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Abstract

In this paper, capital market imperfections are endogenized consider-
ing an adverse selection problem between banks and borrowers. We de-
velop a growth model with linear OLG wealth dynamics, where agents are
heterogeneous in terms of observable wealth and ability, which is private
information. We show that banks react to this informational asymme-
try by granting higher loans to talented borrowers. This, in turn, helps
poor and talented agents to become educated and catch up with the rich
agents. Furthermore, the credit market friction leads to greater human
capital accumulation.
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1 Introduction

An important strand of the economic literature studies the implications of capi-
tal market imperfections (CMIs) on economic performance and the distribution
of income.! The conclusion reached in all of these papers is that CMIs represent
a barrier to intergenerational mobility. Because borrowing is expensive, individ-
uals with low wealth have limited access to the investment opportunities that
are available to the rich. In this context, inequality becomes persistent, limiting
social mobility.

Assuming that each individual passes on a constant fraction of his or her
wealth as an inheritance to the next generation, we study the dynamics of the
wealth distribution in an economy where CMIs are endogenized considering an
adverse selection problem between borrowers and banks. We develop a growth
model in which agents are heterogeneous in terms of observed inherited wealth
and unobserved ability. There are two types of agents: low-ability and high-
ability ones. When they are young, agents can invest in human capital and
the revenues from this investment are uncertain. Furthermore, investment is
divisible and may be financed through borrowing. Our central assumption is
that ability positively affects not only the probability of success, which is also
the probability of debt repayment, but also the returns on the investment in
education.

Our model delivers several results. When banks cannot identify a borrower’s
ability, they offer a menu of contracts that constitute a self-selection mechanism.
In equilibrium, high-ability individuals from poor families invest in education
even more than under full information. This is the case since banks use loan size
as a screening device. Talented individuals end up choosing larger loans at lower
interest rates, while untalented agents prefer smaller loans at higher interest
rates. Thus, we study the dynamic implications of informational asymmetries
and show that human capital accumulation and intergenerational mobility is
higher under adverse selection. This is so because overinvestment represents an
important vehicle for expanding opportunities since education acts as a leveller
in society. As a result, poor and talented individuals climb the economic ladder.
Additionally, the model compares steady state mobility, human capital, and
aggregate wealth for endogenous and exogenous CMlIs, and proves that under
exogenous capital markets, the common wisdom on the topic applies. Credit
market frictions prevent poor individuals from borrowing and thus represent a
barrier to intergenerational mobility.

The existence and importance of credit constraints have been subjects of
debate. Indeed, there is still no agreement about the quantitative importance
of credit constraints, neither in the context of entrepreneurship (see Evans and
Jovanovic, 1989, and Hurst and Lusardi, 2004) nor in the context of education
(see Carneiro and Heckman, 2002, and Ellwood and Kane, 2000). On the other
hand, Fang (2006) assesses the quantitative importance of ability signalling and

1See, for example, Aghion and Bolton (1997), Banerjee and Newman (1991, 1993), Becker
and Tomes (1986), Galor and Moav (2004), Galor and Zeira (1993), Loury (1981), Maoz and
Moav (1999), Moav (2002), Owen and Weil (1998), Piketty (1997), among others.



shows that workers invest in education not only because it improves their pro-
ductivity, but also because it serves as a means to differentiate the unobservable
components of ability.

A particular feature of the equilibrium contract is that there is a negative
correlation between interest rates and loan size for similar projects. This result
depends on the conjunction of three assumptions: the limited liability, perfect
competition in capital markets, and the modeling of success probability de-
pending on human capital investment. Available evidence suggests that this
negative relationship tends to hold. For example, Karlan and Zinman (2008)
identify downward-sloping demand curves for consumer credit in South Africa
by randomizing the interest rates on loans offered to former clients via direct
mail solicitation. Their specification regresses loan size on interest rates and
includes controls for risk category and income. Nevertheless, their regression
is not a perfect test of our model.® In addition, a common practice in Micro-
finance Institutions (MFIs) is the use of dynamic incentives, which imply that
MF1Is allocate larger loans at lower rates over time to borrowers with a good loan
repayment performance. Thus, although there is a negative correlation between
interest rates and loan size, unobservables are not controlled under dynamic
contracting since, over time, the revelation of information, as well as agent’s
behavior change (see Chiappori et al. (2003)).

The next section places the research in the context of the existing literature.
We set up the model in Section 3. The equilibrium in the capital market and
the main results in terms of (the absence of) credit rationing and human capi-
tal investment are described in Section 4. In Section 5, we study the long-run
equilibrium of the economy where the wealth distribution evolves endogenously,
under full information, asymmetric information and exogenous credit constraints
as well as the implications in terms of social mobility, aggregate wealth, and hu-
man capital accumulation. Section 6 concludes the paper. Finally, an appendix
contains all omitted proofs.

2 Relation to Existing Literature

This paper is part of the literature studying the effects of asymmetries of infor-
mation on macroeconomic performance. To situate it within this field of inves-
tigation, let us consider first the literature that address the problem of adverse
selection in credit markets. In our model, the financial contract stipulates price

2He shows that almost one-third of the college wage premium is due to signalling.

3Its main shortcomings as a test of our theory are, first, that Karlan and Zinman’s re-
gressions do not control for unobservable risk. Since, in our model, agents are heterogeneous
in two dimensions, similar projects would mean that we are controlling for both variables.
Second, in their model, contract policy is given by just the interest rate. In our model, how-
ever, it is given by prices and quantities instead. Third, lenders work in the consumption loan
market, where investment uses of the loans include not only education but also food, clothing,
transport, housing, finance entrepreneurship, and paying off other debt. Finally, loan sizes
tend to be small relative to the fixed costs of underwriting and monitoring, but substantial
relative to a typical borrower’s income.



and quantities. In Bose and Cothren (1997) and Bencivenga and Smith (1993),
the financial instruments are: the interest rate, the loan amount, and the prob-
ability of rationing. The pivotal modeling difference in the finantial contract
between their analysis and ours is that in their paper, each borrower receives
the same amount of investment. As a result, lenders cannot discriminate either
in quantity or in the interest rate (since there is perfect competition). Thus
they use credit rationing to differentiate among agents.* Besanko and Thakor
(1987a y b) and Bester (1985) use collateral as a way to allow for self-selection
of borrowers. In our model, the loan size creates this role. And when loans are
of variable size, collateral is no longer required.

The results we derive for overinvestment are in contrast to the conventional
underinvestment outcomes described in the microeconomic literature on adverse
selection in financial markets. In Stiglitz and Weiss (1981), credit rationing
emerges when the interest rate at which demand equals supply is not that at
which the bank’s expected return is maximized. In their model, the bank’s
expected returns decrease with interest rates. This is due to the assumption that
the distribution of returns to high-risk borrowers is a mean-preserving spread
of the distribution of returns to low-risk borrowers, which implies that safe
borrowers drop out of the market when interest rates increase. As a result, at
low interest rates both types of agents apply for the loan, generating an excess
of demand. Since banks can not separate borrowers, they react by rationing
them. In contrast, not too many papers derive overinvestment with adverse
selection problems. In De Meza and Webb (1987), borrowers invest in excess of
the socially efficient level since some negative net present value projects also get
funded. Contrary to the paper of De Meza and Webb (1987), in which agents
also overinvest, our paper has the advantage that we embed this equilibrium in
a dynamic framework.

Most of the literature that analyzes how CMIs determine income dynam-
ics has emphasized underinvestment, principally as a result of moral hazard.
For example, Aghion and Bolton (1997) and Piketty (1997) consider a moral
hazard framework with limited liability and show that poor borrowers are credit-
rationed. This is so because the more the agent has to borrow, the higher the
marginal returns on sharing with banks, and consequently, the less effort the
agent supplies.” Although both papers study inequality, Piketty (1997) does
not model mobility explicitly.> We focus instead on social mobility through in-
vestment in education. In our work, mobility is a result of individuals’ choices
given their ex-ante heterogeneity and banks’ decisions. In Mookherjee and Napel
(2006), mobility is also generated by heterogeneity in ability. They consider a
model in which there is no credit market for financing education and human
capital in indivisible. They determine the returns to education and explore the

4The probability of rationing as another instrument could easily be incorporated into our
paper. In fact, our results hold since all agents receive loans, and the distortion is still given
by the amount of investment.

5Similarly, Banerjee and Newman (1993) show that moral hazard problems and endoge-
nously determined wages could be a source of persistent inequality.

6In his model, steady state mobility is induced by shocks to income.



existence and multiplicity of steady states as well as non-steady-state dynamics.
Their paper shows that steady states are characterized by positive occupational
mobility.”

