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Abstract

In this paper we investigate the impact of non-stationary cycles on the asymptotic and finite
sample properties of standard unit root tests. Results are presented for the augmented Dickey-Fuller
normalised bias and ¢-ratio-based tests (Dickey and Fuller, 1979, and Said and Dickey, 1984), the
variance ratio unit root test of Breitung (2002) and the M class of unit-root tests introduced by Stock
(1999) and Perron and Ng (1996). The limiting distributions of these statistics are derived in the
presence of non-stationary cycles. We show that while the ADF statistics remain pivotal (provided
the test regression is properly augmented), this is not the case for the other statistics considered and
show numerically that the size properties of the tests based on these statistics are too unreliable to
be used in practice. We also show that the ¢-ratios associated with lags of the dependent variable
of order greater than two in the ADF regression are asymptotically normally distributed. This is an
important result as it implies that extant sequential methods (see Hall, 1994 and Ng and Perron,
1995) used to determine the order of augmentation in the ADF regression remain valid in the presence
of non-stationary cycles.

Keywords: Nonstationary cycles; unit root tests; lag augmentation order selection.
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1 Introduction

Peaks at low non-zero frequencies imply the existence of cycles in time series, a feature present in many
macroeconomic, financial and other time series; see, inter alia, Conway and Frame (2000), Birgean and
Kilian (2002) and Priestley (1981). The importance and interest in trend growth, cyclicality and seasonal
fluctuations in economic and financial time series dates back several decades; see Burns and Mitchell
(1946). For instance, Canova (1996) discusses the literature on Bayesian learning (Nyarko, 1992) and on
noisy traders in financial markets (Campbell and Kyle, 1993) where models which generate irregularly
spaced but significant cycles in economic activity and asset prices are proposed. The presence of cycles
is also documented in the political economy literature (electoral cycles in government variables, Alesina
and Roubini, 1992), and naturally arises in the business cycle literature.

Interestingly, the existence of both complex and real unit roots can induce growth cycles similar
to those observed in economic data; see Allen (1997). Autoregressive (AR) processes with roots on the
complex unit circle are non-stationary and display persistent cyclical behavior similar to that of persistent
business cycles (Pagan, 1999 and Bierens, 2001). Bierens (2001) finds evidence that business cycles may
indeed be due to complex unit roots. Shibayama (2008) studies inventories and monetary policy by
estimating VAR models and also detects complex roots that generate cycles of around 55 to 70 months,
which are close to business cycle lengths.

Given that cycles are an important feature of economic and financial variables it is important to
evaluate their implications on the performance of pre-testing procedures, in particular on the limiting
null distributions and finite sample properties of zero frequency unit root test statistics. Consequently,
following the body of empirical evidence summarised above, in this paper we will focus on the case where
the cyclical component is characterised by a second order autoregressive component with complex roots
in the neighbourhood of unity, although generalisations to higher-order non-stationary factors will also
be discussed.

The asymptotic distributions of the least-squares estimates of an AR(2) with complex unit roots has
been addressed in Ahtola and Tiao (1987), Gregoir (2004) and Tanaka (2008), the latter generalises the
results in Ahtola and Tiao (1987) by allowing the error term in the AR(2) model to follow a stationary
process. For asymptotic results for general AR processes see, inter alia, Chan and Wei (1988). Chan and
Wei (1988) considered the limiting distributions of the least squares estimate of a general nonstationary
AR model of order p (AR(p)) with characteristic roots at different frequencies on or outside the unit circle,
each of which may have different multiplicities (see also Nielsen, 2001). This was the first comprehensive
treatment of least squares estimates for a general nonstationary AR(p) model. Chan and Wei (1988)
showed that the location of the roots of the time series played an important role in characterizing the
limiting distributions. Jeganathan (1991) generalized this idea to the near-integrated context where
the limiting distributions of the least-squares estimators are expressed in terms of Ornstein-Uhlenbeck
processes. Extensions to vector AR processes are provided in Tsay and Tiao (1990) and to processes with
deterministic trends in Chan (1989).

We will focus attention on the conventional augmented Dickey-Fuller [ADF] tests (Dickey and Fuller,
1979, Said and Dickey, 1984, Hamilton, 1994), the variance ratio unit root test of Breitung (2002) and
the trinity of so-called M unit-root tests introduced by Stock (1999) and popularised by Perron and Ng
(1996). The M tests have been increasingly popular in the unit root literature; indeed, in discussing
the ADF tests Haldrup and Jansson (2006,p.267) argue that “... practitioners ought to abandon the
use of these tests...” in favour of the M tests because of “... the excellent size properties and ‘nearly’
optimal power properties” of the latter. The results we present in this paper, however, suggest quite
the opposite conclusion holds in cases where the time series process admits (near-) unit roots at cyclical
frequencies. In particular we show that while the limiting distributions of the two ADF statistics remain
pivotal (provided the test regression is properly augmented), this is not the case for the variance ratio or
the three M statistics, all of which become too unreliable to be used in practice. We also show that the
normalized bias and the t-ratio tests associated with the lags of the dependent variable (of order greater
than two) in the ADF regression are asymptotically normally distributed. This is an important result
as it implies that the standard sequential methods (see Hall, 1994, and Ng and Perron, 1995) used to
determine the order of augmentation in the ADF regression remain valid when cyclical (near-) unit roots
are present in the data.

The remainder of the paper is organized as follows. In section 2 we outline our reference time series
model which allows for cyclical unit roots and briefly outline the ADF, variance ratio and M unit root
tests. In Section 3, in the case where cyclical unit roots are present in the data, we establish the large
sample behaviour of these tests together with those of the conventional ¢-ratios for testing the significance
of lagged dependent variables in the ADF test regression. Extensions to allow for near unit roots (both



at the zero and cyclical frequencies) and deterministic variables are discussed in section 4. Finite sample
simulations are reported in section 5. Section 6 concludes. All proofs are collected in an mathematical
appendix.

In the following ‘||’ denotes the integer part of its argument, ‘=’ denotes weak convergence,
convergence in probability, and ‘z := 3’ (‘z =: y’) indicates that x is defined by y (y is defined by x).
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2 The Model and Unit Root Tests
2.1 The Time Series Model

We consider a univariate time series {x;} generated according to the following data generation process
DGP],
U(L)(1—al)xy =& & ~1ID(0,0%), t=1,2,...,n. (1)

We assume throughout that the process is initialised at x_o = z_; = g = 0, although weakening this to
allow these starting values to be of op(nl/ 2) would not change any of the asymptotic results which follow.
In (1) the autoregressive polynomial W (L) = (1 —2bcos(¢)L + b>L?), with ¢ € (0,7), and where L
denotes the usual lag operator. Consequently, when b =1 (]b| < 1), ¥ (L) admits the complex conjugate
pair of unit (stable) roots, exp (+i¢) = cos (¢) L isin (@), at the spectral frequency ¢. We do not assume
that the value of ¢ is known to the practitioner. The process additionally admits a zero frequency unit
root when a = 1. In the case where a = b =1, {z;} is therefore integrated of order one at both the zero
and ¢ spectral frequencies, denoted I(1) and I4(1), respectively. In this case, it follows that z; := Az,
where A := (1 — L), will be I4(1) but I(0), while u; := Ayay, where Ay := (1 —2cos(¢)L + L?), will
be Iy(1) but I,(0).

Our focus in this paper is on testing the standard zero frequency unit root null hypothesis that
x¢ ~ Ip(1), Hp : a = 1, against the alternative that x; ~ Iy(0), H; : |a|] < 1, in the case where W(L)
admits the pair of complex unit roots at frequency ¢.

Remark 1. The model in (1) is arguably quite simple. However, it can be extended to allow for: near
unit roots at the zero and/or ¢ frequencies; deterministic components; weak dependence in {g;}, and unit
roots at other cyclical frequencies lying in (0,7) and/or at the Nyquist (7) frequency, without altering
the qualitative conclusions which can be drawn from the analysis of (1). For expositional purposes we
will therefore focus on (1) but we will discuss how our results generalise to these cases.

Remark 2. Notice that Ay = (1 —2cos(¢)L + L?) generates a (non-stationary) cycle of 27 /¢ periods.
Consequently, in the case of data observed with a seasonal periodicity of S, ¢ = 275/S, j € {1,2,...,5*},
where S* := [(§ —1)/2], Ay generates non-stationary seasonal cycles.

2.2 Zero Frequency Unit Root Tests

A large number of procedures have been proposed to test for zero frequency unit roots; see, for example,
Stock (1994), Maddala and Kim (1998) and Phillips and Xiao (1998) for excellent overviews. In this
Section we review three popular classes of such tests.

The first tests we consider are the augmented Dickey-Fuller [ADF] normalised bias and ¢-ratio tests.
These are computed from the auxiliary test regression,

k
Axy = pri—1 + Zaijt_j + €kt (2)

Jj=1

In (2), k denotes the lag truncation order chosen to account (parametrically) for U(L) and any weak
dependence in {e;}; in the simplest form of the DGP given in (1), where &; is IID, & = 2. More generally,
where ¢; is a linear process satisfying standard summability and moment conditions (see Chang and Park,
2002), k needs to be such that 1/k + k3/n — oo as n — oo; see Said and Dickey (1984) and Chang and
Park (2002). Based on OLS estimation of (2), the ADF ¢-ratio for testing Hy against H; will be denoted
t5 := p/se(p) and the associated normalised bias statistic as Z; := np/(1 — Zle @;). The ADF tests
remain the most popularly applied unit root tests due in part to their ease of construction. At this point
we also outline the sequential lag selection method due to Hall (1994) and Ng and Perron (1995). Here
one starts from a maximum lag length, ky.x say in (2), satisfying the rate condition above. One then
runs the standard t-test for the significance of the terminal lag using critical values from the standard
normal distribution. If the null is rejected the ADF statistics are computed from (2) with lag length



kmax; otherwise, the lag length is reduced to knax — 1 and the procedure repeated until the lag length
cannot be reduced further, or if a pre-specified value for the minimum lag length is attained, at which
point the ADF statistics are computed for that lag length.

