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Abstract

This paper considers the estimation of dynamic binary choice panel data models with fixed effects.
It is shown that the modified maximum likelihood estimator (MMLE) used in this paper reduces the
order of the bias in the maximum likelihood estimator from O(7~") to O(7~2), without increasing
the asymptotic variance. No orthogonal reparametrization is needed. Monte Carlo simulations are
used to evaluate its performance in finite samples where 7 is not large. In probit and logit models
containing lags of the endogenous variable and exogenous variables, the estimator is found to have a
small bias in a panel with eight periods. A distinctive advantage of the MMLE is its general
applicability. Estimation and relevance of different policy parameters of interest in this kind of
models are also addressed.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

This paper deals with the estimation of dynamic discrete choice models with fixed
effects. These models, that take into account permanent unobserved heterogeneity and the
dynamic processes, are of interest in many empirical applications in economics, because
they allow us to distinguish between the sources of the time persistence on individual
decisions observed in discrete panel data sets. Observed persistence may be due to
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persistence in observable individual characteristics, true state dependence or permanent
unobserved heterogeneity. As explained in Heckman (1981a), these sources of persistence
in individual decisions have very different implications.’

It is well-known that permanent unobserved heterogeneity may bias estimates and lead
to misleading conclusions about the effect of a variable if it is not taken into account. This
is particularly true in dynamic models where we can have significant estimates of state
dependence coefficients even when there is no state dependence and persistence is only due
to permanent heterogeneity. In the econometric literature, there are two ways of treating
unobserved heterogeneity: random effects and fixed effects. This paper follows the fixed
effects approach since we do not want to impose any restriction on the conditional
distribution of the unobserved heterogeneity.”

Monte Carlo experiments have shown that the traditional maximum likelihood
estimator (MLE) of non-linear panel data models with fixed effects generally exhibits
considerable bias in finite samples when the number of periods is not large.* It is well-
understood how to estimate, and solve that problem, in a linear model since fixed-T
consistent estimators are available. However, there are no general solutions for non-linear
models, and in some cases, although a specific solution is available, it is not /N-consistent.
For example, Honoré and Kyriazidou (2000) propose a fixed-7T consistent estimator for
dynamic discrete choice models with continuous exogenous regressors that needs some
restrictive assumptions and it is not /N-consistent. As a matter of fact, calculations in
Hahn (2001) indicate that /N-consistent estimation is infeasible in this case. Furthermore,
results in Honoré and Tamer (2004) suggest that the parameters of dynamic discrete choice
panel data models are not identified in a fixed-T context, even in simple cases.

The estimation of non-linear models with fixed effects by maximum likelihood suffers
the so-called incidental parameters problem. Cox and Reid (1987) considered the general
problem of doing inference for a parameter of interest in the absence of knowledge about
nuisance parameters.* Their solution is based on getting a re-parametrization such that the
nuisance parameters are information orthogonal to the other parameters, so as to limit the
influence of the nuisance parameters. Then they develop a modification that reduces the
order of the bias of the MLE, without increasing its asymptotic variance. Their general
framework has been used for static binary choice panel data models with fixed effects in
Arellano (2003), where the fixed effects are the nuisance parameters. Arellano (2003)
expresses the modification in terms of the original parameters.

Cox and Reid modification is known to fail without an orthogonal reparametrization
(see, for example Ferguson et al., 1991). Arellano (2003) shows that the modification he
derives reduces the order of the bias of the MLE, under the assumption that an
information orthogonal reparametrization exists. The problem is that an information
orthogonal reparametrization may not exist, especially for the kind of models considered
here. This paper shows that the modified MLE (MMLE), using the modification expressed
in terms of the original parameters of the model as in Arellano (2003), reduces the order of

'An economic example that exhibits substantial persistence over time is female labor force participation and
knowing whether or not it reflects true state dependence, is needed for understanding the behavioral relationships
underlying participation decisions (e.g. Hyslop, 1999).

’In particular, it is difficult to deal with the initial conditions problem in the random effects approach. See
Honoré (2002) for a discussion on this and other issues on the comparison of the two approaches.

3See Heckman (1981b) for an example.

*Incidental parameters are nuisance parameters whose number grows with the sample size.
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the bias regardless of the existence of an information orthogonal reparametrization. This
result holds not only for dynamic binary choice models, but also for general non-linear
likelihood-based panel data models. Asymptotic properties for different N and 7 plans are
studied, and its performance in finite samples evaluated through Monte Carlo simulations.

Although this MMLE is only consistent when 7" goes to infinity, it is shown to be useful
in the estimation of models like a probit with lags of the endogenous variable and
exogenous variables in panels with just eight time periods. This is because its reduction of
the order of the asymptotic bias of the MLE, leads to a small finite sample bias in cases
where T is not very large, as shown by Monte Carlo simulations. The method gives a more
general framework for the estimation of non-linear models with fixed effects, compared to
the restrictive assumptions needed for using other estimators. For instance, it can be used
without being restricted to the logistic case.

Lancaster (2002) and Woutersen (2001) apply the information orthogonality idea to
integrated likelihood, following a Bayesian approach to the problem. Lancaster applies it
to linear panel data models with fixed effects. Woutersen derives the general properties of
the integrated likelihood estimator. Furthermore, he shows that all the properties derived
for the integrated likelihood estimator also hold for the modified profile likelihood
proposed by Cox and Reid (1987).

The rest of the paper is organized as follows. Next section presents the kind of models
whose estimation is studied in this paper, the alternative approach that we try to address
and its asymptotic properties. Section 3 shows some simulations of this alternative
approach to study its performance in finite samples and its usefulness for the estimation of
the policy parameters of interest. In contrast to the linear case, each one of the parameters
defined in the model does not capture on his own the marginal effect of the explanatory
variables. The effects are different for each individual, they depend on the fixed effects and
there is more than one measure that should be considered. In Section 4, a female labor
force participation model is estimated as an empirical illustration. The last section
concludes.

2. The model and the MMLE
2.1. The model

Let us consider the following panel data model:
Vi= Wy +X,0+n+v,=20 (¢=0,....,T—1i=1,...,N), (1)

where 1{c} takes value one if condition c is satisfied and zero otherwise. {1;},;__y describe
permanent unobserved heterogeneity among individuals and wv; reflects unobserved
random variables and shocks that individuals receive every period. As previously said, we
do not want to impose any restrictive assumptions on the distribution of #;, so we take a
fixed effect approach and therefore treat {#,};,_; _y as parameters to be estimated. For any
variable or set of variables z, z; denotes observation at period ¢ for individual i,
zi =A{zw, ..., zir—1}, 1.e. the set of all observations for individual 7, and z! are the set of
observations from the first period to period ¢ for individual i, z{ = {zj, ..., zi}.
Assuming that v; follows a parametric distribution, a natural way of estimating this
model is by maximum likelihood; to write down the probability of the sample and
maximize it in all the parameters: f, #,,...,4y. By doing so, it raises the incidental
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parameters problem, first considered by Neyman and Scott (1948). The intuition of the
incidental parameters problem is clear in this case. Only new observations for individual {
give new information about #; and more individuals, i.e. increments in NV, do not help with
the estimation of #; and add more parameters to be estimated. Therefore, the MLE of #; is
only consistent when 7 — oo. In the MLE of model (1), the inconsistency of the
estimations of #; is transmitted to the estimator of the other parameters. Conditioning on
the first observation, the log-likelihood is

N T-1

N
1G5, nn) =D L) =D > yixlogFiu+ (1—y;) s log(l = Fi)l,  (2)
i=1

i=1 =1

where it is assumed that—v; is independently distributed with cdf F and y = («, f).
Deriving with respect to 7, ny,...,ny, we get the first order conditions d, (y,n,) =
0li(y,n;)/on; and d,;(y, n;) = 0li(y,n;)/9y. MLE of 5, for given 7, ij,(y), solves d,,(y,n;) = 0.
The MLE of y is given by the maximizer of the so-called concentrated log-likelihood,
Z,N= Li(y,1;()), which solves the following first order condition:

N

ﬁ i=1

ni(y)
oy

_ _ 1 & A
{dﬁ(% 1:(7) + dy, (v, 1,(y)) } = E d,i(y,m,()) = 0. (3)
=1

= 7N 2

This first order condition or estimating equation of y depends on 7;, and evaluated at the
true value, y,, does not converge to zero in probability when N — oo for fixed T, since 7;
does not converge to its true value, #;,.