Using a moral hazard framework, Ghatak et al. (2001) and Mookherjee and
Ray (2002) raise doubts about the link between CMIs and intergenerational
mobility. In Ghatak et al. (2001), rents in occupations involving set-up costs
motivate poor individuals to persevere, work hard, and save to overcome the
borrowing constraints. In Mookherjee and Ray (2002), by contrast, when agents
have all the bargaining power, the poor have strong incentives to save and then
to overaccumulate, since all the benefits of incremental wealth accrue entirely
to agents. In our economy, however, talented borrowers prefer larger loans
as an indicator of some valuable, yet hard-to-observe individual characteristic,
and thus do not pass themselves off the way less capable borrowers do. It is
precisely this overinvestment that increases upward mobility and human capital
accumulation.®

3 The Economy

The economy is populated by overlapping generations of agents who each live
two periods. When individuals are young, they receive the inherited transfer
from parents and the ability shock is realized. Then, they make the economic
decision as to whether or not to attend school (and how much to invest in school-
ing). Schooling is costly and privately provided. There exists a loan market to
get into debt if necessary, which is characterized by an adverse selection prob-
lem. The capital market is competitive. Although we have confined our analysis
to investment in education, the framework is also applicable to investments in
entrepreneurship.

3.1 Individuals and Human Capital Technology

The economy is populated by a continuum of families, indexed by j € (0,1].
For simplicity, there is one member of each family born in each period ¢, so that
there is no population growth; the parent-child connection creates a dynasty.
Individuals differ in the initial wealth inherited from their parents and in their
abilities.

Let 6 denote an agent’s ability and assume that there are only two types:
low ability types 6, and high ability types 0, where § > 6 > 0.° The fraction

"Napel and Schneider (2008) study a special case of Mookherjee and Napel (2006), where
there is intergenerational talent correlation. The model is robust to the degree of wage in-
equality and the number of steady states. However, due to talent correlation, social mobility
is smaller than in Mookherjee and Napel (2006).

8 As shown later, this result is inefficient. However, introducing some externalities in the
process of human capital accumulation (e.g., as in Romer (1986)), the total income may be
higher under asymmetric information than in full information.

9While the formal development is for the case of just two types of loan applicants, the
basic insights remain unchanged for an arbitrary number of types.



of low ability agents is indicated by =y, and that of high ability agents is 1 — =,
with v € (0,1). We assume that agents know their own abilities, while banks
know only the proportion of individuals of each type, as well as the inherited
bequest of each applicant.

Individuals are risk-neutral. When they are young, agents maximize utility
which depends on the second period consumption, c;y; and on the bequest
given to their children, b.11. More specifically, the utility function takes the
form U; = zci_:f‘bf‘ﬂ, where z = (1 — @)* " 'a~®. Accordingly, agents allocate
the final wealth between consumption, ¢;y1 = (1 — @)yr+1 and transfers to their
children b;11 = ay;11. Hence, the indirect utility function is simply a linear
function of the wealth realization V; = y;41.

The human capital technology is stochastic at the individual level. In partic-
ular, human capital can take two different values depending on the realization
of idiosyncratic shocks. We assume that in cases of success, agents become ed-
ucated and earn a high return; in cases of failure agents drop out of college and
earn a low return as uneducated agents.!® Banks are able to observe ex post and
without any cost, whether the investment in human capital fails or succeeds.
Hence, the returns from the investment are given by the following technology

j h¢Ge if she succeeds with p(6,1)
J — — ’
fipy = O, 1) = { v if she fails with 1—p(6,1), (1)

where § = {0,0}, and I is the investment in education, which takes values in
the interval [0,00). As we will see later on, since the amount of investment
is divisible, it can be used to convey information about the borrower’s ability.
The returns from the investment in human capital are such that educated agents
accumulate higher human capital than uneducated agents since h® > h* > 0
and Gy > 1 holds. Notice that human capital is affected by talent through
Gy. Talented agents obtain more human capital since Gz > Gy is assumed.
Moreover, a talented agent, by assumption, will succeed more often and p(6, I) >
p(0,T) holds'!. Therefore, ability affects the returns from the investment as well
as the probability of success.

Ability is not the sole determinant of the success probability. Investment in
education is the other influential factor'?. An increased human capital invest-
ment results in a higher success probability but at a decreasing rate, p;; < 0.
That is, conditional on success, the marginal returns to investment in education

10 Assuming that the return to a borrower is a continuously distributed random variable
rather taking only two values does not change the equilibrium contract qualitatively. However,
under continuous return, the success probability decreases in the amount of investment and
therefore it does not satisfy Al.

' This is consistent with the empirical papers of Manski and Wise (1983) and Stinebricker
and Stinebricker (2001), which show that children with less acquired ability are less likely to
complete college.

12We assume that agents investing more in human capital receive a higher-quality of edu-
cation. This improves students’ outcomes, so that they are more likely to succeed, work as
educated individuals, and earn a higher income than if they fail and remain uneducated.

13 Galor and Moav (2004) and Moav (2002) use also a concave technology of the individual’s
real expenditures on education.



are higher for low investment. Moreover, talented agents have higher marginal
returns in the successful state. We formalize this reasoning with the assump-
tion that ability and the amount of investment are complementary factors in
the production of human capital pg; > 0. Therefore, high-ability agents have
higher total and marginal returns in the successful state. These assumptions are
common in human capital literature (e.g., Becker (1993)). More specifically, we
use the probability function

p(0,1) = BO)(1—e™) and 1-p(0,1) =1-BO1-e), (A1)
where 0 < B(0) < B(0) < 1.

Note that if ability affected only the returns, such that the probability would
depend just on I, we would find that the full information contract is incentive-
compatible at any level of inherited wealth. Since we are interested in analyzing
the consequences of having asymmetric information, we rule out this formula-
tion. In contrast, if ability affected only the probability of success, the single
crossing property would not be satisfied, and the equilibrium would not exist.
Therefore we choose the formulation described in equations (1) and Al, which
embed the complementarity between ability and investment as well as the re-
turns depending on the ability type. Moreover, we have to impose the following
restriction on the exogenous parameters

214822 ln(%), (A2)

where a = B()(h°Gg — h*), and d = B(0)(h°Gy — h*). Assumption A2 rep-
resents a necessary and sufficient condition to ensure that the full information
contract is not incentive-compatible with any level of inherited wealth among
borrowers.

Agents live for two periods. In the first period, individuals learn their ability
levels and receive inherited wealth which can be used either to finance education
or to invest in the capital market at the risk-free interest rate R. Because of
the properties of the success probability, it is always profitable to invest in edu-
cation.!? At the beginning of the second period of agent’s life, the uncertainty
about the investment is resolved. Afterwards, banks receive profits and agents
obtain their income (denoted by y:11), which is allocated between consumption,
(1 — @)y+1 and transfers to the children, ay;y1.

First-Best Investment

Without constraints on borrowing, the first-best level of investment (which
is denoted by I'*) maximizes the expected returns net of the opportunity cost
of the investment,

I* = arg max p(0, )h*Gy + (1 — p(0,I))h" — RI.

1 This is the case since limr_.q %(hEGQ — h*) > R which implies that B(0)(h®Gy —
h*) > R for any 0 € {0,6}.



The FOC is, 0.0
dp(0,1), . u

aI (h°Gy — h*) = R. (2)
It is worth noting that the agent’s main problem is to optimally decide how
much of the inherited wealth should be invested in human capital and how
much should be invested in the capital market. Equation (2) represents the
non-arbitrage condition between human and physical capital. It tells us that
the current gross interest rate R equals the expected marginal profit of the
investment in human capital. From (2) and Al (which provides the functional
form of p(0, 1)), we can derive the first-best level of investment,

[, (B(H)(heGg - h“)) |

R

where 6 = {0,0}. The first-best level depends positively on the return gap
(h*G — h"), and negatively on the return from saving R. Since talented bor-
rowers have higher total and marginal returns in the successful state, they decide
to invest a higher level in education, i.e., Ig* > I, which is in line with empirical
evidence. Indeed, a positive relationship exists between cognitive ability and
college attendance for all family income and wealth levels in both the NLSY79
and NLSY97 (see Carneiro and Heckman, 2002, and Belley and Lochner, 2007).