Secondly we will consider the trinity of so-called M unit root tests due to Stock (1999) and Perron
and Ng (1996), inter alia:

n 1/2
MSB = <}_2n22x3_1> (3)
t=1
n -1
MZ, = <2n_22xf_1> (n_lxi—j\Q) (4)
t=1

MZ, = MSBx MZ, (5)

<2
where A~ is an estimator of the long run variance of {e;}. Following Perron and Ng (1996) we can consider
two alternative estimators for the long-run variance. Firstly, a non-parametric kernel estimator based on
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the sample autocovariances, A~ = s, 4, with s%, , = Z:7n+1 w(h/m)A,, 4, =n"t Z?Zl‘ | €0,6€0,t+|h]|»

where & ; are the OLS residuals from regressing x; on z;_1, with kernel function w (-) satisfying e.g. the
general conditions reported in Jansson (2002, Assumption A3) and the bandwidth parameter m € (0, 00)
satisfying 1/m+m?/n — 0 as n — oo (which corresponds to Assumption A4 of Jansson, 2002). Secondly,

a parametric autoregressive spectral density estimator, 5\2 =54 R, of the form suggested by Berk (1974),
2
where s, := 6% (1 - Zle ai) where 67 :=n~'3.€2, &, i = 1,...,k, and & are obtained from the
OLS estimation of (2) for a given value of k satisfying the same conditions as given above in the context of
the ADF tests. As noted in section 2, it has been suggested by some authors (e.g. Haldrup and Jansson,
2006) that the M tests, when coupled with the modified AIC lag selection method of Ng and Perron
(2001), are preferable to the standard ADF tests outlined above due to their superior size properties,
relative to the latter, in the presence of weak dependence in {e;}.
Finally, we will consider the variance ratio test (V RT') proposed by Breitung (2002),

1 n

VRT :=n"? (Zw?) Z ij . (6)

t=1 \j=1

The variance ratio test has some appealing properties. First of all it requires no correction, parametric
or non-parametric, for serial correlation from {e;} and/or ¥(L). Second, by virtue of its lack of such a
correction factor, it has been advocated by some authors (see, for example, Miiller, 2008) as a unit root
test which avoids the criticisms of Faust (1996) regarding the (theoretical) uncontrollability of the size of
unit root tests based around (parametric or non-parametric) corrections for general weak dependence in

{et}-

3 Asymptotic Behaviour under Non-Stationary Cycles

For the purpose of analysing the impact of non-stationary cycles on the limit distributions of the zero
frequency unit root tests discussed in section 2.2 it will prove useful to first consider frequency specific
orthogonal decompositions of z; and Ax;. These results are collected together in Lemma 1.

Lemma 1 Let the time series process {x+} be generated by (1) with a =b = 1. Then for any ¢ € (0,7)
the following decompositions hold:

2 = GoSolt) - —2 [0 (8( + 1))S.0(8) 03 (6(¢-+ 1)) S5,0)

6/3
2 03 (6 (0 1) Sus(8) 510 (6 ¢+ 1) S (0] + O,(1) ™)
A = o 5 in (600 + 1))S(6) = cos (6(¢ + 1)) S5(0) (®)

where So(t) = 22:1 €5, Sa,e(t) = Z§:1 gjcos(jo), Spe(t) == 22:1 gjsin (jo), do == 1/2(1 — cos ¢),
0g = (1 —cos(¢)) /2(1 —cos¢), and 5fz = —sin(¢) /2 (1 — cos @).



Remark 3. It is straightforward to show that the results stated in Lemma 1 continue to hold under weaker
linear process conditions on {e;} provided Assumptions 1.1-1.2 of Gregoir (2004), adapted slightly to our
situation, are satisfied. Precisely, these conditions entail that e; = d(L)e;, where (g4, F3) is a martingale
difference sequence, with filtration (7), such that E (¢7|F—1) = o2 and sup, E (|e;|*T°|F—1) < oo
a.s. for some ¢ > 0, and where d(L) := 1+ Z;il djz7 is such that d(z) # 0 for z = 0 and z = ¢, and

Z;’;lj|dj| < o0.

Using the decompositions provided in Lemma 1, we are now in a position to state the large sample
behaviour of the elements which form the unit root tests under analysis. These results are collected
together in Lemma 2.



Lemma 2 Let the conditions of Lemma 1 hold. Then, for any ¢ € (0,7), the following results hold as

ady
%mt = odWo(r)+ \[Sln {sin (p(t +1))Wg (r) — cos (¢(t + 1)) Wf (7’)}
os’
+\/§Sf;¢ [COS(MH 1) Wg (r) +sin (¢ (t + 1)) W} (r)] =aob(r)  (9)
i 3 a; 072 1 2 (r)dr
n2; 2, = 4(1—(:05(;5)2/0 WE (r)d
o2 1 ) 5
2(1 —lcos¢)4sin2¢ o ([W£“ (n)]” + {Wf (7“)] )dr (10)
% zn:Al’f = % iAmf_l +o0,(1) = % Zn:Azf_Q + 0p(1)
t=1 t=1 t=1
= 48;%/0 ([Wé? ()" + (W) (7“)]2) dr (11)
1 & o2 1 ) 5
ﬁ;xt—lmt—l = W/O <[W$§‘ )+ [ ()] )dr (12)
- o2 (cos 1yt 2
%Zzt_let_Q - W /0 <[Wg ) + [WE ()] >dr (13)
1 — o2 1
Etﬂ Ti—16¢ = m/o Wo (r) dWy (r)
1
+lein(b/o (Wg (r) de (r) = qu (r) qu? (T)>
—m [ (s wyawg o)+ w7 yawg o) (14)
s Ane = sE [(Wr e aw) o) - wl e awg ) 15)
=1

1 & o?cos¢ [t/ 5 5 N
E;Azt_zet = Gans /. (W¢ (r) dW? (r) = WE (r) dW§ (1"))

0.2

-z /O (Wg () awg () + W) (r)aw] (r)) (16)

where dg, 0y and 55, are as defined in Lemma 1, and Wy (r), W§' (r) and Wf (r) are independent standard
Brownian motion processes.

Using the results in Lemma 2, we are now in a position in Theorem 1 to detail the asymptotic null
distributions of the unit root tests from section 2.2 when the DGP contains non-stationary cycles. Sub-
sequently, in Theorem 2, we will establish corresponding results for the ¢-ratios on the lagged dependent
variables appearing in the ADF regression (2).

Theorem 3 Let the conditions of Lemma 1 hold. Then for any ¢ € (0,7), the following results hold as
n — oo, and for k > 2 in (2)

1
Wo (1) dW,
t; = fo 10(7“> ;J(?") = DF, (17)
Jo Wo (r)]” dr
Wo (1) dW,
Z = WIOND) (18)
fo Wo ( )] dr
1 T 2
b(s)ds|” d
VRT = Jo Ly Do) dsldr (19)
2 fiwomar | (S [We ] art i [w] o) ar)
0052 +
04(1—cos(¢))? 2(1—cos(¢)) 4sin(¢)?



.2
— 2
for X =siy4,

MSB =0, <[mn]_1/2) , MZo =0, (mn), MZ =0, ([mn]1/2) (20)

)
while for X" = s,

1/2
L gy Qo8 @) ([N e[ a2
MSB = (/0 Wo () dr 4 ) (/0 (W ()] d +/0 Wi o] d)) (21)
N b(l)2 — (4 [1-— cos(¢)]2)7 -
a = (I(}WO(T_)zd,. (f[}[Wg(r)]zdr-i-fUl[Wf(r)]gdr)) (22)
2(1—cos(¢))? (1—cos(¢))4sin(¢)?
vz, o V2o @b (1)~ (2va[L—cos () 23)

fiwazar (W 0] dr+ 3 [wg ()] ar)
2(1—cos(¢))> (1—cos(¢))4 sin(¢)?

where m is the bandwidth used to compute s}, 4, and where Wy (r), Wg (r) and Wf (r) and b (r) are as
defined in Lemma 2.

Remark 4. In the case where |b| < 1 in ¥(L) in (1), so that no non-stationary cycles are present, it
is well known that both t; and M Z; weakly converge to DF, while Z; and M Z, weakly converge to
1/2 S 2
DFs. Moreover, in this case MSB = (fol Wo (7“)2) / =: MSB and VRT = % =:VRT.
Comparing these representations with those given in Theorem 1, it is seen thaft only the two ADF
statistics, t; and Z,, computed from (2) retain their usual pivotal limiting null distributions in the
presence of non-stationary cycles. In contrast, the limiting null distributions of V RT and the trinity of
M statistics with autoregressive spectral density estimators of the long-run variance are non-pivotal, their
functional forms depending in a complicated way on both non-stochastic and stochastic functions, while
the results in (20) show that the trinity of M statistics computed using a kernel-based estimator of the
long-run variance have degenerate limiting null distributions in the presence of non-stationary cycles. This
result obtains because Az; is non-stationary which causes the kernel-based long-run variance estimator
to diverge to +o0 at rate O,(mn); see Taylor (2003). Since both n™'22 and 2n~2>"}" | z7_; are of O, (1),

the divergence of X?/VA to +oo implies that both the M Z, and M Z, statistics will diverge to —oo, while
MSB will converge in probability to zero, in each case at the rates stated in (20). Consequently, the
three M tests based on these statistics will therefore all have asymptotic size of unity in the presence of
non-stationary cycles. The impact on the finite sample size of the unit root tests based on each of the
statistics discussed in Theorem 1 when using the standard asymptotic critical values (appropriate to the
case where non-stationary cycles are not present) will be investigated in section 5.

Remark 5. In this paper we have not included the Z, and Z; unit root tests of Phillips (1987) and Phillips
and Perron (1988) in the set of tests under discussion. However, noting from expressions (2.7) and (2.10) of
Perron and Ng (1996,p.437) that Z, = M Z,—(n/2)(p—1)2 and Z; = M Z,—0.5(3 7, 272_1 /8% 4) Y2 (—
1)2, in each case for the version of the M test using the kernel-based long run variance estimator S%V A
we see immediately from the discussion in Remark 4 that both Z, and Z; will also diverge to —oo at the
same rates as are given for M 7, and M Z;, respectively, in (20).

Remark 6. The result in (17) for ¢; has previously been given in Nielsen (2001), and is also shown to
hold for case of seasonally integrated data in Ghysels et al. (1994).

Remark 7. It is straightforward but tedious, using Lemma 2 of Bierens (2000), to show that the results
given in (17), (18) and (20) of Theorem 1 will not alter if we allow for weak dependence in {£;} of
the form given in Remark 3. The limiting null distributions for VRT and the trinity of M statistics
with autoregressive spectral density estimators of the long-run variance will now depend on additional
nuisance parameters arising from the MA parameters, {d; }jo';l Moreover, the results in Theorem 1 are
qualitatively unchanged if we allow ¥(L) to be a pth order polynomial containing additional unit roots
with frequencies in the range (0, 7], provided k& > p in (2). Specifically, in this case the results in (17) and
(18) will continue to hold, as will the order results in (20), while the limiting null distributions for VRT



and the trinity of M statistics with autoregressive spectral density estimators of the long-run variance
will now depend on stochastic and non-stochastic functions relating to these frequencies but will remain
non-degenerate.

In Theorem 2 we now establish the large sample behaviour of the ¢-ratios on the lagged dependent
variables in (2).

Theorem 4 Let the conditions of Lemma 1 hold and define the vector of parameters from (2) as B’ =

[p, a1, a0, a3+ - ag] =: [p, a1, a0, ®’]. For k> 2 in (2), then as n — oo,
. Acos(¢)+ B
TL(Ozl — Otl) = m (24)
. A
TL(O[Q — O[Q) = m (25)
Vi(6-@) = N(0,0°HT 'Hy) (26)
where
1
A = 2 [W/ (W;: (r)dW§ (r) + Wf (r) de (7’)) +V2(A? +l’>’2)]
0
1
B = 2 [v? /0 (Wg (r) AW (r) = W0 (r) AW (7’)) sin(¢>)V2(.A2+BQ)}

S /01W02(7")d7’, t :/01 (We ()] dr, B2 :/01 [Wf(r)rdr

where Wo (1), W (r) and Wf (r) are as defined in Lemma 2, and where Hy and T' are defined in (A.29)
and (A.22), respectively, in the Appendix. Moreover, for 2 < i <k,

tai = (al — al)/se(az) = N(O, 1) (27)

Remark 8. The results in (A.26) and (A.27) imply that &; and o, like p, are super-consistent. From
(26), it is seen that the parameters on the lagged difference terms from lag three onwards are root-
n consistent asymptotically normal [CAN]. Under the conditions of Theorem 2, ® = 0, since &; ~
I11D(0,0?); however, the stated results also hold when ¢, is a stationary AR(k*) process provided k > k*.
Moreover, where ¢, displays the general weak dependence of the form given in Remark 3 the foregoing
results still remain valid although here, for a given lag truncation k, the parameters «;, j > 3, take
the role of pseudo-parameters in the same sense as in, for example, Chang and Park (2002) and Ng and
Perron (1995).