This problem can be overcome if the estimator of y can be derived so that it does not
depend on the incidental parameters. A way of doing this is by conditioning on sufficient
statistics for 7, However, it is not possible to find sufficient statistics for many of the non-
linear models used in econometrics. In particular, the logistic assumption is needed and,
even with that assumption, model (1) does not have a sufficient statistic. Manski (1987)
maximum score estimator is not restricted to a specific distributional assumption, but it
imposes strict exogeneity on all explanatory variables, excluding dynamic models.’

Honoré and Kyriazidou (2000) consider the estimation of fixed effects discrete choice
models like (1) and propose a fixed T consistent estimator. This estimator requires the
logistic assumption, &; to be serially independent over time, and additional restrictions
from the conditional approach they follow to eliminate the dependence on the fixed effect.
In the case T = 4 those additional restrictions are x; to equal x;3 or (xp — x;3) to be
continuously distributed with support in a neighborhood of 0, and (x;; — x;») to have
sufficient variation conditional on the event that x;,; — x;3 = 0. These restrictions rule out
time-dummies, for instance. The rate of convergence is slower than N ~1/2_ Furthermore,
the rate of convergence is decreasing as the number of regressors increases. If the logistic
assumption is relaxed, Manski’s insight is used and in addition to the former limitations,
the objective function is not differentiable, which makes the maximization more difficult.
So, for example, « and f in a dynamic probit of the form of model (1) do not have a good
estimator.

5See Arellano and Honoré (2001) and Arellano (2003) for surveys on fixed T solutions for discrete choice
models.
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2.2. Modifying the score of the concentrated likelihood

The traditional approach to the problem of estimating model (1) has been to look for a
fixed T consistent estimator because most of the micropanels have much larger N than T,
and the finite sample bias found when using some of the estimators that are consistent only
when 7" — oo is not negligible. Nevertheless, our goal is not necessarily to find a consistent
estimator for fixed 7, but an estimator with a good finite sample performance and a
reasonable asymptotic approximation for the samples used in empirical studies. Moreover,
as previously said, only partial solutions with restrictive assumptions have been found for
fixed 7, and, as suggested by the results in Honoré and Tamer (2004), identification
problems arise in a fixed-7 context when those assumptions are relaxed (see also
Chamberlain, 1992 and Arellano, 2003). Also, as shown by Alvarez and Arellano (2003)
for linear autoregressive models, the properties of some common estimators that are
optimal when T is fixed, may be quite different when both 7 and N tend to infinity. In
contrast to time series or single cross sections, panel data can exploit both dimensions for
identification and inference. Besides, panels with 7" = 2 are not so common in practice and
for values of T like 8 or 9 the finite sample bias of estimators that are only consistent when
T — oo might not be important. Given all this, we should not be restricted to fixed T’
consistent estimators and fixed 7" asymptotics.

Cox and Reid (1987) considered the general problem of doing inference for a parameter of
interest in the absence of knowledge about nuisance parameters. Their formulation requires
information orthogonality between the two types of parameters. That is, the expected
information matrix to be block diagonal between the parameters of interest and the nuisance
parameters. Therefore, they transform the nuisance parameters by reparametrization in
order to get information orthogonality, and then modify the likelihood. Their general
framework has been employed for static binary choice panel data models with fixed effects in
Arellano (2003). The idea is to modify the concentrated log-likelihood to correct the first
term on the asymptotic bias that comes from the estimation of the fixed effects. The first
order condition or estimating equation of the modified likelihood is more nearly unbiased
than the one using the concentrated likelihood. Arellano (2003) notes that the modified
concentrated log-likelihood can be written in terms of the original parameters.®

For the model considered in this paper, the modified first order condition expressed in
terms of the original parameters of the model is’

o ; i
) = T ~ 3 5= (ST + da ) T
nmmiNes i

0
4 (; Eld,i(r, m)])

< — o, 4
an; \Eldy (7o 1] @

1i=ni(y)

where d;(y, 7;(y)) = 0/i(7, n,,)/awn:% is the standard first order condition from the
concentrated likelihood, dy,i(y,n;) = 0*1;/0pOn;,  dypni(y, 1) = 0211 /On2,  dyyi(y, T1:(¥)) =

%It should be noted that the modified score expressed in terms of the original parameters used in Arellano (2003)
and here, does not correspond exactly with the score from the Cox—Reid modified likelihood. The suppressed term
is not invariant to reparametrizations and it is irrelevant for the purpose of bias reduction. See Arellano (2005).

"Here and all throughout the paper, even though it is not explicitly indicated, expectations are conditional on
the same set of information as the likelihood.
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63li/6y617f|":;15(y), i (0, () = 63l,~/6nf|n_=?(y), and 7],(y) is obtained from the first order
condition of #;, as it is done in order to concentrate the log-likelihood. Therefore, the
MMLE of y, Pype. is the value that makes d, Py e) = 0. i.e. the value of y that solves
the score equation (4).

2.3. Reduction of the order of the bias

Arellano (2003) shows that the modification of the standard ML score equation reduces
the order of the bias under the assumption that an information orthogonal reparametriza-
tion exits. The problem is that such reparametrization may not exist. Moreover, it is know
that in general an information orthogonal reparametrization is not feasible when y is multi-
dimensional, as in the kind of models considered here. In this paper all calculations are
made using the original parametrization of the model, showing that the reduction of the
order of bias made by the modification in (4) does not depend on an information
orthogonal parametrization. The order of the bias is reduced in models like (1) where the
parameters are not information orthogonal and it does not rely on the existence of an
orthogonal reparametrization. The modification on the score of the concentrated log-
likelihood (4) is a first order adjustment on the asymptotic bias, so the first order condition
is more nearly unbiased.

Denote d,; = 0/;/0y, d,,; = 0l;/0y0n,, and so on. Bold letters are used to denote vectors,
e.g. d,; = (0l;/00, 0l;/0p), as oppose to scalars like d,; = 0l;/0n;. dyio, dyio, dyyio, etc.,
denote d,i(vg, M) dyi(¥0- Mi0)> dyni(¥o» o) €tc., in other words the derivatives are evaluated
at the true value of the parameters.

We are going to take the log-likelihood of the T observations of an individual i. That
likelihood depends on y and on 7;, but it does not depend on any other ; where j#1i.
However, the result extends to the likelihood for all N individuals by simple additivity that
exploits the independence of observations between individuals.

Expanding the score of the concentrated log-likelihood around #;,, and evaluating it

at '}70:
dyi(0, 1:(20)) = dyio + 0T (¥0) — 1i0) + 3 dynio(:(v0) — 110)” + Op(T~172). Q)

Under the usual regularity conditions the first three terms are Op(Tl/ 2), Op(Tl/ %) and
O, (1), respectively, since, as usual, dy,io is Op(T), (1;(yo) — 110) 18 Op(T_‘/z), and d,,, is
Op(T). In the case of information orthogonal parameters made by Arellano (2003), d,, is
Op(ﬁ ). That difference implies that we are going to need a higher expansion for (7;(y,) —
1,0) to get a reminder of the same order once it is multiplied by d,,,. Eq. (5) clearly shows
that the score evaluated at y, differs from the value of the score that we want to get, d,io—
i.e. the score evaluated at both vy, and n,,—as much as 7,(y,) differs from #;,.

