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Abstract
In this paper we introduce in the Solow-Swan growth model a labor
supply based on Malthusian ideas. We show that this model may yield
several steady states and that an increase in total factor productivity
might decrease the capital-labor ratio.
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"Why has it taken economists so long to learn that demography in‡uences
growth?"
Je¤ Williamson (1998)
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Introduction

In this note we propose a model which combines the classical Solow (1956)
and Swan (1956) model with ideas about population growth that are borrowed
from Malthus (1798). We will refer to our model as a Malthus-Swan-Solow
(MSS) model. Our model has no technical progress, no institutional change
and no human capital. Also we do not delve into demographic variables like
mortality rates, life expectancy and the like, see Galor (2005) for a survey on
the importance of these variables on population growth.
We assume that the rate of growth of population depends on the real wage
in a continuous way. This function is a generalization of one used by Hansen
and Prescott (2002).
We …nd that, as in the classical Solow-Swan model, there exist a steady state
value of capital-labor ratio, see Proposition 1. However this steady state is not
necessarily unique: our Proposition 2 shows that there might be an odd number
of steady state capital-labor ratios. And only the smaller and the larger values
of these capital-labor ratio are locally stable, see Proposition 3. This implies
that there might be two, very di¤erent values of per capita income in the steady
state: one with a small and another with a large value of per capita income.
Finally we …nd that an increase in total factor productivity may increase or
decrease the capital-labor ratio in a stable steady state (Proposition 4) but it
always increases per capita income (Proposition 5).
Summing up, the consideration of endogenous population in the Solow-Swan
model brings new insights with respect to the standard model as the number,
the stability and the comparative static properties of steady states.
It goes without saying that our model is not the …rst blending the SwanSolow model with Malthusian ideas: Fanti and Manfredi (2003) present a model
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producing cycles and Guerrini (2006) presents a model where population converges to a constant growth rate, as in the original Solow-Swan model.

2

The Model

There are two factors of production, labor (L) and capital (K). Capital depreciates at a constant rate d. The economy produces a unique good (Y ) -which can
be used as a consumption good or as investment- according with a Cobb-Douglas
production function
Y = AK 1

L :

(1)

where A is the total factor productivity that represents the technology, human
capital, institutions or in general anything that is conductive to a¤ect output.
We assume full employment of factors.1
The representative …rms hires labor and capital and pays a real wage of !
and a real rental rate of r. The …rm maximizes pro…ts taking prices as given.
Firsts order conditions of pro…t maximization with respect to labor are
! = AK 1

1

L

= Ak 1

(2)

where k is capital-labor ratio.
Consumers save a …xed fraction of income s. Thus, capital accumulation is
K_ = sY

dK:

(3)

where K_ is the increase in K. Let gZ be the growth rate of a generic variable
Z. Taking into account this, equation (3) can be written as
gK = s

Y
K

d = sAk

d

(4)

where in the last equality we used (1).
So far this is just the Swan-Solow model. We now introduce the Malthusian
component. We assume that the rate of growth of labor depends continuously on
1 For

a Solow-Swan model with unemployment see Alonso, Echevarria and Tran (2004).
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the real wage. In some papers the growth of population depends on per capita
consumption (e.g. Hansen and Prescott, 2002, Irmen, 2004). However, given
that the production function is Cobb-Douglas, both assumptions are equivalent.2 In particular we assume that,
gL = g(!)

(5)

with g() continuously di¤erentiable and such that 9! 0 such that g(w) >

d

8! > ! 0 . As an example consider that the rate of increase of population is a
linear function of the real wage. Formally,
gL =

c + b!; b

0:

(6)

This is just a generalization of the assumption in the Solow-Swan model that the
rate of population growth is given (in which case b = 0 and c < 0). According
with (6) population grows i¤ !

c=b. Thus c=b can be interpreted as the

subsistence wage. Of course it may be not very reasonable to assume that
population grows very fast when wages are high. But (6) could be thought as a
reasonable approximation when wages are low.
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Results

Let us solve the model. Using (2), the right hand side equality of (5) becomes
gL = g( Ak 1
Let gk = gK

):

(7)

gL be the rate of growth of the capital-labor ratio. Using (4) and

(7) we obtain that
gk = sAk

d

g( Ak 1

):

