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Abstract

In this paper we develop a differentiable approach to deal with in-
centives in a, possibly small, subset of a general domain of preferences
in economies with one public and one private good. We show that,
for two agents, there is no mechanism which is efficient, strategy-proof
and where consumption of both goods is positive for all agents. For
the case of two or more agents the same result occurs when nondicta-
torship is replaced by Individual Rationality.
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1 Introduction

Consider an economy with one public good, one private good and with a
finite number of agents each with private information about her preferences.
In this framework, a large number of papers have studied the incentives
to report information truthfully as a Dominant Strategy, i.e. the so-called
strategy-proofness. Most of these papers fall into three strands:

e Papers assuming preferences representable by an utility function linear
in the private good, i.e. a Transferrable Utility (TU) domain: Clarke
(1971), Groves (1973), Groves and Loeb (1975), Green and Laffont
(1977), Laffont and Maskin (1980), Walker (1980), Hurwicz and Walker
(1990), Bevid and Corchén (1995) and Schummer (1999).

e Papers assuming that certain, ad hoc, utility functions must belong to
the domain: Ledyard and Roberts (1975) for the two agents case, and
Saijo (1991) for the n person case.

e Papers assuming that the domain of possible preferences is the set
of all continuous, strictly increasing, and strictly quasi-concave utility
functions: Serizawa (1996, see pp. 503-8), building on Moulin (1994),
characterized mechanisms that are individually rational, no exploita-
tive, and non-bossy.! Variations of this result keeping the assumption
on the domain were obtained by Osheto (1997, see p. 160), Deb and
Ohseto (1999, see p. 686) and Serizawa (1999, see p. 124).

All these results find that truthful revelation, efficiency and nondictator-
ship/individual rationality are incompatible requirements.? It is not clear
that these results survive when applied to any possible domain of prefer-
ences. For instance in a suitably restricted TU domain with more than two
agents, truthful revelation, efficiency and non-dictatorship are all compatible:
Groves and Loeb (1975) and Tian (1996).

In this paper we consider the incentives problem in a domain of pref-
erences with as little structure as possible. Our main concern is to verify
whether the results reviewed above hold in this domain.

1A mechanism is no exploitive if no agent receives a consumption of the private good
larger than her endowment. A mechanism is Non-Bossy if no agent can affect the bundle
consumed by any other agent without affecting the bundle consumed by her.

2Saijo (1991) does not assume efficiency but assumes a large domain and a strong
individual rationality requirement.



The problem is that the tools developed so far cannot deal with this
goal: In TU domains the efficient quantity of the public good is determined
independently of the consumption of the private good which is not generally
true in other domains. The approach of Ledyard and Roberts (1975) and
Saijo (1991) rely on the construction of specific utility functions. Finally the
characterization approach only works in a very large domain of preferences.

We approach this problem by assuming that the relevant functions are
continuously differentiable. Thus, first order conditions of payoff maximiza-
tion gives us information about how the mechanism looks like. Sometimes
this information is enough to obtain a result (as in our Proposition 2), some-
times we have to borrow results from the theory of partial differential equa-
tions (as in our Proposition 1). We notice that continuous differentiability
is just a little bit stronger than continuity because continuous functions can
be approximated by differentiable functions, Bartle (1976), p. 172. And
continuity is a sensible requirement in mechanism design, Postlewaite and
Wettstein (1989) and Peleg (1996). However the differentiable approach
eliminates strategy-proof solutions that are not differentiable like the gen-
eralized medians and the uniform rule. In any case, it would be interesting
to know if the results obtained here hold under non differentiability. This
task is beyond the objective of this paper.

Differentiability has been already used in the literature: Laffont and
Maskin (1980), (1982) and Satterthwaite and Sonnenschein (1981). The lat-
ter is the closest paper to ours. Their main result, recorded as Theorem 1,
says that any Non-Bossy, strategy-proof mechanism in which second order
conditions of payoff maximization hold with strict inequality (Regularity)
and satisfying certain technical properties yields serial dictatorship. We will
discuss the relationship of this result with ours’ later on.