From Chapter 7 of McCullagh (1987), we have the following asymptotic expansion for
(:(v0) — 1,0) (compare also with Akahira and Takeuchi, 1982 and Ferguson, 1992):

(/Do 1 (/T dyyio = E[(1/ Tydyio]) 1
E[(1/Ddy] T E[(1/T) dyio]* vT
l l E[(I/T) dmmiO](l/T) dniOdm‘O
2T (—E[(1/T)dp))’

(ﬁi(y(]) - 771‘0) = dl]i()

+0,(T7?). (6)
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We also need the expression for (i7,(y,) — 171»0)2:
1 (I/T)dmodmo
T (E[(I/T)dnmo

Substituting some numerators in (6) and (7) by their expectations,® and making some
simplifications

@(v0) — 11)* = +0(T 7). )

(1/T)d o 1 E[(1/T)d yiodyio]
E[(1/T)dyiol ' T E[(1/T)d o]’
11 B/ Ddymio] | o =312 8
2T(E[(1/T)d,m,to])2+ ol » ©

1:(v0) — M) = —

-1

—~ -3/2
G0 =10 =7 FT 7T Tt O ©)

where we have made use of the information matrix identity,” and of the zero mean
property of the score: E[(1/T)d,] = 0.
Replacing (8) and (9) in (5)
~ (I/T)dnio 1 E[(I/T)dnr[iodniO]
dyi(y0,1; =dyo —dypio 577y St dmio——— 5
00 1i00)) = o = o g T Y B (4 Ty o

11 E[(l/T)dmmiO] —3/2

D LLLLSEY WX A
2T "B/ Dydpo)® " )
11 1

=5 7 bio ST
2T E[(I/T)dimiO]

+ dyyyioOp(T72) + Op(T 2. (10)

Since both d,o and d,,,i0 are Op(T),
~ 1 1 1 E[(l/T)drmiodniO]
d i s Hi = di ey ———— Ji d;t + = (T
o ('))0 n (Y())) yi0 — (I/T)dmuo WO ni0 T yni0 E[(I/T)dnq[()]z

G UL B/ Ddyyel 111
27 " B[/ Do)’ 2T """ E[(1/T) dyyio]

+O0(T7'7). (11

Taking expectations,
E[d,i(yo, 7:(v0))] = 71E1 d —I—lEld i
yilY0> Ni{Yo E[(1/T) Aol dyyi0dyio ) T Crmio
n E[l d ‘0} (E[(1/T)d yiodyio) + 1/2 E[(1/T)dyyio])
T E[(1/ T)d )’

+O(T7h, (12)

The reminders from this substitution (¥ = (1/T)Y_,x; = E(x) + O,(T~"/2)), once divided by the 1/7T that
multiplies each term, is of order Op(T’3/2). This is why the first numerator in (6) cannot be substituted by its
expectation; because that term is not multiplied by 1/7.

°Information matrix identity: —E[(1/T)d,0] = E[(1/ T)d,iodyi0)-
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where the reminder is of order O(7 ") because the Op(T_l/ %) terms have zero mean (cf.
Ferguson et al., 1991, p. 288 and appendix). Therefore, the score of the concentrated MLE
has a bias of order O(1).

To make the expansion of the score of the modified log-likelihood we need the following
results:

0
o, (E[dyi(,1)D) = Eldyi(y, n)] + Eldyi(y, n)dyi(y, n)l, (13)

0
671’]« (E[dﬂni(% n)l) = E[drmm’(ya n)l + E[dtmi(ya ni)dni(% nol- (14)

Differencing d,(y,7;(y)) = 0 with respect to y

N o
dypyi (7, 1:(y) + dyyi(y, 1:(y)) ’g;)’) —o, .
oni(y) R
= ' e 16
oy~ droaGy ) "
Therefore,
n;(¥o) _ E[d,i0] + Op(T1/?). "

a'y E[dnm‘()]
In Eq. (4), the modified score for 7 is

1 1
2 d;mi(?a 77\1(’))))

0 1
— | =——= E[d,,,i(v,n;
o, (E[dm,(y, i1 )])

Using the results in (13) and (14), and focusing on the difference d, () — d,i(y, n,(y)), since
we already have the bias of d,(y,,(y)) in Eq. (12):

. o
dyasi(y) = dyi(9,7,(v)) — 17,(?)>

(i) + i)

(18)

n;=n;(y)

I S
2 dm]i(% ﬁz(y))

1
B )]

1
_—Ed”’i Edii,i
EdoGrmn)? - DN E s 1,2)]

+ E[d i (v, n:(0)dyi(p, 1:(y)D)- (19)

Evaluating (19) at y,, substituting (17) on it, using the fact that #,(y) = n,, + Op(T_l/z)
and adding 1/7 accordingly on the numerators and denominators while substituting the

o7
dej(V) - dyi(% n,() = ’71(?)>

(dy}mi('y: ;]\l(’)))) + dmmi()’a 77\1()’)) a—y

(E[dyi(y, n,(v)] + Eldyi(y, n;(0))dyi(y, n,()])
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different terms by their expectations,'®

dyvi(70) — dyi(y0, 1:(%0))
_ 1 1 1 N E[(I/T)d; ;iO] l )
= 3B/ Dyl (E {T d”’””] EIL/ T dyyo] - [T d’”’OD

+ m (E |:T dy;mio] + E |:? dy;]iodﬂio])

(EI1/ Tyl + EI(/ Ty [1 i
B E D) E[T d”“()} O (20)

Then,

1 1 I _[1
E[d, 7i(70)] = Eldyi(vo, 1:(v0))] + 7E[(1/T)d o (E [T dvniOdmﬂ} + ) E [T dvnnio} )
nni

_E |:l d. . :| (E[(I/T)dnniodniO] + 1/2E[(1/T)dm177i0])
yhi0 2 .
(E[(I/T)dnm‘O])

T

Combining (21) with (12) shows that the modification of d,;(y,7;(y)) in (4) reduces the order
of the bias of the score of the MLE from O(1) to O(T~"). For the estimator this implies
that Jy;vg is unbiased to order O(T~2), whereas ) has a bias of order O(7T!).

Therefore, under standard regularity conditions the MMLE of y, Yy, defined as the
value that solves the score equation (4), has a bias of order O(7~?2), as opposed to O(T})
of the MLE.

A much simpler setting is considered to show some intuition behind the proposed
modification and the presented result. Consider the model where yi,;N(n[, 63). The ML

1)

estimator of ¢} is Jyp = (1/NT)Y., S,y — 11:)%. It is well-known that Jyp is not a
consistent estimator of 63 when N — oo with fixed T, since it converges to (T — 1)/T)s3. In
terms of the first order condition of the concentrated log-likelihood, the problem is that the
expectation of the score d,(y), evaluated at the true value o3 is not equal to zero. d,(y) equals
—(NT/2)(1 /) + (/29350 — 7%, and E[d,(y)] evaluated at y =0} is equal to
—N/20d3. So, —N /263 is the bias of order O(1) in the score equation. It can be easily shown
that the modified score equation (4) in this example is dy(y) = dy(y) + N /2y. In this case the
modification is only N /2y because 0(2) and 5, are information orthogonal and, therefore, many
terms in (4) cancel out. From the modified score equation, dy(y) =0, we obtain that
Pmmee = (1/N(T — 1))2,&12[1 (v, — 7,)*, which is the fixed T consistent estimator of 3.
The modification is removing the bias of the score equation. The expectation of the modified
score is correctly centered: E[d,y (7 = 63)] = E[d,(y = 63)] + (N /203) = 0. In general, as in the
dynamic discrete choice models considered in this paper, the modified score will not be exactly
centered at zero, but it will have a bias of smaller order of magnitude, as shown in this section.