When agents spend above the first-best investment, namely when there is
overinvestment, the expected marginal profits on the investment are below the
riskless interest rate R. By merely reducing human capital investments and
putting the excess inheritance into the capital market at the riskless interest rate
R, agents would increase their expected wealth. Accordingly, agents with an
inherited wealth above I will invest the first best amount and become lenders.
When agents invest below the first-best investment level, namely when there is
underinvestment, the expected marginal profits of the investment are above the
riskless interest rate. It is optimal for the agents to increase the investment in
education until both rates of return are equal. Therefore, agents with inherited
wealth below the first-best investment level are the ones who become borrowers.

Exogenous constraints on borrowing

In our model, credit constraints are endogenous due to the asymmetry of
information between borrowers and banks. If we impose exogenous credit con-
straints and take this assumption to the extreme by prohibiting borrowing for
education, only agents without constraints on borrowing receive the first-best in-
vestment. Indeed, they have enough inherited wealth to finance their investment
in education (b] > I;), and to become lenders, investing the excess resources in
the capital market at the riskless rate of return. Their second-period wealth is

g = | hGo+ Rl — I7) with p(0,15)
t+l R+ R(b] —I3)  with 1—p(0,1}).
In contrast, agents with wealth b; < Iy become credit-rationed and thus,

self-finance their studies. For these agents, the marginal rate of return on hu-
man capital must be greater than R. This ensures that agents invest all their



inherited wealth in human capital. As a result, constrained optimal investment
levels will never exceed the unconstrained optimal amount. The second-period
income is given by

v, = heGy with p(6,b])
t+l R*  with 1—p(6,b)).

Later on in this paper we will analyze the dynamic implications of the ab-
sence of a credit market for investment projects and compare all three frame-
works: full information, asymmetric information, and self-financing,.

3.2 The Financial Contract

We will begin by analyzing the contract conditional on one specific level of
bequest. We will then see how this contract is modified when the inherited
wealth changes. Banks compete in two dimensions:

i) The rate of interest charged Fyy; (one plus the interest rate on the loan).

ii) The amount of investment in education I;, so that the extent of the loan is
determined by the investment in education net of the transfer received, (I; —b).

Since inherited wealth is observable, the contract will be contingent on the
borrower’s inherited wealth. Therefore, a bank’s offer consists of a vector £ =
(Fyy1(by), It (bs)) provided to each 6 type, specifying the interest rate Fy11, and
the amount invested Iy, for any level of bequest. ‘

Under asymmetric information, agents with an inherited wealth b] < I},
regardless of their talent, become borrowers and banks are unable to directly
distinguish among borrowers of differing abilities. Hence, banks offer an asym-
metric information contract to these agents. As we have argued in the previous
section, low-ability agents with b] > I; become lenders investing the first-best

amount Ij. Similarly, high-ability agents with b{ > Ig become lenders invest-
ing the first-best amount IZ. High ability agents with wealth IQ* < b{ < Ig do
not have enough funds to invest Ig, and they therefore apply for a loan. Since

only individuals of type 6 apply, the banks offer full information contracts to all
of them. As a result, the asymmetric information problem is only present for
agents with b] < I;.

A borrower’s expected utility is given by his or her expected future wealth:

Upyy = p(60, )Gy — F(I — b)) + (1~ p(0, 1)) " (3)

[Insert Figure 1]

We are assuming limited liability, so that when projects succeed, agents be-
come educated and earn an income high enough to repay debts. By contrast,
when projects fail, borrowers are unable to repay debts.!® If we consider the

15Limited liability is an important assumption in our model. If debt were repaid also in cases
of failure then there would be no accidental default. It is easy to check that the equilibrium
no longer exists since pooling contracts are never viable against competition (see Rothschild
and Stiglitz, 1976).



investment project as an investment in education, our limited liability assump-
tion implies that borrowers who drop out of school earn low earnings and thus,
repayment cannot be made. This assumption is based on two empirical findings:
On the one hand, low earnings after withdrawing from school are commonly as-
sociated with nonpayment (Woo 2002). On the other hand, failure to complete
an academic program is one of the strongest predictors of loan default (Dynarski
1994, Woo 2002). Similarly, Paulson et al. (2006) using Thailand data show
that limited liability plays a role in constraining entrepreneurs and potential
entrepreneurs.

Indifference curves U@,b{ = U for the borrower are depicted in Fig. 1. The
interest rate is represented by the vertical axis and the investment in human
capital in the horizontal one. Each figure is drawn conditional on a certain
level of bequest. Since we are assuming decreasing marginal returns on the
investment, the indifference curves are concave (see Appendix B for a proof of
this property). Moreover, the indifference curves satisfy the “single crossing”
property.!® This fact enables banks to offer two different types of contracts, in
which the loan size is used to reveal a borrower’s ability. The utility increases in
a southeast direction when the quantity increases at a lower price. The dashed
line I; gives us the first-best level of investment for the low type. As was
established in the previous section, Ig is situated at the right of I;.

We assume a competitive loan market, with risk-neutral banks obtaining
their funds in a perfect capital market at the exogenous interest rate of R,
since we assume a small and open economy. Because banks offer contracts with
limited liability, the repayment is F'(I — b]) in case of success and zero in case
of failure. The bank returns, in expected terms, are given by

7o = p(6. 1)F(I =) = R(I — ). (4)

Since the loan market is competitive, in equilibrium, banks’ profits are zero.
The break-even line, given by Fy = WR:IV in the plane (F,I) is downward-
sloping. Contracts above the break-even line result in positive profits for the
bank, contracts below it result in losses. The zero iso-profit contour shifts down
with ability (for each level of investment, the interest rate is lower for high-ability

borrowers because they fail less frequently).

3.3 Characterization of the Equilibrium

We look for a pure strategy Nash Equilibrium in a two-stage game. In the
first stage, each bank announces contracts {,&5} = {(Fs, lo), (Fy, 1)}, for
each level of bequest. In the second stage, borrowers simply select their most
preferred loan contract from the set of all contracts offered by banks.

We allow for “free entry” so that an additional bank could always enter into
the market if a profitable contracting opportunity existed. For simplicity, we
assume that a borrower can apply to only one bank during the period under

U /o1

9 1_
9U/OF

16 That is, the Spence-Mirrlees single-crossing condition holds (60[

] > 0) because
we assume Gg > Gy.

10



consideration. Because of perfect competition, banks take others banks’ offers
as given.

Under these conditions, an equilibrium is a set of contracts such that:

i) Each contract {{,,£5} guarantees non-negative profits for the bank.

ii) Contract announcements are incentive-compatible in the presence of other
announced contracts, that is, for any b} < I;

p(0, I7)[(h°Gg — h") = Fy(I = b))] = p(B, 1p)[(h*Gg — h*) = Fo(Ig = b)], (5)

p(8, Ip)[(h°Go — h*) — Fo(ly — b])] = p(8, I5)[(h* Gy — h*) — F5(Iz — b})]. (6)

iii) Contracts satisfy the participation constraint for each type of agent. That
is, the expected utility of a borrower is greater than or equal to the expected
utility for a self-financed agents,

p(0, 1p)[(h°Gg — h*) — Fy(Ig — b])] > p(0,b])(h°Gg — hY), (7)

where 0 € {0,0}.

iv) No banks have an incentive to offer an alternative set of profitable,
incentive-compatible contracts.

In part ii) we introduced the incentive compatibility constraint as a restric-
tion. Banks are unable to distinguish borrowers. They can do so only by offering
two different contracts that act as a self-selection mechanism. These restrictions
force borrowers to make choices in such a way that they reveal their types.

4 The Equilibrium Contracts

In the following subsections we analyze the behaviors of banks and borrowers.
To provide a benchmark against which to measure the effects of information
asymmetries, we first consider the equilibrium when there is full information.

4.1 Full Information

For any agent with an inherited wealth b{ < I, the bank solves the following
problem: the bank maximizes a borrower’s expected utility given by (3) subject
to the participation constraint of the bank, equation (4), which holds with
equality given the hypothesis of free entry and perfect competition among banks.
It is straightforward to verify that the equilibrium contract is given by &* =

{fé, fg} with
6 = 5.1 = (s () ) )

where 0 = {0,0}.17

17Notice that the only contract in which there is no profitable deviation is the Pareto-optimal
contract £* = {§§,§%}.

11



The interest rates charged to borrowers are determined entirely by the op-
portunity cost of funds and success probabilities. Since there are no agency
problems, the equilibrium contract £* = {&3, {5} is independent of the inherited
wealth. The implication of this result is that independently of how wealth is
distributed, poor and rich people with the same abilities will invest the same
amounts.

High-ability borrowers are better off than the low-ability ones at any by,
since they have higher returns when they succeed and they fail less often. Thus,
it comes as no surprise that under full information, banks provide talented
borrowers with better contracts (more funds at a lower interest rates).

