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Today’s lecture
Endogenous spread models

• Strategic default

• Non-strategic default: a few variants



Default incentives with state-contingent contracts

• Suppose we have access to state contingent contracts but
no-commitment. Assume a one period economy with endowment

y = ȳ + ε

• ε is a mean zero random variable with density π(ε) over the interval
[εL, εH]

• Before shock realization, the country can issue state contingent contracts
(insurance)

• Debt contract: after the realization of the shock, the country has to pay
positive or negative d(ε)

• Which is the optimal contract d(ε)?



Default incentives with state-contingent contracts

• International investors are risk neutral, competitive and face a zero
opportunity cost of funds

• The contracts then should take a zero expected payment for a
participation constraint

∫ εH

εL
d(ε)π(ε)dε = 0

• Objective function domestic country

∫ εH

εL
u(c(ε))π(ε)dε = 0

• budget constraint

c(ε) = ȳ + ε− d(ε)



Optimal contract with commitment

L =
∫ εH

εL
[u (ȳ + ε− d(ε)) + λd(ε)]π(ε)dε

• Choosing optimally d(ε) gives the following optimality condition

u′(c(ε)) = λ

• This condition implies optimal consumption is independent of ε

• consumption should be smoothed across states of nature

• multiplying the budget constraint by π(ε) and integrating both sides of
the equal

∫ εH

εL
c(ε)π(ε)dε =

∫ εH

εL
ȳπ(ε)dε +

∫ εH

εL
επ(ε)dε−

∫ εH

εL
d(ε)π(ε)dε



Optimal contract with commitment

c = ȳ

• which comes from the properties of the density function and the
participation constraint

• Then, from the budget constraint d(ε) = ε



Optimal contract without commitment

• This economy has no negative consequences from default

• Debtors have incentives to default

• Debt contracts have to include another incentive-compatibility
constraint d(ε) ≤ 0

• This constraint and the participation constraint imply that the only
possibility is that d(ε) = 0

• Then, optimal consumption here is given by c(ε) = ȳ + ε

• It is clear that in order to sustain lending under no commitment we need
a negative consequence from default



Optimal contract without commitment
Direct sanctions

• Suppose the lenders could seize part of the output/exports, etc, from the
defaulting country

• Set this section to k, the maximum the lenders can confiscate

• Now the incentive compatibility constraint looks like

d(ε) ≤ k

• The maximum the optimal debt contract stipulates is εH, so the optimal
contract can be sustained if k ≥ εH



Optimal contract without commitment
Direct sanctions

Here the problem is to maximize the objective function

∫ εH

εL
u(c(ε))π(ε)dε = 0

subject to
c(ε) = ȳ + ε− d(ε)∫ εH

εL
d(ε)π(ε)dε = 0

d(ε) ≤ k

The Lagrangian is

L =
∫ εH

εL
[u (ȳ + ε− d(ε)) + λd(ε) + γ(ε) (k− d(ε))]π(ε)dε



Optimal contract without commitment
Direct sanctions

u′(c(ε)) = λ− γ(ε)

γ(ε) ≥ 0

γ(ε) (k− d(ε)) = 0

• when the constraint is slack, γ(ε) =, across those states consumption is
constant, implying that payments are d(ε) = d̄ + ε < k, which comes
from the budget constraint

• The incentive compatibility constraint will bind at high ε, here will be
larger the temptation to run away

• Implication: incentives to default are large during good times



Optimal contract without commitment
Direct sanctions

 

Figure: Source Uribe Schmitt-Grohe (2015)



Optimal contract without commitment
Financial exclusion

• In case of default, borrowers loose reputation and are excluded from
financial markets

• We need more than a 1 period model here

• Assume that the debtor lives forever and every period receives and
endowment yt = ȳ + ε

• No storage technology

• Assume perpetual exclusion for defaulters



Optimal contract without commitment
Financial exclusion

• When the country is in bad financial standing

vb(ε) = u(ȳ + ε) + β
∫ εH

εL
vb(ε′)π(ε′)dε′

vb(ε) = u(ȳ + ε) +
β

1− β

∫ εH

εL
u(ȳ + ε′)π(ε′)dε′

• Consider the following type of contracts: state contingent payments
(time independent, i.e. depend on ε but not on history); contract is
incentive compatible; satisfies participation constraint period by period

• The value of a country that enters in good financial standing and honors
its debt in that period is

vc(ε) = u(ȳ + ε− d(ε)) + β
∫ εH

εL
vg(ε′)π(ε′)dε′

vg(ε) = max{vb(ε), vc(ε)}



Optimal contract without commitment
Financial exclusion

• Incentive compatibility constraint is vc(ε) ≥ vb(ε), implies vg(ε) = vc(ε)

• Assume perpetual exclusion for defaulters, then

vc(ε) = u(ȳ + ε− d(ε)) +
β

1− β

∫ εH

εL
u(ȳ + ε′ − d(ε′))π(ε′)dε′

• implying the ICC

u(ȳ + ε− d(ε)) +
β

1− β

∫ εH

εL
u(ȳ + ε′ − d(ε′))π(ε′)dε′ ≥

u(ȳ + ε′) +
β

1− β

∫ εH

εL
u(ȳ + ε′)π(ε′)dε′

• can we support the first best contract here? d(ε) = ε...

u(ȳ + ε)− u(ȳ) ≤ β

1− β

[
u(ȳ)−E

(
u(ȳ + ε′)

)]



