, (1) from Bai and Ng (2002) and Assump-
tions 2 and 4. Therefore, we have
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Since E||¢;||?> < M by Assumption 4, we have
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Then it follows that
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As for the first part on the right hand side of III, we have
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It can also be proved in the similar way that
1
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nef0,1] "\VNT
Finally we have:
1 T” R
an |3 62
wel0,1] nel0,1] mel0,1] 7e(0,1] rel0,1]

OP(\/T(;M) +0”(\/N5MT) +o,,(\/]1w) = 0P<5;ij)'

O
Lemma 10.

Tn o 1 Tn s 4, )
sup H Z t /—?Z%z :Op(5ﬁ,T)
nel0,1] =1 =1

Proof. Note that:
1 Tr 1 Tr
F LA ZW'
1 Tr
= ZEF - DE)(F/D’)
T /=
1 Tr 1 Tr .
= —ZE —FD') +TZ<E—DE)<F/D’)
t=1
1 Tn Tn

1 1 .
= —Z —DF,)(F; —DF,) + DZE —DF)'+ =) (F,—DE)(FD').

=1



Thus,

]Tﬂ A
sup H - Y F.F
7el0,1] Tt:l
< sup HT ~DF)(F, ~ DF,)’ — DF)F!
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since TZ: 1 HFI DFtH =0 (5N T) and SUPzeo,1] H TZI 1( —DE)F/
9, the proof is complete.

is O (5,;%) by Lemma

O
The next two lemmae follow from Lemma 10 and Assumption 6:
Lemma 11.
1 =
s H i) ZF 1y — ﬁt;?_l,%, = o0,(1).
Proof. See Lemma 10 and Assumption 6. O
Lemma 12.

(1).

1 A s
=L I uZ
2

Proof. By construction we have %Zszl F—lrﬁft = 0, and then the result follows from Lemma 11.
]

Let = denote weak convergence, D* = QY4, where Q = lim FT(see proposition 1 of Bai

(2003)), X4 = 11rn , and define .%; = D*F,, S = l1mVar(f Zt | F 1,J,t) Then:

Lemma 13.
1 Tr

NG Y (ZuPu —E(F_1uTu)) = S'2H,_(m)
t=1

for w e [0,1], where #,_1(-) is a r — 1 vector of independent Brownian motions on [0, 1].

Proof. #_1;.#), is stationary and ergodic because F; is stationary and ergodic by Assumption
7. First, we show that { %, %1, — E(F-%1;),:} is an adapted mixingale of size —1 for k =
2,...,r. By definition, we have %, %), = (Dz‘k.)F,)(Dzﬁ 1 Fi F) = (Zp 1ka p,)(Zp 1D1pr,) =
22212221DZPDTthcht, and %, Fy; _E(ﬁktflt) = Zh:lZp:] p (Fpcht E(Fpcht)) =
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since max(y}¥) is O(m~'=%) for some & > 0 by Assumption 7, we conclude that {.%,. %, —
E(F1 %), } is an adapted mixingale of size —1 fork=2,...,r
Next, we prove the weak convergence using the Crame-Rao device. Define

it = as™'? (ﬂ,ltﬁlt —E(ﬂ,“fflt))

where a € R™~!, and @’a = 1. Note that

where dy, is the kK — 1th element of as1/2,

E(Z}) < (kzi“z\/E(Elk[a@krﬁn—E(ﬁku%t)])z)z
< A(}{zr;\/E(ﬂkzgzlt)z_(E(gktﬂlt))2>2§M

because E||F;||* < o and .%}, = Dj F,. Moreover, z is stationary and ergodic, and we can show
{z,€} is an adapted mixingale sequence of size —1 because:
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,
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By the results above we know that 7% is O(m~'~9) for k = 2,...,r. Hence it follows that {z,,Q,}

is an adapted mixingale sequence of size —1. Then it follows from Theorem 7.17 of White (2001)

that:
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Moreover, it can be shown that:

, 1 Tm
a)—=
\/T ZZZT:TL]

by using Corollary 3.1 of Woodridge and White (1988). The proof is complete by using Lemma
A.4 of Andrews (1993).

O
Lemma 14.
1 & n F 1/2 520
WZF*“F” = s/ By (7)
t=1

for m € [0,1], where the process 2°_ () = #;_1(7) — a#r_1(1) indexed by 7 is a vector of
Brownian Bridge on [0,1].

Proof. If we show that

1 Tn B T
—Yy [ff_”%t ~7'y ﬁ_lsy‘ls} = 124" | (m) (A.5)
\/Tt:l s=1

for # € [0, 1] and

1 Tr R R 1 Tr T
sup (|—= ) F_uFu——= [911“%:*7"_1 F_151 } ‘20 (1), (A.6)
i v P ? Vs L 7wl =0
then the result follows from Lemma 11.
First note that
LY 'y
— [9,1“/1;—7'_ yflels}
\/Tt:l s=1
1 Tr 1 Tr 1 T
= — F_11: 5 —E(y,1 ﬁl) + = ( F_ 15 —E(9,1 ffl) >,
\/T[ZZI( t t t t ) TI:ZI \/ngl( s s S s )

hence A.5 can be verified by applying Lemma 13.
To prove A.6, we first define D_ as the second to last rows of D, and D as the first row of D.
Then we have
ﬁ,ltﬁlt = DletF;/Da
and
ﬂ—ltﬂ\lt = DilEF;/DT .
It follows that:

j;_l (PP s )
1 Tn
- 7L (D-1FF/D} = D_\FF/D} + D_\FF/D} D~ KR/ D7)
I N . PN
= D1<ﬁt_1EE>(D1—D1)+(D1—D1)<ﬁ§{FtFt>Dl.