In Proposition 1 we study the case of two agents. This case is important
because many contracts take place between two parties. We show that if the
mechanism yields strictly positive consumptions for both agents, efficiency
and strategy-proofness are incompatible in any domain in which preferences
are representable by an utility function that is additively separable between
the public and the private good and in which the marginal rate of substitu-
tion between both goods is strictly monotonic on the type of the agent, i.e.
the so called single-crossing condition. Our assumption that the mechanism
picks up strictly positive consumptions implies that the mechanism is non-
dictatorial. In certain cases, both properties are equivalent (see Footnote

6).



When the number of agents is more than two, as noticed above, in re-
stricted domains, truthful revelation, efficiency and non-dictatorship are all
compatible. Thus, perhaps there are mechanisms fulfilling stronger require-
ments. A natural step in economies where the property of resources is private
and agents have the option to opt out is to ask that the mechanism yields
allocations that are weakly preferred to the initial endowments, i.e. indi-
vidually rationality. Our Proposition 2 says that with two or more agents,
efficiency, strategy-proofness, individual rationality and a regularity assump-
tion (that we call Weak Regularity) are incompatible. The latter assumption
implies that, for at least one agent, the single-crossing condition holds locally
and second order of payoff maximization hold with strict inequality. In fact,
our result is even stronger because we only need to assume that the outcome
is efficient for a specific profile of preferences. We stress that the domains
of preferences used in this paper include those representable by quasi-linear
utility functions. Therefore, our results are also applicable to TU domains.

Our results are logically independent of those by Satterthwaite and Son-
nenschein (1981): On the one hand the Non-Bossy assumption is implied
by our assumptions in Proposition 1 (two agents plus budget balance) and
their set up is more general than our’s. Finally, they do not assume addi-
tively separable utility functions as in our Proposition 1. On the other hand,
our assumptions on the domain are weaker, for instance our single-crossing
condition is implied by their Regularity condition (see our comments after
Remark 1). Our Proposition 2 does not need the Non-Bossy assumption. Fi-
nally, we dispose of the additional technical conditions used by these authors
that, sometimes, are difficult to interpret.

The rest of the paper goes as follows. Section 2 presents the model and
some definitions. Section 3 presents our main results. Section 4 concludes.

2 The Model

There are I agents. Let y € R, be the amount of the public good and
x; € Ry the consumption of the private good (money). Let w; € R, be
the agent ¢ initial endowment of the private good and w be the aggregate
endowment of the private good. Thus, w = ). w;. An allocation is a vector
(y, 1, ..., ).

We assume that all the relevant functions are twice continuously differ-
entiable. The preferences of agent ¢ are representable by a utility function



Ui(y, z;,0;) concave in (y,x;) with

an(%xi,Qi) ~ 0 and an(y7$i79i>
oy ox;

and where 6;, the type of agent i, is drawn from an interval ©; = (6,,6;) C R.
In Proposition 1 we consider preferences that are representable by a utility
function of the form U;(y, z;,0;) = H(y) + vi(x;,0;), where H(-) and v;(-,0;)

. . . ily,xiy) s . L
are concave and strictly increasing, and =22 is strictly monotonic in
1

>0

0;, for every i, i.e. the so-called Spence-Mirrlees single-crossing condition.?
This property guarantees that for each agent and for any pair of prefer-
ences, her associated indifference curves cross just once.* Notice that this
utility function can be written as U;(y, z;,6;) = F;(6;)f(y) + gi(z;,6;) with
F;(-) > 0. Two examples of this class of utility functions are Cobb-Douglas,
Ui(y,x;,0;) = yo‘i(ei)xf"(ei), or quasi-linear, U;(y,z;,0;) = 0,f(y) + z; with
0, > 07

A vector 0 = (61,03, ...,0;) will be called an economy. The space of all
possible economies is denoted by © = Hfil ;. The cost function, denoted
by ¢(+), is also twice continuously differentiable with ¢/(y) > 0, and ¢’ (y) > 0,
for every y. The set of feasible allocations is

I
A={(y,x1,...,xr) :y € Ry, z; € Ry for all i, le + c(y) < w}.
i=1
An allocation (y, 21, ..., z) is Individually Rational in economy (61,02, ...,0;)
if Uz(y, X, 02) Z Ui(O,wi, 02) for all 7.

