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1. INTRODUCTION AND STATEMENT OF THE PROBLEM

Let f be the spectral density function of a second order stationary time series

process {X (t)},-;, with mean p and covariance function
Cov (X (j),X (0) = / f(N)cos(Aj)dx; j=0,£1,£2,....

We shall assume that {X (¢)},., admits the Wold’s representation
X (t)= u—l—Za(j)e(t—j), with a (0) = 1 and Za2 (J) < 0, (1)
=0 =0

for some sequence { (t)},., satisfying E (¢ (t)) = 0 and E (¢ (0) e (¢)) = o? if t = 0;
and = 0 for all ¢ # 0. Under (1), the spectral density function of {X ()},., can be

factorized as
2

fO)=5-h (). A€ 0],

2

with h(\) = }zj‘;oa(j) ¢
Let

H:{hgz/ﬂloghg()\)d)\:0,06@}, (2)
0
where © C RP is a compact parameter space. Much of the existing time series liter-
ature is concerned with parametric estimation and testing, assuming that A belongs
to 'H, i.e. h = hy, for some 0y € ©, because the parameter 6y and the functional form
of hy summarize the autocorrelation structure of {X (¢)},.,. Notice that h € H in
(2) guarantees that a (0) = 1 in (1) and 0 = mingee 2 f; f (A) /ho (X) dA. For our
purposes, 02 can be considered a nuisance parameter, as is also the mean p.
Classical parameterizations that accommodate alternative models are the ARMA,
ARFIMA, fractional noise or Bloomfield’s (1973) exponential models (see Robinson,
1994 for definitions). For instance, in an ARFIMA specification, H consists of all
functions indexed by a parameter vector 6 = (d,7’,d")", where § € © C (—=1/2,1/2) x

RPT x RP2, of the form

, A€ 0,7, (3)




such that =, and ®; are the moving average and autoregressive polynomials of orders
p1 and pso, respectively, with no common roots, all lying outside the unit circle.
Before statistical inference on the true value 6y is made, one needs to test the

hypothesis Hy : h € H, which can be equivalently stated as

Hy : gZZ—EW)\; = % for all A € [0, 7] and some 6, € O, (4)
where -
A
A) -
Go(\) =2 T 5se 0, 7).
o ho(N)

Under Hy, Gy, is the spectral distribution function of the innovation process { (t)},.;,
and Gy, (1) = 2.
Given a record {X (t)},_, and a consistent estimator 67 of 6, under Hy, a natural

estimator of Gy, is defined as Gy, 7 (\), where

Gor (V) = 2% S ) o). (5)

Here T = [T/2], [2] being the integer part of z, and for a generic time series process

V(O hez

T 2

> V)t

t=1

1
T

Iy (\) : Ci=1,...T,

denotes the periodogram of {V (t)},_, evaluated at the Fourier frequency \; = 21j/T
for positive integers j.

The formulation of Hy in (4) suggests to use Bartlett’s 1), — process as a basis for
testing Hy. The T}, — process is defined as

agr (N) := T2 [% - %] , A€ [0,7].

Notice that opr is scale invariant and that, for j # 0,mod (T), Iy ();) is mean
invariant, so omission of j = 0 in the definition of Gy entails mean correction. That
is, agr is independent of both p and o.

Under short-range dependence and H, we have that

Ix (A))
E|-—2 1L (\)]=0(1),
2 gy 0



see Brockwell and Davis (1991, Theorem 10.3.1, p. 346). So, it is expected that ag, r
will be asymptotically equivalent to Bartlett’s U, — process for {e (t)},.,,

al (\) := T2 [gg Ei; — %} , A€ 0,7,

with i
o [T)\/ﬂ
GY(\) = = I.(\;), A€ [0,m].

j=1
In fact, under suitable regularity conditions, we shall show below that the aforemen-
tioned equivalence holds also true under long-range dependence. Observe that the
U, — process o and the T, — process ag, r are identical when {X (t)}, ., is a white
noise process.

The U, — process o is useful for testing simple hypotheses when the innovations
{e(t)}_, can be easily computed, as is the case when {X (t) }1ez is an AR model.
However, there are many other models of interest whose innovations {e (t)}?:1 cannot
be directly computed, e.g. Bloomfield’s exponential model, or difficult to obtain, like
in models exhibiting long-range dependence, such as ARFIMA models. In those cases,
it appears computationally much simpler to use ag, 1 for testing simple hypotheses.

The empirical processes o and ay 1, with fixed 6, are random elements in D [0, 7],
the space of right continuous functions on [0, 7| with left hand side limits, the cadlag
space. The functional space D [0, 7] is endowed with the Skorohod’s metric (see e.g.
Billingsley, 1968) and convergence in distribution in the corresponding topology will

be denoted by “=".

Under suitable regularity conditions on {e (t)},, , it is well known that
ap = By, (6)

where B! is the standardized tied down Brownian motion at 7. In terms of the

standard Brownian motion B on [0, 1], B! can be represented as

B;(A):B@) “AB), Ac o]

T T
Grenander and Rosenblatt (1957) proved (6) assuming that {e ()},., is a sequence
of independent and identically distributed (iid) random variables with eight bounded
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moments. The iid condition was relaxed by Dahlhaus (1985), who assumed that
{e (t)},c5, behaves as a martingale difference, but still assuming eight bounded mo-
ments. Recently Kliippelberg and Mikosch (1996) proved (6) under 7id {e(t)},.;
but assuming only four bounded moments. The iid requirement is relaxed by the

following assumption.

A1 The innovation process {e (t)},., satisfies that E (e (t)"| F1—1) = p, with p, con-
stant (u; = 0 and py = 0?) for r = 1,...,4 and all t = 0,%1,..., where F; is

the sigma algebra generated by {e(s),s < t}.

Assumption Al appears a minimal requirement to establish a functional central
limit theorem for o, due to the quadratic nature of the periodogram.
To establish the asymptotic equivalence between g, r and o, we introduce the

following smoothness assumptions on h.

A2 (a) his a positive and continuously differentiable function on (0, 7l;

(b) |0log h () JON = O (A1) as A — 0+.

This condition is very general and allows for a possible singularity of h at A = 0.
It holds for models exhibiting long-range dependence, like ARFIMA (p,, d, p;) models
with d # 0, as can easily be checked using (3) and that |1 — ™| = |2sin (A/2)].
Theorem 1 Assuming Al and A2, under Hy, (6) holds and

sup |ag,,r (A) — ag (V)| = 0, (1).
A€[0,7]

We can relax the location of the possible singularity in h at any other frequency
A # 0, as in Hosoya (1997) or, more recently, Giraitis, Hidalgo and Robinson (2001),
or even allow for more than one singularity. However, for notational simplicity, we

have taken the singularity, if any, at A\ = 0. If the location of the singularity were at

A\ £ 0, then A2 would be modified to

0

A2’ (a) his a positive and continuously differentiable function on [0, )\0) U ()\ ,7r];

(b) |0log h (\) /X = O (\A - AO\”) as A — N,
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We now comment on the results of Theorem 1. This theorem indicates that ag,
is asymptotically pivotal. One consequence is that critical regions of tests based on a
continuous functional ¢ : D [0, 7] — R can be easily obtained. Different functionals ¢
lead to tests with different power properties. Among them are omnibus, directional
and/or Portmanteau-type tests. For example, classical functionals which lead to
omnibus tests are the Kolmogorov-Smirnov (¢ (g) = sup,¢p - |9 (1)|) and the Cramér-
von Mises (¢ (g) =7 [ g (A)?d\), whereas Portmanteau tests, defined as weighted
sums of squared estimated autocorrelations of the innovations, and directional tests
are obtained by choosing an appropriate functional ¢, see Section 3 for details.

On the other hand, in practical situations the parameters 6, are not known and,
thus, they have to be replaced by some estimate f7. In this situation, as Theorem 2
below shows, the T), — process is no longer asymptotically pivotal, and hence the
aforementioned tests are not useful for practical purposes. The unknown critical val-
ues of functionals of the T, —process with estimated parameters can be approximated
with the assistance of bootstrap methods. This approach has been proposed by Chen
and Romano (2000) or Hainz and Dahlhaus (2000) for short-range models using the
U, — process and by Delgado and Hidalgo (2000), who allow also long-range depen-
dence models using the T}, — process. Alternatively, asymptotically distribution free
tests can be obtained by introducing a tuning parameter that must behave in some
required way as the sample size increases. Among them, the most popular one is the
Portmanteau test, although it has only been justified for testing short-range models.
Box and Pierce (1970) showed that the partial sum of the residuals squared auto-
correlations of a stationary ARMA process is approximately chi-squared distributed
assuming that the number of autocorrelations considered diverges to infinity with
the sample size at an appropriate rate. A different approach, in the spirit of Durbin,
Knott and Taylor (1976) for the classical empirical process, is that in Anderson (1997),
who proposed to approximate the critical values of the Cramér-von Mises tests for
a stationary AR model. The method considers a truncated version of the spectral
representation of oy, r with estimated orthogonal components. The number of esti-

mated orthogonal components must suitably increase with the sample size. A similar
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idea was proposed by Velilla (1996) for ARMA models. Finally, another alternative
uses the distance between a smooth estimator of the spectral density function and its
parametric estimator under Hy. This approach provides asymptotically distribution
free tests for short-range models assuming a suitable behavior of the smoothing pa-
rameter as the sample size diverges, see e.g. Prewitt (1998) and Paparoditis (2000).
However, the final outcome of all these tests depends on the arbitrary choice of the
tuning/smoothing parameters for which no relevant theory is available.

This article solves some limitations of existing asymptotically pivotal tests, only jus-
tified under short-range dependence, by considering an asymptotically pivotal trans-
formation of g, r related to the cusum of recursive residuals proposed by Brown,
Durbin and Evans (1975). We show that our testing procedure is valid under long-
range specifications. In the next section we provide regularity conditions for the weak
convergence of oy, r and its asymptotically distribution free transformation. In Sec-
tion 3, we discuss the behavior of tests of very different nature -omnibus, directional
and smooth /Portmanteau- under local alternatives converging to the null at the rate
T—1/2. Section 4 reports the results of a small Monte Carlo experiment. Some final
remarks are placed in Section 5. Section 6 provides a Lemmata with some auxiliary

results, which are employed to prove, in Section 7, the main results of the paper.