2.4. Consistency and asymptotic normality

This subsection shows that the MMLE, as the MLE, follows a normal distribution
asymptotically, under the classical asymptotic setting. Also, that the MMLE has no bias in

10Substituting each term by its expectation rises a remainder term of order Op(T’l/z) with zero mean.
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its asymptotic distribution even when N grows faster than T, provided T grows faster than
VN, in contrast to the MLE that has a bias in its asymptotic distribution unless 7" grows
faster than N. All this is just an implication of the order of the bias of both estimators. It is
important to note that, given the class of models considered here, for which the usual
regularity conditions apply, we are just using the standard asymptotic results of the MLE.
For the MMLE that standard asymptotic theory also applies, with the only differences
coming from the reduction on the order of the bias.

Consistency: In the classical asymptotic setting the basic result for maximum likelihood
estimation states that Jy g is consistent as 7 — oo. In the same setting the MMLE of 7 is
also consistent as 7" — oo, since the average score of both converge to the same object as T
increases.'!

From (11) and (12), by simply summing over independent i-observations, we can write

LzN:d( 7:( ))—LZN:(] +\/Eb +\/l(l +\/£c (22)
mi:l yi\Y0> i Yo _mizl yi0 T N T2 N T3 N>
where by = (l/N)Z,].\;1 b;,
—1 1 1 1
i = o7 | E |7 dyiodyi S E |7 dypyi
b= T3 ([ o]+ 38 4o )

L E [i d } (E[(1/ T)diodio) + 1/2E[(1/ T)dlyynio)]
" EL(1/ T)dyl

b}

T

ay=1/NXN a, a is T times the Oy (T~'/?) terms of the remainder,
cN:(l/N)Zfilci, and ¢; is T times the Op(T_]) terms on the remainder of (11).
Therefore, b;, a; and ¢; are Op(1).

For the MMLE (22) is

;ZN:(] (q)—;z/v:d +1/ﬁa + /ﬁc (23)
\/ﬁi:] yMi(Yo _«/Wizl yi0 T2 N T3 N-

In the context of the models considered in this paper, a standard central limit theorem
applies to the true score d;(y,#;) = 0/;(y,n;)/0y so that we have

N
~1/2 1 ~ d
Va2 S dylro, i) —> N, D), 24
NT JINT £ 4i(Y05 o) (0,1) (24)

where VX,IT/ ? comes from the outer product of the score.

If N/T — ¢, 0<c<oo, from (22) and (24)

py2) 1 zN:d-(y e ))_\/EbN ~L N, D). (25)
NT /—NT £ Yi\s0> '1i\70 T ’

From a first order expansion of the concentrated score around the true value we obtain
the usual expression for the estimator:

N
Hyrv/NT (e — 70) = — «/LN—T > 4o, i (v) + Op («/;N—T) (26)
i=1

"It is important to make clear that for models like (1) not only the MLE but also MMLE are inconsistent for
fixed T, since the modification corrects first order bias but not biases of smaller order.
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where
N

1 Od,i(y,7(v))
" NT ; oy

Combining (25) and (26),

Hyt

Y=Y0

/ — ~ 1 _ d
(H'yr VypHyr)' VNT (vMLE —n+g HN‘TbN) — N(.D). (27)
Therefore, Py g has a bias of order O(7T~!) in its asymptotic distribution, whenever T

does not grow faster than N. However, for the MMLE, if N and T grows at the same rate,
from (23) and (24) we have

N |-
pLi {ﬁ ; dyM,-(yo)} ~L N, 1), (28)

Again, using the first order expansion of the modified score

| — 1
H V/NTG, )= ——— > dwmi(yy) + O (—) 29
NT (YmmLE — V0) m; M (o) p \/ﬁ (29)
where
1 L ad,mi(y)
HJTVT = :
T; 0 ly=po

Finally, combining it with (28) we have
/ _ ~ d
(H Yy Ve Hy ) P VNT Gy — 10) — N(O, ). (30)

This result in (30) is not only when T grows at the same rate as N, but also even if
N/T — oo, provided ~/N/T — 0. This is because the Op(T_l/z) terms included in @; in
Egs. (22) and (23) have zero mean.'? As it has been already noted, this is an
straightforward result from the order of the bias of Py k-

Appendix A has the calculations needed in order to compute d, (o, f) for a particular
model of the type considered in this paper. In Appendix B, I address the problem of how to
optimize a concentrated likelihood when 7;(c, ) cannot be analytically calculated.

Given the results presented in this section, the finite sample bias of the MMLE may be
negligible for moderate T even though, in general, it is only consistent when 7" — oco. A
main advantage of this way of estimating over other methods is its generality. Estimators
like the ones mentioned in Section 2.1 are too specific and require very restrictive
assumptions. However, MMLE can be applied to different models with different
assumptions. For example, this method does not depend on the logistic assumption and
it allows for time dummy variables. It could be used with more lags of the endogenous
variables included on the set of explanatory variables. Also, MMLE could be generally
applied to multinomial choice models and other non-linear model, not only to binary
choice.

In addition to those properties, MMLE is a convenient estimator to compute the policy
parameters of interest because the fixed effects are estimated as part of the estimation

2Woutersen (2001) proves that result for the integrated likelihood estimator. Li et al. (2003), consider a
different adjustment to the MLE and derive its double asymptotic properties, too.
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process whereas in the fixed 7" consistent estimation you get rid of them, and the marginal
effects depend on the fixed effects. Furthermore, asymptotic properties in both N and T,
have to be considered since the estimates of the marginal effects are only consistent when
T — oo.

3. Monte Carlo evidence

In this section Monte Carlo simulations are used to evaluate the performance of the
MMLE in different sample sizes to see if this new estimator has good properties in finite
samples, and its asymptotic distribution is a good approximation.

3.1. Parameters of the model

The first model considered is a dynamic logit:
vy = Hoyy_y + pxir +n; + v, =20} (¢=0,...,T—-1L;i=1,...,N), (31)

where x; is an exogenous variable, #; is an unobservable individual effect and —v; is
independently distributed with cdf F conditional on #;, so that

Pr(y;, = Un, ¥ xi) = F(oy,_, + Bxi +n;) = Fi (32)

and F is the logistic cdf. I have considered this dynamic logit because under additional
conditions Honoré and Kyriazidou (2000) have a consistent estimator for fixed T, so I have
an estimator to compare it with. I will refer to the estimator proposed by them as HK. I
design the experiment as they did, so that my results could be compared to the ones they
report. One practical disadvantage of their estimator is that it requires to choose a
bandwidth and the results may be negatively affected by that election. Another difference
is that their estimator excludes observations for which y; =y, and MMLE excludes
observations for which Z,T:]I vy =0or Z,T;ll y, = T — 1, like the MLE."* The proportion
of observations used in the latter estimator is increasing with 7 whereas, in the former case,
it remains constant.

As in Honor¢ and Kyriazidou (2000) I have made a 1000 replications, f, = 1, x; is i.i.d.
N(0,7?/3), v is i.i.d. logistically distributed, and 1, = (xjo + Xx;1 + Xi» + X;3)/4, so that the
fixed effects are correlated with x. For each simulated sample I have estimated
by maximum likelihood and by modified maximum likelihood. HK estimations are
taken from the tables reported in their paper. I report results with samples of different
N and T size. 1 expect the MMLE to improve much more with 7" than with N, whereas
HK estimator has a significant improvement with N since it is fixed 7 consistent.
I show the median bias and the median absolute error (MAE) because they are robust to
outliers, and to be able to compare with results presented in Honoré and Kyriazidou
(2000).