A Social Choice Function (SCF) is a function f : © — A. We will write
) = (), z1(:), ..., zr(+)). A SCF is Individually Rational (IR) if for each
economy it selects individually rational allocations. This is an appropriate
requirement for economies in which the property of the private good is private
and agents have the option of not participating in the mechanism. A SCF
f(-) is Budget Balanced (BB) if,

in(e) +e(y(0)) = w, V0 € O.

3This property ia also used in principal-agent models and signalling. See Sapority
(2007) for an application to pure public good economies

4In Proposition 2 the single-crossing condition will be derived from our Weak Regularity
assumption, see Definition 1 below.

®Not every quasi-linear utility function can be written in the way we assumed above.



A SCF f(-) is Pareto Efficient (PE) if there is no economy 6 = (61, ...,0;) and
feasible allocation (y,x1,...,z7) € A such that U;(y, z;,0;) > U;(f(0),6;) for
every ¢ with, at least, one inequality strict. If an allocation is PE and interior
(see Campbell and Truchon (1988) and Conley and Diamantaras (1996) for
non-interior PE allocations) it must satisfy the Lindahl-Bowen-Samuelson

condition

/ _ ay
W)= sy

=1 8171

which for U;(y, z;,0;) = H(y) + vi(z;,0;) can be written as

) OH () < 1
& (y) = 8@(/ ) Z O (z;,0;) °

=1 81‘1‘

Notice that when preferences are quasi-linear in money the previous equation
determines the level of the public good. However in our framework this is
not necessarily the case: For instance, let I = 2, u; = y + F (Gl)xf , 0 <
B <1, F(0;) >0, and ¢(y) = y. Assuming interiority, the Lindahl-Bowen-
Samuelson equation can be written as

[BF(61) — ;zcl(e)l—ﬂ]F(QQ)]ﬁ
F(6,) -

Thus, in this case PE does not determine the level of the public good -as
under quasi-linear preferences- but a locus of points (zy, x9).°

Let A be the I —1 unit simplex and int(A) be the interior of A. Under our
assumptions, a SCF f(-) is PE if there exist I functions a;(-),...,a;(-) € A
with domain © and such that, for every economy 6 = (64, ...,60;),

z9(0) = [

f(0) € arg max Zai(ﬁ)[Ui(y,xiﬁi)] with Z$Z + c(y) = w.

Y, X1, <
=1

A Pareto efficient SCF is non-dictatorial if o;(-) # 1, for any i.
In this paper we focus on direct mechanisms where the agent ¢’s set of
possible messages (strategies) is ©; and the outcome function is the SCF.

OKeser [14], worked out a special case of the utility functions assumed in this example.
She noticed that in this domain, the contribution game has a dominant strategy.



Let 9_1‘ = (91,...,ei_1,0i+1,...,0[), 0 = (02,0_2) The SCF f() is dominant
strategies incentive compatible (DSIC) (or strategy-proof) if

Uz(f(ew 9,1'), 91) Z Uz(f(eg, 971'), 91) fOI‘ all i, 91', 9; c @i> 972' c @,Z’,

where, by abusing notation the function U;(-, §;) includes the whole allocation
in its argument.

3 Results

In this section we gather our main findings. We assume the following:

Assumption 1. The SCF is Ctwith strictly positive values, defined on an

open set © in which utility functions can be written as H(y)~+v;(x;, 0;), where

d i (y,x4,°)
ox;

H(-) and v;(+,0;) are concave and strictly increasing an is strictly

monotonic in 0; for every 1.

Assumption 1 (A.1 in the sequel) says three things. Firstly, that the
SCF is continuously differentiable and yields strictly positive consumption
of private and public goods for all agents. This implies that the SCF is
non-dictatorial, i.e. that a; # 1, for any i.” This assumption is akin to
the "Minimum Consumption Guarantee" in Serizawa and Weymark (2003).
Secondly it requires that utility functions are additively separable between
private and public goods. Finally it requires that the marginal rate of substi-
tution between the private and the public good is monotonic with the type,
i.e. the single-crossing condition.