Under A2, the contract &, is not incentive-compatible. Namely, if ability
were private information the full information contract is no longer an equilibrium
since the low-ability borrowers are strictly better off accepting the contract %.
Therefore, under private information, if a bank offers {5;, fg}, it will obtain
negative profits. The next section proposes the contract under asymmetric
information.

4.2 Asymmetric Information

The equilibrium contract could be a separating equilibrium, in which different
types choose different contracts, or a pooling one, in which different types choose
the same contract. Arguments identical to those given in Rothschild and Stiglitz
(1976) establish that Nash equilibria are never pooling and any offers induce
self-selection of borrowers.'® Under asymmetric information, the equilibrium
contract is characterized by the following lemma:

Lemma 1. For any agent with b] < I;, the equilibrium under asymmetric

information (if it exists) is given by the credit contract &' = {€5; 5/5} where the
low type chooses the full information contract and the high type prefers

13 o R /j
55 = (F§ 7I§) = (/]‘?Ig> )
p(@,fg)

with Ig given by the incentive compatibility constraint of the low type (equation
6) binding.
[Insert Figure 2].

From lemma 1 we obtain the following proposition,

Proposition 1 The asymmetric information contract leads to overinvestment
among talented borrowers.

Because the Spence-Mirrless single-crossing condition holds, only the IC of
the low type will bind at optimum. Low-type borrowers receive the full infor-
mation contract. The bank’s incentive problem is to deter #-type borrowers

181f pooling contracts are offered, then there exists another credit offer that is profitable
because it attracts only high-ability types from the pooling contract.

12



from choosing the contract of the f-type borrowers. This incentive can be coun-
teracted by making the @ contract less favorable to #-type borrowers, that is,
by “distorting” the first-best contract of the f-type borrowers. From Figure
2 (drawn conditional on a certain level of bequest), we can see that high-type
borrowers overinvest. As a result, talented individuals are worse off under asym-
metric information.

The intuition behind this overinvestment result is as follows: the interest
rate is the instrument used to ensure the zero profit condition. Hence, the only
way banks can distinguish between borrowers is by adjusting the investment
level. Because the “single crossing” property holds, the marginal decrease in
the interest rate F' that a borrower is willing to accept in order to receive a
higher I is higher for f-type borrowers. This implies that an increase in I is
less harmful to the high-type agents. Consequently, a contract specifying a
suboptimal high investment is relatively more attractive for talented borrowers.

[Insert Figure 3]

The more net worth borrowers invest in their own project, the less their in-
terests will diverge from those of the bank. This greater compatibility of inter-
ests reduces the informational problem associated with the investment process.
Thus, ceteris paribus, the distortion is lower when the inherited wealth in-
creases.!? This can be seen by comparing Figures 2 and 3, where in Figure 3
the borrower has a higher inherited wealth than in Figure 3. The equilibrium
amount of investment Ig in Figure 3 (rich agent) is closer to IZ than it is in
Figure 2 (poor agent). Notice first that the level of utility increases with the
inherited wealth, so that as b] increases, the utility moves in a southeast di-
rection. Second, the higher the inherited wealth, the steeper the slope of the
indifference curve for both types of agents. That is, bequest acts as a substitute
of intelligence since higher bequest implies less observable risk and therefore less
problems of asymmetric information.

In equilibrium, the borrower’s participation constraints do not bind. Clearly,
since -type borrowers with b} < I} receive the first-best contract, they always
prefer to borrow rather than to self-finance.?? A similar argument can be applied
to the -type since in competitive settings, banks offer extra rent to the borrower
(compared to the monopoly framework).

Once we have characterized the candidate-separating equilibrium, we need
to be completely sure that it exists. Namely, we need to check that no banks
have an incentive to offer an alternative set of profitable, incentive-compatible
contracts. By construction, no bank has incentives to offer any other contract
that attracts only one type of borrower. Thus, there is no loan contract that

198e¢e Appendix, step 3, from proposition 2.

20That is, for every b{ < I, the expected utility of a low type borrower is strictly greater
than the expected utility of self-financed agents. In fact, if we draw both expected utilities as
a function of bi the two functions cross at bg = Ij. As a result, the participation constraint
never binds and thus limited liability always holds. For a high type the same argument applies
(but now the functions cross at b] = I ).
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low-ability borrowers prefer to £, which earns non-negative profits when only
low types accept it. Similarly, there is no incentive-compatible loan contract
that high types prefer to 5‘;, which earns non-negative profits when it is taken
by high-ability individuals only. As a consequence, an equilibrium exists if and
only if no bank has an incentive to offer a pooling contract. Since Nash equilibria
are never pooling contracts, we need to check under which conditions pooling
contracts are never offered. If we find these conditions, our equilibrium exists
and it is the one characterized by Proposition 1. In a pooling contract, the losses
that banks suffer with the contracts offered to @ types are offset by the profits
of @ type contracts. Therefore, when the fraction of low types is very small,
the incentive to have a pooling contract increases. Hence, proposition 2 tells us
that in order to have the separating equilibrium, the proportion of low-ability
agents needs to be high enough.

Proposition 2 Let (F,I) be the pooling contract offered by the bank, Vgp(.)
and Vgs(.) the indirect utility function of a talented borrower applying for a
pooling contract and a separating contract, respectively, and b the lowest level
of inherited wealth. Then, there exists a 0 < F(by = b) < 1 such that for any
v > 7(bs = b) the following inequality holds:

~ ~ ~ ; j

Vgp(F(pY)aI(PY)ap(gaI(’Y))J’g) < V§S(F9£7Ié (bg),p(?, I;T])vbg)a

for b{ € [b, IQ*), and therefore the equilibrium is the separating one.

Notice that this proposition extends the findings of Rothschild and Stiglitz
(1976). In their model, all agents have the same amount of initial wealth.
They found that when the proportion of low-ability borrowers is higher than a
certain threshold level, the separating equilibrium exists. By contrast, in our
dynamic economy, agents differ in the inherited wealth, which is endogenously
provided. Consequently, our threshold level depends on the inherited wealth,
~(bt), and more specifically, it decreases with the inherited wealth. Therefore,
if we guarantee the existence of equilibrium for the lowest level of bequest (as
we will see later on, it is given by b = ah™), we have guaranteed the equilibrium
for higher levels.

5 Mobility, Education, and the Distribution of
Wealth

In this section, we consider the long-run equilibrium of an economy in which
the wealth distribution evolves endogenously. We consider the implications in
terms of aggregate wealth, human capital accumulation, and social mobility
of the three frameworks evaluated above: the full information benchmark, the
asymmetric information economy, and the framework in which there is a missing
market for the accumulation of human capital.
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5.1 Full Information

The agents’ optimal decisions and the stochastic process of the shocks (ability
and investment shocks) determine the Markov process of bequest. With full in-
formation, the bequest follows a linear Markov process of the form b7, ; = ay/ ;,
where the realized income is given by the equations below. The investment in
education can be successful (an event that occurs with probability p = p(, Ig) if
agents are of high ability), or it can be unsuccessful (occurring with probability
1-p=1-p(, Ig*) if agents are of high ability). The law of motion of bequest
is given by the following equations.

With probability (1 — +)p, we deal with successful high-ability agents, and
with probability «vp, we deal with successful low-ability agents. The bequests
evolve as follows

e J * . J *
i (1) 7)) = alhGy + R(b; — I )] if by =Ig

where the third argument in the function g() indicates that the agent has suc-
ceeded. With probability (1 —+)(1 —p) and (1 — p) the bequests evolve as
follows a

. . u J _T* ; > I

bs = attl.0.1 =61y = { AT RO 2 o)
where the third argument in the function g() indicates that the agent has not
succeeded, and 6 € {0,0}.

The graph of the law of motion of the bequest with full information is in
Figure 4. In the horizontal axis, we have the inherited wealth, b;, and in the
vertical axis, the bequest given to the child, b;y;. We draw the transition
function for high and low-type agents given by equations (9) and (10).

Let us define z = a[h* + R(b — I})] the highest possible wealth of an un-

educated agent, with b = 2=[h°Gy — RIZ]. The value of z is the second
period income of a low-ability agent who invests the optimal amount I in ed-
ucation and fails. In particular, this individual receives the highest possible
bequest b, and he invests the excess of capital (b — I}) in the capital mar-
ket. Similarly, let us define the lowest possible wealth of an educated agent as
z = afh®Gg — F;(I; — b)], where b = ah™. Notice that both = and z are time-
independent and have the same value under full and asymmetric information.
We assume that z is smaller than z. A sufficient condition for this assumption
to hold is that the slopes of the transition functions crossing the 45 degree lines
take values on the following interval

heGy — h*
heGy — h + heGy’

1-p0,15) <aR < (A3)

It ensures that an income gap exists between educated and uneducated agents.
This assumption will be very useful when computing the stock of human capital,
as well as the transition probabilities measuring mobility.
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Since A3 holds, if the inherited wealth is less than or equal to b, it can never
exceed b at any time. Likewise, if the inherited wealth is greater than or equal to
b, the dynasty wealth will become less than or equal to b. Therefore, we restrict
our analysis to the interval 3 = [b,b] and define the support of the distribution
of bequest in this interval.