Optimal contract without commitment
Financial exclusion

u(ȳ + ε)− u(ȳ)︸ ︷︷ ︸
short run gains of default

≤ β

1− β

[
u(ȳ)−E

(
u(ȳ + ε′)

)]
︸ ︷︷ ︸

long run costs of default

• Gains: extra utility from increasing consumption today

• Costs: lack of consumption smoothing forever under financial exclusion

• The ICC may be violated for some high ε′

• Impatient agents will find high incentives to default

• The first best contract is not in general incentive compatible in the
absence of commitment and reputation incentives



Optimal contract without commitment
Financial exclusion

• Let’s characterize now the optimal contract

• Use λ as LM for the participation constraint and γ(ε) for the ICC

u′(ȳ + ε− d(ε)) =
λ

1 + γ(ε) +
β

1−β

∫ εH

εL γ(ε′)dε′

• If the ICC is not binding, γ(ε) = 0 and the optimal contract is
characterized by

u′(ȳ + ε− d(ε)) =
λ

1 + β
1−β

∫
εL εHγ(ε′)dε′

• The RHS is constant across states where ICC does not bind! This implies
consumption is constant in those states! Here transfers will be
d(ε) = d̄ + ε



Optimal contract without commitment
Financial exclusion

• Instead when ICC is binding

u′(ȳ + ε− d(ε)) =
λ

1 + γ(ε) +
β

1−β

∫ εH

εL γ(ε′)dε′

• Given that γ(ε) ≥ 0 consumption is larger than in states where it is not
binding

• ICC will bind during good times, that is when the country would want
to run away with good endowment realizations, default incentives
increase during good times!



Optimal contract without commitment
Financial exclusion

 

Figure: Schmitt-Grohe and Uribe (2015)



Default incentives with non-contingent contracts

• Eaton and Gersovitz (1981) and Arellano (2008)

• With contingent contracts optimal risk sharing imply positive payoff
during bad times and negative payoffs during good times

• Implication: incentives to default are large during good times



Model

E0

∞

∑
t=0

βtu(ct)

• Endowment economy: exogenous, stochastic, iid Y ∈ [y, ȳ]

• At the beginning of each period the country can be in good financial
standing or bad financial standing

• If bad financial standing: autarky

c = y



Model

• If good financial standing

c + d = y + q(d′)d′

• If y is not iid, then q(d′, y)

• Simplifying: bad financial standing is absorbing state, this happens if the
country decides to default. Bad financial standing generates the
following value

vb(y) = u(y) + βEvb(y′)



Model

• If good financial standing, the value function of continuing in this state is

vc(d, y) = max
d′

{
u
(
y + q(d′)d′ − d

)
+ βEvg(d′, y′)

}
• subject to d′ < d̄, a Ponzi type of constraint

• Then, every period the country chooses

vg(d, y) = max
{

vb(y), vc(d, y)
}



Model: 3 propositions

• If default set is not empty an economy that decides not default runs a
trade surplus: if the country has a debt level that has default risk and
chooses to repay, then it’s using part of the endowment to run a trade
surplus, so it deleverages (it runs trade deficits only when the level of
debt is generates 0 default probability)

• Economies tend to default in bad times (if it defaults with d1 and y1,
then it defaults with yi < y1 for the same level of debt)

• The higher the debt, the higher the default probability



Default risks and country premium

• Assume a risk free rate r∗ > 0

• Foreign lenders are risk neutral, competitive and deep pocket

• If no default, they receive 1/q(d′) per unit of good they lent, if the
economy defaults they receive 0

• Equating rates of return

1 + r∗ =
prob{y′ > y∗(d′)

q(d′)

q(d′) =
1− F(y∗(d′))

1 + r∗



Default risks and country premium

• Note

∂q(d′)
∂d′

=
−F′(y∗(d′))y∗,

′
(d′)

1 + r∗
≤ 0

• country spread is non-decreasing in the stock of debt



Quantitative

• yt AR(1)

• Reentry (no perpetual exclusion for asset markets): exclusion period is
between 4.7 to 13.7 years

• Countries can regain access to asset markets with a probability θ ∈ [0, 1)
each period, implying an average exclusion of 1/θ, as

µ(exc) = 1× θ + 2(1− θ)θ + 3(1− θ)2θ + 4(1− θ)3θ + ... = θ
∞

∑
j=1

(1− θ)j−1 =
1
θ

• when regain access the country starts with zero debt



Quantitative

• Output costs: usually assumed direct output costs, usually exogenously
determined

• Usually output costs are asymmetric and discourages default in good
states assuming costs are higher the higher the output realization

 

Figure: Source Uribe Schmitt-Grohe (2015)



Quantitative: calibration

 

Figure: Source Uribe Schmitt-Grohe (2015)



Quantitative: results

 

Figure: Source Uribe Schmitt-Grohe (2015)



Quantitative: results

 

Figure: Source Uribe Schmitt-Grohe (2015)



Quantitative: results

 

Figure: Source Uribe Schmitt-Grohe (2015)



Algorithm

• Guess v = max{vnd, vd}

• Solve: vnd = u + βEv

• Solve for vd = ud + βθEv + β(1− θ)Evd using:

vd =
(

ud + βθEvP′
) (

I− β(1− θ)P′)−1

• Update v = max{vnd, vd}

• Compute the default probability by the probability you move to a region
of the state space where vd > vnd

• Update R

• Iterate until convergence



Algorithm Divide and Conquer: Gordon and Qiu
(2017)

 Figure: Gordon and Qiu (2017)