Remark 9. The key result in Theorem 2 is that given in (27) which establishes that standard t-tests
for the significance of the lagged dependent variables of order three and above can be conducted using
standard normal critical values. This is an important result in that it implies that the sequential lag
specification methods of Hall (1994) and Ng and Perron (1995), as outlined in section 2.2, remain valid in
the presence of non-stationary cycles. In contrast, it follows straightforwardly from the representations
in (A.26) and (A.27) that the t-ratios associated with &; and &z have non-standard limiting distribu-
tions which are functionals of the independent standard Brownian motion processes, Wy (), W§' (r) and

Wf (r). In the scenario considered in Remark 7 where (L) is a pth order polynomial of non-stationary
factors then it is straightforward but tedious to show that the OLS estimators associated with the first p
lagged dependent variables in (2) will have non-standard limiting distributions (now being functionals of
p independent standard Brownian motion processes) while those for p + 1 onwards will again be root-n
CAN with their associated t-ratios having standard normal limiting null distributions.

4 Extensions to Near-Integration and Deterministics

4.1 Near-Integration

In this section we generalise the results given in section 3 to the case where the data are generated
according to the near-integrated process,

(1—¢,L) (1 —2cos(¢)p, L + 2 L?) xy =&, e~ 1ID(0,0%), t=1,2,....,n (28)



where ¢, = exp (%) o~ (1 + %), and ¢ € (0,7). This process is near-integrated at the zero and ¢
frequencies with a common non-centrality parameter c¢. Under this setting we can establish the following
Lemma.

Lemma 4.1 Let the time series process {x.} be generated by (28) with x_o = x_1 = x9 = 0. Then for
any ¢ € (0,7) the following results hold:

1 8

Uﬁxt = (50JC,0,n(t/n) snl((b)\/»
+1]) &g (¢/n) +sin (@[t +1]) T2y, (t/n) } + Oy (1/Vn)

> {SI(0lt + 1) T2 0 (t/m) = cos(olt + 1) 2, . (t/m) }
B
+sm 6 \f{cos
(29)
where

[zn]
JC,O,'n (;1;) = Jf Z (PLZRJ ]6

. \/§ I_.L’VLJ o ‘ lzn] o . .
Jeom (@) = 07\/5;%% 1=ig; cos (jo), quxn = sz ol =g, sin (jg)

and where, as n — o0,

Je0.n(t/n) Jeo(r)
Je wm) | = [ Jo0)
T8 s (/) ()

where Jeo(r), J&4(r) and J£¢(T) are independent standard Ornstein-Uhlenbeck processes such that dJ.o (1) =
ceo (r)dr+dWy (1) and ng’q5 (r) = c,]g’(ZS (r)dr —|—de (r), j =«, B, with Wy(r), Wi(r) and W,f (r) the

standard Brownian motions defined in Lemma 2.

Using the results in Lemma 3, it is then straightforward to show that the results given in Theorems
1 and 2 carry over to this context, substituting Wo(r), W (r) and W/ (r) by Jeo(r), J2(r) and J£¢(T),
respectively, throughout. The comments in Remark 7 again apply in this case.

Remark 10. The assumption of a common non-centrality parameter to the zero and ¢ frequencies, as
embodied in (28), can be relaxed. To that end, consider the case where the DGP admits a different
non-centrality parameter at the zero and ¢ frequencies; viz,

(1-¢0L) (1 —2cos(¢)p? L + (@ﬁ)2L2> =g, & ~IID0,0%), t=1,2,...,n (30)

where ¢ := exp (%0) o~ (1 + %0) and ¢ = exp (%’) ~ (1 + C—“’) For data generated by (28) rather than
(30), the result given in Lemma 3 still hold, provided, Jc o (T), Iy, (x) and J§¢> ,, (x) are replaced by
JCO,O n (@) = A= S (@0) M e e @) = 22 (08) T e cos (j0) and Y, (3) =
= ZLMJ (¢ )LMJ - g sin (jo), respectively, and J.o(r), J24(r) and J£¢(r) are similarly replaced by
Jeo0(r), JE, (1) and ch) (1), respectively, where dJe, 0 (r) = coJe,,0 (1) dr + dWy (r) and ng(M) (r) =

C¢Jg¢, s (r)dr + dWi( r), j = «, . The results given in Theorems 1 and 2 again carry over, mutatis
mutandis, as do the comments in Remarks 7 and 9.

4.2 Deterministic Components

Where deterministic components are present in the DGP, the previous results can be extended in a
straightforward fashion. More specifically, we consider the cases where (2) is constructed from de-trended
data, denoted &, obtained as the OLS residuals from the regression of x; onto either a constant (de-
meaned data) or a constant and linear trend (linear de-trended data); i.e.,

k
A(i’t = pii’t,1 + E ijA.’%t,j + ék,t;
j=1



and similarly the variance ratio and M unit root tests are constructed using the de-trended data, although
in the definition of the M Z, statistic the term —n~'23 needs to be added to the numerator of (4); see,
for example, Miiller and Elliott (2003). In both these cases the results in Theorems 1 and 2 (together
with the corresponding results in section 4.1 for the near-integrated case) remain valid provided the
standard Brownian motion process, Wy(r), and the standard Ornstein-Uhlenbeck process, J¢, 0, in (17)
and (18) are replaced by their OLS de-trended counterparts; e.g., Wo (r) == Wy (r) — fol Wo (s) ds, for
the OLS de-meaned case, and Wy (r) := Wy () — (4 — 6r) fol Wo (s)ds — (12r — 6) fol sWo (s) ds, for the
OLS linear de-trended case. Finally note also, that for the corresponding unit root tests based on local
GLS de-trending (see, inter alia, Elliott, Rothenberg and Stock, 1996, and Ng and Perron, 2001) then
the previous results again hold but now replacing the standard Brownian motion, Wy(r), and standard
Ornstein-Uhlenbeck processes, J;,,0 by their local GLS de-meaned or linear de-trended counterparts; see
Elliott et al. (1996,pp 824-825) for precise details.

5 Monte Carlo Experiments

In this section, we use simulation methods to investigate the finite sample properties of the unit root tests
discussed in section 2.2 when (near-) non-stationary cycles are present in the data. All results reported in
this section are based on 20,000 Monte Carlo replications using the RNDN function of Gauss 9.0. Unless
otherwise stated, results are presented for both de-meaned and linear de-trended data.

Our first set of experiments, reported in Tables 1a (OLS de-meaned data) and Table 1b (linear OLS
de-trended data), relate to data generated according to the DGP

(1 - (1 n %0) L) (1 — 2cos(¢) (1 + %")) L+ (1 + %)2 L2) @ = e ~ NIID(0,1) (31)

with ¢y = 0, so that the unit root null hypothesis holds, and with ¢ € {x/7,7/6,7/5,7/4,7/2} and
¢y € {0,5,10}, in each case for a sample size of n = 200, initialised at x_o = x_1 = x¢ = 0. Although the
frequency 7/2 would not be considered a low frequency component, it is nonetheless a seasonal frequency
component for any case where the number of seasons is even (e.g. monthly or quarterly data) and
therefore seems worth including. For comparative purposes, results for the conventional random walk,
(1—-L)xy =€ ~ NIID(0,1), initialised at xg = 0, are also provided in the rows labelled ‘0’.

The results in Tables 1a and 1b report the empirical (null) rejection frequencies of the unit root tests
from section 2.2 in each case for a nominal 5% significance level using the asymptotic critical values
appropriate to the case where (near-) non-stationary cycles are not present in the data; that is, from
DF1, DF3, MSB or VRT, as appropriate. In Table 1, the ADF ¢; and Z; tests were computed from the
ADF regression (2) for the true lag length, £ = 2. In the context of the trinity of M tests, the superscript
used in the nomenclature of Tables 1a and 1b denotes the long run variance estimator used; the subscripts

<2
b and ¢ indicate that A\~ = s3;, , with the Barlett and quadratic spectral kernels, respectively, while the

~2 ~2
subscript AR indicates that \” := s% p- For A = s%,v 4, results are reported for the Bartlett and quadratic
spectral kernel, using the data-dependent bandwidth formulations for these kernels suggested in Newey

and West (1994, equations (3.8) to (3.15) and Table 1). For 3= s4 g, we again set k = 2. Also reported
in Tables 1la and 1b are the empirical rejection frequencies for the conventional t-ratio tests on the lagged
dependent variables Az;_; and Az;_o from (2), denoted ¢4, and t4,, in each case compared to the 0.05
level critical values from the standard normal distribution (a 5% rule).

Insert Tables 1a and 1b about here

As predicted by the asymptotic distribution theory in Theorem 1 and section 4.1, it is only the ADF
t; and Z, tests which display finite sample size properties which are robust to the presence of (near-)
non-stationary cycles in the data. The size properties of the ¢; test are somewhat better than those of
Z, which is a little over-sized, most notably so in the case of linear de-trended data, but both show no
significant variations in size from the random walk base case under non-stationary or near-non-stationary
cycles for all of the frequencies considered. Again in line with the predictions from the asymptotic theory,
we see that this is not the case for the other tests considered. Again as predicted by the results in
Theorem 1 and section 4.1, the empirical sizes of the V RT test vary considerably across both ¢ and cg.
As might be expected, for a given frequency ¢, the size distortions in V RT decrease as cg4 increases; this is
because the cyclical component at frequency ¢ moves further away from the non-stationarity boundary as
cg increases. The size distortions for the three M tests with the autoregressive spectral density estimator
show even greater variation across ¢ than the VRT test. Overall though, even though the VRT and M
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tests with 5\2 = s¥, 4 are not asymptotically degenerate under (near-) non-stationary cycles the results in
Tables 1a and 1b suggest that none of these tests could reliably be used in practice. The degeneracy of the
kernel-based M tests is clearly reflected in Tables 1a and 1b, although again as with the V RT test there is
some amelioration of this in the case of the M.SB test for a given value of ¢ as cy is increased. Finally, we
observe that the empirical rejection frequency of the ts, test with a 5% rule is unity throughout (except
in the random walk case where it is essentially correctly sized), implying that in the presence of (near-)
non-stationary cycles the sequential method of Hall (1994) and Ng and Perron (2005) will always retain
both lagged dependent variables in (2), as would be hoped. Indeed, we obtained the same outcome when
a tighter 1% rule was used. More generally, in unreported simulations we found that in the case outlined
in the latter part of Remark 6, where W(L) is a pth order polynomial of non-stationary factors, the same
finding holds for the t-test on the pth lag, so that p lagged dependent variables will always be included
in the ADF regression.
Insert Tables 2 — 5 about here

In a second experiment, we now investigate in detail the impact of a number of conventional lag selection
methods on the empirical size and power properties of the ¢; test (again run at the nominal asymptotic
5% level). Corresponding results for Z, are available on request. Results are reported for the sequential
method (denoted SQ) outlined in section 2.2 using a 10% rule (as is commonly done in practice), the
standard AIC rule, and also the modified AIC (denoted M AIC) rule of Ng and Perron (2001). For all

of these methods, results are reported for maximum lag lengths of kyaxyg = L4[ﬁ]1/ 4 and kpax 12 =
L12[ﬁ]l/ 4|; with the subscript 4 or 12 on each method denoting which of these maximum lag lengths was

used. No minimum lag length was set for any of the selection methods. The data were again generated
according to (31) with the parameter settings as were considered for the results in Tables 1a and 1b, but
augmented to include results for ¢y € {0,5, 10, 13,20, 25,30}, rather than just ¢ = 0. For the case of
cop = 0 (Table 2) results are presented only for ¢, = 0. To ensure comparability with the other cases of
¢, the results reported for ¢ = 0 in Tables 2 and 3 pertain to the DGP (1 — (14 <) L) (1 — 0.5L?)z; =
€. ~ NIID(0,1) initialised at z_o = x_1 = xy = 0; this process, like the cases considered where ¢ # 0,
has a true lag length of £ = 2 in (2), but here the cyclical pair of roots are stable (both have modulus
V0.5 and lie at frequency 7/2). Finally, for comparative purposes, results are presented both for tests
based on OLS de-trending and the corresponding tests based on local GLS de-trending.