The distribution of wealth under full information in period t is given by
GFI(b). As we have normalized the mass of population to one, Gy (b) also repre-
sents the fraction of the population with current wealth below b. We will show
that the distribution of wealth converges to a unique steady-state distribution
independent of the initial conditions. Therefore, historical endowments do not
matter in the long run. Given that there is a continuum of agents and both
the ability and the returns from the investment are i.i.d. random variables, the
distribution function of the aggregate wealth can be interpreted as a determin-
istic variable by the law of large numbers. The distribution of bequest G, +Il (b)
evolves over time, as dictated by the following functional equation:

$(b,0,0) ¢(b,0,1)
Gih®) = Ali-p [ ey [ acro)
0 0

$(6,6,0) $(b,6,1)

-1 -p) / dGFI(b) +p / aGF b)), (1)
0 0

where ¢(b,0,1) = g~ 1(bsy1,0,1). More precisely, ¢(b,0,1) = {b > 0 such that
g(bt7 97 6) < b}

We can prove the existence, uniqueness, and convergence of the invariant
distribution with full information by using Hopenhayn-Prescott (1992). Picture
4 gives an intuition of this result. In our model, the fact that everybody has
access to the capital market, as well as the fact that everybody may fail with
positive probability allows the individuals within a dynasty to move along the
different values of the wealth distribution. When the dynasty wealth moves
from any measurable subset [b,b] to any other measurable subset of [b,b], the
Markov process has a unique invariant distribution.

Proposition 3 There exists a unique invariant distribution G¥'!1 toward which
G converges, irrespective of the initial wealth distribution GEX.

Since shocks on individual investments are idiosyncratic, there will be some
inequality in the long run, but this inequality is independent of the initial in-
equality GE'1(b). Thus, although wealth inequality cannot be completely elimi-
nated, in the long run, all dynasties fare equally well on average.

Once the distribution function is determined, the stock of human capital,
mobility, and long run aggregate wealth are determined as well. If we sum up
the wealth among all agents of the economy, we can track down the evolution
of aggregate wealth without worrying about how that wealth is distributed.
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Therefore, the dynamics of the aggregate wealth B}~ v1 (which is also the average
wealth) evolve as follows?!

BEL, = alp{p(h*Go—h*) = RI} +aRBET +h" + (1 — ) {B(h* Gy — h") )
(12
Assumption A3 guarantees that aggregate wealth Bf'! will converge to a
unique long-run aggregate wealth irrespective of initial inequality G and ag-
gregate wealth B
The number of uneducated agents is given by high and low-ability types who
fail.?2 That is,

UM =(1-7)(1-p)+7(1-p). (13)

Notice that the number of uneducated people is equal to the fraction of the pop-
o0

ulation with wealth below z. Thus, UF! = G (z) = (1-7)(1-p) /dGFI(b) +
0

/ dGF1(b), since / dGF1(b) = 1. The number of educated agents is
0 0

given by
B =1-6"(2) = (1-7)p+p- (14)

In our model, the steady state involves positive mobility. Intergenerational
mobility is measured by computing the transition matrix between these two
classes of educated and uneducated agents, say p(j/i), i = E,U;j = E,U. It
defines the probabilities of becoming educated and uneducated for children of
various backgrounds. The main variable we focus on is the probability of a child
of uneducated parents becoming educated, which is the rate of upward mobility,
that is, p(E¢+1/U:). This probability becomes,

(1 = 7)p+p]GF(z)
GFI(.’E)

P(Et1/Ur) = (15)

5.2 Asymmetric Information

When credit markets are imperfect, the equality between the marginal product
of human capital and the interest rate does not hold. Aggregate statistics (like
the aggregate wealth, stock of human capital, and transitions matrix measuring
mobility) do not depend only on aggregate wealth, but also on the financial
situation of the agents. What is crucial now is how wealth is distributed among
agents.

21Gee the proof of proposition 5 for a derivation of Bt 1

22From the perspective of the individual, ability and investment shocks are i.i.d. random
variables, but the number of educated and uneducated agents can be taken as a deterministic
variable by the law of large numbers since there is a continuum of families and all agents
follow the same process independently of one another.
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The evolution of bequest among low types is given by equations (9) and
(10). The dynastic evolution of bequests when the agent is of the high type and
succeeds is as follows,

alh*Gg+ RO — )] if b > I with (1—-7)p

. 0. .
g(b],0,-) =< alh¢Gy— Fé“([}g — bg)] if Ié‘ <bl < I with (1 —;y);/*o
alhtGy — Fg(Ig —bl)] if b < I;  with (1 —~)p(8, Ig).
(16)
When educational investment fails, bequests evolve according to
. alh* + R(b] —I2)] if b >1I* with (1—~)(1-7p)
g(bgv 05 ) = w o . i Z . —
ah if b <L with (1-7)(1-p(0 ;).
(17)

The graph showing the law of motion of the bequest with asymmetric in-
formation is very similar to the one under full information. The only change
is the bequest function for high ability agents with wealth b < I;. Compared
to the full information, this new function is also upward-sloping but with two
differences. First, it is below full information, and second it is steeper than un-
der full information. Because the distortion of poor and talented individuals is
higher at a low level of inherited wealth, the gap between the bequest function
with full and asymmetric information is higher in this range.

Equations (9) and (10) for the low type, and equations (16) and(17) for the
high type, define an aggregate transition function Gy41(G¢) that satisfies

¢(b,6,0) ¢(b,0,1)
GAL®) = Al(1-p) / 4G (b) + p / 4G (b))
0 0
¢(b,0,0) ¢(b,0,1)
S / (1 - §)dG2 (b) + / pAGH ()], (18)
0 0

with ¢(b,0,-) = {b > 0 such that g(b,6,0) < b} and §' = p(8, I;(br)).
The next proposition shows that there exists a unique distribution of wealth,
converging to a unique long-run level of inequality G47.

Proposition 4 There exists a unique invariant distribution G toward which
G/ converge, irrespective of the initial wealth distribution G{M .

The dynamics of the wealth distribution are now more complicated because
we have to take into account the distribution of wealth, not just the aggregate
level of wealth. Aggregate or average wealth evolves as follows

B = ay{p(h°Ge — h") — RI;} + aRB{ + ah® (19)
+a(l = N{(B(h°Gg — h") — RI;)(1 - G (15))}

Fa(l - )i / [p(@, I4(b,)) (h Gy — h*) — RLy(b)|dGA (b))}
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Since there exists a unique invariant distribution of wealth, the aggregate
wealth will also converge to a unique long-run level. Indeed, if income were
deterministic all dynasties would converge to this average wealth. The next
proposition explains the dynamics as well as the long-run aggregate wealth dif-
ferences under full and asymmetric information. It shows that although more
credit is allocated among talented borrowers, the long-run steady state of aver-
age wealth is higher under full information.

Proposition 5 Assume that Bg! = BL'T, then at every period the aggregate
wealth under full and asymmetric information increases. Moreover, through the
transition, aggregate wealth under full information is higher than under asym-
metric information. The long-run aggregate wealth is characterized by BFT >
BAL That is, long-run aggregate wealth under full information is higher than
under asymmetric information.

With asymmetric information the number of educated individuals is
Iy

EM =1-GY(2) = (1*7)[/17(5, L5(b:))dG™ (0) + (1~ G (15))] +yp. (20)
0

The number of educated agents is given by the number of low-type agents who
succeed (making the first-best investment with probability p), by the numbers
of high-ability borrowers who succeed (having probability p(@, I7(bt)) since they
overinvest) and high-ability lenders who succeed (making the first-best invest-
ment with probability p). Using the same argument, but taking into account
the probability of failure, we can compute the number of uneducated agents as

Iy

Ut = (1—7)[/(1—29(9, L(b,)))dG™ (b) +(1=P) (1= G (1)) + (1 —p), (21)
0

with UAT = GAI(x). Comparing the number of educated agents under full
and asymmetric information, the following proposition states that the stock of
human capital is higher under asymmetric information.