Let us begin by proving three lemmas which characterize the properties
of strategy-proof and efficient SCF satisfying A.1. Lemma 1 works for any
number of agents but Lemmas 2 and 3 require two agents.

Lemma 1. Under A. 1, if a SCF f(-) = (y(-),x1(:),...,x1(:)) is PE and
DSIC, then there exist functions cq(-), ..., as(+) € int(A) such that

20, 20, for every 1 =1, ..., I and every 6 € ©. (1)

"When I = 2 and goods are essential (If (y/,2}) >> 0, U;(y',z}) > U;(y”, 2!) for any
(y",z}) with a zero component) it is easy to show that if a SCF is Pareto Efficient and
Non-Dictatorial, it must yield strictly positive consumption of both goods to all agents.



Proof. Since f(-) take strictly positive values we can work with the first
order conditions. Since SCF is PE, from the first order conditions of the
maximization of 31 a;(0)[H (y) + vi(xi,0;)] over S a; + c(y) = w, we
have that for every 6 € O, the following equations hold:

dvi(x:(0), 0:) 1 0H(y)

; = f  =1,...,1 2
Oél(e) axz C,(y<0)) ay ) or every ? ) Y ( )

I
S ai(6) + c(u(®)) = w. Q
i=1

If the SCF is also DSIC, then, for every § € © and 1,

GH(y) 3y(9) + avi(xi(e)a ei) 3%’(9)

= 0. (4)

Now, by differentiating condition (3) with respect to #; we have that, for
every 6 € © and for every 1,

L ox,0) o Oy(0)
; oo W)= =0. (5)

From conditions (2), (4), and (5) the result follows. B

Next two Lemmas deal with the two person case. In order to simplify
notation, we will write a;(-) = a(-) and as(-) =1 — a(-).

Lemma 2. Assume A.1 and that I = 2. Then, the solution of the partial
differential equation (1) can be written as a C* function of af-).
Proof. Write the system of partial differential equations (1) as follows:

Ox1(0)  af) 0xy(0)
891 N —05(9) 801 ’ (6)

1
Ox1(0)  «af) Oxy(0) 7)
802 N 1-— Oé(@) 092 ’
If there exist functions x1(-) and xs(+) that solve the above equations, by
differentiating with respect to 65 in (6) and with respect to 6y in (7), these



functions have to satisfy

Pn®) _ Oty 0n(6) | alt) ()
86192 892 891 1—04(6) 89162
Pu(0) ity ] 02:(6) | al0) 9as(6)
89291 N 8(91 8(92 1—0&(9) 89291 ’

Since for any twice continuously differentiable functions x;(-) and z(-),

321'1(9) . 821‘1(&) and 821’2(0) o 821‘2(6)
0010, 00,0, 0010, 0050, ’

we have that @) (0
Naim) 02(0)  Ola@y] 022(0)

90, 06, ael 90, =0, (8)

which is a linear partial differential equation in x,.
Also, we can write equations (6) and (7), as follows:

Oxo(0) 1 — () 0x1(0)

891 N 01(0) 091 ’ (9)
0x5(0) 1 — () 0z, (0)

20, ald) 00, (10)

Then, by differentiating with respect to 65 in (9) and with respect to ¢; in
(10), and applying an analogous reasoning of symmetry of the second cross
derivatives of x1(-) and xs(+), we get

046
oS om(e) LG ome) _ )
692 00, 00, 00, ’

which is a linear partial differential equation in x.
The solution to Equations (8) and (11) is found in Zachmanouglou and
Thoe (1986, pp. 62, Example 2.2 and Problem 2.3) and is given by

21(0) = h(a(0))
22(0) = ha((0)),



where h;(+) is an arbitrary C' function of a single variable and «(f) = K
is the general solution of the ordinary differential equation associated with
both Equation (8) and Equation (11).%:9

By Budget Balance we can also write

y(0) = g(a(8)) = K~ (w — hi(a(f)) — ha(a(f))).
All these establish the result. B

Lemma 3. Assume A.1 and that I = 2. Suppose that f(-) is PE and DSIC
SCF with an associated function o € int(A).