Table 1 reports the estimates of the parameters for a value of oy equal to 0.5. For T = 4,
though the bias is greatly reduced compared with MLE, the median bias and MAE of
aMmMLE is far from the results obtained by Honoré and Kyriazidou. This is not surprising
because, as I said, MMLE is not a fixed T consistent estimator whereas HK is, and I am

Note that T is the total number of periods and 7 = T — 1 is the last period we observe since the first one is
t=0.
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Table 1
Logit design with different N and T values
N T=4 T=28
250 500 1000 250 500 1000
MLE ﬁ Bias 0.759 0.768 0.759 0.248 0.253 0.254
ﬁ MAE 0.759 0.768 0.759 0.248 0.253 0.254
o Bias —2.548 —2.513 —2.55 —0.757 —0.746 —0.741
o MAE 2.548 2.513 2.55 0.757 0.746 0.741
MMLE ﬁ Bias —0.054 —0.053 —0.057 0.012 0.015 0.015
ﬁ MAE 0.068 0.055 0.057 0.039 0.031 0.022
o Bias —0.554 —0.543 —0.563 —0.106 —0.104 —0.097
o MAE 0.554 0.543 0.563 0.127 0.111 0.098
H and K ﬁ Bias 0.076 0.044 0.038 0.014 0.007 0.009
B MAE 0.154 0.113 0.086 0.05 0.037 0.027
o Bias —0.039 —0.052 —0.035 —0.053 —0.054 —0.041
o MAE 0.403 0.256 0.178 0.131 0.098 0.075

Logit design: y;, = 1(o;,_ + fxi +n; + 0i =0); fo = 1; 090 = 0.5; 7, = (1/4)Zf:]x,-,; xii~N(0, n* /3); vy ~logistic;
1000 Monte Carlo simulations. Median bias and median absolute error (MAE) are reported.

comparing both with the smallest 7"size we could have for estimating this kind of models.'*
However for a T as small as 8, the MMLE has a MAE comparable to HK. So, reducing
the order of the bias allows us to use a consistent estimator when 7" — oo, with samples of
moderate T size. As expected, the MMLE does not improve with N as HK does.
Compared with MLE, MMLE performs better with 7 = 4 than MLE with T = 8.

I have simulated two different values of o because the larger the ¢, the greater the serial
correlation of y;,, and I expect that the estimator performs worse, as it happens with the
HK. Results are shown in Table 2. Again, estimates are greatly improved compared with
MLE as they were for smaller values of «.

In order to asses the merits of the modification reducing the order of the bias with
respect to 7, Table 3 reports the results for 16 periods. The MLE of o has still an
important bias, however the MMLE is now the best one of the three estimators.

One of the advantages mentioned of MMLE with respect to the estimator proposed by
Honoré and Kyriazidou estimator is its generality. The model simulated can be estimated
by both methods, but if we want to estimate a probit instead of a logit, HK has to use
Manski’s insight and Honoré and Kyriazidou (2000) do not report estimates of o and f8
separately in this case. Nevertheless, MMLE works in the same way and keeps its
theoretical properties regardless the distribution of v;, to the extent that the MLE is a
general method of estimation for different distributional assumptions. We now have the
following model:

Pr(y, = 1|’7iay1[‘71’xi) = (g + Pxi +1;) = P, (33)

where @ is the normal cdf.

“Estimates are conditional on the first observation.
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Table 2
Logit design with oy =2, 7' = 8 and different values of N

250 500 1000

MLE MMLE HK MLE MMLE HK MLE MMLE HK

ﬁ Bias 0.270 0.019 0.016 0.265 0.015 0.014 0.265 0.016 0.016
ﬁ MAE 0.270 0.045 0.064 0.265 0.032 0.044 0.265 0.023 0.034
o Bias —0.654 —0.226 —0.195 —0.647 —0.218 —0.179 —0.647 —0.218 —0.16
o MAE 0.654 0.227 0.227 0.648 0.218 0.197 0.647 0.218 0.164
Table 3
Logit design with 7= 16 and N = 250

oy = 0.5 oy = 2

Results for § Results for o Results for § Results for o

Bias MAE Bias MAE Bias MAE Bias MAE
MLE 0.099 0.099 —0.312 0.312 0.108 0.108 —0.297 0.297
MMLE 0.005 0.023 —0.022 0.067 0.006 0.027 —0.044 0.084
HK 0.005 0.029 —0.053 0.074 —0.003 0.034 —0.200 0.201

Table 4 shows the simulation results for a probit with different values of N, T and o.
The conclusions are the same as in the logit case and, in terms of MAE, they perform
similarly. In Table 4 a situation with 10 periods is included. It is clear how it improves
quickly with the number of periods and with 16 the median biases for the MMLE are less
than 5% of the true values. Again, the MLE is severely biased even for the 16 periods case.

Estimation of the variance: The most common way of estimating the asymptotic
variance—covariance matrix of the estimator in a maximum likelihood framework is using
minus the inverse of the Hessian matrix—denoted by (—H LT)_I—evaluated at the
estimated values. Looking at the asymptotic distribution in Egs. (27) and (30) and given
the asymptotic relations of the MMLE and MLE when both N and T go to infinity, there
are four more consistent estimators of the variance—covariance matrix. In Table 5 I report
the five measures and the comparison with the variances found in simulation and the
percentage of times that the confidence intervals cover the true parameter values for each
variance’s estimator. The coverage of the intervals is less than 95% mainly because they
are not centered. Centering them using the mean bias of the estimates, the coverage rate is
very close to 95%. Looking at the results, all of them are quite similar and (—H jVT)*l is the
easiest choice since it is calculated as part of the optimization process.

3.2. Policy parameters of interest

In binary choice models like (1), f§ is of interest since some economic hypothesis impose
testable restrictions on its sign or magnitude. Also, the f coefficients give the relative

'SAlthough we are using a concentrated likelihood, the Hessian has to take into account that the ; are also
being estimated. In Appendix B, I explain how I have addressed this problem.
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Table 4
Probit design with different N, 7" and « values
oo T N MLE MMLE
Results for § Results for o Results for B Results for o
Bias MAE Bias MAE Bias MAE Bias MAE
0.5 4 250 0.745 0.745 —2.665 2.665 —0.051 0.061 —0.450 0.450
500 0.739 0.739 —2.634 2.634 —0.047 0.050 —0.434 0.434
1000 0.715 0.715 —2.596 2.596 —0.053 0.053 —0.432 0.432
0.5 8 250 0.236 0.236 —0.781 0.781 —0.032 0.042 —0.078 0.119
500 0.230 0.230 —0.777 0.777 —0.036 0.039 -0.077 0.090
1000 0.232 0.232 —0.780 0.780 —0.035 0.035 —0.081 0.084
0.5 10 250 0.168 0.168 —0.591 0.591 —0.026 0.034 —0.057 0.094
500 0.164 0.164 —0.578 0.578 —0.029 0.031 —0.044 0.072
0.5 16 250 0.086 0.086 —0.314 0.314 —0.016 0.027 —0.007 0.067
500 0.089 0.089 —0.329 0.329 —0.013 0.019 —0.022 0.048
2 8 250 0.262 0.262 —0.691 0.691 —0.039 0.046 —0.248 0.248
500 0.266 0.266 —0.700 0.700 —0.035 0.038 —0.256 0.256
1000 0.260 0.266 —0.693 0.693 —0.038 0.038 —0.253 0.253
2 10 250 0.195 0.195 —0.536 0.536 —0.035 0.041 —0.174 0.179
500 0.191 0.191 —0.534 0.534 —0.037 0.039 —0.173 0.174
2 16 250 0.104 0.104 —0.308 0.308 —0.018 0.028 —0.072 0.090
500 0.108 0.108 -0.317 0.317 -0.014 0.021 —0.080 0.084

Vi = Wowy_y + Bxie +n; + v =0); fo=1; 5, = (1/4)2?21)(,‘,; Xi~N(0, 72 /3); v;,~N(0, 7%/3); 1000 Monte Carlo
simulations.

impact of the explanatory variables on the probabilities of (y; = 1). Nevertheless, even
though the micropanel literature has emphasized the fixed 7 consistent estimation of f, in
models like model (1) with two x variables, say x; and x», the effect of a change in x| over
the expected y for an individual i (or the effect of a change in x; over the probability of
(y; = 1), or the marginal effect of x) is