Proposition 6 At the steady state, the number of educated agents is higher
with asymmetric information than with full information.

In terms of educational outcomes, in a more mobile society the probability of
children of uneducated parents becoming educated themselves is higher than in
a less mobile one. Therefore, we can use the probability of upward mobility as a
measure of mobility. The next proposition tells us that asymmetric information
promotes the probability of moving upward among talented borrowers. The
intuition is simple. In our paper, CMIs cause a distortion among talented agents
since they invest in education in excess of the socially efficient level. This
overinvestment enhances the probability of success among talented and poor
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agents, causing higher upward mobility than with full information. Upward
mobility under asymmetric information is given by

x

WEON = sl =) [ 200GV ) + 6V @) (2
0

In the denominator, we have the probability of being uneducated measured
by GA!(z), that is, the fraction of the population with wealth below z. In the nu-
merator, however, we have the fraction of high and low agents who succeed and
receive an inherited wealth lower than or equal to x since they have uneducated
parents.

Proposition 7 The economy under asymmetric information exhibits a higher
degree of upward mobility than under full information.

From proposition 7 one can easily derive that downward mobility is lower
under asymmetric information than in the full information world.?? In the steady
state, the number of people who experience upward mobility (that is, the number
of uneducated individuals multiplied by p(E/U)) is cancelled out by the number
of people who experience downward mobility (that is, the number of educated
individuals multiplied by p(U/E)). In proposition 6, the number of educated
agents is higher under asymmetric information. Since the number of educated
and uneducated agents is equal to one, U4! < U¥! holds. In proposition 7,
however p(E/U)AT > p(E/U)A! holds. Therefore, to maintain the upward flow
equal to the downward flow we need downward mobility (that is, p(U/E)) to be
lower under asymmetric information than in the full information world.

In contrast to the model of Mookerjee and Ray (2003), in which a contin-
uum of occupations is a substitute for a missing capital market in restoring
efficiency, we find that in the absence of a capital market for the investment
project, inefficiency can be generated although investment is a continuum vari-
able. Therefore, to highlight the importance of the existence of a capital market
for the investment, we compare the three economies: the one under full infor-
mation, denoted by F'I, the one under asymmetric information, denoted by Al,
and the economy with exogenous CMIs, denoted by SF (self-financing). The
stochastic nature of the investment and of the ability brings on the uniqueness
of the distribution of wealth under SF. We skip the proof of this since it is
closely related to that of proposition 3. The next proposition shows that under
missing capital markets for the investment project, the common wisdom on the
topic applies. Credit market frictions prevent poor individuals from borrowing
and, therefore, represent a barrier to intergenerational mobility. In addition,
this underinvestment gives rise to more uneducated agents and lower aggregate
wealth in a steady state compared to the full information economy.

23 Proof of proposition 7 shows this result formally.
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Proposition 8 Assume B5T = Bl'! = B§. Comparing the economies under
full information, asymmetric information and self-finance the following inequal-
ities hold:

(a) UST > U1 > UAL or similarly EST < EFT < BAL

(b) P(E/U)SF < P(EJU)FT < P(E/U)AT,

(¢) BFT > BSF and BFT > BAL

Notice that the steady state under full information is compatible with any
distribution of wealth, and only aggregate wealth matters. Moreover, aggregate
wealth is maximized under full information. As a result, we can compare ag-
gregate wealth among full and asymmetric information, or similarly among full
and self-financing, but not between self-financing and asymmetric information.

6 Conclusions

It is often taken for granted that CMIs tend to decrease lending and investment
in any given setting. This paper shows that, under some conditions, imperfec-
tions can push in the other direction. Indeed, considering adverse selection in
the financial sector as the origin of CMIs, the traditional results about credit
rationing, human capital accumulation, and mobility fail to hold. This result
should be taken as a complement to existing studies, suggesting, first, that low
mobility cannot be interpreted automatically as an indicator of CMIs, and sec-
ond, that the way in which informational asymmetries are modelled is crucial
in determining their effects in terms of credit rationing and inequality across
generations. At last, more empirical research identifying the specific types of
asymmetric information in credit markets would help us to quantify adverse
selection versus moral hazard problems and would shed light on the ongoing
debate on the existence and importance of liquidity constraints.

It would be interesting to study the issues addressed in this paper in a
framework where agents interact due to the equilibrium wages. In this way, we
would be able to study how an individual’s decisions are jointly affected by CMIs
and macroeconomic dynamics. Within this framework, education contributes
to economic growth to the extent that it facilitates a better match between
allocation of talent, level of education, and jobs. We leave this issue for future
research.
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8 Appendix

Appendix A: Proof of propositions

Proof of Lemma 1. Since the proof of this Lemma is quite standard, we
refer to Mas-Colell et al. (1995) (proofs of lemma 13.D.4, 13.D. 5).

Proof of Proposition 1. For a given level of bequest, the contract f% is
found at the intersection of the 6 indifference curve that passes through £; and

the line Fg = ﬁ. This intersection is given by two points, one depicted in
Figure 2 where there is overinvestment, and the other that provides underin-
vestment for the high type. We need to prove that the expected utility of a
talented borrower under the overinvestment contract (denoted by o) is strictly

higher than the one with the underinvestment contract (denoted by u),

— 10 10 10 - — ’ U ’ -
P, 1) Y[(h Gy — h*) — Ey Iy = ))] > p(@, L) [(h* Gy — h*) — Fy (LY — b)),

which may be written as

_ 10 /0 U ’
—ae 17 — RI; > —ae 5 —RIEU,

with @ = B(0)(h®Gy — h*). Notice, that ¢~ 17" with m = {O,U} are given by
the equation /Cyg = 0. Then, if we substitute it in the inequality above and
operate, it becomes Iéo > IéU which is always true.

Q.E.D.

Proof of Proposition 2.

The only possibility of disturbing the contract is by offering a pooling one.
Moreover it must also attract type 0 agents, so that there exists an amount of
investment I satisfying

VE(F,I,p(0,1),b]) > V2 (Fy I (b]),p(0, I ), b]) for by € [b, ;).

Or similarly, there is no pooling contract that attracts all borrowers and
earns a non-negative expected profit if and only if V§P () < Vgs() is satisfied.
The proof proceeds in five steps. 3

Step 1. Let’s define the pooling contract for a 6 type.

R

Such a contract must obviously earn non-negative profits, i.e., F > o
(0,
with p(0,1) = [yB(@) + (1 — Y)B(@))(1 — e~!). The most preferred pooling

contract for a type 6, that is consistent with non-negative expected profits for

the bank has F = (éil) and selects I such that
p(6,

I =arg mfax{p(?, D[heGy — F(I —b))] + (1 — p(d, 1)h*}.

By FOC the amount of investment is,

[=hn (hB(H) + (1= 9)B@)(h*Gg - h“)) |

R
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Step 2. The indirect utility function of a high type under the pooling contract
is decreasing in the proportion of low-ability types ~.

If the pooling contract (F',I) was accepted by a talented borrower, his or
her indirect utility function would be

VP = p(@, D[(h*Gy — h") = F(I - b])] + h".

By substituting the contract (f‘, I ) in the expression above, and taking deriva-
tives we obtain,
—dl _dF -

= B@)e [(h°Gy — h*) — Flg, —BOT T~ b).

P
v
dy

The sign of the derivative is given by two terms. The first term cancels

out by the envelope theorem the second term is negative since % > 0. As a

dvirt . . . . -
consequence, Tf, < 0. Since V§P is decreasing in the proportion of low ability

(), we can argue that it will exist a ¥ such that when v > 5 (y < 7¥), type 0 is
better under a separating (pooling) contract i.e., Vgp < Vgs (Vgp > Vgs ).
Step 3. In a separating equilibrium, the investment in education for a
A
7 db]

talented borrower depends negatively on the level of inherited wealth, i.e. <

0.
From the equation (6), and using the implicit function theorem, it results
that

1 B(0)-B(9) B(0)-B(9)
db]  —[B@)e ! (heCGy —h*) — ZER]  (1=[BO)e (h°Gg—hv) - A

where § is the multiplier associated with the ICy (equation (6)) which is binding,
and therefore 8 > 0. When B(0)e~!(h*Gg — h") < R holds there is overinvest-

ment (that is Ig > I7). Therefore, Cfijlfj < 0.
In fact, t
B(@e I(h¢G7 — h*) — R B(@)e 1 (h¢G5 — h*) — R
5 1y PO G I R B Gy )

B(8)e~1 (heGy — h) — R% %[3(9)64(#@ — hu) — R]
(23)
Step 4. The population share 7 changes with the inherited wealth. In
particular, it is decreasing with b].
By definition 7 is implicitly defined by,