2. TESTS BASED ON A MARTINGALE TRANSFORMATION OF
THE T, -PROCESS WITH ESTIMATED PARAMETERS

A popular estimator of 6, is the Whittle estimator

O := argmin Gy (7), (7)
0o

with G defined in (5). Let us define

0
@9 (\) = 551080 () Z%o ) B (N5)

and introduce the following assumptions,



A3 (a) ¢y, is a continuously differentiable function on (0, 7]; ||8(b90 /8>\|| =
O (1/X) as A — 0+; and for some 0 < § < 1 and all A € (0,71'], there exists a
K < oo such that (c) supgy.g_g,1<s) |99 (M| < K [log Al (d)

1 h90 (>‘) ’ K 2
— 1+ ¢, (\) (0 = 0o)| < 5 log” X
@10-oo<sr2y 10— Ball? | 7o V) % VI
and (e) Sg, =71 [ ¢y, (A) Bp, (A) dX is positive definite.

These assumptions are standard when analyzing the asymptotic distribution of the
Whittle estimator 61 and they are satisfied for all parametric linear processes used in
practice. Standard ARMA models satisfy a stronger condition, replacing the upper
bounds in A3(c) and (d) by a constant independent of A. It can be easily shown that
A3 is satisfied for ARFIMA models. Note that A3(e) and Lemma 1 in Section 6
imply that Sp is positive definite for 7" large enough.

A4 The estimator in (7) satisfies the asymptotic linearization
T (07— 00) = 57 [ n, (N g (0)+ 0, (1). ®)

The expansion (8), in Assumption A4, is satisfied under A1 — A3 and additional
standard identification conditions, see Hannan (1973), Giraitis and Surgailis (1990),
or Velasco and Robinson (2000) for a later reference.

Define

e )i= B0 = (2 [, o) 5 [, () B (01).

Theorem 2 Under Hy and assuming A1 — A4, uniformly in A € [0, 7],

T)\/7r -
@ conr ) =ab )= | 2 35 dl ) | 57" [ on, O) () 40,0
(b) op1r = Qoo-

Theorem 2 indicates that the asymptotic critical values of tests based on ayg, r

cannot be tabulated. However, we can use a transformation of ag, r that converges
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in distribution to the standard Brownian motion. To this end, it is of interest to
realize that Theorem 2 (a) provides an asymptotic representation of ay, r as a scaled
cumulative sum (cusum) of the least squares residuals in an artificial regression model.
For that purpose, observe that by (2), and using the fact that ¢,, is integrable (A3
(), W

/0 gy (N) dA = 0. (9)

Now, because Lemma 1 in Section 6 with ¢ (A\) = ¢y, (A) and (9) imply that

’Z;‘; Py, (/\k)H = O (logT), the uniform asymptotic expansion in Theorem 2 (a)

indicates that

2 [T/]
sup |y, A _ U o (1 ’
)\6[0,7{'} 0, T ( ) G(j)1 (’ﬂ') T1/2 le T (j) D ( )

where

ur () = I (Aj) — v, (A)) 2700 (Ak) Vo, (Ak) Z%o M) LW, j=1,..,T

are the least squares residuals in an artificial regression model with dependent vari-
able I. (\;) and a vector of explanatory variables v, (A;) := (1, ¢y, (/\j))l. This fact
suggests to employ the cusum of recursive residuals for constructing asymptotically
pivotal tests, as they were proposed by Brown, Durbin and Evans (1975), see also
Sen (1982).

Let us define

and assume that
A5 Ay 1 (T) is non singular for T' = T — p— 1.

The (scaled) cusum of forward recursive least squares residuals is defined as

[T)x/ﬁ]
0= arty s O er ) Ae ol
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where

er (.]) = ]e ()‘j) - 7/90 <>\j> bT (j) ) .] = ]-7 -”7T7
are the forward least squares residuals and
1 T
br (j) == Agyr (7) 7 Z Yoo (Ax) I (Ak) -
k=j+1
It is worth observing that the motivation to employ only the first 7' Fourier frequencies

to compute the recursive residuals is due to the singularity of A7 (j) for all j > T.

The empirical process B% can be written as the linear transformation of o,
Br (A) = Loy raz (A), A € (0,7,

where, for any function g € D [0, 7],

N Sve .
Lorg(N) =g (%A) —% > 7)) Ags (j)/ o (A) g (dﬂ> :

j=1 Aj+1

The transformation Ly, 7 has the limiting version £°, defined as

OEFIOEEY " (3) A3 () | v (%) 9 (43) a5

Agy (M) == /: Yoo (X) Yo, </~\> d\.

Notice that £L%a., is the martingale innovation of a.,, see Khmaladze (1981).

where

This type of martingale transformation has been used by Khmaladze (1981) and
Aki (1986) in the standard goodness-of-fit testing problem, by Nikabadze and Stute
(1997) for goodness-of-fit of distribution functions under random censorship, by Stute,
Thies and Zhu (1998), Koul and Stute (1998,1999) and Khmaladze and Koul (2004)
for dynamic regression models, and by Stute and Zhu (2002) for generalized linear
models.

Henceforth, B, (\) := B (\/x) for A € [0, 7] .
Theorem 3 Under Hy and assuming Al — A5,
By = B,.
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Because 6(} cannot be computed in practice, as it depends on 6y, it is suggested to

use 3y, 1, Where

Bor (A) 1= Lorasr (M)

and

L Ix () o _
eor (J) = hjg;; — vy M) bor (§), G=1,..,T,
J

are the forward recursive residuals in the linear projection of Ix (\;)/hg(\;) on

7o (A), and where

T
. 1,41 Ix (M)
bor (§) = AL (j) = Yo (A :
0,7 ( ) 0,7 ( ) T k‘;—l 0 ( k) hG (Ak)
In order to establish the asymptotic equivalence between BOT and [y, we also

need some extra smoothness assumptions on the model under the null.

A6 For some 0 < ¢ <1 and all A € (0, 7], there exists a constant K < oo such that

1

sup @————
(0:16-0o]1<0} |0 — Oo])?

Pp (N) — ®a, (A) — %0 (A) (0 —0o)|| < K |log Al

and ¢, satisfies A3 (a) — (c).

This assumption holds for all models used in practice, like ARFIMA in (3), Bloom-
field’s exponential and the fractional noise models mentioned before. In fact, they

satisfy even the stronger condition with K |log A| replaced by K.

Theorem 4 Under Hy and assuming Al — A6,

SUP} ‘BGT,T (A) — 5% ()‘)‘ =0, (1).

A€[0,7
Theorem 4 holds true, mutatis mutandis, with 1 replaced by any T'/?-consistent
estimator. Also, from a computational point of view, it is worth observing that
Az G+ D)7 () v (V) Agr (G + 1)
T+ (A\) Agr (G + 1) 7 (A)

Agr () =Agr (G+1) -

Y
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and

Ix (M)
ho (A;)

bor (§) = bor ( + 1) + Ayt () o (A7) — v (Aj) bor ( + 1)

see Brown, Durbin and Evans (1975) for similar arguments.
Alternatively to 3, 1, we could have considered the cusum of backward recursive

residuals, i.e.

o . [T)\/Tr]
5 A= ——— AE0,
Borr (V) G () T2 _PZH o1 (7)), [0, 7],
where
oy Ik e ~
= — Ai)b = 1,....T
eo’T (]) h& ()\]) ’70( ]) 0, T (])7 J p+ g ey Ly
_ ) 1 J—1
bor (j) = Z’Y@ (Ak) hg )\k) and Ay (j) TZ’Y@ (Ae) 7o (Ak) -

k=1
In this case, we can take advantage of the computational formulae,

Agr () vo (Njs1) 7o (A1) Ag 1 (5)
T+ vy (A1) Agr () e (Aja1)

Agr G+ 1) = A7 () —
and

Ix (N\jy1)
ho (Aj+1)

This formulation may be useful in small samples when we suspect that the main

bor ( +1) = bor () + Ao (5 + 1) 79 (A1) — %5 (Aj+1) bo ()

discrepancy between the null and the alternative is near 7. However, from Theorems 3
and 4, it is easily seen that the empirical processes BGT’T and 3y, r have the same
asymptotic behavior.

Let ¢ : D[0,7] — R be a continuous functional, under H, and the conditions in

Theorem 4,
d
2 (50T,T) — P (Bﬂ'> )

as a consequence of the continuous mapping theorem. For instance,

A~ j’]‘(‘ d

Ko = sw [ ()] s B0 swp (B,
Jj=1,..., T AE[OJ‘—] UJE[O,l]
1 & Nt a1 [T . [t

s _ 2 d 2

O = 5o (F) 42 [moat [ Bew
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The above limiting distributions are tabulated, see e.g. Shorack and Wellner (1986,
pp. 34 and 748.)

3. LOCAL ALTERNATIVES: OMNIBUS, DIRECTIONAL AND
PORTMANTEAU TESTS

In this section, we shall show that tests based on (3, , are able to detect local

alternatives of the type

1 1
Hip: h(X\) = hg, (N) (1 +7=—1l(\) + ?ST ()\)) , A € [0, 7] and for some 6, € O,

T1/2
where ["1(X)dX\ =0, [ (\) satisfies the same properties as ¢, in A3(a) — (c), 7 is a
constant, possibly unknown, and for some finite 7p, sup;.q, |[s7 (+)| is an integrable

function. Let us consider some examples.

Example 1 If we wish to study departures of the white noise hypothesis in the direc-
tion of fractional alternatives, we have that
h(\) 1
hos (V) [25in(n/2)PYT

Ae 0,7,
for some d # 0. By a simple Taylor’s expansion up to its second term,
[(A\) = —2log|2sin(A/2)| and T =d,

respectively, with the remainder function sy being such that for some 0 < e < 1,

|s7 (N)| < K|A|7¢ for all large T and some K < oo.