Table 2 reports the empirical size (co = ¢4 = 0) obtained with the three lag-order selection methods
and also reports the average order of lag augmentation selected by each approach. The results in Table 2
indicate that the empirical size of the ADF test with OLS de-trending is reasonably close to the nominal
level throughout for both SEQ and AIC, although both methods yield slightly over-sized tests in the
case of kmax12 with linear de-trending. As regards the tests which are based on the M AIC rule, here a
degree of under-sizing is seen throughout; this is perhaps not unexpected given that the penalty function
on which the MAIC rule is based is in fact misspecified when non-stationary cycles are present in the
DGP, as is the case here. Similar comments apply when local GLS de-trending is used, although here it is
noteworthy that the tests based on M AIC can be very badly undersized in the case of linear de-trending;
indeed all of the tests display a tendency to undersize here. As regards the average lag length chosen, it
is seen that SQu, AICy, AIC12 and M AIC, get reasonably close to the true order (recall that this is two
throughout), while both M AIC 5 and SQ12 over-fit the lag order, most notably so in the case of SQ1s.
Such over-fitting will of course necessarily lead to power losses under the alternative, as will be seen in
the results Tables 3-5. In the case of SQ15 it should be noted that this result is not attributable to the
presence of non-stationary cycles because it happens to the same degree in the ¢ = 0 case where non-
stationary cycles are not present in the data. In contrast for M AIC)s (and to a lesser extent M AICY)
we see that the degree of over-fitting is higher when non-stationary cycles are present relative to the case
where they are not.

Table 3 (cg = 0), Table 4 (cy = 2.5) and Table 5 (¢4 = 10) report the empirical power of the ¢; test
for ¢y = 5,10, 13, 20, 25, 30 under the various lag selection rules. Results in these tables are reported only
for the case of linear de-trended data; qualitatively similar results were seen for the case of de-meaned
data and may be obtained from the authors on request. Overall, for a given value of cg4, the results are
qualitatively very similar regardless of the frequency at which the non-stationary cyclical roots occur.
The best power performance for both OLS and local GLS de-trending is obtained when either SQ4 or
AICY is used to specify the lag augmentation length, consistent with the findings in Table 2 on average
lag length fitted by the various rules. The ramifications of the over-fitting seen in Table 2 for the M AIC,
and SQ12 rules is clearly seen in Tables 3-5 with the tests based on these rules showing considerably lower
power throughout than the tests based on the other lag selection methods, other things being equal.

Another interesting aspect of the power results is seen most clearly in the pure non-stationary cycles
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case in Table 3. Here we see that the finite sample power of the OLS de-trended tests are, for a given
lag selection rule, fairly insensitive to frequency at which the non-stationary cycle occurs, and indeed as
to whether a non-stationary cycle occurs or not. The same cannot be said for the local GLS de-trended
tests. To illustrate, in the ¢ = 0 case, where no non-stationary cycles are present, the power of the
local GLS de-trended tests are clearly superior to those of the corresponding OLS de-trended tests; for
example, with SQ4 and ¢y = 20 the local GLS test has power 70.2 %, while the OLS test has power 57.4
%. However, for ¢ # 0 the converse tends to be the case with the OLS de-trended tests now the more
powerful; for example, for ¢ = 7/7(7w/2) using SQ4, for cg = 13 the OLS test now has power of 61.0%
(62.7%) and the local GLS test 54.9% (33.9%). This reflects the fact that the local GLS de-trending
method is based on the assumption that, aside from the possible zero frequency unit root, the process is
stationary, and it is clear that where this assumption is violated the finite sample power of the local GLS
de-trended tests suffers considerably relative to their OLS de-trended counterparts. This is most likely
attributable to the fact that the local GLS estimates of the parameters characterising the deterministic
trend component will be highly inefficient, relative to the corresponding OLS estimates, in this case. As
the cyclical component becomes less persistent (i.e. as ¢y increases away from zero) then so we would
expect the finite sample power of the local GLS de-trended tests to recover, and a comparison of the
results in Tables 4 and 5 with those in Table 3 shows that this is indeed the case; in the foregoing
example when ¢y, = 10 the local GLS test has power 77.2% and 63.6% for 7/7 and 7/2, respectively,
while the OLS test has power 57.3% and 61.1% for 7/7 and 7/2, respectively.

6 Conclusions

In this paper we have shown that among popularly applied unit root test statistics, only the ADF t-ratio
and normalised bias statistics have pivotal limiting null distributions in the presence of (near-) non-
stationary cycles in the data. Other commonly employed unit root test statistics, such as the variance
ratio statistic of Breitung (2002) and the trinity of M statistics due to Stock (1999) and Perron and
Ng (1996), were shown either to admit non-pivotal limiting null distributions or to have non-degenerate
limiting null distributions, in the latter case yielding tests with an asymptotic size of one, when (near-)
non-stationary cycles are present. Additionally, we have shown that the ¢-ratios on the lagged dependent
variables within the ADF test regression also retain standard normal limiting null distributions such
that sequential lag specification also remains valid under (near-) non-stationary cycles. Consequently, we
strongly recommend the use of ADF unit root tests coupled with sequential lag selection in cases where
it is suspected that (near-) non-stationary cycles may be present in the data. In such cases our results
also suggest that the finite sample power advantages of local GLS de-trended ADF-type tests over their
OLS de-trended counterparts seen when any cyclical behaviour is stationary are likely to be overturned
when non-stationary cycles are present.
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A Appendix

Before presenting the proofs of the main text, we note the following trigonometric identities which will
be used in the sequel:

sintg = cos(d)sin (¢ (t+ 1)) —sin(¢)cos (¢ (t + 1)) (A1)
costgp = cos(¢p)cos(d(t+1))+sin(P)sin(¢(t+1)) (A.2)

sing (t—1) = cos?(¢)sin (¢ (t+ 1)) — 2cos (¢) sin (@) cos (¢ (t + 1))
—sin? (¢) sin (¢ (t + 1)) (A.3)

cosp(t—1) = cos? (¢)cos (¢ ( 1)) + 2cos (¢) sin (¢) sin (¢ (t + 1))
—sin? (¢) cos (¢ (t + 1)) (A4)
cos (2¢) = cos? (¢) — sin® (¢) (A.5)

where in each case ¢ € (0, 7).

Moreover, for the DGP in (1), and using the representation of the partial sum of an AR(2) process with
complex unit roots given in Equation (2) of Bierens (2001,p.963), we can write the following spectral
decompositions of Az, Axy_1 and Az,

Az, — ZSin[¢(t+l_j)]5j

=~ sin ¢
— (O ¢+ 1)) Sa(0) — cos (6 ¢+ 1)) S5(0)] (A6)
Ar,y = Lgsm[w;:;—ﬁ]gj
= s (60 St~ 1) — cos () S3(t — 1)
- z?;z[bln(¢(t+1))5 (t—1) = cos (¢ (t +1)) Sa(t — 1)]
=S feos (6 (4 1) Salt = 1)+ s (6 ¢+ 1) Sy(¢ - 1) A7)
and
Az s = 2 sin | Sl;(;mgj
= Sirllqs [sin (¢ (t = 1)) Sa(t = 2) — cos (¢ (t — 1)) S(t — 2)]
= SO0 it (0 0+ 1) Sl — 2) — cos (6 1+ 1)) S5(t — 2)
—W [cos (¢ (t + 1)) Sa(t — 2) —sin (¢ (¢t + 1)) Sp(t — 2)] (A.8)

where we have defined the ¢-frequency partial sum processes, So(t) = 3¢ j=1€jcos(j¢) and Sp(t) ==
Proof of Lemma 1: From Property 2.5 in Gregoir (1999,p.440), which makes uses of the identity

B 1 3 oy, (L1—2cos(¢)+L) .
1= T s (@) (1 —2cos(¢)L + L?) + 51— cos (4)) (1-1L) (A.9)
see Gregoir (1999,p.462), it follows that if {z;} is generated by (1) then,
t t . .
B 1—2005¢+L sin[gp(t+1—7)]
o= (1- cosgb Z:: 2(1 — cos ¢) = sin ¢ E (A-10)
=: Cot + Cgt- (A.11)
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Consequently, noting that the ¢-frequency component, Cy, of (A.10) is,

Co = 21(1*_2 - Z) Siid) (sin (6t + 1))Sa (t) — cos (6(t + 1))S5(£))

1

1.
—|—2 (1= cosd) sind (sin (¢t) So(t — 1) — cos (¢t) Sp(t — 1))

it follows from (A.7) that, after simplification,

(63

Cor = ol S (0(t + 1)Sa(0) = cos (9t + 1)S5 (1)
5P
+sirj’¢ [cos (¢ (t + 1)) Sa(t) +sin (¢ (£ + 1)) Sp(t)] + Op(1)
where 0 := 2(11__‘:7% and 6{; = 2(1“% As a consequence, we therefore have, on defining the
zero-frequency partial sum process So(t) := Z§:1 €;, that
= . So(t) + % [sin (¢(t + 1)) Sa(t) — cos (¢(t + 1)) Sp(t)]
Ty = m 0 Sin¢ S11 (b ) a COS (b B
55
+Shj¢ [cos (¢ (t + 1)) Sa(t) + sin (¢ ( + 1)) Sp(t)] + Op(1) (A.12)

which establishes the result in (7). The result in (8) follows directly from (A.6). [ |

Before proving the results in Lemma 2, we first provide some additional results in a preparatory
lemma, relevant to the computation of the unit root statistics from section 2.2.

Lemma A.1 Let the conditions of Lemma 1 hold. Then

. " 2 o
0 tzzlxt_l B lefcosgéZZSO

n

1 1
+2(1 _Cow) ZoinTa ; (S2(t—1) + S3(t — 1)) + 0p(n?)
P (t) + S3(t) )
i) ;Axt = z:: 25m J + 0,(n?)

i DLOS2(t—1)+ SA(t—1)
Az2 _ o B 2
i4i) g:l xTy_q E 2o & + 0p(n%)
n " S2(t—2)+ S%(t—2)
A2 _ ] JEl 2
;:1 Ty_o E 251n2¢ +0p(n )

v) ixt_lAa:t_l = - Z (S2(t—1)+ Sé(t — 1)) + op(n?)