VL (F@).1(3),p(0,1),b]) = V5 (Fy . I (b]),p(8, I3 ), b]) for any by € [b, I;).
Let us denote this equation by ¢ = Ve — V5P . By the implicit function the-

avl

dy

orem j—gﬁ = — 2 the denominator is positive since <0, and the sign of this
Fed
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expression is given by the sign of the numerator

%_ _ B(?) 76—1 ery_ _ puy _ %
o~ @) e TP G R

From Step 3 we can rewrite this expression as

il _ R(B(9) - B(0))
db ~ [(1=7)B(@) +B©O)]B@)(1 )

[—(1 = )B(0) + B((1 =) B(0) +vB(9))],

x

where (3 is given by (23).
The expression below is positive B a
z = —(1 =9)B(0) + {1 —)B(0) +vBO)} = (1 —)B) + (1 -

=\ B(@)e ! (h*Gy—h*)—R
,V)WB(&){B(?)e*l(herfh“)fR - 1} > 0

And consequently ;’T:Q < 0. As aresult, we need the maximum level of ¥(b) to

be 0 < 7(b) < 1. Therefére, if v > 7(b) the unique equilibrium is the separating
one since the break-even line (F' = %) does not touch the pooling area (this
p(o,

region is given by the intersection of the indifference curves of 0 and 6 that pass
through the points £; and 551).

Step 5. Note that for 5(b) =0, vz — Vgp < 0 holds. On the other hand for
Y(b) = 1, we obtain that V2 — VX > 0. Then, since the function V¥ — V2 is
continuous in Y(b), we apply the Intermediate Value Theorem (I.V.T) to argue
that there exists a level of F(b) such that 0 < 7(b) < 1.

The value of 7(b) is given by

p(@, L) (h* G—h")— RLy+Rb = p(@, T(7(6)))[(h*Gy—h*) ~ F G (D)) (TG (6) ).
(24)

Let us study the possible extreme values that may take y(b).

First, we analyze the limit case when 7(b) = 0. Then, lims_ol5 = I and
limry_,ngp = V2 holds, therefore V2 — Vgp < 0 because the indirect utility under
full information is always higher than the one under asymmetric information.

Second, we analyze the case when in the limit 7(b) = 1. Then, limy_1I =
ln(w) holds and it is easy to show that V' > Vgp . Substituting the
optimal values this inequality becomes

p(0, 1) (h°Gg — h*) — R(I; —b) > p(8, T)[(h°Gy — k") — F(I —b)].

We find the value —R(Ig —b) from the ICy = 0, and then substitute it in

the inequality above. After some calculations the inequality above becomes

heGy — bt
heGo — hv”"

The only endogenous variable in this inequality is Ig , which appears in the

LHS. Moreover, this LHS is decreasing in Ig . Then, if we evaluate it for the
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lowest possible value of investment of the high type (that is Ig), this inequality
will certainly hold for sure for a level of investment higher than the first-best.
After substituting, we have

heGy —h*  B(D)

, § heGy — h*
heGy —h* ~ B(0)

heGy — )

In(

The inequality above always holds since % > 1 and Z:gj%;: > 1 were as-
sumed. -
Q.E.D.

Proof of Proposition 3.

To determine the existence of a unique invariant distribution G, we need to
study the long-run dynamic behavior implied by the transition function P(:).
This transition function is defined as follows:

Definition 1 Let 3 denote the set of Borel subsets of 3 = [b,b]. A transition
function on a measurable interval A is a mapping such that P : ¥ x § —
[0,1]. That is

P(b,A) = P(byy1 € A/b, =b), for all Borel subsets A € 3,

where by 11 = g(bs,0,0) and P(b, A) is the probability that the next pe-
riod’s bequest lies in the set A given that the current bequest is b.

The law of motion of the bequest defines a Markov chain with a transition
function P given by

p(b,A) = A[(1—=p)xalg(b,8,0)) + pxalg(b,0,1))] +
0 [

where

1 af 1€ A
XAZ 1 0 otherwise.
Following theorem 8.1 of Stokey and Lucas (1989), associated with any tran-
sition function on a measurable space (A, X), there is an operator on a proba-
bility measure. For any probability measure u on (A,Y) define T*u by

(T* ) (A) = / P(b, A)p(db), all A€ 3. (26)

The operator T maps probability measure into itself, Ty is the probability
measure over the state of next period if p is the probability measure over the
current state. The sequence of distribution functions of the bequest {G}§2, is
given inductively by equation (26), where the distribution Gy is simply a mass
point at the beginning of the time.

We would like to know if the mapping T is a contraction mapping, having a
fixed point. But before that, we define a stationary distribution of wealth.
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Definition 2 A wealth distribution G(b) on f is invariant for P if for all Borel
subsets A C X, one has the equality

T*G(A) = G(A).

We apply Hopenhayn and Prescott’s (1992) analysis of existence, uniqueness,
and convergence properties of monotonic stochastic processes.

A. Ezistence.

The existence of an invariant distribution G¥'! for the Markov process follows
immediately from the monotonicity of P established in Hopenhayn-Prescott’s
Corollary 4.

From this corollary, the only condition that has to hold is the monotonicity of
the transition probability P(b,.). In our model the transition function p(b, A) is
increasing in its first argument b in the following first-order stochastic dominance
sense: for all (b,b')€ B2, b < b implies for any = € B,

p(blv [bu x]) < p(b, [bv x])

More specifically, we obtain

p(t, [, x]) = p(b, [b, 2]) = [(1 — p){xa(9(t),0,0)) — xa(9(b,0,0))}

+p{xa(g(t’,0,1)) = xa(9(b,0, 1))} + (1 = )[(1 = p){xa(9(¥',0,0))

_XA(g(b’ 97 O)} + Tj{XA(g(blv 07 1)) - XA(g(b7 97 1))}] < O’
where A = [0, z]. Notice that it is negative since g(V',.,.) > ¢(b,.,.), and there-
fore x 4 (g(V,.,.)) — x4(g(b,.,.)) takes either the value of —1 or 0.

B. Uniqueness and Convergence.

The proof of the uniqueness and convergence of G¥! follows directly from
the Hopenhayn-Prescott’s theorem 2.

If the linear Markov process satisfies the monotonicity property as well as
the following “concavity property” or “Monotone Mixing Conditions” ( MMC),
then there is a unique and convergent distribution G/,

The MMC tells us that we can find a point b € [b, b] such that there exists

n > 1 and € > 0, such that in n good realizations of the shock p(b, [b*,0])" > €

and in n bad realizations of the shock p(b, [b*,b])™ > €.
In our model, we can find n = 1 and 0 < € < 1 such that

p(b, [b*,0]) = (1 —~)p for the low type and
p(b, [b*,b]) = ~p for the high type.
Similarly,
p(b,[b*,b]) = (1—7)(1—p) for the low type and
p(b,[b*,b]) = ~(1—p) for the high type.
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By definition p and p are probabilities and thus lim; .o p = 0 and lim; oo p =
B(6) < 1.
Q.E.D.

Proof of Proposition 4.

Since the success probability is decreasing in the inherited wealth, then
the transition probability P under asymmetric information is not monotonic
in the first-order stochastic dominance sense. As a result, we can not apply
Hopenhayn-Prescott’s Corollary 4. In order to prove the existence, uniqueness,
and convergence of an invariant distribution we show that our transition prob-
ability satisfies Condition M in Section 11.4 of Stokey and Lucas (1989). That
is

Condition M: There exists € > 0 and an integer n > 1 such that for any
A € x4, either p™(s, A) > ¢, or p(s, A°)" < ¢, for all s € S.

For any b, < I the transition function with asymmetric information is

p(b,A) = (1 —p)xal9(d,8,0)) +pxalg(b,0,1))]
+<1 - 7)[(1 - T)/)XA(g(bvg’ O)) + ﬁ/XA(g(b7 57 1))]7

where

xA(i)z{l if i€ A

0 otherwise,

and ' = p(0, Ié(b)). If the wealth is b > I, the transition function coincides

with the full information one (see equation (25)).
The complement of A is denoted by A°. If b € A,

p(b, A) = (1 = 7)1 = p(@, I;(br))) + (1 — p(6, [)) =1 — &1 if b < I,
and
p(b, A) = (1= )1 = p(0, ) + (1 = p(0, I})) =1 — 2 it b > Ij.
Similarly, if b € A¢
plb, A%) = (1= 7)p(B, I;(be)) +p(0, I;) = €1 if b < I},

and
p(b, A°) = (1 —~)p(8, I5) +p(0, 1) = e2 if b > Ij.