Example 2 If we consider departures in the direction of MA(1) alternatives, we

obtain that

Thus, 7 =1, [ (\) = —2cos (\) and sr (\) = n>.
Example 3 If we consider departures in the direction of AR(1) alternatives, then
h(\) 1 1.,]°"
=|1—0=—2cos(\)+ =0 , A€ 0,7].
T OV =7 (A) - [0, 7]

Thus, 7 =6 and [ (\) = 2cos (A) with |sp (X)| < K, for all large T and some K < 0.
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For A € [0, 7], let us define
L =1 /0 ' {z () = (N 43 () £ /A T (V)1(3) dx} A ()
and

M) =B (A)+717-L(\), xe0,7].

We have the following theorem.

Theorem 5 Assuming the same assumptions as in Theorem 4, under Hir,
Bo,r = M.

Using the fact that M and B, are identically distributed, except for the determin-
istic shift 7 - L, and taking into account that 2'/2sin ((j — 1/2)A) and 1/ (j — 1/2)* 72
are the eigenfunctions and eigenvalues in the Kac-Siegert representation of B, (Kac

and Siegert, 1947), the orthogonal components of M

m(j) := 2%/2 (j — %) /Oﬁsin ((j— %) )\> M(N)d\, j=1,2,..

are independently distributed normal random variables with mean 7-¢ (j) and variance

((5) =212 (j—%) /Oﬁsin<(j—%) A) LN d\, j=1,2,....

Using, the (asymptotically) orthogonal components of Boy s

1 " 1
o (j) = 212 (j - 5) /O sin ((g - 5) A) Borr N, =12,

we obtain the spectral representation,

By ) =212y (U 2]

j=1 d (J - %)

1, where

, Ae[0,7].

By Theorem 5 and the continuous mapping theorem, finitely many of the my (j)'s

-\ 7

converge in distribution to the corresponding m (j)’s under Hyp. Using Parseval’s

Theorem,
o0

- m? ()
Cr i — 5 5
]Zl (j — 3)*m”

15



Using similar arguments to those in Eubank and LaRicca (1992) in the context of

the standard empirical process with estimated parameters, tests based on

Wn,T = Zm% (]) ’
j=1
with a reasonable choice of n > 1, will lead to gains in power, compared to Cyr, in the
direction of alternatives with significant autocorrelations at high lags. These Port-

manteau tests are related to Neyman’s (1937) smooth tests, a compromise between

omnibus and directional tests, and for each n > 1, under Hy7, we have that
= d .
o (300 0).
j=1

That is, tests based on WmT are asymptotically pivotal under Hy (7 = 0) for each
choice of n, and more importantly, they are able to detect local alternatives converging
to the null at the parametric rate 7~/2, provided that ¢ (j) # 0 for some j = 1,...,n.

The latter is in contrast with the classical Portmanteau tests based on

nr

Qe = > (T (j))". (11)

j=1
where pp (j) is some estimate of the j — th autocorrelation of the residuals. It has
been shown that QNnT,T is approximately distributed as a Xinp under Hj specifying a
short-range model and assuming that ny diverges as T — oo. On the other hand, the
resulting test is able to detect alternatives converging to the null at the rate an/ A-1/2
1/2

(see e.g. Hong 1986), which is slower than 7~

In practice, it is recommendable to use the discrete version

I/T/n,T = ng“ (])

j=1

of Wn,T; with

i () =2 (5 3)- T3 in ((1-3) F) borr (5)-

On the other hand, optimal tests of Hy in the direction Hi7 can be constructed ap-

plying results in Grenander (1950) (see also Grenander 1981, and references therein),
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as was suggested by Stute (1997) in the context of goodness-of-fit testing of a regres-
sion function. Asymptotically, testing for Hy in the direction of Hir is equivalent to
test Ho : E(m (j)) = 0 for all j > 1, against H, : E(m (j)) = 7-£(j) for all j > 1
with L known, but maybe with unknown 7. Under Hy, the distribution of {m (j)} is1
is completely specified, as is also under H; when the parameter 7 is known. Then,

the likelihood-ratio for a finite dimensional set (m (1),...,m (n)) is

_exp<Z€ ( ' #)) (12)

Grenander (1950) showed that A, —, Ay as n — oo, and that the most powerful
test at the o significance level has a critical region of the form {A. >k}, with
Po{As >k} = aif 3377, £2(j) < oo. The latter condition is satisfied in our context
by Parseval’s Theorem and A3(c) because [ is a square integrable function.

Define
> () -m(F)

(Zjolﬁ ( )>1/2 .

Then under Hy, v 2N (0,1), and in view of (12), ¢ forms a basis to obtain optimal

b=

critical regions. When the sign of 7 is known, the critical region of the uniformly most
powerful test at the « significance level is {1 > 21_,} when 7 > 0 and {¢ < —z;_,}
when 7 < 0, where z, is the v quantile of the standard normal. Also, when the sign of
7 is unknown, the most powerful unbiased test at the « significance level has critical
region given by {|| > z1_q/2}.

These arguments suggest an (asymptotically) optimal Neyman-Pearson test in the
direction of Hyr based on the first n orthogonal components of 3, r, using the test

statistic

L That) )
S (Then)”

Schoenfeld (1977) proposes the same type of statistic in the standard goodness-of-fit

testing context. Under H, and the assumptions in previous sections, we have that

o d

Y, — N (0,1) as T'— oo for each fixed n.
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Also, arguing as in Schoenfeld’s (1977) Theorem 3, it can be shown the convergence
in distribution of @nT’T when np increases with 7. Approximately optimal tests for

Hy in the direction of Hyr reject Hy at the « significance level when

,lvbnT,T) > Z1-a/2

if 7 has unknown sign, @nT’T > 21_o When 7 > 0 and @nT’T < —Z1-q When 7 < 0.
4. SOME MONTE CARLO EXPERIMENTS

A small Monte-Carlo study has been carried out to investigate the finite sample
performance of the different tests. To that end, we have considered the AR(1), MA(1)
and ARFIMA(0, dy, 0) models

(1—0doL) X () = (1), (13)
X(t)=0=mnel)e(t), (14)
(1-L)*X()=e(), (15)

respectively, where the parameter 6, equals to d¢, 1, and dy for the different models
and L is the lag operator. The innovations {e (¢)},_, are iid N'(0,1), and the sample
sizes used are T" = 200 and 500 with different values of the parameters dg, 1, and
dy. For models (13) and (14), we have considered dy,7, = —0.8,—0.5,0.0,0.5,0.8,
whereas for model (15), dy = 0.0,0.2,0.4. The ARFIMA model was simulated using
an algorithm by Hosking (1984).

For the three models and all values of 6y, we have computed the proportion of
rejections in 50,000 generated samples for both sample sizes. Whittle estimates are

obtained according to (7). For each of the models considered, ¢, is given by

0 =2 0 —cos A\
—log |1 — e = -2 ;
96 og‘ ¢ | 1 — 25 cos \ + 62

o a2 7 — COS A
MA(1), 9:773%()‘):@_771%}1_”6 } :21—277COS/\+772;

ARFIMA(0,d,0), 0 =d: ¢z(\) =

AR (1), 0 =0 : ¢5(\) =

0 \|—2d .
adlog’l e = —2log |2sin (A/2)].

We also report, as a benchmark, the proportion of rejections using
1 Ny T
CY == ai (Nd\=T o
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which is suitable for testing simple hypotheses. In addition, for the sake of compar-
ison, we provide the results for the Box and Pierce (1970) test statistic (11) using
several values of np increasing with 7', where p, (j), 7 > 1, are the sample autocor-

relations of the residuals {£ (t)},_,. Specifically, for the AR(1) model,
Et)y=010—-0orL) X (t),
with X (¢) = 0 for ¢ < 0; for the MA(1) model,

E(t) =X (1) —mre(t=1),

with £ (0) = 0, whereas for the ARFIMA(0, d,0) model,

t—1

E(t) =Y 00 dr) X (t — j),

=0
where (j, d) are the coefficients in the formal expansion (1 — L) = > 9(j,d) L,

with
F(j_d) . _ OO a—1_—x
PTG +1) F(“)/o v

The standardized values of QHT,T, (QnT,T — nT> /\/2nr, are compared with the 5%

0(j,d) =

critical value of the standard normal, see Hong (1996), instead of the usual X%”T_l)
approximation correcting by the loss of degrees of freedom due to parameter esti-
mation, which is justified under Gaussianity. Both approximations provide similar
proportion of rejections. We have also tried the weighting suggested by Ljung and
Box (1978), which produced very similar results.

First we analyze the size accuracy of the Cramér-von Mises test based on S .
The empirical sizes of the tests based on éT, reported in Table 1, are reasonably close
to the nominal ones. The asymptotic approximation improves noticeably when the
sample size increases from 7' = 200 to T" = 500, being this improvement uniform for
all the models, although the empirical size is smaller than the nominal level. Tests
based on QnT’T have serious size distortions for the smaller sample size and large

values of |n| in the MA(1) model, since Whittle estimates can be quite biased in these

cases. The empirical size of tests based on QnT,T depends substantially on the number
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of autocorrelations used. In addition, for the larger choices of ny implemented, QnT’T
over-rejects Hy. The usual recommendation ny = o (Tl/ 2) seems also reasonable here,
in terms of size accuracy.

Next, we study the power performance of the tests. To this end, we report first,
in Table 2, the proportion of rejections under the alternative hypothesis for different
non-nested specifications with the model specified under the null. We cannot conclude
that one test is clearly superior to the others in any of the four cases analyzed. As
expected, the power of the Portmanteau test decreases as np increases. In view of
Tables 1 and 2, we can conclude that a choice of large ny, around T-'/2, produces
reasonable size accuracy, but such a choice is not the best possible one in order
to maximize the power. The test based on Cr is fairly powerful compared to the
Portmanteau test for all cases considered, and it works remarkably well when testing
an AR(1) in the direction of a MA(1) alternative.