0 0
aTqED’MXa nil= aTch(ﬁlxl + Boxa +n;) = Bif (Brx1 + Boxa + 1)) (34)

when x; is a continuous variable and

Eli|x16, X2, 1] — B[y | X145 X2, ;] = F(B1 X165 + Box2 +1;) — F(B1X14 + Bax2 +1;)
(35)

when we want to know the effect of changing x; from value x;, to x5, as it happens if x; is
a discrete variable. In Eq. (34) f denotes the pdf that corresponds with distribution F.
These two measures depend on the levels of all the explanatory variables and on the
permanent unobserved heterogeneity #,;. So, the effect differs among individuals due to
their unobserved heterogeneity and the values of x and y that each one has.
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Table 5
Estimates of the variance
Mean RMSE CI, 95% (%)
Var@)
Value in 1000 simulations 0.011299
(H’r’ V*‘IH*/)*I 0.010755 9.726 x 10~* 85.5
' vty 0.011786 9747 x 1074 87.7
(H'VH)! 0.011734 9.407 x 107* 87.2
—_H! 0.011212 4.123 x 10~ 86.7
—_gt-! 0.011259 4219 x 107* 88.9
Var(p)
Value in 1000 simulations 0.001596
v ) 0.001682 1.908 x 10~ 94.2
(HT/ V—IHT/)*‘ 0.001815 2.827 x 1074 94.8
(H'VH)! 0.001781 2.464 x 1074 94.4
—H! 0.001696 1.497 x 107 94.0
_gt-t 0.001715 1.712 x 107* 94.2

Vi = 1wy + B+ 1+ 022010 N=500; T=8 ay=05 fy=1 n =0/ L xi: x~NO,7/3);
v;,~logistic; 1000 Monte Carlo simulations.
Column CI 95%: percentage of 95% confidence intervals that contain the true value of the parameter across 1000

simulations. Intervals based on the normal asymptotic distribution. Intervals are not centered, so CI =

G+ 1.96 x Var(3) and f = 1.96 x Var(f). Mean bias Gymie = —0.090; Mean bias Sy g = 0.015.

Usually, the mean effect for all individuals is what people want to calculate. But more
than one mean can be considered, depending on the economic question. Some average
measures found in literature are:

e The effect of an increment in x| over the probability of y = 1, for an individual with the
average characteristics:

F(B(ECxii) + 1) + prE(x2i) + E(1;)) — F(B1E(x1i0) + fE(x2i1) + E(n))). (36)
e The expected effect over the probability of y = 1 of going from xj, to xip is
E(n,xz)lxl(Eq' (35))

= / [F(Bix1p + Baxz + 1) — F(B1x1a + frx2 + 01 d Gy, (0 X21X10), - (37)
Ni>X2i
where G is the conditional distribution function. This is the parameter of interest

estimated in Altonji and Matzkin (2001).
e Taking the average over the marginal distribution of 7,

/ / [F(B1(x10) + Boxa 1) — F(Brxia + B + 1)1 4Gy (1) dGoyp, G2lv1). - (38)
x2 I
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Table 6

Sample counterparts of the population parameters of interest

Pop. Sample counterpart

(36) [F(B i1+ D) + ByX2 + 1) — F(B1%1 + X2 +77)]

G7 (1/Na) S IF(By X1 + Baxain + 1) = F(Bix1a + Baxai + )1 1wy,

(38) (1/Na) S {1/ N) ST FByxus + Boxai + 1) — F(Brx1a + Boxain + 1) =,
(9 (1/N) S TF(Broxis + Boxai + 1) = F(Byxia + Baxai + )]

where X = (l/N)Zfile,, M= (I/N)ZZLV/,' and Na = Zfil H{x1ir = X14}-

“When x is a continuous variable, 1{x; = x,} will be substituted by a kernel density function.

This measure corresponds with the derivative of the average structural function (ASF)
defined in Blundell and Powell (2003).'

e Chamberlain (1984) proposed as a parameter of interest the mean effect for a randomly
drawn individual:

/ [F(B1x15 + Boxaie + 1) — F(Byx14 + Brx2ic + n)1dG(n;, x2i1). (39)
Ni>X2

All the above are population measures. If we have a random sample of (y;, xi, ;)
i=1,...,N;t=0,...,T — 1, knowing f, the sample counterparts, for the effects on a
specific period ¢, are in Table 6.

In Table 7 I show some of the parameters of interest described and their estimates by
MMLE and MLE for a simulated sample. They can all be estimated, just replacing «, f8
and #,; by their estimates. The measure corresponding to Eq. (38) is different from the one
corresponding to Eq. (37) because (38) is using the marginal distribution of the fixed effect;
therefore, it is ignoring that there is positive correlation between the explanatory variables
and the fixed effects. The MMLE is clearly improving the estimation comparing it with
the MLE.

On the other hand, depending on the economic matter analyzed, we may need not only
the mean, but also other descriptive statistics such as the variance, the percentiles or even
the whole distribution of the effect on the population. In addition to that, the mean is very
descriptive (in a statistical sense) in most of the linear models found in the literature but it
may not capture relevant features of the distribution in binary choice models. In models
like (1) individuals choose one option depending on whether they are above or below a
threshold, and a change in x produces a change in the probability of being above that
threshold. This means a greater effect on those who are close to the threshold and a small
effect for those who are far away from the threshold. The mean effect may be between
those two groups of individuals and it may not be relevant for most of the population.

1Blundell and Powell (2003) consider models with endogenous regressors. In model (1) the unobservable part
has two components: an exogenous shock v;, and permanent unobserved heterogeneity #; possibly correlated with
the regressors. So the endogeneity in this case comes from #,.
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Table 7
Mean effects of y;,_; = 1 on the probability of y;, = 1 computed according to the different measures presented in
Table 6

Value MMLE MLE
Vi1 =0
Joint (37) 0.199 0.164 0.059
Marginal (38) 0.162 0.133 0.046
Va1 =1
Joint (37) 0.198 0.157 0.056
Marginal (38) 0.160 0.132 0.046
Average (39) 0.198 0.160 0.057
Yie = Howy_y + Pxie +n; + v; =0}. Dynamic logit case: ap =1,y = —1, 5, = N(0,1), x;y = n;+ N(0,1), vy is
iid. logistically distributed. N = 10000, 7 =38: Effects of y,_; =1 on the probability of y,=1:

{F(ax+ Bxi +1;) — F(Px;s +n;)}. The numbers in parentheses refer to the equation that define each measure.

Depending on the kind of economic study, we may only be interested on the effect over
people with certain characteristics and situations, for example those who are near the
threshold. In such case, the mean is not only a non-representative measure, but also could
lead us to misleading conclusions.

I conduct a Monte Carlo experiment with 1000 replications of the logit model (31), with
oo =1, Bo = 1.5, 5, = (xj0 + xi1 + Xin + x13)/2, N = 500 and eight periods. Results on the
estimation of the quantiles of the distribution of the effect of a change in x;7_; over the
probability of (y;7_; = 1) are in Table 8. The results are reported for all individuals in the
full simulated sample with the true parameters’ values, for the sample of movers, i.e. for
the sample actually used on the estimation, with the true parameters’ values, with the ML
estimates of the parameters and with the modified maximum likelihood estimates of the
parameters. The sample of movers excludes those i observations whose sum of y;, for the
last 7" — 1 periods is equal to zero or 7' — 1. We call these individuals stayers, as opposed
to movers, because they take the same decision over all the sample period. In this
experiment the proportion of stayers is around 30%. The improvement using the MML
estimates compared with ML estimates at all quantiles is clear in terms of both bias
reduction and root mean square error, particularly at the highest quantiles. The MML
estimates are quite close to the true value based on the sample of movers. However, if we
compared them with the true value based on the full simulated sample, there are more
differences for the lowest quantiles. Those that are less affected by a change on the
explanatory variables, are those with higher probability of not changing their decision on
the sample period. It is important to note that this problem, as the estimation of the
model’s parameters on finite samples, depends on the number of periods available. The
estimation of the parameters of interest by MML presented in Tables 7 and 8, are
consistent when 7 goes to infinity and they clearly improve the finite sample performance
of the MLE.