30!(9) —

Proof. Suppose that = 0, some i, say i = 1. By PE (Equation (2) in
Lemma 1) and Lemma 2 we have that V0 € ©

a(9)3U1(h1(@(Q))761) _ 1 OH (g(a(0)))
Oz d(g(a())) dy

Differentiating (2”) with respect to 6, we see that the left hand side is different
from zero because of the single-crossing condition, i.e.

(2)

(9 Ul( T, ) , 8@(0) 827}1(1’1, 01) . 827}1(1’1, 01)
o( D1 (9(x(9))) )
(D)) (o @)
but since = 0 we have that ————*— = 0.
96, we Hav 96,

Therefore equation (2’) does not hold for all § and we obtain a contradiction.
A similar argument can be done with #; and so the proof follows. B

With these lemmas in hand we prove the following result.

Proposition 1. Under A.1, when I = 2 there is no SCF that is PE and

DSIC.
8The bridge between the notation in Zachmanouglou and Thoe [28] and ours is: z = 61,
a(8) 9[_(0)
y =02, a(z,y) = 8[18’0‘*;6)], b(z,y) = _"[18%1(9)]7 z =1 in (11) and z = x5 in (8).

9By making some algebra, the ordinary differential equation can be written as
aa(e do, + 30‘ 0) dfy = 0 and trivially a(f) = K is its general solution.

10



Proof. Suppose there exists a SCF f(-) = (y(-), z1(+), z2(+)) that is PE and
DSIC in some open set O fulfilling A.1. Then, by Lemmas 1 and 2, this SCF
has to be of the form:

21(0) = ha(a(0)), 72(0) = ha(a(9)), y(0) = g(a(d)).

8a(9)

By Lemma 3 # 0,41 =1,2. Now consider a change in both #; and 0,
around 6 that leaves a unchanged, i.e.
Oo(f
g, ae(l)
df,  9a(0)"
905

But again (applying the same reasoning as in the proof of Lemma 3) the
single-crossing condition plus the fact that, although both 6; and 6, have
changed « has not changed, imply that Equation (2’) cannot hold. B

As pointed out by Groves and Loeb (1975), PE, non-dictatorship and
DSIC are compatible in small domains when I > 2. In fact, if endowments
are large enough and the domain of preferences is chosen adequately, it is easy
to see that the mechanism proposed by Tian (1996) yields strictly positive
consumptions for all agents. Thus, Proposition 1 fails when the number of
agents exceeds two. Thus, in this case we may get more ambitious and ask
for SCF’s to fulfill even stronger properties.

We first need some extra definitions and notation. A SCF f is Weakly
Regular (WR) at 6 if there is an agent, say 7, for whom to tell the truth
implies that the second order conditions of payoff maximization hold with
strict inequality. Recall that the first order condition of DSIC is

dy 00; * o, 20, 0 for 6; = 6;. (12)

where 6 is the economy announced by agents and 0, is the true type of 7. Let
the left hand side of (12) be denoted by €2(6, §;). With this notation in hand,
we have the following definition:

Deﬁmtlon 1. f is Weakly Regular (WR) at 6 if 3i, with 89(99) < 0, for

The WR condition is a much weaker version of an assumption called
Regularity (R) by Satterthwaite and Sonnenschein (1981, p. 590). R requires

11



that the second order condition of payoff maximization holds strictly for all
economies and all agents. WR requires that the second order condition of
payoff maximization holds strictly for a certain economy and, at least, for
one agent. A motivation for this property is that it implies that, for this
agent, to tell the truth is the unique best dominant strategy so she does have
incentives not to cheat about her type.

Let 6 be an economy such that (0,w1,ws, ...,wy) is PE and there is, at
least, one agent with nonlinear indifference curves.

Proposition 2. There is no DSIC and IR SCF defined on an open set ©
with 6 € © that is WR and PE at 0.