Finally, we analyze the power of the different tests when testing an AR(1) specifi-
cation in the direction of local ARFIMA(1,d,0) with d = 7/T%/2, and in the direction
of local ARMA(1,1) alternatives with moving average parameter n = 7/7"/2, for
different values of 7. The proportion of rejections for these designs is reported in Ta-
bles 3 and 4. We also consider tests based on the test statistics WmT and {bn’T (one
sided and two sided, {b:T and ‘fbnT

been recommended by Stute, Thies and Zhu (1998) for a different goodness-of-fit test

respectively) choosing n = 3 and 6, which has

problem. Of course, tests based on the first n (asymptotic) orthogonal components
of B8y, 7 are sensitive to the choice of n, as it also happens with tests based on the n
(asymptotic) orthogonal components of oy, 1 (the estimated autocorrelations of the
innovations) in Portmanteau tests. The omnibus test based on Cy still works fairly
well compared to the others, including the optimal and smooth tests. The directional
tests are the most powerful in the directions for which they are designed, and the
tests based on WmT and Qan work very similarly, though WmT exhibits a better

size precision for the choices of n considered.
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5. FINAL REMARKS

Our results can be extended to goodness-of-fit tests of models that can accommo-
date simultaneously stationary and non-stationary time series. For instance, if the
increments Y (¢) :== (1— L)X (t), t = 0,£1,..., are second order stationary with
zero mean and spectral density g such that

/\111(1)1 A4 g (A) = G > 0 for some d € [0.5,1.5),
—0+

we can define the pseudo-spectral density function of {X (t)},.,, f, as

FO = e ().
Thus, when d # 1, g has a singularity at A = 0, as it happens with many long-range
dependent time series (cf. A2). If {X (t)},., is stationary, f becomes the standard
spectral density function.
If either {Y (t)},o, or {X (¢)},, satisfy a Wold’s decomposition, f admits the
factorization

) h(A),

where h satisfies A2. Thus, given a parametric family H, for example the ARFIMA

“ o

specification given in (3), a 1), — process for testing that h € H is

Gy (A
o () = T2 | S )

—— |, Ae 0,7,
GqéUT,T(W) 77] 0,]

where Gy'r is analogous to G 7, but using the tapered periodogram, e.g.

2

(S w () X (@) e
RS S0

Here 07 = argmingee Gy (7) is the Whittle estimator proposed by Velasco and

Robinson (2000), which admits a similar asymptotic first order expansion as in (8),

and where w is a taper function, e.g. the full cosine taper

1 2wt
w(t):§<1—cos(%)), t=1,...,T.
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If the full cosine taper is used, because of its desirable asymptotic properties (see
Velasco, 1999), it is recommended in practice to base our tests on the empirical

process 34 p, where

w P2\'"?  on w . _
0,7 (m)

T =
with
w N L I)I? (AJ) / w - w N L —1 - ]' r I)zg ()‘k)
€9 T (j) == ho (/\j) Yo (/\y) 0,1 (7) 0, T (j) = Ae,T (7) T k;ﬂ% (Ak) ho (/\k)7
and

T (o)
Under appropriate regularity conditions, it can be proved using tools in Velasco (1999)
and Velasco and Robinson (2000) that 3y, 7 = Bs.

Finally, the methodology can be extended to test the correlation structure of the
innovations of regression models (e.g. distributed-lags models) using the martingale
part of the U, — process based on the residuals. When E (2 (t)u(s)) = 0 for all
t,s, where {z(t)},_, are the regressors and {u (t)},_, the error term, the residual
U, — process is asymptotically equivalent to the U, — process based on the true
innovations, and there is no need of using tests based on the martingale part of the
U, — process. When E (z (t)u (t — s)) # 0 for some s > 0, the first order expansion
of the residuals U, — process depends on the cross-spectrum of the innovations and
regressors. However, it seems possible to apply the results in this paper to implement
tests based on the (approximate) martingale part of this U, — process with estimated

parameters.
6. LEMMAS

This section provides a series of lemmas which will be used in the proofs of the
main results. Some of them can be of independent interest. Henceforth, z(¥) denotes
the k —th element of a p x 1 vector z and K a finite positive constant. Also, we shall

abbreviate g (\;) by g, for a generic function ¢ (\).
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Lemma 1 Let ¢ : (0, 7] —=RP be a function such that | (\)|| < K [log A", £ > 1, and
10C (A) JOX|| < KX™E |log \|“™" for all A > 0. Then, as T — oo,

[TA/7] <log T>

sup ZC——/C Ydz|| < K——— =

A€[0,m]

Proof. The left side of (16) is bounded by

/( ) dx

The first term of (17) is bounded by

1 [T (logT)
L[ et < x [ ot < 15
™ Jo T

Next, by the triangle inequality, the second term of (17) is bounded by

sup
)\E 0 ﬂ'/T

[ /] .
1 1
sup = ; Cj—;/o ¢ (z)dx||. (17)

/\6 [ﬂ/f,w]

T/\/Tr G+ /T
SIEIDD / 16— ¢ @) ds
)\6 7r/T7r
(18)
~ Ny
The first term of (18) is bounded by KT ! (log T) since ||¢ (2)]] < K |logz|". Next,

sup
NS [W/T,T(]

by the mean value theorem, the second term of (18) is bounded by

-1 (G+nn/T

Jm -1 T711 /T -1
KZ - rr—xllogxlfda: < KZ—_/ - llogz|™ dx
o1 /T J =1 J Jim/T
Ny
K <logT>
< 7
T

O

The next lemma corresponds to Giraitis, Hidalgo and Robinson’s (2001) Lemma 4.4,
which we state, without proof, for easy reference. For this purpose, let u; :=
hj_l/2 (27T) /2 ST X (He, v = (27T)/? S e(t)e™ and Ry, (\) the spec-
tral coherency (Brillinger, 1981, pp. 256-257) between X and e. Also herewith ¢ will

denote the conjugate of the complex number c.
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Lemma 2 Assuming A1 and A2, then, as T — oo, the following relations hold

uniformly over 1 < j <k < T

7)) = Rx.;+0(j 'log(j+1));
(ujvj) = ( 110g(]+1))
) = O (5 'og(k)):
) (k) -

= ( ~llog

max (|B (uxv;)|, B (urv;)]

max (B (vity)|, [B (veuy)]

The next lemma corresponds to the proof of expression (4.8) of Robinson (1995b,
pp. 1648-1651), using the orders of magnitude of the terms a;, as, by and by in Robinson
(1995b) and his Lemma 3, but using our Lemma 2 instead of Robinson’s (1995a)

Theorems 1 and 2 when appropriate.

Lemma 3 Let ¢ :[0, 7] —RP satisfy the same conditions of ¢, in A3 (a)—(c). Then,
assuming Al and A2, as'T — oo, for 1 §r<s§i h=1,....p

2 s

§K1°g2(T>Z{fllog +Z “log® (T +j‘1k‘1/2)}.

J=r

i (W — ;)

Lemma 4 Let ¢ :[0, 7] —RP satisfy the same conditions of ¢g, in A3 (a) — (c) and
write

[TA/7] 2 ) [TA/7] I 2
. A8 _ (X9 2
() T1/2 Z “ ( ) =5 Zl C”(% 27r)'

Then, under the conditions of Theorem 1, for some 0 < 6 < 1/6,

E sup ||as(\) — o ()\)H —0(17). (19)

A€[0,7]
Proof. It suffices to show that (19) holds true for each element of the vector
a5 () — a5 (\). Then, by the triangle inequality, the left side of (19) is bounded by

(7] (7]

1 S | w
I sup C U; — U + 2IE sup C v (W — ). 20
A€o, ]T1/2 = J ‘ J J’ rel0A] T1/2 ; j ]( J ]) ( )
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The first term of (20) is bounded by

1 a (k) 2 0'2 0'2
= Jz_; G ‘ {(E|Uj| - %) - <E (u;v5) — g)
2

_ (E (@jv;) — U_w) + (EMQ N ;)}

_ logT log(j+1)| s
= 0 TWZ ; =0(T7),

k
;"

by Lemma 2, because E |v;]> = (27) " 62 and by assumption,

Next, to show that the second term of (20) is O (T?), it suffices to show that

77777

1 (k) (k)
B Tlﬂzfj = 03)| 8 fwzc s (5 = 75)
+E  max |—— ZS: W, (@, — ;)
s=[Fo) . [TV e 2T

1 1 . . .
where 3 < 8 < 5. Using the inequality
2 2 2
(Supp |CP|) - Supp |CP| S Z |CP| )
p

by the Cauchy-Schwarz inequality, the square of (22) is bounded by

2

NZE ng)v] ;i —Tj)

using Lemma 3.

=0 (f%_l log4 T) =0 (T_%)
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To complete the proof, we need to show that (23) = O (7). To that end, let
qg=0,..., [Tc} — 1 with 3 < ¢ < . By the triangle inequality, (23) is bounded by

. s [T8)+q(s)T/[T<]
- max - W (u; — 1)) (25)
T1/2 s=[T8]+1,..,T jz%ﬂ j:%ﬂ J

1
+E=—  max Z Cgk) vj (u; —7;)

T2 s [TB}-H ..... =

where ¢(s) denotes the value of ¢ =0, ..., [fﬂ — 1 such that [fﬁ] +q(s)T/ [Tvg} is
the largest integer smaller than or equal to s, and using the convention Zf = 0 if
d < c.

By the definition of ¢ (s) and the Cauchy-Schwarz inequality, the square of the
second term of (25) is bounded by

(7)) o[ [)

7]
B max Yoo Py < = DB Y Py -

j=[T#]+1 7=0 j=[T?]+1

~

by (24). But, using Lemma 3, we have that the right side of the last displayed

inequality is bounded by

o8 q+—+’ ]1/2T2 (1)
T = Ts

< Klog'T (T<—ﬁ + f<—%> < KT%,

where |g|, = max {1, ]q|}. To complete the proof we need to show that the first term

n (25) is O (T7°). To that end, we note that this term is bounded by

s

E—— max max Z Cgk)vj (w; — )|,
- J=1+[T8]+4T/[T]
where the max, runs for all values s = 1+ [Tvﬁ] +qT/ [Tv<] e [TV'B} +(q+1)T/ [Tvg} .