UZ) Z.’EtflAiL't,Q = MZ S2 t—l)‘i‘Sﬁ(t—l)) +0p( )

t=1

Proof of Lemma A.1: The decompositions in (i)-(vi) obtain using the results in Lemma 1, the trigono-
metric identities in (A.1)-(A.5), and invoking the result that the different partial sums that compose the
moments expressed in (i)-(vi) are asymptotically uncorrelated (see Chan and Wei, 1988, Theorem 3.4.1,
p-393). Note that the asymptotic uncorrelatedness of these components also holds in the near integrated
context considered in Section 4; see Jeganathan (1991, Proposition 5, p.281). H
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Proof of Lemma 2: First define

rn)
Wg, (t/n) = Xfﬁzcosu@aj:ﬁﬁsa(r)
j=1

Lrn]
W, (t/n) = ﬁﬁzsin(j¢)gj=;fﬁsg(r)

and Wy, (t/n) := a\l/ﬁ Zynlj ;. Using these definitions, we then have from Lemma 1, and noting that

Ay = So(t) = Y ;_ €, that

%xt = o {50W07n (t/n) + ﬂéjw [sin (Gt + 1))WS,, (t/n) — cos (d(t + 1)) W, (t/n)}
+\/§§n¢[cos(¢(t+1))wgn (t/n) +sin (6 (t+ 1)) W2, (t/n)] + o, (1)
= 0doWo (r) + \f::;qs [sin(¢(t+1))wg (r) — cos (@(t + 1) W) (7")]
+ \/gjfw [cos (6 (¢ + 1)) Wg (r) +sin (6 (¢ + 1)) W (r)] = ob(r) (A.13)
%Amt - ﬁ%m(b [sin (6(¢ 4+ 1))Wg, (¢/m) — cos (6(t + 1)) W, (+/n)]
ﬁ‘;w [sm (Gt + D)W () — cos (¢(t + 1)) W) (r)] (A.14)
%AM — oW (t/n) = oWo (). (A.15)
Next observe that
fixtlst . 1—cos¢ f:s ey — QSiln(b (fzn;S( 1)AS(®) fz;Sgt—l)AS ())
_Q(I—T Z (t— 1)AS,(t) + thlSﬁ(t—l)ASg(t)> + 0p(n)
and, hence, _ _
iézt_let = 2(1—0;5@:1 Won ((t — 1) /n) AW,y (t/n)
4:;1 3 (i W ((t = 1) /n) WS, (t/n) — Z 5t —1) /n) dWE, (t/n))
4(1_0% (ZWM 1) /n) dW§, (t/n) +Z — 1) /n)dW}, (t/n)> + 0,(1)

+ sy wren e s o)

4(1_‘;(/ WS (r) dWS (r /W¢ dW¢())

The proof of the results for n=' >} | Azy_1e, and n= ' > | Az, e, follow along similar lines and
are therefore omitted. Furthermore, the stated convergence results for n=2>""" | 27 ;, n=2>"1" | Ax?,
n 23 w1 Axe_y and n2Y " @y 1Axy_o follow straightforwardly from (i), (ii), (v) and (vi) of

Lemma A.1, respectively, and applications of the CMT. B
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Proof of Theorems 1 and 2: First we define z; 1 := |21 Axp 1 Axp o Axy3 ... Ax_p] and
B:= (p,a1,as,as,...,a) . Hence, to analyse the convergence of the OLS parameter estimates from (2)
we will make use of the following expression for the OLS estimation error

n -1 n
!/
= E Zi1Zy 4 E Zi_1E¢| -
t=1 t=1

Notice that under the conditions of Theorems 1 and 2, the true values of the parameters are given by
8= (0, —2cos ¢, 1,0,...,0)".
Using a similar approach to Choi (1993), we define the (k + 1) x (k 4+ 1) matrix

(A.16)

100 0 0 0
010 1 0 0
0 0 1 —2cos¢ 1 0
0 0 O 1 —2cos ¢ 0
A=(00 0 0 1 0 =:[A1 Aj] (A.17)
0 0 O 0 0 —2cos ¢ 1
0 0 O 0 0 1 —2cos ¢
L0 0 0 0 0 0 1 |

where Aj is a (k+ 1) x 3 matrix and Ay a (k + 1) x (k —2) matrix. Notice that As is a filtration matrix
since, Abz; 1 = (ApAxi_1, ANpAxi_o, ..., A¢Amt,k)/. Using the matrix A, and introducing the scaling
matrix Y, := diag {Y1n, Yo, } where Y1, := diag{n,n,n} and Y, := diag{\/n,...,/n}, the latter a
(k —2) x (k — 2) matrix, we can rewrite the scaled estimator from (A.16) as

-1

n
ZAIIZt_lzé_lAl
T, (B-8) =Ad 1| F

!/ !
E A2Zt,1Zt71A1
t=1

ln E A 1%¢— 1Zt lAlTIn

t=1

op(1)

n
/ !/
E Alzt_lzt_lAg
t=1
n

/ !/
E AQZt,1Zt71A2

t=1

op(1)

n
—1 / / -1
Yol > Abz 1z, AT

t=1

T71

n

T71

n

n
/
E Atz 15
=1
n
/
E Abzy ey
=1

n
—1 /
Tln E A1Zt71€t
t=1

n
-1 2 : /
T2n AQthlft
t=1

(A.18)
We now establish convergence results for the elements in (A.18). First we observe that
r n n n A
LN a3, LN w1z, %thq&vt 2
n t=1 f:n =1
ln Z Alzt 1Zt lAlTln = # Z IL't_lAl’t_l # Z (Al't_l) % Z AfEt 1A$t 2
t=1 t=1 t=1 t=1
n n n
# Z xt—1A$t—2 7%2 Al’t_lAl‘;_Q 7%2 Z A[L‘t 2
L t=1 t=1 t= J
which, as n — oo, will converge, using results in Lemma 2, to
n 1
Yo, Y Alziazy AT = 0—2/ Z(r)dr (A.19)
t=1 0
where
i 4 1 (A24B?) (A24B%) (cos ¢+3 ) (A*+B%)
1 4(1—cos ?)? 2(1—cos @) 4sin? ¢ 8sin? ¢ 4sin? ¢
E(r)dr = (A%+8%) (A*4B?) cos ¢( A%+B?)
0 8sin? ¢ 4sin? 4sin? ¢
(COS ¢+%)(.A2+52) cos ¢(A2+82) (A2+B2)
4sin? ¢ 4sin? ¢ 4sin? ¢
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with V3, A2 and B? as defined in Theorem 1. Consequently, for the inverse of (A.19) we have that

n -1 1 —1
(m ZAaszglAlrls) = | [ =tar] (A.20)
t=1 0

-1

where [fol E(r)dr] —

4(1—cos(¢))? 2(2cos p—1)(1—cos ¢) 2(1—cos ¢)
Vo Vo IR
2(2 cos ¢p—1)(1—cos ¢) 4V2+[3—4 cos(4)](A%+B2) (A% +B%)—2(2V2 +A%+B2) cos(¢)
Vg VQ(.AQ 2) V§(A2+B2)
_ 2(1—cos ¢) (A%+B2)— 2(2V§+A2+B2) cos(¢) 4V5+(A%+B?)
V3 VZ(A2+B2) VZ(A21+B2)

Next, using results in Lemma 2, we have that

% Z Tt—1E¢
=1
Ty, Z Az iep=| 2> Awiae | = 02Q(0)¥(r) (A.21)
t=1
% Z Axy_gey
L t=1 _
1
1 1 1
2(1—cosp) 4sing  4(1—cos(p)) N fo M;O (7") dWOB(T)
where Q(¢) = 0 2siln¢ 0 and ¥(r) = o (W (r)dWy (r) — Wy (r)dWg (r)
U -3 L (W (r)dwe (r) + W (r) dW? ()
Next we have Y5 ! 3" Abz, 17, A5 =
- n n -
L3 (ApAz ) %Z ApAri_1AgAz, sy - L3 AjAw 1 AyAz,,
t=1 t=1 t=1
1 Z AgAz o AyAzy 1 Z AyAzi ) R Z ApAzi o AgAzy g,
t=1 t=1 t=1
LN AjAz pApAT .y LY AAT A ATy - LN (ApAz )’
L =1 t=1 t=1 J
and therefore by a standard law of large numbers result we have that
Yoo > Abziazi | AsY;) =T (A.22)

t=1

where T is the (k — 2) x (k — 2) variance-covariance matrix

Yo 71 Y2 T Vk—3

71 Yo Y1 T Ye—2

T = V2 Y1 Yo T Y-
Ye—3 VYk—2 Tk—1 °~°° Yo

with v, denoting the jth order autocovariance of {AA4x;}. Moreover, from the CLT it follows that,
1o, ZAlzzt—lﬁt = N(0,0°T). (A.23)
t=1

Consequently, putting the results in (A.20), (A.21), (A.22) and (A.23) together we obtain that,

T, (B-8) = AH I3 E(Z)dr}_ F(il } [ 8?,%335;? } . (A.24)
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Before progressing we need to introduce some further notation. Define the (k + 1) x 1 selection
vector e; to have a 1 at the ith position and zeros elsewhere. Moreover, partition this selection vector as
e; = (e};,e5,)" where ej; is a 3 x 1 vector and ez, is a (k —2) x 1 vector, where the indices j and v serve
to indicate the position at which the one occurs. Note that, if one of the first three parameters, i.e. p, ay
or aw, is to be selected then a one will occur in the e;; vector and ey, will be a vector of zeros, and vice
versa. R
For each element of 3 we therefore have from (A.24) that

fol Wo (7‘) dWO (r)

np = 2(1—cos(¢)) 2 (A.25)
0
. Acos(¢)+ B
’l’l(Oél — Oél) = W (A26)
A
Qg — —_— A2
n(as —ag) = VE(A® 1 BY) (A.27)
Vi(Qyio — pia) =  N(0,0%h, HoT ' Hhey,), for 1 <v <k —2 (A.28)
where _ -
1 —2cos¢ e 0
0 1 0
Hy,:= | : : : : (A.29)
0 0 —2cos ¢ 1
0 0 1 —2cos ¢
| 0 0 0 1 ]

and where A and B are as defined in Theorem 1.

Then from the result in (A.25) coupled with the consistency of the a;, j = 1,..., k, estimators, we
obtain that Z, = fol Wo (r) dWy (r) / fol W@ (r)dr. This completes the proof for Z,. Turning to ¢, the
appropriate selection vector is given by e1; := (1,0,0)’, and hence

~

np

t; =

n —1
g2el |ITTES T Alz, 17  ATE| e
0re11 1n 1%4t—-1Zy 181 Lqp 11

t=1

2(1 — cos(®)) fy Wo (r)dWo (r) | Jy WE(r)dr _ Jy Wo (r) dWo (r)
fol W§ (r)dr 4(1 — cos(¢))? fol Wg(r)dr

as required, using the fact that Gi 2 52,

The result for the V RT statistic in (19) follows directly from the results in Lemma 2 and applications of
1,2

the CMT. For the M statistics, in addition to previous results and noting that n='22 = ¢2b(1)? from

(A.13) and the CMT, we also need to establish the behaviour of the long-run variance estimators used in
<2

constructing these statistics. In the case of the autoregressive-based estimator, A~ = s? ; the consistency

of the OLS parameter estimates from (2), established above, yields that % , 2> 02/ (1 — 2 cos (¢) + 1)? =

o2 /(4[1 — cos(¢)]?). In contrast, for 3= s34 it follows, as shown in the proof of Theorem 2 in Taylor
(2003), that s%, 4 = O, (mn), since z; := (1 — L)z, is non-stationary.