Fig. 1 is the smoothed distribution of the effects described in Table 8, but from a
simulation with N = 10000. The main feature is the bi-modality. Individuals around the
first mode are those with a small effect due to that the levels of their observable variables or
the levels of their individual effects are such that they have very high or very small
probabilities of y;, = 1, and a change in x;r scarcely affects them. Observations around the
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Table 8
Quartiles of the distribution of the effect of a change in x;7_; over the probability of (y;7_; = 1)
Full Movers MLE MMLE
Minimum 0.0000 0.0001 0.0000 0.0001
Mean Bias —0.0001 0.0000
RMSE 0.0002 0.0001
25% 0.0266 0.0395 0.0166 0.0385
Mean Bias —0.0229 —0.0010
RMSE 0.0236 0.0059
Median 0.1195 0.1475 0.1189 0.1461
Mean Bias —0.0286 —0.0013
RMSE 0.0327 0.0124
75% 0.2788 0.2968 0.3495 0.2909
Mean Bias 0.0526 —0.0059
RMSE 0.0572 0.0160
Maximum 0.3750 0.3750 0.5057 0.3667
Mean Bias 0.1307 —0.0083
RMSE 0.1337 0.0168

1000 Monte Carlo replications of the logit model (31), with ag = 1, fy = 1.5, 1; = (xi0 + xi1 + X2 + x3)/2, N =
500 and 7 = 8. Mean bias and RMSE calculated with respect to the sample of movers, which is the sample
actually used on the estimation of model’s parameters.

Smoothed Density

0.05 0.15 0.2 0.25 0.3 0.35
Effect
rrrrrr Full simulated sample —— Movers' simulated sample
— Using ML estimations Using MML estimations
Fig. 1. Smoothed density of the effect of a change in x;7_; over the probability of (y;;_; = 1) for a simulated

sample from the logit design, with 7= 8 and N = 10000.

second mode are those with higher effect and, in this simulation, most of the individuals
are in that region. The mean effect (0.15) is between those two groups and it is only
relevant for a very small part of the population. Although Sy i is severely biased, looking
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at the mean effect based on ML estimations (0.16), it does not have much bias in this
particular case because the MLE overestimates the frequency density of the smallest effects
and the greatest effects, being balanced on average. Comparing the four densities, it can be
noticed that the MLE misestimate the second mode and the densities around it
significantly, whereas MMLE describes the distribution more accurately.

4. Empirical illustration

In this section, I illustrate the use of the modified maximum likelihood method by
estimating an empirical model of female labor force participation. This empirical
illustration is similar to some of the specifications estimated in Hyslop (1999), although
there are some differences that makes a direct comparison difficult. Essentially, Hyslop
uses a different sample period, random effects instead of fixed effects and AR(1) instead of
white noise errors. In this empirical illustration, as in Hyslop (1999), children variables are
assumed to be strictly exogenous with respect to ¢; in Eq. (40). However, children variables
are allowed to be endogenous with respect to #,;. Moreover, in contrast to random effects
approaches, no restrictions are placed on the form of the dependence between effects and
children variables.'’

I use data on 1461 married women corresponding to waves 12-22 of the Panel Study of
Income Dynamics (PSID). Sample information is for 10 calendar years 1979—-1988. Only
women continuously married, aged between 18 and 60 in 1985 and whose husband is a
labor force participant in each of the sample years, were included in the sample.'®

The estimated equation is

Vi=UWow,_ +x,p+n+e=0 (¢=0,....,T—1;i=1,...,N), (40)

vy, takes value one if women i participate in period ¢ and zero otherwise.
xi; = (Hchildren0—2;;_,, #children0—2;,, #children3—>5;,, #children6—17,,, log income;, time
dummies, and a quadratic function of age), where #childrena—b is the number of children
aged between a and b, logincome is the log of husband’s labor income deflated by
Consumer Price Index and age is wife’s age. ¢; is assumed to be an independent and
identically distributed normal variable. So it is a dynamic probit model.

Most women in the sample participate at least one period. Just 8% never participate.
Almost half of the them participate all the last nine periods. We are conditioning on the
first observation to avoid the sample initial conditions problem.

Table 9 shows the results of the estimation of model (40) by MLE and MMLE. There
are significant differences on the estimated parameters. The MLE is underestimating the
true state dependence effect and overestimating the effect of the other variables. As a
result, the impact of previous participation on the probability of participating is estimated
to be, in absolute value approximately 1.4 times the impact of a child aged between 0 and 2
using MLE and 2.7 times using the MMLE. So, the estimate by MLE of the impact of
previous participation relative to the impact of a child aged between 0 and 2 on the

In Carro (2003) I study the same problem as in this empirical illustration but I consider more general
specifications and assumptions. For example, I take into account specifically on the estimation of the model that
the number of children variable could be affected by past participation decisions.

¥ As in Hyslop (1999), an individual is defined as a participant if they report both positive annual hours worked
and annual labor earnings.
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Table 9
Estimates of some of the parameters of model (40)
o #Children 0-2, #Children 3-5 #Children 6-17 Log(income)
MLE 0.753 —0.534 —0.283 —0.078 —0.253
(0.043) (0.064) (0.055) (0.043) (0.055)
MMLE 1.081 —0.400 —0.183 —0.038 —0.209
(0.042) (0.058) (0.050) (0.039) (0.051)

Standard errors are in parentheses.

probability of participating, which is approximately given by the ratio a/f, is a half of the
value obtained when using MMLE.

5. Conclusion

I have applied the modified maximum likelihood estimator (MMLE) to dynamic panel
data discrete choice models with fixed effects, using a modification expressed in terms of
the original parameters of the model as in Arellano (2003). I have shown that the MMLE
reduces the bias of the estimated parameters from O(7 ') to O(7~?) (without increasing
the asymptotic variance), even if there is no information orthogonal reparametrization.
Given that reduction on the order of the bias, the finite sample bias may be negligible for
moderate 7 and the estimator has good asymptotic properties (in an N and 7 asymptotic)
even in situations in which N grows faster than 7. Monte Carlo experiments have shown
that there is a small bias in probit and logit models with a lag of the endogenous variable
and exogenous variables for eight time periods.

One of the main advantages of this approach over other methods for estimating panel
data binary choice models is its generality. For example, it is not restricted to the logistic
case. This method is generally applicable and it has the same asymptotic properties
regardless of the distribution of the errors.