By the Cauchy-Schwarz inequality and (24), the square of the last displayed expression
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is bounded by

| T Pl s
= > B > ¢y (@; - ;)
0=0  s=1+4[T8]+qT/[T5]  |j=1+[TP]+qT/[T7]
[Pl [Pl .
log T 1 T1=9)/2
STy Y {5

=0 s=14[T8)+qT/[T5
log* T
T

< K26 - (Tl log T + T30~ <>) < KT3039) 1og* T < KT-%,

where in the first inequality we have used Lemma 3 and that for ¢ > 1 and ¢ > 0,

[T8]+(g+1)T/[T¢]

- K KT0-90-v)
> s S S P )
. = T 71— : = qv
J=1+ 18] 4qT /[T9) <Tﬁ +qT ) =1+ (78] +qT/[T4]
This completes the proof. 0]
Remark 1 Lemma 4 holds true for o5(\) and a5.(\) replaced by
~¢ ~ ~
i (A) == af(m) — ag(N),  dp (A) = aG(m) — a5(N)
respectively. This is so, because the triangle inequality implies that
E sup |aS(\) — Gy (/\)‘ < 2E sup |a%(\) —as ()]
A€[0,7] A€[0,7]
Define for y and 9 € [0, 7],
[Tﬂ/w]
Cs (M? 19) = TTUQ Z Cp cos (S)\P) ’ (26)
p=[Tu/x]+1

where ( is as in Lemma 1 and p < 9.
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Lemma 5 For 0 < pu<9y,9 <m, asT — oo,

T-1T-t

s ( ¢ (1, 92) = g (1, V1,92) (L + 0 (1)), (27)

where g (p1, 91,09) = 71 fjlm& ¢ (u) ¢ (u) du— (71'_1 fjl ¢ (u) du) (71'_1 sz ¢ (u) du).

Proof. A typical component of the matrix on the left of (27) is

[fﬂ1/ﬂ’] [T192/7r] T—1 T—t
2T Z ¢ Z ¢(ka) cos (s),,) cos (sAp,)
p1=[7~“/i/7r]+1 P2:[ﬁu/ﬂ']+1 =1 s=1
4 [Tﬂl/?’l’]/\[’f‘ﬂg/ﬂ] T—1 T—t
a 72T Z C](okl)géb) cos® (s\y) (28)
p=[Tp/x]+1 t=1 s=1
5 [T01 /x| [T92/x] T e
+T2f Z g(kl Z {cos (8Ap,ps) + €OS (SAp, py)} -
pi=[Tp/r]+1 o=(Tp/m|+1; p2¢p1 t=1 s=1

Because cos? A = (1 + cos (2))) /2, then using formulae in Brillinger (1981, p. 13) we
have that 321" 327" cos? (s),) = (T' — 1)* /4 and, for p; # po,

T t
Z {cos (sAp 4ps) + cOs (8Ap, ) } = =T,
t=1 1

and hence we conclude that the right side of (28) is, recalling that T = [T'/2],

[T01 /x| A[T92/x] [T0:1 /7] [T02/x]

(T-1)*[1 3 (k1) (ko) 2 S Y
= Cp ' Cp ’ - TT le Cp;
T2 £ “ <
g p=[Tp/m]+1 p=[Tu/a|+1  pa=[Tu/]+1;
DP27£P1

= g(khkz) (ﬂa 791a 192) (1 +o (1)) 9

by Lemma 1 and where g*1:%2) (11,19, 195) denotes the (ki, k) th element of the matrix
g (p, 91, U2). O

We now introduce the following notation. For 0 < vy < vy <,

[TUQ/TI’] =1jg T
517T (Ul, UQ) = % Z Cp <TT Z (52 (t) — 0’2)) (29)

p:[fm/ﬂ']—‘rl t=1
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T t—1
82’1" Ul,UQ . Zé? Zé‘ Ct—g (Ul,Ug) s (30)

t=2 =

where ¢; (-, -) is given in (26) and ( is as in Lemma 1.

Lemma 6 Let 0 < vy < v < v9 < w. Then assuming Al, for k = 1,...,p and for

some >0 and 0 <) <1,
(k) e A 25
E ‘gj,T (Ulav)‘ ‘gj7T (Ua ,02)‘ S K (UZ - Ul) , ] = 17 27 (31)
where 51(kT) (v1,v) and Sz(kT) (v1,v) are the kth components of (29) and (30) respectively.

Proof. We begin with j = 1. By Lemma 1,

1 [TUQ/W] 1 v2 ‘log T‘ 5/

= C(k)——/ W (2)de] < KY——1 < K (vg —v1) 72,

g [TZ/]H by ) T (22 =)
p=|Tv1/m

after we notice that we can take T~! < (vy — v;), since otherwise (31) holds trivially.
On the other hand, Al implies that E (Zthl (g2 (t) — 02)>2 < KT. So, using the
inequality (vy — v) (v —v1) < (v2 — v1)” and Cauchy-Schwarz inequality, we have that
E < El(kr} (v1,v) El(kT) (v,v2) ) < K (vy — 1),

To complete the proof, it suffices to examine that the inequality in (31) holds true

for j = 2. Now
k 4 - k
E (52{} (vl,vg)) —16]] S L (o) Bl () e (s1) e (fa) & (s4)) -
j=11<s;<t;<T
Since the number of equal indices in the set {ti, s1,...,t4, 84} does not exceed 4, by
Assumption Al, it follows that |E (e (t1)e (s1)...€ (t4) e (s4))] < K. Moreover, by
Al, the inequality |E (e (t1) e (s1) ... (t4) € (s4))| # 0 can hold only if any ¢;,s; are
repeated in {ty, s1, ..., 14, S4} at least twice. Hence by Cauchy-Schwarz inequality, we

obtain that
1/2

IN

Kﬁ Z <c§f),sj (v1, v2)>2

j=1 \1<s;<t;<T

= K( Z (ciﬁ)s(v17vg)>2> .

1<s<t<T

E (82(1}) (v1, U2)>4
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But by Lemma 5, the right side of the last displayed equation is bounded by

K (% / (C(’“) (U)>2du - (% / ¢® (u) du>2)2 < K (g —01)>°

p
because ‘f:lz <C(k) (33)) dx‘ < K |vs —n|* "% for p = 1,2. This concludes the proof

choosing § = 2 by the Cauchy-Schwarz’s inequality. 0J

Lemma 7 Denote 1, := I, — 0*/(27) and

- (Te] T

2
Z C,n, and R% (v) = Tfj? Z Cpllps (0<wv<m)

p=1 p= [fv/ﬂ]—‘rl

T1 /2

with ¢ as in Lemma 1. Let 0 < vy < v < vy < 7. Then assuming Al, for some 3 >0

and 0 < 6 < 1,
E (HR% (v2) — B (v)||” || RS (v) — RE, (U1)||ﬁ) <K(vp—v1)"",j=1,2. (32)
(b) R (v) 5N (o,wv@ <v)> =12,

where V) (v) = o4 fo w) du/m+ o'k [ ¢ (u) du [ ¢ (u) du/7* and
V@ (v) = a4f ¢ (u )du/7r+a kT C(u duf ¢ (u du/ﬁ with k denoting the
fourth cumulant of {6( )]0} icn-

Proof. We begin with (a). We shall consider R2 (v) only, R} (v) being similarly
handled. From the definition of 7,,, and that

o [TUQ/TK‘]
Ri()=Rr(w) === >, iy
p:[fv/rr]—‘—l

we have that
R2 (v) — R% (v2) = Evr (v, v9) + Ear (v,03)
where & 1 (v,v2) and & 1 (v,v2) are given in (29) and (30) respectively. Now (32)
follows immediately from Lemma 6 and standard inequalities.
Part (b). We will examine RL (v) %5 N (0,472VW (v)), being the proof for j = 2
identically handled. But this follows by an obvious extension of Theorem 4.2 of Gi-

raitis, Hidalgo and Robinson (2001) because ¢ (u) satisfies the same conditions of
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hy, (u) there.

Lemma 8 Assume Al — A4. Then, we have that for some 0 < § < 1/6,
T/\/7r T)\/ﬂ'
Sali %) = g2 o5
T1/2 hoy s om Tl/z -
TX/m
[

|5 X Gty | T 0= 0)
T ‘=
1
(7).

) 2 XT: ¢ Ix; o\ 2« ZT: (1. - o?
T2 4 7 ;o2r) T2 4 i\ 9n
J=[TA/x]+1 j=[Ta/x) 41

(33)

h
[7/] o [7/]
o’ d 1/2
|7 > Gy | TV (00 — 60)

()

where the O, (1/T°) is uniform in X € [0,7], and where  (u) and ||¢ (u)|| are as in

Lemma 1.

Proof. We examine (a), part (b) being similarly handled. The difference between

the left side of (33) and the first term on its right side is
TA/7
2T [ ] . ]X,j {h@od‘

T2 7 hgy s 14 06 (Or - 90)}
j:

hoy

T)\/7r T/\/7r

[Xj IXJ
Tl/z Z g ( ) TW Z G073 (07 — 60).

First we notice that

Or — 0o = O, (T7'/?),
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which follows by (8) in Assumption A4, and because

T1/2 Z(bﬁok (]Xk — z—:k) =0, (Tﬁé), (36)

(recall that under Hy, h; = hg, ), by Lemma 4 and Markov’s inequality, and

27 T d 1 [ ,
JQTI/Q;asgo,kfa,wN(o,; [ en i, aa) £ [7o0, 00 B an) @1

by Lemma, 7 with ¢ (u) = ¢, (u). Notice also that Zkil P9, = O (log T') by Lemma 1
because (9) and that A3 part (c) implies that ¢, (A) satisfies the same conditions of
¢ (A) in Lemma 1.