(8)

A Steady State capital-labor ratio (SS in the sequel) is a k such that gk = 0.
In the sequel all variables in the SS will be denoted by a star superscript.
Proposition 1 The MSS model has, at least, a SS
2 Our

assumption is more in line with the original formulation by Malthus (1798).
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d g( Ak 1

Proof. It is clear that sAk

) tends to +1 when k ! 0. Since

it is a continuous function it takes positive values in an interval close to zero.
When k ! 1 this function tends to

g( Ak 1

d

) which for k large enough

d. 8! > ! 0 . Thus, the intermediate value theorem

is negative since g(w) >
implies the result.

Assume now the following condition
sA(k )

1

A(1

)(k )

g 0 ( A(k )1

) 6= 0

(9)

where g 0 () is the derivative of g(). (9) just says that the slope of the right hand
side of (8) is not zero at points in which its value is zero. This assumption
holds generically in the sense that if it does not hold for some functional form
of the right hand side of (8), a small perturbation restores the validity of this
assumption. As a consequence of Proposition 1 and this assumption we have
the following:
Proposition 2 Under (9), the MSS model has an odd number of SS.
Proof. Recall from Proposition 1 that the right hand side of (8) tends to +1
when k ! 0 and when k ! 1 it tends to a negative value. Since (9) says
that the right hand side of (8) has a non vanishing slope at k , the number of
intersections of this function with the k axis is odd.
We now study the stability of SS. We say that a SS value of k, say k , is
locally stable if a su¢ ciently small perturbation of k generates a dynamics in
(8) such that k tends to k . For further reference we remark that in a stable SS
sA(k )

1

+ A(1

)(k )

g 0 ( A(k )1

)>0

(10)

Our next result is a consequence of Proposition 2.
Proposition 3 Under (9), the largest and the smaller values of the steady states
are locally stable. Stable and unstable SS alternate.
Note that (9) generalizes (6). In the latter, the capital-labor ratio in the SS,
k , is unique and globally stable because (8) now looks like
gk = sAk

d+c
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b Ak 1

(11)

and the right hand side of (11) is strictly decreasing in k.
Proposition 3 implies that an economy may get trapped in a SS in which
per capita income is low when there is another SS in which per capita income
is much larger.3 We remark that the di¢ culty of achieving the high level of per
capita income does not depend on pro…t maximization, i.e. on the existence of
a private property society. The same problem arises if all income is given to
labor. In this case all our analysis holds with per capita income replacing real
wages.
Let us now study comparative statics of the SS. Our next result shows that
an increase in the technology parameter A has consequences in the MSS model
that may be di¤erent from those in the Swan-Solow model.
Proposition 4 Suppose the SS is stable. An small increase in A increases k
i¤ s > k g 0 ( A(k )1

) and under (6), i¤ d > c

Proof. Totally di¤erentiating the right hand side of (8) when it is equal to zero
we obtain that
dk
=
dA

s
k g 0 ( A(k )1 )
As(k ) 1 + (1
)Ag 0 ( A(k )1

)

(12)

The denominator of (12) is positive in the SS, see (10), so the sign is determined
by the numerator. Under (6) we see that the numerator is (d

c)=A and the

result follows.
Note that in the Solow-Swan model c = 0 so an increase in A always increases
k . But in the MSS it is possible that an increase in the technology decreases
the capital-labor ratio because it increases gL .
Our last result studies the e¤ect of the technological parameter A on per
capita income in the SS (y ).
Proposition 5 In a stable SS a small increase of A increases per capita income.
3A

similar point was raised in a more complicated model by Voigtländer and Voth (2007).
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Proof. We readily see that y = A(k )1
dy
dA

=
=

(k )1

+ A(1

As(k )

1

. Thus,
)(k )

dk
dA

As(k )
+ (1
)Ag 0 A(k )1

(13)
:

(14)

where (14) comes from plugging (12) into (13). The denominator is the stability
condition (10) which is positive as it is the numerator so the result follows.
We end this note by noting that in any stable SS, k is increasing in the
savings rate s and the decreasing in the depreciation rate d. Both results are
obtained by the same reasonings done in Propositions 4 and 5.
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