Let e = max(e1,e2) = €1, we have that Condition M holds, and the assump-
tions of Theorem 11.12 (which tell us about the convergence of the probability

measures) are also satisfied.
Q.E.D.
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Proof of Proposition 5. The aggregate wealth under full information is
given by summing up all agents in the economy

o I
Bl = a(=pl [I0Gs+ RO~ EAGI00 + [10°Gy+ F (0] - 1) (00)

Ig IE
1y

ta(l—7) / 14 [h°Gy — 1o(13 — bi)]dGE (by)
0 N Ig

ta(l - {1 -p) / [+ R(b — TG (b) + (1 — 1) / hedGE (b))

Ig* 0

o0 Iy
(=) [ (0" + RO~ 1)0dGE () + [ 1aG7 (8)
IE 0
0o I
gl 10 Ga + B~ I)IAGY (8 + [10°Ga + 3 0]~ 1IAGT b)),
/

0
(A

p(0, I;(b)) if Al

where n = {AI, FI}. The indicator functions are 1, = ¢ P if FI |
Fy if AT L(b) if AT
=4 F: if FI ,13=3 L if FI

Taking into account that /dG?(b) = 1,pFy = pF; = (0, Ié(bt))Fg/ = R,
0

this expression becomes equations (12) and (19). By computing B/, — B{{; we
obtain the following expression

By - B, = aR(B{' - B)+a(l-7)

Ty
([ b’ = RE} - (9@ 1o’ - REYAGH ()
>0

where a’ = h°Gy — h*. The expression inside the integral is positive. It is
the difference between the expected utility of a high-type borrower with a full
information contract and the expected utility of this same high-type borrower
under the asymmetric information contract. Imagine that at ¢ = 0 aggregate
wealth under full and asymmetric information were equal, B! = B§, then

30



BFT > B, At time two, BE¥! > B4!. Therefore, at any time Bf'Y > BAL
Since we have shown that there exists a unique invariant distribution of wealth,
a unique level of long-run wealth also exists. And this wealth is characterized
by BFT > BAL

Q.E.D.

Proof Proposition 6.
Since EAT and EF! is given by equation (20) and equation (14) respectively,
then,
Iy
B B — (1=9) [ p(@. 5(0) ~ 7ldG(8) > o,
0
The difference is positive since first I5 > 0, second, overinvestment implies

Ié(b) > Ig7 and third, the success probability is increasing in investment. More-

over, because U + E = 1, then U4! — UF! < 0 holds.
Q.E.D.

Proof of Proposition 7.
Using equations (22) and (15) and calculating the difference

P(Evia /U)AT = p(Bra JUNTT = Sy [sz {p(8, I(b)) = PYdG! (b)] > 0,

which is positive since z > 0 and overinvestment implies Ié(b) > I7 holds.

The success probability is increasing in investment and thus p(8, Ié(b)) >p=
p(0, I) holds.

Downward mobility is smaller under asymmetric information than under full
information. Under full information, downward mobility is

P(Urs1 /B! = 1=gkrs (1= ) (1 =) + (1 - p))(1 — GF1 ().

Under asymmetric information, instead it is given by the following equation

)
PUr1/E)M = =gy [(1 =) [ (L= p(B, I;(6))dGAT (b) + (1 = 7)(1 —

B)(1 - GAI(17)) ++(1 - p)(1 — G4 ().

In the denominator we have the probability of becoming educated. In the
denominator instead, we have the probability of becoming uneducated among
high and low types receiving an inherited wealth above = (because their parents
were educated). Computing the difference we obtain

I
p(Uis1/E)M = p(Ui1 /B = 5 {5 — (0, L(b))}dGA (b)] < 0.
Q.E.D.

Proof of Proposition 8. See proofs of Propositions 5, 6, and 7 for com-
parision between Al and FI. Let’s concentrate then on the economies under
FI and SF.
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(a) With missing capital markets for human capital, the number of educated
agents is given by

Iz
USE = A{(1-p)(1 - GSF(I}) + / (1 - p(6, b)) dGST (b)) +
0 Ig
(11— P -G (1) + / (1~ p(@,b:))dG5T (b,)}.
0

Agents with wealth above the first-best are lenders; otherwise they are self-
financed. In the first line of U®" we have the number of low-type agents who
invest the first-best level but fail the investment (that is (1 — p)(1 — GSF(1})))
and low-ability self-financed agents who fail the investment. The following line
includes high-ability agents failing the investment among lenders and the self-
financed.

From 13 and the equation above, we obtain

i 7
USF _ P — 7/@ (8, b)]dGSF (be) + (1 ) /[p — p(@,b)]dGF (b)) > 0,
0 0

which is positive since /; > 0 and underinvestment implies by < I < Ig. Moreover,
the success probability is increasing in investment thus p — p(8,b;) > 0 and
p—p(0,b;) > 0 hold.

Because the aggregate number of educated and uneducated is equal to one,
then ESF — EFI < 0 holds.

(b) Let’s compute upward mobility under SF. In the denominator we have
the probability of becoming uneducated measured by G (z), that is, the frac-
tion of the population with wealth below x. In the numerator instead, we have
the fraction of high and low agents who succeed and receive an inherited wealth
lower than or equal to x since they have uneducated parents.

® z

WEMDPT = sl [ 9000465 )+ (1= ) [ 0004657 b
0 0

Notice that = does not change under the three different frameworks (AI, FI,SF).
From equation 15 and the equation above, it is easy to check that p(E/U)%" —
p(E/U)FT < 0.

WU EUY = s [lb(0.0 =l (1= [p(@.b) -7} (1) <0,
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(c) Aggregate wealth under SF is given by
oo Iy
B = a(t=){ [ Bl + ROL - ENAGET (0 + [ p@.b)a'dGET (8)
I*

5 0

oo I
T~ / pld + R(b} — I)1dG™ () + / p(0,b) G (b))} + ol
/

0

with o’ = h®Gy — h* and d’ = h*Gy — h*. Notice that under SF' the distribu-
tion GYF converges to an invariant distribution G the proof follows that of
proposition 3. The difference between F'I and SF is

BEL ~ BSE = aR(BF! -~ / bAGST (b) — (1 — ) / bdGST (b))
/

*
] I§

I3

+a(t=)([ (0 = RI;} - (p(0.5)a'}aGE ()

>0
Ig

ol / {pd — RIZ} — {p(0.5)d}dGS ()],

>0

Therefore, as long as B! = B§¥ holds, we conclude that B¥! — BSF > 0.
The expressions {pa’ — RI;} — {p(0,b{)a’} > 0 and {pd' — RI;} —{p(0,b])d'} >
0 are the borrower’s participation constraints of the high and the low types,
respectively. In equilibrium both are not binding for agents with b, < Ij with
0 = {0,0} (see footnote 20 for an explanation).

Q.E.D.

Appendix B.

Indifference curves are concave in the plane (I, F).

The expected utility of the borrower is given by equation (3). The slope of
the borrower’s indifference curve is

aF 8 [2ED(heGy — ) — F(L= b)) —p(0, DF o
T —p(6,1)(I — b))

When I = b/, the slope is not defined. The demand curve I = I(F), which
is decreasing in the plane (F,I), is given by

dp(0,1)
dl

[(h°Gy — h*) — F(I — by)] — p(6, )F = 0.
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The slope of the indifference curve will be zero if and only if (F, ) satisfies
the demand function. To obtain information on the shape of the indifference
curve for points not on the demand curve, we differentiate the equation (27)
with respect to I and arrange terms as follows,

d*F  [=B(0)e ((h°Gy — h*) — F(I = b])) — 2B(0)e”'F]
arz— p(0: DI = b])?

(90D (e Gy — h) — F(I — b)) — p(0, ) F)[B(0)e (I - b]) + P(0,1)]
p(0,1)2(I - b})?

The denominator is positive, so the sign is determined by the two terms in the
numerator. Since pr; < 0 the first term is negative. The second term is of
uncertain sign, but includes the slope of the indifference curve as a multiplica-
tive element. Thus, in the neighborhood of the demand function, the second
term cancels out and the indifference curve is concave. We know, however, that
the slope of the indifference curve can change sign only at the point of inter-
section with the demand curve. The result, therefore, is that the indifference
curves are monotonically increasing until they reach the demand function and
monotonically decreasing thereafter (see Figure 1).
Q.ED
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Figure 1: Equilibrium with full information

Figure 2: Equilibrium with asymmetric information (poor agent)
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Figure 3: Equilibrium with asymmetric information (rich agent)

bt+1

Figure 4: Individual transition function with full information