Next, A3 part (d) implies that, uniformly in A € [0, 7], the norm of the first term
of (34) is bounded by

[T}\/ﬂ']
~ 1 Ts .
K2 Nor =00l = 3 flog” M| |G| 72 = 0, (T77). (38)
j=1 ’

because (35) implies that we can take § = K7~'/? in A3 part (d) so that \;° < K
when 6 < KT~'/2 and j > 1, and also because by Markov’s inequality and Lemmas 4
and 7,

T)\/7r
log” A, =0, (T7?
a7 3 ot w G (2 - 57 ) | = 0 )
and because by Lemma 1 with [|¢ (u)]| [log® (u)| there,
T/\/fr

A ~
sup Z log® X | [|¢]| — /0 |log? (u)] [|¢ ()| du :0<T_1/2>.

The second term of (34) is O, (T7°) by Lemma 4 and Markov’s inequality. Next,
proceeding similarly as in (38), since ¢ (A) ¢y, (A) satisfies the same conditions of

¢ (N) [log A, the third term of (34) is 7102 E[T/\/W] Cj¢’907jfl/2 (07 — 0o) + O, (T,
which concludes the proof. 0]
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Lemma 9 Assuming Al, for any 0 < v < (1 —9) /4, with 6 as in Lemma 7, we have
that for all k =1, ....p,

(@E<49Qmﬂ &1y Qo )

— o 2—6—2v
(M=) (m=Xp)" > < K(d—N) (39)

o B (55{2 (1) &7 (o)

_y \2-0—4v
(=M (1= ) < K2 =) (40)

for all 0 < Ay < Ay < m, and where Sl(kT) (A1, A2) and 52(kT) (A1, Ag) are given in (29)

and (30) respectively.

Proof. We begin with (b). By standard inequalities, the left side of (40) is bounded
by
1 ” ! 1 1 L 4
KE———— & (A, A K - B (& (aum))
(ot + 1 (s - ) B (R onm
By Lemma 6, for any 0 < 6 < 1, we have that the last displayed expression is
bounded by

(Ao — A\)* 70 1 1 ! o
K (ﬂ' _ )\1)411 + K <(7T _ /\1)11 - (7‘(‘ _ )\2)11) (7T - >‘2) . (41)

Consider the case that Ay — A\; < 27! (7 — \y) first. By mean value theorem, (41)
is
()\2 — )\1)27(S K U4 ()\2 — )\1)4
K 4v + 4v o+4v—2 4—4v
(m— A1) (m—X)™ (= Ag) (B(m=A)+(1=08)(r—A2))

where 8 = (A, A2) € (0,1), and then because 1—X\; > \y— A and 71— Ay > 71— Ay >
0. But the right side of the last displayed inequality is bounded by K (Ay — A\)? 0%
since Ay — A\; < 271 (1 — \g).

Next, consider the case for which 27! (7 — X\y) < Ay — A;. Using the inequality

a*—b* < (a—"b)° for any 0 < ¢ <1 and a > b, we have that (41) is bounded by

2—5—4v (
K(/\Q_/\l) + K (7‘(’—)\1)4U (71'—/\2)4U

S K ()\2 . )\1)2—5—41} ,
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where we have used that 0 < Ay — A\ < 7 — A and 7 — Ay < 2(Ag — Ay). This
completes the proof of part (b).

Next part (a). By definition and A1, the left side of (39) is bounded by

[T}\Q /7‘(] 2

o \T 2

j=[TA /x| +1

(m—X)" (7= A)" T i J

S K ()\2 o )\1)275721}

by Lemma 1 and proceeding as in part (b). O
In what follows we shall abbreviate v Ay 1 (q) by Hor (q).

Lemma 10 Assuming A1 — A5, for all e > 0,

00,7
lim limsupPr{ sup |= 5 %1/2 gk V0.5 < %> >ec b =0.

AT T oo Xo<xx<r | T 5 hoy
0="= k=[Tro/m]+1 R

—_

(42)

Proof. Abbreviate h;TIJI x,j — 1. ; by »; and take \g > 7/2 without loss of gener-
ality. Noting that hg_;jIXJ — 0%/ (2m) = 3 + 1, where n); = I ; — 0%/ (27), we have

that
[T}\/ﬂ'] T

1 Hy, 1 (k)
swp |= Y, —ELT D g () (43)
AosAsT k=[Txo/x]+1 J=k+1

%

T s 1 — k)

K 2% (-3
<2 Y el (1-2)] s [T S
k=[Tho/x]+1 [Tho/m|<k<T j=k+1

-$ ~
(-3
s > ) b

[Tho/m|<k<T T2 i=k+1

for any 0 < 0 < 1. The first factor on the right of (43) is bounded by

)

S H%O,k\\<1—%>g_1§l€(w>z,

k=[TXo/7]+1
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using that

|45 7 (k)| < K (1 — i)l ,

T
because || Ay, (A)|| > K~! (7 — \) by Assumption A5 and because Lemma 1 implies
that sup

[Txo/] <h<T A (k) = Aoy ([k/T] )| = 0 (71108 7).

Next, by Lemma 9, the second term inside the braces on the right of (43) is O, (1)

for & > 0 small enough, whereas Lemma 8 and (35) imply that the first term is
bounded by

)

Sup (1 > Z T6o J(bgoj O, (1) + 0O, sup Q

[TAo/n]<k<T j=h+1 [Tho/m]<k<T

- 0, <|7r _ A0|3)

because T~ < T—1 < inf[@o/ﬂ]gkgf (1 — k:/f), 0 < § < 1 and an obvious extension
of Lemma 1 but with ¢ (X) = 7y, (A) ¢, (A) there. So, (43) is O, <|7T - /\0|6), which
implies that (42) holds true because § > 0. O

Lemma 11 Assuming A1 — A6,

T

1 IXj 0'2 log T
_ L — . = = . 44
,\il[tm] T1/2 Z (%T,j ¢0o,g) (ha . 27) Op <T1/2 (44)

p
j=[TA/x]+1 L

Proof. The expression inside the norm on the left of (44) is

1 I
T2 Z %03 (L - IEJ’) (6 = 6o)

[T/\/TI‘] Or.d
1 02
+ﬁ Z %OJ ej (07 — 6o)
T)\/7r
1 T I o?
. X
+m Z <¢9T,j = Doy.; — Doy, (01 — 90)) (h ]. - %) . (45)
J=[Tr/]+1 o
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By A6 and then noting that |a — b| < (a — b) + 2b for a > 0 and b > 0, the norm
of the third term of (45) is bounded by

||9T 0ol|”
1
T2 Z|Og s ~ 2

||9T 6ol” ]X] o? B log T
< T ZUOg - +?Zl|10g)\| = 0o | 7im

by (35) and then using Lemmas 8 and 7 with ¢ (A\) = |log A|, and Lemma 1 respec-

IX] 0'2

tively. So, uniformly in A the third term of (45) is o, (1). Likewise, the first term of
(45) is O, (T~Y/?) uniformly in A using Lemma 8 with ¢ (\) = ¢, (\) and (35). Ob-
serve that qbeo (\) satisfies the same conditions that ¢ (\) in Lemma 8 by A6. Finally,
the second term of (45) is O, (T/2) by Lemma 7 with ¢ (A) = ¢, (). O

Lemma 12 Assuming A1 — A6, for all € > 0,

1 [T/\/ﬂ’] I 9
Ho, 1 Xj 9 _
lim limsupPr< sup |= E ;1/2 E Yor.i <h9T,j — 27T> >ep=0.

AT T X< < | T .~
e P W a1

Proof. Notice that (35) implies that it suffices to show (46) in the set
{l167 — bo|| < KT~*mz'}, where my +mz"T~'/? — 0. On the other hand, Lemma

11 and then Lemma 8 imply that, uniformly in g,

1 o? T ~ _
0 Z Yori® = | = D2 Vooi%hos | T (Bo—0r) + O, (T°)
T Jj=q+1 Jj=q+1
1 _
T1/2 Z ’YOT JT}J = Tl/z Z 7907.7/’7]. +Op (T 1/2) (47)
Jj=q+1 Jj=q+1

proceeding as in the proof of (44) but with s¢; + 7, replaced by 7, there. Observe
that we can take A\g > 7/2. Next, uniformly in ¢, A6 implies that

sup || Agrr (@) — Ago,r (@)]] = (7 — Xo) Oy (|07 — bo|)

[Txo/m|<q<T
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which will imply that, with probability approaching one, as T' — oo,
—1
14520 @] < |45k @] (1 + KT 2m3t) < K (1 _ %) |

because ||Ag, (A)|| > K~ (7 — A) and Lemma 1 implies that
sup ”AQOJ" (q) — Ay, ([qﬂ/’_f]) H =0 (T*1 log? T). So, we have that for 0 <

[Tho/|<a<T

§<1/2,
[TA/7] F
1 Hy, 1 (q) Ix; o°
sup ||= Z — Z Yoy == = (48)
AosAsT qu[ﬁ\o/n]ﬂ T j=a+1 horj 2w
1 [TA/x] N
< K su = 1-=
< Kosw 20 S (1-2)
g=[Txo/7|+1
g\ 1 i 5/
2
X sup <1 — :) = Yoo, + Op (’77 - )‘0| > )
[TAO/W]SQST T T2 j=q+1 ’

by (47) and because T~! < T < inf[i\o/ﬂ]<q<f (1 - q/f) But Lemma 9 implies

N\ —0/2 ~ - o
(1 - q/T) T-1/2 Z;F:qﬂ%o,ﬂ?j = 0, (1), and A3 implies

that sup [Tro/x] <a<T

that
[T/] —146/2 = /2
w2 Y (1-2) < ( d ,
q:[T)\o/ﬂ']+1

and hence the left side of (48) is O, <|7r — Xo|” 2). From here we conclude that (46)

holds true because § > 0. O
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7. PROOFS