11
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Next, define ﬂlltylt = %Zstl yflsym and FfltFlt = %ZST:I Fflsle, then:

/N

Combining the above results gives:

1 Tn R . 1 Tn . T
ﬁ;ylfﬁlt_ﬁ;[f}ltyh—T ;ylsyls}

~

1T7‘C 1T7‘L’

ﬁ; (ﬁ—ltﬁlt _9—1#@.1[) + ﬁ; (Tfl Z’ 9_159“)

s=1
1 Tr ' 1 Tz - /
= D, (\/T Z (FtF;/—F—ltFlt)> (Dll —Dj ) + (D—l _D*—l) (\/T Z (E‘E/ —F—lt}'ﬁh))DiF
=1 t=1
1 Tr 1 T . .
V(=Y % 7 )
+\/TIZZI (T Sgl 1. 1s

Following the similar arguments of Lemma 13, we can prove that

1 Tn .
swp |7 X (5F i) | = 0,00),

wel0,1]

Moreover, it is easy to check that | D|| = O,(1) and || D—D*|| = 0,,(1). Finally,
is 0,(1) by Lemma 12. Then A.6 has been shown and the proof is complete.

1 T a a
ﬁ ZS:l cga—lsfgsls

Theorem 1:

Proof. The results for LM and Sup-LM tests follow from Assumption 9, Lemma 14, and Continu-
ous Mapping Theorem.
For the Wald and Sup-Wald tests, notice that:

ﬁ(al(n)_@(n)):(1/Tiﬁ,1,ﬁ;1,)—‘(1/ﬁiﬁ,l,ﬁh)_(1/r ZT; B (VT ZT; FoyBy)
t=1

=1 t=7+1 t=7+1
T

T T
= (T Z{Flltﬁin)’l +(1-1/T Z‘{F,l,ﬁih)’l (1/\/TZ‘{F,1,FU).
=

t= t=
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By Lemma 10 and that D — D* = 0,,(1), we have:

T
I/TZF\LUFA[U =T

t=1

T . R 1 T
ZF*UFL][:n;zg*hyi]t_‘_op(l)' (A7)
t=1 =1

Qal—

when 7 =T (= 7/T = 1), this implies
T . R 1 T
Irfl — 1/TZF7UFLII - ? nylzﬁllt‘*—ol;(l)
=1 =1

By LLN we have E(.#_1,.%" |,) =I,_;. Applying LLN again to A.7 gives:
T A A
Ty F\F 5 ey
t=1

as N and T go to infinity. It then follows from Lemma 14 that:

520, (n)

\/?(@1(7[)—52(7’[)) = 77:(1—7'5)

and the limit distributions of the Sup-Wald and Wald tests follow easily. O

A.3: Consistent Estimator of S
We now discuss the consistent estimator of S using the HAC estimator of Newey and West (1987).
Recall that S = 1imVar(\% Zthl ﬁ,l,%,) .

Notice that E(.#_1,;.#;) =0, because % YL F Ty = %Zthl F By +0,(1),and % YL F Ty —
E(%_1;%1;) by Assumption 7 and %Z,Tzl F B, =0.
First, we define the infeasible estimator of S:
A A m A A
S(F) =To(F)+ Y wli,m[[j(F)+1T;(F)]
j=1

where m = Op(T%), w(j,m)=1-— m+r1 is the Bartlett kernel, and

. 1 &
() = T Y FouFuFu T,
t=j+1
Since the above estimator is a HAC, it is natural to make the following assumption:

Assumption 11: Hﬁ(ﬂ) — S| =0p(1).

Next we consider a feasible estimator of S where .% is replaced by F;:

m

S(F) =To(F)+ le(j’m) (05 (F) +T5(F)
=
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where

If we further assume:

il—
~—

Assumption 12: | D* —D|| = 0, (T~
then we have the following results:

Proposition 3: Assume that Assumptions 1 to 12 hold, under the null Hy : ky = 0, we have

S(F) = 5| = op(1).

Proof. Given Assumption 10, it suffices to show that

S(F) = 8(F)|| = 0p(1).

It is easy to see that:

and

A

J(F) =57
T

1 A A A N
< 72 71tFtFlt—jFi1,_j—y—ltyltylt—jg‘th_jH
t=1
= 0p(|ﬁt—<%H)
= 0,(8y1)+0,(||D* - D).

Notice that the result in the last line follows from the fact that
|£; = 7| < ||l — DE || +||DF — D*F|

and |~ DF | = 0, (65}
Finally we have

$(F) = 8(F)|| = 05(T38y 1) + 0,(||D* = D)) 0,(T%) = 0,(1)

by Assumptions 6 and 11.
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