We now turn to establishing the results in Theorem 2. Here for 1 < v < k — 2 we have that

\/H (Qu2 — ayy2)

n
-1 / / -1
Ty, § Abze1z) Ao,

t=1

t

av+2 —1/2

~
Ok€5, H- €2y

-1

n —1/2
= 3ke’2v Hg <T2_n1 Z AéZt_1Z;_1A2T2_73> €2y N(O, 0'26/2,UH2I‘71H/2€2U) + Op(l)
t=1

~ N <0 EIQngFlHIQGQU)

=N(0,1). W
’e’2vH2F—1H’2e2v ( ’ )
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Proof of Lemma 3: The proof of Lemma 3 follows along the same lines as the proof of Lemma 1, on
replacing the identity in (A.9) with the identity

_ 1 572y, (1—2cos(¢) +¢,L)
Proof of Remark 9: In this case we have to use the identity
1 - o 2o (1 —2cos(¢) +¢oL) 0
T e (@) (L~ 2L+ (o) 1) + 5 e (1= )

L2

- e () e Kcin_?cg> + ()

2 _ .2
and that the terms (%) and (@) are O (n™!) and (c(’)nQ O) is O (n™2). Hence, it follows that,

v
2(1 = cos (9))

(1 —2cos(¢) + ¥oL)
2(1 = cos (9))

(1 2cos(@)pyL + (#8)" L2) + (1-0L) =1+0(1).

21



G00°0 676°0 8¥6°0 000°0 046°0 696°0 000°0 GL6°0 1L6°0 6€1°0  090°0 000°T LIT'O L¥0°0 W
800°0 70L°0 19%°0 100°0 GLLO (45 N0) 100°0 18470 19670 10T°0  850°0  000°'T  000°T  8%0°0 w
800°0 9670 097°0 100°0 L99°0 G¥a0 100°0 1,90 G940 L6070 190°0  000°T 000°T 6700 w
800°0 LEV'O 06€°0 100°0 Gcao 6.7°0 100°0 G¥ao 6670 660°0  190°0 000°T 000°T 8¥0°0 W
600°0 v0€°0 10€°0 ¢00°0 L8€°0 ¥8€°0 100°0 607°0 907°0 ¥60°0  090°0 000°T 000°T 8¥0°0 w

0r =%
100°0 L6670 L66°0 000°0 866°0 866°0 000°0 666°0 666°0 98¢°0 190°0  000°T  O8T°0 0800 m
T00°0 676°0 G180 000°0 8960 €.8°0 000°0 0L6°0 ¥88°0 g1¢0 190°0  000°'T  000°'T  6¥0°0 W
¢00°0 606°0 0780 000°0 6€6°0 1680 000°0 1760 €68°0 ¢0c’0  8¢0°0  000°T 000°T L¥0°0 w
¢00°0 Ges’0 86L°0 00070 G880 LG68°0 000°0 €68°0 G980 961°0  €90°0 000°T 000°T T1S0°0 W
¢00°0 0vL°0 8¢L0 000°0 908°0 86L°0 000°0 1¢8°0 18°0 G61°0  ¥90°0 000°T  000°T  6¥0°0 w

gg="%
00070 000°T 000°T 000°0 000'T 000°T 000°0 000°T 000°T €70 690°0 000°T T€C0 6700 m
000°0 886°0 Lv6°0 000°0 €66°0 L96°0 000°0 ¥66°0 1960 29€°0 €900  000°'T 000°T  6%0°0 w
100°0 8L6°0 G46°0 00070 986°0 GL6°0 000°0 1860 GL6°0 6¢€°0  090°0 000°T 000°T 670°0 m
000°0 ¥46°0 6€6°0 00070 04670 196°0 000°0 9L6°0 L9670 Gge’o - ¢90'0  000°T  000°T  6¥0°0 m
100°0 816°0 €16°0 000°0 9¥6°0 €¥6°0 000°0 166°0 876°0 ¥¥e0  LS0°0  000°T 000°T S¥0°0 w
¥¥0°0 Lv0°0 Lv0°0 G¥0°0 8¥0°0 8¥0°0 9€0°0 1700 070°0 Lv0°0 9600  6¥0°0 TS0°0 S¥V0°0 0

0=

Uiz "1z Mz Yoz "oz Wz dVgsw PgSI ‘gsSin  I¥A Yz T ™ 9

‘(g8) dDHA "ere  pouesui-o( STO ‘serousanbaig uoryoaley reotrndwuy ey a[qe],

22



000°0 866°0 L66°0 000°0 666°0 666°0 000°0 666°0 666°0 18¢°0  G20°0 000°'T 8cc'0  ¥¥0°0 W
100°0 688°0 0¢9°0 000°0 9¢6°0 1TL°0 000°0 ¢56°0 66L°0 981°0  8L0°0 000°T 000°T G700 w
100°0 8LL°0 629°0 000°0 cr8°0 1¢L°0 000°0 068°0 66.°0 GLT°0  9L0°0  000°T 000°T L¥0°0 w
100°0 ¥64°0 €240 000°0 2890 0290 000°0 69L°0 €eL’0 19T°0 2100 000°'T  000°'T  8¥0°0 W
¢00°0 98€°0 8LE°0 000°0 870 LLYV0 000°0 £09°0 ¥09°0 LGT°0 G€L0°0  000°T 000°T 9700 w

0r =%
000°0 000°T 000°T 000°0 000°T 000°T 000°0 000°T 000°T ¢8¢°0  8L0°0 000°T ¢8€0 970°0 m
000°0 €66°0 €€6°0 000°0 9660 0960 000°0 866°0 086°0 GeV0 LL0°0 000°T 000°T 9700 W
00070 6.6°0 €¥6°0 000°0 886°0 L96°0 000°0 ¥66°0 €86°0 L0y'0  LL0°0  000°T 000°T L¥0O w
000°0 ¥¥6°0 0¢6°0 00070 L96°0 056°0 000°0 186°0 ¢L6°0 €6€°0  8L0°0 000°T 000°T 8700 W
000°0 G98°0 G480 000°0 €16°0 L06°0 000°0 G¥6°0 ¢v6°0 €8€°0  8L0°0 000°T 000°T G700 w

gg="%
00070 000°T 000°T 000°0 000'T 000°T 000°0 000°T 000°T vI80  LL0°0  000°T  LLVO  LV0O m
000°0 666°0 986°0 000°0 666°0 ¢66°0 000°0 000°T L66°0 169°0  080°0 000°T 000°T 0S0°0 w
000°0 L66°0 066°0 00070 666°0 G66°0 000°0 666°0 L66°0 LL9°0  LL0°0 000°T 000°T  L¥0°0 m
000°0 18670 186°0 00070 €66°0 886°0 000°0 966°0 G66°0 6¢9°0  ¥.0°0 000°T 000°T S¥0°0 m
000°0 896°0 G960 000°0 186°0 086°0 000°0 166°0 066°0 6¥9°0 600 000°T 000°T 8700 w
0€0°0 L€0°0 9€0°0 9€0°0 G¥0°0 Y700 €90°0 9070 9L0°0 160°0 8100 2¢S0°0 000  0S0°0 0

0=

Uiz "1z Mz Yoz "oz Wz dVgsw PgSI ‘gsSn I¥A Yz T ™ 9

‘(eg) dDHA "ered pepuaiIl-a(J Ieaul] §TO ‘serousnbaig uoryoaley restrdwry :q1 a[qe],

23



“Po309Tes [)Sua] Se oSRIoAR O} SOJOUSD IUDIUL :DJON

LLTY €ye'c €88'C c0€'C CLC'L SSTC ¥6L'¥ 809°¢C 686°C 81¢€'C LTV'L  66T°C lupow
900°0 ¢10°0 9¢0°0 €¢0°0 9¢0'0 ¢c00 €70°0 670°0 690°0 1900 ¥.0°0 0900 9718 m
€8L°¢ 01¢°¢C 868°C 86¢C°C 61¢°L  C6CC (447 719°¢C 000°¢ Cl¢'C ¢yl  66cC Tupdw
800°0 G100 £€0°0 8¢0°0 Ge0’0 L2000 700 av0°0 G90°0 7460°0 690°0 €S0°0 9ZIS w
LLLE T16°¢C T106°¢C 66¢°C €6C'L 68C°¢C 9.8V 719°¢C 686'C V1€'¢C €LEL  96CC  Tupvow
6000 LT0°0 €€00 0€0°0 Gge0’0 6200 €700 6700 TL0°0 190°0 GL0°0  090°0 9ZIS w
VIiL'E L6V'C 016'¢C c0€'C GI¢’L 16C°C 89¢'¥ 019°¢C ¥786°¢C ClE'C L6€°L  L6TC lupow
600°0 ST0°0 €€0°0 6¢0°0 Ge0’0 6200 T€0°0 8€0°0 990°0 LG0°0 TL0°0  9€0°0 9ZIS w
9cL’¢ €09°¢C G16'¢C 00¢'¢C €4¢°L L8C'C 19¢¥ 1¢9°¢ 886°C 11¢°¢C Go¥'L 160G upvow
600°0 LT10°0 £€0°0 8¢0°0 Ge0’'0 8200 S8T10°0 L20°0 790°0 960°0 TL0°0  9S0°0 9718 w
6£49°C L1C°C 61L°C 191°¢C Gee’L  60C°¢C 00T'¥ 609°¢C VLL'¢C ¢91°¢ T1¢'L T0T'c “uvduws
7€0°0 6€0°0 890°0 €90°0 G90'0  8%0°0 8¢0°0 L€0°0 7.0°0 990°0 0L0°0 €900 9ZIS 0
%m%\:w&w-mﬁ L@mﬁ.ﬁN
I44aS 00¥°¢ 198°¢C L0€°C CIC'L €6C°C 8L6°¢ 916°¢C 606'C 11€°¢C 6L¢L S6cC Tupows
L2070 &¥0°0 1900 8G0°0 T90°0 8€0°0 L2070 9¢0°0 ¢G0°0 870°0 ¥60°0  L¥0°0 9ZIS W
9¢0°'¢ 79¢°¢C 6£8'C £6C°C L0€°L  C8C'C TcL'e c67'¢C 888'C 10€°¢C 8G¢L  €8¢¢ “Tuvmow
1€0°0 7700 190°0 LG0°0 €900 8400 8¢0°0 9¢0°0 €600 000 6500 6700 9ZIS w
€c0'¢ 19€°C 8G8'C ¢6C'C GGC'L  €8T¢C T6L € €6V'¢C T106°¢ 96¢°¢C 08¢, 88¢'¢ 1uvdwi
T1€0°0 9%0°0 090°0 860°0 ¢90'0  8%0°0 L2070 9¢0°0 €60°0 670°0 Ge0'0 6700 9ZIS m
8¢0°¢ 69¢°C CL8'C G6¢C'C 961°L CSC'C gcL'S L6V°C 0¢6'¢C ¢0¢'¢C 18¢°. 98¢ lupdws
7€0°0 670°0 790°0 ¢90°0 990°0 €900 8¢0°0 8¢0°0 76070 0S0°0 LG0°0  TC0°0 9718 w
9¢0°¢ 0LE°C EV8°¢C T10€°¢C 16¢°L  S8C'¢C ovL e T06°¢C €68°C 90¢°¢C €ce’L  06CC  Auvduws
T1€0°0 9%0°0 290°0 6S0°0 G900 6900 8¢0°0 8€0°0 [S(ON0] 1600 Geo’'0  0%0°0 9718 w
L3S°C S61°C VLT 681°C G6T°L STT'C ¢G0'¢ L1€°C C8L'C G8T1'¢C 6¥¢’L ¥ice Auvdw
¢S0°0 960°0 690°0 L9070 790°0 6900 0€0°0 9¢0°0 LG0°0 €60°0 Ge0'0 1900 9718 0
PIUDIUL-I (T
TOIVIN YOIVIN oIV YoIv Y'os TOS TDIVIN TOIVIN DIV orv . tos TOS
STO ST0O