This section provides the proofs of the main results which are based on the series

of lemmas given in the previous section.
Proof of Theorem 1

Part (a) follows by Lemma 4 with ((A\) = 1 there. The proof of part (b) follows
immediately from part (a) and Lemma 7 with ¢ (\) = 1 there. O

Proof of Theorem 2

Part (a). By Lemma 8 with ¢ (A\) = 1 there and the definitions of Gy (\) and
GY. ()\), we have that

[T}\/ﬂ']
2
T2 (Gopr (\) = G2 (N) = — = > Gy | T (01 — 05) + 0, (1) (49)
=1
[TA/x] 7
O'2 Z 2T Z IXk
— - - y . Sil—/—v —_
I = Pous | 5 Goo,r (m) T2 1= ¢00,kh90’k
+op (1),

by (8) and (9), and where the o0, (1) is uniform in A € [0, 7]. Likewise,
T2 (Gopr (m) = G () = 0, (1) (50)

because (36) and (37) and that by Lemma 1 with ¢ (\) = ¢, (A) and (9), we have

that Hf’l Zjil Doo.j ’ = O (T 'logT). So, (50) holds true. Also, it is worth noticing

that Lemma 1 with ¢ () = ¢y, (A) ¢, (A) implies that [|Sy — Sg,|| = O (T~ 1og? T).
On the other hand, noting that (50) and Al imply that

GY (1) = 0>+ O, (T_l/Q) , (51)
and that |Gy, 7 (1) — G% (7)] = o, (f‘1/2> by Lemma 4, then by (49), (50) and (36),
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uniformly in A, we obtain that

T2 (Gopr () — G (V)

agrr (N) = ad (\) +

3.7
2 11 )
s O (G~ o
1[TA/W] o
0 / -
- RN E 2 %S*WZ%W +0, (1),

which concludes the proof of part (a).

Next part (b). Taking into account part (a), part (b) follows because Lemma 7
guarantees the fidi’s convergence of oY and its tightness. Tightness of the second
term on the right of (52) follows by (37) and Lemma 1 and then because fOA Py, (u)du
is Holder’s continuous of order greater than 1/2 by A3. This concludes the proof of
the theorem. ]

Proof of Theorem 3

Using (51) and recalling that Hyr (j) = 'yg,jAe_le (j), we obtain that

[T/\ / 7r] T

1 2m 2
B0 =z 5 | (Bl = Hur ()2 X e (s —1) | +0,0),

e T T =
(53)
where the o, (1) is uniform in A € [0, 7].
Suppose, to be shown later, that the convergence in [0, Ag] holds true for any 0 <
Ao < 7. Then, because B, and the limit of the process T~1/2 ZJ[Z/W] (I&j — %) are

continuous in [0, 7], Billingsley’s (1968) Theorem 4.2 implies that it suffices to show
that for all € > 0,

1 [T)\/Tr] 17 T 9
lim limsupPr{ sup |= eoT < T 1) >e =0,
Ao—m T—>oop ,\ngpgw T fz TL/2 Z ook fex =
i=[Txo/m|+1 k=j+1

which follows by Lemma 10, cf. the second term on the right of (43).
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So, to complete the proof we need to show that, for any 0 < Ay < 7,

1 [T)\ / 7r]

2m 1< 2m 1
=y 1 g]e,j — 1) — Hypyr (j) F kz Yoo,k gle,k‘ -1 = mB7r (A),
i= =j+1
(54)

in [0, \g]. Fidi’s convergence follows by Lemma 7 part (b) after we note that the

second term on the right of (53) is

7 kA[TA/x]

1 1 . 2T
T1/2 ; ? ; HQO,T (]) Yoo,k (gjs,k - 1)

and (fl Z?ﬁgﬂ\/ﬂ] Hy, 1 (j)) Vg, 1 Satisfies the same conditions of Lemma 7 for ¢ (1)),

e.g. those of h, (\) in Giraitis, Hidalgo and Robinson’s (2001) Theorem 4.2. Then,
it suffices to prove tightness. Since a% is tight, we only need to show the tightness
condition of

7] r :

T
1 . 1 o
Ar () = ? Z Hpy 1 (5) T1/2 Z Y60,k ([s,k - g) . (55)

j=1 k=j+1

By Billingsley’s (1968) Theorem 15.6, it suffices to show that
E (|Ar (9) = Ar ()] [Az (A) = Ar (9)]) < K |A = pf”

forall 0 < yt < ¥ < A < 7 and some § > 1/2. Observe that we can take T-! < |\ — g
since otherwise the last inequality is trivial. Because (A — ) (9 — p1) < (A — p)?, by

the Cauchy-Schwarz’s inequality, it suffices to show the last displayed inequality holds
for B|Ar (A\) — Ar (10))* which is

! o ’ . o2 o2
= 2 Hor() Do D YesVeeB Kfa,el - —) (IM2 — _)} Hy, 1 (k)
T3 gok=[Tu/m|+1 O1=j+1 bo=k+1 27 2
o S
<5 X M OlHar O <K ([F0) - [ + 720 T)
jik=[Tp/x|+1
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where H (\) := 7! fo/\ Hy, (v) dx and HﬁT (\) - H ()\)H < KT 'logT, where
Hp(\) =T} Z[TA/W] |Hp,r (j)|| by Lemma 1. From here we conclude by Billings-

ley’s (1968) Theorem 15.6, because H ()) is a monotonic, continuous and nondecreas-

ing function such that ‘ﬁ]()\) - ﬁ](u)‘ <SKMN—p|’,6>1/2and T < [A—pl. O
Proof of Theorem 4

By definition of 5, , and 39., it suffices to show that

2 r I
X,k X,J
35 ) ) (0| o
T1/2 = (heTJC ] < 0 0r.j
and
T/\/7r 1 T I a ( )
Hop, 1 ( v ( g orT )
GeT 7 ( Z o T1/2 j;l B0.j ho,.; 2
1 ] 1 & I Gopr ()
X,j 0,7 \T
S — . - 57
Gora ) T 2 e Wz 2 oy (o - S | o

converge to zero uniformly in A € [0,7]. Expression (56) is o, (1), uniformly in
A € [0, 7], because the contribution due to the term in brackets in the last line of
(52), that is —¢y, ; (27? (GO (n)) ! S;1T*1/2 Z;‘;l ¢90,kls,k> is easily seen to be zero.

Next, because

T)\/7r
= Z 100 1 1 40z H = Z 17051
j =k-+1
T/\/7r 2
< K3 3 Il 2@ (1 1)
T/\/7r

IN

K Z V00| < K

—1
by integrability of v, and that

Agor () (1 - k;/f) > 0 by A3 and A5, it implies
that the contribution into (56) due to the term o, (1) on the right of (52) is negligible.
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Next we examine (57). Because (50) and (51), it suffices to show that

[T}\/ﬂ'] F F
1 HQOT IXJ 0'2 HQTT ]Xg 0'2
Py e zm( ) e Zv v

(58)

converges to zero uniformly in A € [0, 7], after observing that

[TA/7] 7 [TA/7] T
sup | > Hopo (k) Y Yoy — Z Hyor (k) ) 53] =0
L j=k+1 j=k+1

First, we observe that Lemmas 10 and 12 imply that it suffices to show the uniform

convergence in A € [0, \o] for any Ay < 7. But (58) is equal to

(] 1 & Iy o2
— H9 T (kj) - Yoo i — . ( X,j . _) (59)
T ; T T1/2 ];_1 ( 907.7 0T7]) hGTJ 27T
[T/\/W] 7
1 1 IX O'2
- Hoo 1 (k) — Hy, 1 (k) SR
2 (a6 o (9) Zv e

So, the theorem follows if (59) and (60) are o,(1 ) uniformly in X € [0, Ag].
To that end, we first show that

[T)x/w]
Sup = Z H¢90J ¢9T]H = Op(l)’ (61)
refo,r] T
sup ||A90T /\)—AQO1 ()\)H = o(1), (62)
A€E[0,M0]
sup HAH T /\)_Ae_ol,T ()\)H = 0,(1). (63)
AE[0,\0]

(61) follows proceeding as with the proof of (44) in Lemma 11 but without the factor
h—l

oriIxj — 0%/ (27), (62) follows because Assumption A5 implies that Ag, (M) > 0

and because by Assumption A3 qugo ) b, ( )H satisfies the same conditions of ¢ (\)

in Lemma 1, so that

sup || Ag, (A) — Agyr (V)| = O (T og? T)
/\6[0)\0]

whereas (63) follows proceeding as with the proof of (61) and (62).
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Now we show that (59) is 0,(1) uniformly in A € [0, \o], which follows by Lemma 11
and (61) — (63) noting that (vj, ; —

W'QTJ) = (O,ngw- - gbgm), so does (60) by (61)
and (63) and that

T

DY by ) _o,0)
sup |=— =L - — )| =
/\e[Ol,Dw} T2 4 760 he,: 2w P

j=[TA/x]+1 7

by Lemmas 7 and 8 with ¢ (\) = 7, (\) there and observing (

35) and that by
Lemma 1, T} Z?:[f)\/w]-i-l ’Y.go,j%o,j - f; Yoo (%) %0 () dx

O

Proof of Theorem 5

Under Hi7, we have that by definition,

[P (7]

2T Ix ot
GGO,T()\> - = —J+ ~ Z lj
T = h T2
T/ )\/Tr
27T [ ]

Ix‘ IX
— =2 - z,
Fr o bR R) E X

J=1

By Lemmas 1, 4 and 7 with ¢ (\) = 7/ ()), and because |sr| is integrable, we have

that N
2T [TA/W] o A
Go.r(\) = = I+ = /z du + o, (T~V?) .
w0 =T 3 Lt g | 10 o (T71)

So, using (51) because [ (u)du = 0, we have that uniformly in A € [0, 7],

A

1/2 T W) du

T ~Z - Tmﬂ/ol()d
+op (1)

= aOT()\)—i-%/o [(u)du—+o,(1).