Proof. We first see that if f(f) is a PE allocation, it must be that f(#) =
(0,w1,ws, ...,wr). Notice that any other PE allocation is such that either
some agents have less utility than in (0, wy, ws, ...,ws), which contradicts that
f is IR or such that all agents are indifferent. In the latter case, a convex
combination of this allocation and (0, w7, ws, ...,w;) can improve the utility
of, at least, one individual, contradicting that (0, w1, ws, ...,w;) is PE.

Since f is DSIC for all § € O, differentiating (12) we have that

892‘2’491') + 89(9~, 0:) =0 for 0; = 0,.

Since f is WR at 0 we have that for §; = 6;, 89(9 %) < 0 and thus,

00, 6;) _ 9*Ui(y(6),z:(0),0:) dy(0) +82Ui(y(é)axi<é)>éi) du;(0)

= = = > 0.

It 8?'9@ = 0, Equation (12) above implies that 83”—@ = 0 and the previous
8:21

equation cannot hold. Thus, 7£ 0. Therefore there is a 0, in a neigh-
borhood of 6; such that x;(6, 9_2) > 2;(f) = w;. Let,

f(@;, é—l) = (y<9;7 é—i>7 $1(8;7 é—i)u x2(9;7 é—i)a ) ZE[(‘%, é—l))
Since y(0),60_;) > 0 and z;(0.,0_;) > w;,
Ui(?J(Q;vé—i)axi(€;7é—i)aéi) > Uz‘(O,wi,éi) = Ul(f(é)7éz)
Since f is IR, Vj # i,

12



Us(y(8;,0-4),2;(6;,04),0;) > U;(0,w;,0;) = U; (f(6),6;).
But this contradicts that f is PE at 6 = 0. m

Notice that, in contrast with other results in the literature, we only as-
sume that f selects PE allocations at 6 = 0. In particular, outside @, the
mechanism may pick up allocations where the budget balance equation (3)
holds with strict inequality. We also notice that the result holds when the
IR assumption is dropped and the SCF is required to be Envy-Free (a proof
is available on request).

We now notice the following:

Remark 1. DSIC and WR imply that the single-crossing condition holds
around 0; for agent 1.
Proof: Notice that the FOC of DSIC can be written as

OU;(y(0), z;(0), 0;) - Oy(0)  0m(0),
s (MRS(@H)aei + g0 ) = 90.6) =0, for 0; = 0.
aUl(y(é()a,xl(Q) éz)
A BN B E—
where M RS;(0,0;) = EANEYSOY]

Recall from the proof of Proposition 2 that DSIC and WR imply that 69(0 b:) >
0 for §; = 0. Thus,

aQ(éaéi) 32Ui(y(A),xi(9)’éi) 5 7, 0y(0) 8:@(9)
— = = MRS;(0,0; + +
L OUy(0), 2:(0),0) OMRSi(0.6:) 09(0) _ (- 5
Ox; 00, 90,

Notice that w > (0 implies that the FOC of DSIC is satisfied if
and only if X )
0y(0)  02:(0)

=0.

Then, from the inequality above,

OU;i(y(), z:(0),0;) OM RS;(6,0;) dy(9)

> 0,

13



%ﬂ;«wi) # 0, i.e. that the single-crossing condition holds

around 6, for agent 7. W

and this implies

Notice that a similar argument can be used to show that DSIC and R
imply the single crossing assumption.

4 Conclusions

In this paper we have studied the incentives to tell the truth in domains
that have as little structure as possible. We have obtained two main results:
When there are two agents, there is no truth telling mechanism yielding
efficient allocations and fulfilling A. 1. Recall that under this assumption,
utility functions can be written as H(y) + v;(z;,0;). When the number of
agents is arbitrary, there is no truth telling mechanism yielding individually
rational allocations that is Weakly Regular and efficient at some economy of
the domain.

Several questions remain open. 1) The use of the differential approach
and, especially, the theory of differential equations to characterize DSIC
mechanisms. 2) The use of the differential approach to study the perfor-
mance of mechanisms when the equilibrium concept is Bayesian Equilibrium.
3) To prove our result on two-agents (i.e. Proposition 1) without using the
additive separability assumption embedded in A. 1. All these are left for
future research.

14
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