In addition to that, MMLE allows to get sensible estimates of the different policy
parameters of interest considered in the literature: summary measures of the effect of a
change in x over the probability of y = 1. In contrast to linear models, the expected effect
is different for each individual and it depends on the fixed effects. The mean of that effect
across all individuals may not be the parameter of interest, but we may need the
distribution of the effect of a explanatory variable. Using MML estimates of model’s
parameters improves significantly the estimation of that distribution with respect to the
ML case. Another advantage of the approach considered in the paper is that the fixed
effect, needed for the calculation of the parameters of interest, is estimated as part of the
estimation process whereas in the fixed T consistent estimation it is not. Also, asymptotics
in both N and T has to be considered because the estimation of the marginal effect is
consistent only when 7" — oo.
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Appendix A. Computation of the modified score

Let us consider the logit model used in the Monte Carlo experiments and implement the
modification on it

vy = Woyy_y + Pxis +n; + 0,20} (¢=0,...,T—1i=1,...,N), (A.1)
where x;, is a vector of exogenous variables, #; is an unobservable individual specific effect
and —uv; is independently distributed with cdf F conditional on n;, y™' = (v, .. - Vir_1)
and x; = (xj1,...,x;), so that

Pr(y; = 1n;y{" xi) = Flayyy + Bxi+n;) = Fi. (A2)

F is the logistic cdf.
From Eq. (4), an individual’s modified score for « is

o) = s ) — | o B D+ .15, )00, )
aMi\ %, yCl ,m,(a ﬁ n; (OC ﬁ))

(6/6’71‘)(}E O(i’]i(aa B, ndlyios nis xil)

(A.3)

Bl Bt s i3] |y 2y
_ Eldui(o, B, 1) 1ios 3> Xi]
Eld (e, B, n)lyio, 0> Xi] ni=niap)
(©/0n)(Eld (e, B, n)|yig Mi» Xil)
Eld i, B.n)lviosnisxil |y Sy

where d,ci(o, ) is an individual’s score from the concentrated likelihood,

oli(o, B, n; = on
dyci(o ) = L LED _ § (y,-,l + )) D — F@yy + B+ 0l (Ad)

Oa —
21 T-1
(e fo) = 52 = Vit @iy + Bxi+ ), (A.5)
i t=1
2] T-1
dii(o ) =25 = > iy + Bxic+ 1), (A.6)
i t=1

fis the logistic pdf.

—1
E[ :mt(aC B, n; )|.V10’ Nis xi] = ZE[VH lf(fxyn 1+ Bxic + n; )|.V10s Nis xil, (A7)

t=1
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T-1

Eldyi(o, B, n)lyios m;, xil = — Z Elf (1 + Bxi + ny)lyi. n;, xils (A.8)
t=1

Elyi_of (i1 + Bxic + 1)y, ni-xi] = f (o + Bxic + 1) Pr(v;,_y = Uyig. i Xi),  (AL9)

Elf (o1 + Bxic + n)lyio» s Xil
= f(o+ Bxie + 1) Pr(y;—y = Uy, 0> Xi) + f(Bxir + 1)1 = Pr(y;,_y = 1]y, 15, X))
= Pr(y;,_y = Uyips i X)(f (o + Bxic + ) — f(Bxic + ) + f(Bxic + 1) (A.10)

Pr(y;, = 1y, n;, xi) can be calculated recursively from:

Pr(y;, = Uy, Xxi) = Foyy + pxin +1;), starting point. For¢>1: (A.11)

Pr(y;, = Uy, 11> Xi) = Pr(yy—y = Uy, 05 Xi)(F (o + Bxic +1;)
— F(Bxi +n) + F(Bxi +n,).

From (A.10),

0 X
a—nE[f(“yn—l + BXir + n)lyigs Mi» Xi]

1

0
= a Pr(y;,_y = Uyigs i Xx)(f (o0 + Bxic + ;) — f(Bxis +n;))

+ Pr(vy—1 = Upigs 0 X)) (o + Boxic + 1) — f'(Bxie + 1)) + ' (Bxie + 1) (A.12)
From (A.9),
0
a—rI.ED’in(OO’itfl + Bxir + n)1yio M5 Xi]

1

= f'(o+ Pxis + 1) Pr(v;,_ = Uyig, s Xi)

0
+f (o + Bxie + ”i)apr(yit—l = yig, 1> Xi)- (A.13)

i

(©/0n,) Pr(y;, = 1|ys,n;, x;) are calculated recursively from:

0 0
== Pr(y;, = Uy, ni Xi) = 5— Pr(yy,_y = yig, ni X)(F (00 + Bxie +n;) — F(Bxi +1;))

on; on;

+ Pr(yy_y = Uyigs ni X)) (0 + Bxic + 1)

— f(Bxie + 1) +f(Bxic +n,), fort>1, (A.14)
0
G—]TPT(M = 1yi0, N> X1) = f (i + Bxin + 1) (A.15)

From the first order condition of #;, d;,(«, B,1;) = tT;ll(yi, — Fi), 1;(2, B), solves

~

—1
Vit
1 t

~

-1
F(oyy_y + Bxie + 1) (A.16)
1

t
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Deriving the previous equation with respect to o

on.(a,
O—Zf«xyl, 1+[>'xzz+'1)( el y, 1)-
Therefore,
(e, B _ Zr 1 J/zz (e + Bxic + ’7;’). (A.17)
Qo t:l f(“yiz—l + Bxic +1;)

The modified first order condition for f§ is calculated in the same way. In the logistic case
fi = Fix(1 —F;), which simplifies the first order condition of the likelihood, but these
recursive procedures for computing the expectations needed for the modification work
regardless of the density function f assumed.

Appendix B. Concentrating the likelihood and estimating with fixed effects

A problem that arises on the maximization of the log-likelihood function

N T-1
log L= {y;xlog Fow,_, + xuf + 1))
i=1 t=1
+ (1 = y;) xlog(l — F(oy,—y + Bxi + 1;))} (B.1)

is that we have to estimate N parameters corresponding to the fixed effects, implying a
second derivative matrix with N 4 2 rows and columns. A way of proceeding is using some
results from matrix algebra suggested in Chamberlain (1980) and Greene (2004), in order
to simplify the computation of the inverse of the Hessian. Alternatively Heckman and
MaCurdy (1980) divided the optimization problem in two problems: one for « and f and
another for {,}Y,.

In this paper I compute both the MLE and the MMLE from the first order conditions of
the concentrated likelihood, so I do not divide the procedure in two estimation problems.
Since, due to non-linearity, we cannot get a explicit expression of the fixed effects
estimators as functions of o and f8, I make numerical substitution of them on the estimating
of y = aff’ i.e. the estimator of y solves

on; (V)}

N

N
Z{ TGN + dy (7D = () = 0, (B.2)
i=1 i=1

where 7;(y) is the number that makes d,,(y,n;) = 0 for the value of y in which we are
evaluating the estimating equations; d,,(y,n,) = 0li(y,n;)/0n; and d,(y,n;) = 0l;(y,n,)/0y.
We use a Gauss—Newton-type algorithm to solve Eq. (B.2) with respect to 7y, i.e. the value
of y that maximizes the function whose first order condition is (B.2). In each step of the
algorithm 7, is computed such that for the value of y in that step (y,), d,,(y,, ;) equals zero.
Thus, the equation for each of the n; is nested in the algorithm that maximizes the
concentrated likelihood. In each step, we have to solve N single non-linear equations, one
for each of the fixed effects. d,,(y,,1;) = 0 is easily solved by bracketing and bisection, and
we use that N times. This method is faster than a Gauss—Newton-type procedure for this N
problems. Here, we need to bracket the root of the equation. This can be done because we
have some knowledge about the form of the equation since we know F and its derivatives.
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The difference with respect to Heckman and MaCurdy’s suggestion is that maximization
with respect to « and f is not made for each given estimated value of the fixed effects.
Instead of that the values of the fixed effects are changed accordingly in each step of the
estimation process of a and f; just as if we were able to analytically find 7,(y).

To estimate the variance correctly, we take advantage of the fact that the equation
dy,(y5,1;) =0 is nested on the algorithm. Thus, we calculate the second derivatives
accounting for the fixed effects. That is, deriving (B.2) with respect to y, the Hessian is
equal to

zN: Ly, (y) Ly, my) on,(7)
= 0ydy 0N Ny 7
%li(y, m; *1i(y, m; o)\ .G _oTG
(7, ) A (7, m) . nf/) n(/)+dn,-(w1,-("/)) 1n:(y) ,
On;0y ni=n;(y) On;0n; n;=n;(7) 0y 0y 070y

dy, (7, ()@ 7:(7)/0707) = 0 because d,, (7, 1;) = 0 at ; = 7(7).
Everything is the same for the MMLE, just replacing d.(y, 7,(y)) = 0li(y,1;)/0y|
the modified first order condition presented in the paper, d,u(y).

=) by
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