‘(eg) dDHA "ered pepuaIl-a( SO [€207T pue IO ‘Paidsles 18piQ Ser] aSeleay pue azig [edrrduwy :g oa[qef,

24



9710 L8€°0 1670 6870 8920 1670 9620 L19°0 L89°0 8CL0 9770 0€L°0 €820 7990 GT.L°0 09.°0 €870 ¢9.L°0 0¢
0€1°0 12¢°0 G6€°0 ¢y 0 8¥¢ 0 44l 8€C0 8240 ¢9°0 ¢G990 02¥°0 769°0 8G¢C°0 89G°0 199°0 ¢69°0 6770 ¢69°0 514
60170 ¥ve 0 72e 0 6€£€°0 7120 6€£¢°0 6810 86¢°0 ¢0G°0 7240 97¢°0 Gcs o 0020 SI7°0 9240 LvS0 0L€°0 6740 0¢
LG0°0 Y110 VL1°0 9L.1°0 GET0 GLT0 ¢60°0 G810 L20 €LT0 1120 €L20 960°0 LST0 €820 ¥8¢°0 L3C0 7820 e1
8€0°0 €L0°0 ¢e1'0 6T1T°0 ¢0T°0 STT0 6S0°0 ¢IT1°0 ST0 GLT°0 TGT°0 GLT0 6S0°0 60T°0 TLT°0 €LT 0 ¢ST°0 CLT0 0T
GT10°0 6200 7600 0S0°0 €600 6700 W 120°0 6€£0°0 L0°0 G900 G90°0 790°0 m ¢c0°0 8€0°0 0L0°0 G90°0 0L0°0 G90°0 w g
0€2°0 ¢LG0 90 G89°0 0T%°0 1890 99¢°0 7€9°0 L0 evL0 S97°0 VL0 669°0 9780 1880 01670 G99°0 S06°0 0¢
7020 LLYV0 9L.G°0 G090 6L€°0 L09°0 Gz0 9740 L€9°0 T.9°0 GeY0 €L9°0 6L.G°0 €G6L 0 TI8°0 9€8°0 G19°0 7€8°0 14
0LT°0 T9€°0 TL7°0 8870 L2€°0 6870 66170 9070 LTG0 LEG0 LE0 LE€G0 8870 G09°0 2690 90L°0 636S°0 ¢0L°0 0¢
7800 69170 9620 9620 0020 [ 960°0 G810 9L2°0 LLT0 8120 9L.2°0 LLC0 ¥2e 0 6370 LGV 0 ereo 9170 el
T60°0 T0T°0 791°0 €91°0 710 191°0 8G0°0 S80T°0 6L1°0 VL1°0 7610 €LT0 ¢81°0 v1¢°0 L0€°0 66270 8G¢C0 0620 0T
810°0 Ge0’0 L90°0 ¢90°0 G90°0 ¢90°0 w ¢00 LE00 L0°0 7900 890°0 €90°0 w 8L0°0 680°0 €v10 €e1°0 ¢e10 9¢1°0 0 g
TOIVIN YOIVIN  TOIV YOIV YOS YOS ¢ ToIvn YOIV ToIv YoIv YOS YOS ¢ Torvw YOIV To1v Yorv fths YOS ¢ ®
STO
8690 2980 €06°0 926°0 8690 L3670 7650 6280 c06°0 €360 ¢0L0 €260 6L€°0 7€9°0 €68°0 8160 G690 8160 0¢
T96°0 LTL 0 68.°0 0180 8090 I8°0 €970 999°0 €6L°0 6080 9190 808°0 Geeo 1660 T6L°0 908°0 €190 9080 14
96¢°0 ST1G°0 6190 829°0 7870 L29°0 12€°0 TLV°0 8190 €290 6.7°0 290 8€¢C°0 96¢°0 709°0 0190 9.7°0 0190 0¢
9L1°0 8¢ 0 G1€0 ¢0€°0 9L2°0 ¢0e0 9€1°0 €020 7160 T0€°0 GLC 0 86270 TTIT°0 0810 S8T1€°0 70€°0 ¢8¢°0 700 el
LIT°0 V10 91¢°0 T0¢°0 T10¢°0 ¢020 L80°0 6C1°0 G120 0020 861°0 861°0 690°0 0110 6020 961°0 961°0 761°0 0T
€G0°0 2900 L0T°0 760°0 L0T°0 €600 m 0¥0°0 9G0°0 G0T°0 160°0 90T°0 160°0 m €€0°0 T60°0 80T°0 €60°0 0110 16070 m G
8090 0€8°0 €06°0 G26°0 8690 G260 ¢eaq 0 €8.L°0 7680 916°0 689°0 91670 ¢19°0 ¢8L°0 ¢98°0 08870 ¢99°0 6.8°0 0¢
¢87°0 7,90 ¢6.L°0 L0880 T19°0 L08°0 9270 9€9°0 €8L°0 0080 809°0 008°0 L6770 0€9°0 8¥.L°0 ¢9L°0 €LG0 9G6L°0 14
Lc¢0 G970 919°0 S19°0 6870 L19°0 L6320 970 709°0 S09°0 a8¥'0 ¢09°0 Ggge o ov¥°0 18670 €8G6°0 Gav°0 7260 0¢
SET0 0020 ¢1¢0 T0€°0 TL2°0 00¢°0 ce10 86170 ST1¢°0 S0¢°0 GLT0 c0¢°0 791°0 €020 62¢°0 ¢1¢0 L9270 6620 e1
880°0 9210 0120 761°0 6610 7610 6.0°0 LIT°0 8020 T6T°0 961°0 06T°0 0TT0 9€T°0 9€2°0 ¢3a0 T02°0 0120 0T
7700 090°0 80T°0 860°0 SO0T°0 960°0 w LE0°0 760°0 7010 160°0 90170 68070 w 0S0°0 7900 LG1°0 TTIT°0 0210 G010 0 g
TDIVIN TOIVIN  TOIV YOIV F'OS YOS ¢ oIV TOIVIN oIV Torv o f'hs YOS ¢ ToIvN YOIVIN YOIV YoIv F'os Ths ¢ %
STO

"(g¢) dDA "eyed popusil-e( ST [€207] pue §TO ‘(0 = ?2) 1omod restadwy :¢ S[qe],

25



C6E°0 Ges'0 €180  LI60 09%°0 8680 eLy0 068°0 LT6°0  TS6°0 GES0  9€6°0 0g
6L€°0 1€L°0 ZI80 TS0 SEF0 1880 6570 18L°0 7680 G880  6LF°0 99870 Gz
70€°0 7950 0890 6690 9980 0890 creo0 £19°0 €cL°0  LPL0  S0V0  LTLO 0%
z91°0 9.2°0 06€0  T6S0 TS0  S8€0 IST'0 T0€°0 g0 S0 6920 6070 el
70T°0 TLT0 29%0 6520  G8T0  LGTO 0TT°0 6L1°0 €20 L1920 6610 9920 0T
Ge0'0 090°0 G0T'0 L60°0 1600 9600 L 770°0 690°0 PIT0 LOTO G600 SOT'0 & G
€ve0 Ge9°0 60L°0 GGL0 L0€°0 9¢.L°0 ¥y 0 898°0 T106°0 9¢6°0 €04°0 6160 I87°0 G680 81670 €496°0 0v7s 0 0760 0¢
9¢z°0 1650 L1790 0890 F6T0 SS90 ANl 89.°0 €F80  GL80  99F°0 TSSO 790 6.0 T98'0  T68°0  00S0  GLSO 4
g0z'0 6170 T€S'0 G890 GLE0  TESO €€€°0 865°0 9TL'0  LEL0  TOFO  6TL0 6Ge0 ge9'0 VELO  TGLO 980 LELO 0%
701°0 961°0 0620 G660 TIST0 8820 691°0 88%°0 0070  TOF'0  8S0  L6EO 9L1°0 8620 LTV0  STF0 6920 IF 0 1
690°0 T€T°0 $02°0 0020 IPT0 8610 G010 GLT'0 99z°0 0920 0610 8520 T11°0 18T°0 GLE0  TLE0 9610  €LT0 01
620°0 18070 1600 ¥80°0  8L0°0 9800 < 8€0°0 190°0 010 6600 600 1010 = 0%0°0 790°0 0110 FOT'0 G600 ¥0OT'0 % g
SIorvn YoIvw o1y Yorv  eips Yos ¢ oy Yorvw oIy Yorv Slps Yos @ oy Yorvmw oIy Yorv s YOS 0o
ST
7ES0 TT8°0 968°0 0360 0SS0 G060 8€G°0 G180 66830 6160 IS0 T06°0 0¢
6£7°0 999°0 88.°0  L0S0  TLFO  06L0 €570 2890 110 T6LO  €9F0  9LL0 4
80€°0 997°0 1190 ST9°0  9.£0 G090 6620 LG7°0 $09°0 8090 €L€0  L6S0 0%
ceT'0 00Z°0 L1€°0  T0E0  S230  €0€0 9€1°0 002°0 60€°0 8650 ¥3Z0 8630 el
680°0 I€T°0 6120 7020 €LT°0 S0T0 L80°0 821°0 LT°0 1020 TLT'0 0% 0 01
70°0 650°0 COT0 €600 S60°0  F600 & 070°0 190°0 0 8600 20T'0 8600 2 ¢
955°0 6z8°0 1060  ¥260 €550 01670 L€S°0 G180 868°0 9160 9¥S0  T06°0 YIS0 1640 988°0 8060 6£S0 G680 0g
adall L29°0 0080  FISO0  LLVO  66L0 cer o 299°0 68L°0 €080 0LF0  ¥8L0 Al ar9°0 9.0  06L°0 €970  GLLO 6T
60€°0 897°0 L19°0 ¢c9°0 ¢8¢°0 €190 80¢°0 c97°0 €190 919°0 LLE0 9090 6620 GGy°0 T09°0 €090 €LE0 G6S°0 0¢
621°0 861°0 ¢T€'0 G080  23T0  T0E0 TET'0 861°0 €Te'0  T0E0 €80 00E0 TeET'0 L6T°0 9T€'0  T0L0  LTT0  66T0 T
780°0 8210 9Tz’'0 0080 6910 T0Z0 ¢80°0 921°0 ¥IZ0 8610 6910 8610 780°0 L3170 €120 0080 G9T'0  00Z0 0T
0700 L50°0 L0T°0  S60°0 6600 G600 C 6£0°0 150°0 GOT'0 2600 9600 F600 = 8€0°0 950°0 90T°0 9600 9600 9600 = g
Sorvn YoIvi oIV Yorv  dlps  Yos ¢ Clpiviw YoIviw oIy Yorv  Sids Yos ¢ Ty Yorvmw Clprv oIy s s ¢ 0
STO