From here the conclusion is straightforward.
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Table 1.

Empirical size of omnibus and Portmanteau tests at 5% of significance.

T =200 T = 500

Cr C% Qs Qer Quor Qaor Cr C% Qs Qs Qs Q357
5o, Ho : AR(1)
-0.8 492 4.69 3.34 3.72 391 3.61 5.07 5.17 3.56 3.87 4.35 3.97
-0.5 438 496 2.80 3.38 3.60 341 496 516 3.12 3.75 4.17 3.82
0.0 4.07 496 2.66 3.35 345 337 4.62 510 3.00 3.63 4.11 3.82
0.5 3.59 495 2.67 3.33 3.57 340 450 5.04 297 3.82 4.17 3.80
0.8 3.08 492 289 344 3.73 354 427 511 3.33 3.77 4.32 3.88
N, Ho : MA(1)
-0.8 4.25 837 432 454 442 395 489 6.67 4.13 4.39 4.56 4.07
-0.5 416 5.06 2.83 3.41 3.65 338 4.89 518 3.13 3.76 4.15 3.83
0.0 4.08 496 251 3.26 346 3.32 4.62 510 294 3.61 4.05 3.82
0.5 3.60 5.08 2.65 3.30 3.55 341 449 515 296 3.77 4.13 3.82
0.8 3.89 7.72 15.33 15.30 15.33 15.05 4.63 6.42 8.03 8.44 8.68 8.17
do, H() : I(d)
0.0 3.53 496 2.76 3.40 3.68 347 448 510 3.13 3.90 4.29 3.83
0.2 3.54 495 2776 3.39 3.63 346 454 5.15 3.14 3.89 4.27 3.81
0.4 3.568 5.21 279 339 359 344 458 537 3.14 3.88 4.27 3.80
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Table 2.

Empirical power of omnibus and Portmanteau tests at 5% of significance.

T = 200 T = 500
n Cr Qsr  Qer  Quor Qor Cr Qs Qsr  Quisr  Qssr
-0.8 100.00 99.97 99.95 99.25 92.34 100.00 100.00 100.00 100.00 100.00
-0.5 80.82 70.16 55.53 44.38 31.25 99.84 99.23 97.54 88.65 68.72
0.2 7.12 5.04 4.98 4.86 4.34 12.16  8.31 7.35 6.27 5.21
0.5 70.82 72.03 57.50 46.06 32.15 98.59 99.32 97.83 &89.19 69.29
0.8 99.56 99.99 99.95 99.30 92.76 100.00 100.00 100.00 100.00 100.00
T = 200 T = 500
0 Cr Qs Qsr  Qur @Qor Cr Qs Qsr Quisr  Qssr
-0.8 100.00 100.00 100.00 100.00 99.99 100.00 100.00 100.00 100.00 100.00
-0.5 84.36 77.15 66.51 57.37 44.02 99.73 99.47 98.45 94.26 82.89
0.2 7.16 3.71 3.99 3.94 3.63 12.04 6.65 6.42 5.73 4.80
0.5 77.08 74.86 64.04 54.79 31.78 99.19 9941 98.35 93.77 82.04
0.8 100.00 100.00 100.00 100.00 99.97 100.00 100.00 100.00 100.00 100.00
T = 200 T = 500
0o Cr Q3,7 Qo Qur Q21 Cr Qs Qer  Quisr  Qssr
0.2 11.34 12.84 13.00 11.27 13.13 34.92  33.35 33.01 23.98 15.71
0.5 26.81 34.11 41.17 35.55 24.94 75.29 81.36 87.81 80.73 58.52
0.8 982 12.86 21.01 21.32 1541 33.21 38.74 57.53 61.63 39.15
T = 200 T = 500
d Cr Q7 Qs Qur Qoor Cr  Qsr Qs Quisr Q57
0.1 822 4.98 5.66 o.11 4.83 16.79 12.07 14.09 12.34 9.10
0.2 19.90 13.74 16.20 15.23 11.81 51.77 45.04 53.29 47.54 36.11
0.3 36.03 25.92 32.00 30.50 24.35 82.80 74.84 85.12 81.44 69.62
0.4 48.83 34.86 43.78 43.31 35.48 94.40 87.30 95.56 94.31 &87.38
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Table 3.
Empirical size and power under local alternatives at 5% of significance

Hy: AR(1). H,: ARFIMA(1,d = 7/T"2,0).
T =200

p Cr Wir Wer [bsr| [Vor| sz ver Qsr Qsr
0 0.0 4.07 3.19 259 470 481 448 5.12 266 3.35
0.5 3.59 298 232 3.79 424 3.62 399 267 3.33
0.8 3.08 252 194 394 310 3.75 4.02 2.8 344

1 00 6.26 540 437 839 11.13 13.44 16.63 3.68 4.25
0.5 3,57 290 226 345 419 419 564 273 3.37
0.8 3.01 225 1.66 4.10 452 780 853 387 441

2 0.0 12.19 12.04 10.53 19.93 26.15 28.94 35.10 7.80 9.13
0.5 344 291 236 347 415 425 6.27 291 3.58
0.8 484 316 219 917 10.33 16.59 17.98 845 7.58

3 0.0 21.92 23.63 21.27 35.77 44.37 47.20 54.61 15.17 18.02
0.5 326 274 239 365 443 499 648 327 3.92
0.8 9.13 6.61 4.10 20.13 2290 31.95 35.14 21.18 16.12

4 0.0 33.38 27.13 24.15 50.40 59.39 62.18 69.12 23.88 29.88
0.5 341 247 238 4.09 475 6.80 7.61 4.32 4.67
0.8 17.48 14.65 9.09 38.10 43.37 53.13 57.56 46.00 33.97

- T =500

T p Cr WS,T W6,T w3,T wﬁ,T ¢?T,T w(;iT QS,T Qﬁ,T
0 00 7462 422 366 481 4.78 457 506 3.00 3.63
05 450 399 340 426 458 427 443 297 3.82
08 4927 356 3.09 390 385 463 3.63 3.33 3.77

1 00 693 703 629 935 11.62 14.63 17.54 4.37 5.13
05 458 442 408 4.85 535 583 743 3.02 3.93
08 474 413 347 572 590 961 9.83 4.12 4.64

2 0.0 1492 1551 14.23 23.43 29.37 33.47 39.37 10.03 11.60
05 469 472 467 4.83 6.49 6.37 10.18 3.08 4.21
08 736 6.13 4.73 11.57 12.08 19.11 19.81 7.27 7.38

3 0.0 926.86 31.03 29.55 44.70 53.35 56.44 63.59 21.28 24.91
05 465 504 548 471 7.14 544 11.31 3.30 4.60
0.8 1356 11.62 8.18 23.46 24.65 34.56 35.78 15.23 13.51

4 0.0 4362 51.19 49.81 66.34 74.28 75.93 81.84 37.13 43.93
05 465 518 6.35 505 7.03 509 10.80 3.81 5.09
0.8 9444 23.10 16.17 42.07 44.05 54.86 56.23 31.28 25.74

wn,T

denotes two sided tests, whereas wZT are one sided (right hand side) tests.
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Table 4.
Empirical size and power under local alternatives at 5% of significance

Hy: AR(1). H;: ARMA(1,1), o = 7/T"/2.
T =200

p Cr Wir Wer [bsr| [Vor| sz ver Qsr Qsr
0 0.0 4.13 3.09 358 398 439 4.18 4.39 265 3.36
0.5 3.62 280 222 368 404 393 414 267 3.31
0.8 3.06 238 1.86 3.00 321 345 364 293 3.46

1 00 422 310 258 388 423 374 393 276 3.40
0.5 552 4.08 290 551 576 886 920 3.08 3.61
0.8 781 5.63 3.66 7.77 798 13.13 13.62 547 5.05

2 00 501 350 279 377 4.06 336 346 345 3.82
0.5 853 6.10 4.02 858 9.06 14.33 14.61 4.51 4.56
0.8 18.07 13.73 8.53 20.63 21.26 30.93 31.41 12.52 10.66

3 00 779 504 3.7 462 492 6.00 6.06 5.60 5.32
0.5 10.64 7.80 5.16 10.84 11.25 17.39 17.87 5.76 5.41
0.8 32.10 27.17 17.65 37.68 38.18 50.25 50.49 23.84 20.09

4 0.0 14.60 9.51 6.65 10.86 11.01 16.70 16.78 11.03 8.99
0.5 10.67 &8.16 542 10.65 11.01 17.11 17.57 5.93 5.56
0.8 45.29 42.62 29.55 52.48 52.79 64.96 64.97 36.18 31.63

- T =500

T p Cr WS,T W6,T w3,T wﬁ,T ¢?T,T w(;iT QS,T Qﬁ,T
0 00 7470 443 386 466 568 452 4.62 299 3.64
05 450 423 3.70 453 455 450 452 2.99 3.80
08 439 394 340 422 426 437 438 334 3.78

1 00 474 437 38 470 475 431 435 3.02 3.70
05 668 572 473 6.71 6.61 1025 10.36 3.75 4.32
08 956 806 6.00 10.03 10.08 16.20 16.28 6.26 5.82

2 00 500 447 390 476 487 361 3.62 3.34 3.90
05 11.06 894 6.81 11.48 11.43 18.23 18.17 6.06 5.88
0.8 2321 19.66 13.89 26.87 26.88 38.01 37.99 15.66 13.35

3 00 631 517 438 495 503 3.19 3.18 425 4.55
0.5 16.44 13.17 9.58 17.26 17.24 26.26 26.03 9.45 8.39
0.8 4278 38.92 28.30 50.11 49.91 62.36 62.42 32.23 27.37

4 00 948 698 557 509 516 4.09 4.07 640 5.98
0.5 921.08 17.22 12.42 22.10 21.95 32.15 31.99 12.84 10.89
0.8 62.44 60.69 47.41 70.99 70.86 80.69 80.67 52.01 46.42

wn,T

denotes two sided tests, whereas wZT are one sided (right hand side) tests.
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