‘(¢8) dDA "eyed pepudIl-od STP 20T Pue §TO ‘(¢¢ = ?9) Temod redrdwy ¥ 9qeL

26



9750 968°0 9T16'0 060 7690 0S6°0 129°0 12670 gre'0 €960 TFLO  €96°0 0g
615°0 108°0 198°0  988°0  L¥9°0 88870 c950 628°0 1880 F06'0 9890 G060 Gz
0£7°0 z€9°0 62,0  8FL0 1980  0GL0 cIr0 €990 LGL0  GLLO  G8G°0  €LL0 0%
6320 12€°0 LTV0  LTV0  6FE0  STF0 9720 6£€°0 eFr0 EFF0 99€0 TR0 el
8FT°0 702°0 8820  TST0 €50  T8T0 TS0 ¥12°0 G620 0680 6520 06Z0 0T
€50°0 1200 021°0 €110 LIT0  €IT0 L 850°0 840°0 €CT0  SIT°0 SZI'0 FITO 2 g
08¢0 8G.L°0 7080 ¢v8°0 ¢9¢°0 €780 88G°0 916°0 €€6°0 196°0 GclL0 196°0 L19°0 G16°0 Ge6°0 096°0 97.L0 096°0 0¢
65€°0 €990 0FL0  69.°0 GTS0  TLLO £56°0 728°0 8480  T06'0 6.9°0 T060 0450 828°0 6,80  T060 @890 2060 4
G0g°0 8150 9190  G€9°0 SO 9£9°0 9570 859°0 TGL0  TLLO 6480 €LL0 0L7°0 2990 €6L°0  TLLO LSS0  TLLO 0%
gL10 6920 €9€°0  T9E0  TOE0 €90 CET0 £€€°0 9¢v'0  LEV0  TI9E0  LEVO 9720 07€°0 PP°0  TPF0  F9€0  6EV0 1
€110 VLI0 ese’0  SPE0 L0 VRE0 L8T°0 L12°0 €0€°0 9620 S9%0 V60 951°0 €120 8620 1660 920 0630 01
9%0°0 890°0 0IT°0  ¥0T'0 8010 €010 < 850°0 L20°0 FEI0 9110 0ZI'0  FITO = 650°0 080°0 8ZI'0  611°0  €2I'0  LIT0 = g
SIorvn YoIvw o1y Yorv  eips Yos ¢ oy Yorvw oIy Yorv Slps Yos @ oy Yorvmw oIy Yorv s YOS 0o
ST
7950 €180 7680  TI60 6890 TI60 L5G°0 L8L°0 9,80  T68°0 0890 €680 0¢
79770 £€99°0 78L°0  86L0 8650 S6L0 9F7°0 L€9°0 960 GLL0  88G0  TLLO 4
72€0 657°0 7650  66S°0 €LF°0 8650 LTE0 daa) T8S°0  ¥85°0 €970  T8S0 0%
9%1°0 €02°0 €1€°0 8620 6920  S6T0 ar1o L6T°0 Y00 0620 6920 0620 el
160°0 921°0 gIz0  961°0 8610 ¥6T0 600 621°0 6020  L6T°0 G610 G610 01
70°0 860°0 010 600 80T'0  F600 & groo LS0°0 COT'0 600 L0T°0 1600 2 g
955°0 6280 g06'0 €260 8690  £36°0 £56°0 86.°0 818°0 6680 8.9°0 0060 0£S°0 65L°0 gS8°0  T1.8°0 6590 0L8°0 0g
9570 L29°0 96L°0  TII80 €190 TTS0 657°0 L¥9°0 L1940  T8L0 G650  T8L0 vEV0 129°0 P40 FGL0  0L80 €840 6T
61€°0 897°0 609°0 ¢19°0 6L7°0 T19°0 ¢ce 0 ¢ar 0 166°0 96470 697°0 G640 GI¢0 LETV0 TLG°0 7LG°0 6570 €LG0 0¢
6€1°0 661°0 9T€'0  €0€°0 1.0  T0E0 LYT°0 L0270 gIE0 0080  TLTO  S6T0 GrT0 661°0 T0£0 0630 ¢9Z0  LSTO T
760°0 TET'0 ¢Tz’0 1080 9610 6610 €60°0 TET°0 L1150 20T 0 1030  00%0 £60°0 83T°0 07’0 7610 L6T0 610 0T
17070 8600 GOT'0 S60°0  90T°0  F600 & 070°0 950°0 €0T°0 1600 L0T'0 1600 = eroo 650°0 01T°0 9600  ZIT0 G600 = g
Sorvn YoIvi oIV Yorv  dlps  Yos ¢ Clpiviw YoIviw oIy Yorv  Sids Yos ¢ Ty Yorvmw Clprv oIy s s ¢ 0
STO

‘(€€) dDA "eyed papusIy-e( ST [€207 pue §TO ‘(01 = #2) Temod [edrdwy :g S[qeL

27



WORKING PAPERS

2010

1/10 MEASURING COMOVEMENT IN THE TIME-FREQUENCY SPACE
— Anténio Rua

2/10 EXPORTS, IMPORTS AND WAGES: EVIDENCE FROM MATCHED FIRM-WORKER-PRODUCT PANELS
— Pedro S. Martins, Luca David Opromolla

3/10 NONSTATIONARY EXTREMES AND THE US BUSINESS CYCLE
— Miguel de Carvalho, K. Feridun Turkman, Antdnio Rua

4/10 EXPECTATIONS-DRIVEN CYCLES IN THE HOUSING MARKET
— Luisa Lambertini, Caterina Mendicino, Maria Teresa Punzi

5/10 COUNTERFACTUAL ANALYSIS OF BANK MERGERS
— Pedro P. Barros, Diana Bonfim, Moshe Kim, Nuno C. Martins

6/10 THE EAGLE. A MODEL FOR POLICY ANALYSIS OF MACROECONOMIC INTERDEPENDENCE IN THE EURO AREA
— S. Gomes, P. Jacquinot, M. Pisani

7/10 A WAVELET APPROACH FOR FACTOR-AUGMENTED FORECASTING
— Anténio Rua

8/10 EXTREMAL DEPENDENCE IN INTERNATIONAL OUTPUT GROWTH: TALES FROM THE TAILS
— Miguel de Carvalho, Anténio Rua

9/10 TRACKING THE US BUSINESS CYCLE WITH A SINGULAR SPECTRUM ANALYSIS
— Miguel de Carvalho, Paulo C. Rodrigues, Antonio Rua

10/10 A MULTIPLE CRITERIA FRAMEWORK TO EVALUATE BANK BRANCH POTENTIAL ATTRACTIVENESS
— Fernando A. F. Ferreira, Ronald W. Spahr, Sérgio P. Santos, Paulo M. M. Rodrigues

11/10 THE EFFECTS OF ADDITIVE OUTLIERS AND MEASUREMENT ERRORS WHEN TESTING FOR STRUCTURAL BREAKS
IN VARIANCE
— Paulo M. M. Rodrigues, Antonio Rubia

12/10 CALENDAR EFFECTS IN DAILY ATM WITHDRAWALS
— Paulo Soares Esteves, Paulo M. M. Rodrigues

13/10 MARGINAL DISTRIBUTIONS OF RANDOM VECTORS GENERATED BY AFFINE TRANSFORMATIONS OF
INDEPENDENT TWO-PIECE NORMAL VARIABLES
— Maximiano Pinheiro

14/10 MONETARY POLICY EFFECTS: EVIDENCE FROM THE PORTUGUESE FLOW OF FUNDS
— Isabel Marques Gameiro, Jodo Sousa

15/10 SHORT AND LONG INTEREST RATE TARGETS
— Bernardino Adao, Isabel Correia, Pedro Teles

16/10 FISCAL STIMULUS IN A SMALL EURO AREA ECONOMY
— Vanda Almeida, Gabriela Castro, Ricardo Mourinho Félix, José Francisco Maria

17/10 FISCAL INSTITUTIONS AND PUBLIC SPENDING VOLATILITY IN EUROPE
— Bruno Albuquerque

BANCO DE PORTUGAL | Working Papers i



18/10 GLOBAL POLICY AT THE ZERO LOWER BOUND IN A LARGE-SCALE DSGE MODEL
— S. Gomes, P. Jacquinot, R. Mestre, J. Sousa

19/10 LABOR IMMOBILITY AND THE TRANSMISSION MECHANISM OF MONETARY POLICY IN A MONETARY UNION
— Bernardino Adao, Isabel Correia

20/10 TAXATION AND GLOBALIZATION
— Isabel Correia

21/10 TIME-VARYING FISCAL POLICY IN THE U.S.
— Manuel Coutinho Pereira, Artur Silva Lopes

22/10 DETERMINANTS OF SOVEREIGN BOND YIELD SPREADS IN THE EURO AREA IN THE CONTEXT OF THE ECONOMIC
AND FINANCIAL CRISIS
— Luciana Barbosa, Soénia Costa

23/10 FISCAL STIMULUS AND EXIT STRATEGIES IN A SMALL EURO AREA ECONOMY
— Vanda Almeida, Gabriela Castro, Ricardo Mourinho Félix, José Francisco Maria

24/10 FORECASTING INFLATION (AND THE BUSINESS CYCLE?) WITH MONETARY AGGREGATES
— Jodo Valle e Azevedo, Ana Pereira

25/10 THE SOURCES OF WAGE VARIATION: AN ANALYSIS USING MATCHED EMPLOYER-EMPLOYEE DATA
— Sonia Torres, Pedro Portugal, John T.Addison, Paulo Guimaraes

26/10 THE RESERVATION WAGE UNEMPLOYMENT DURATION NEXUS
— John T. Addison, José A. F. Machado, Pedro Portugal

27/10 BORROWING PATTERNS, BANKRUPTCY AND VOLUNTARY LIQUIDATION
— José Mata, Antdnio Antunes, Pedro Portugal

28/10 THE INSTABILITY OF JOINT VENTURES: LEARNING FROM OTHERS OR LEARNING TO WORK WITH OTHERS
— José Mata, Pedro Portugal

29/10 THE HIDDEN SIDE OF TEMPORARY EMPLOYMENT: FIXED-TERM CONTRACTS AS A SCREENING DEVICE
— Pedro Portugal, José Varejao

30/10 TESTING FOR PERSISTENCE CHANGE IN FRACTIONALLY INTEGRATED MODELS: AN APPLICATION TO WORLD
INFLATION RATES
— Luis F. Martins, Paulo M. M. Rodrigues

31/10 EMPLOYMENT AND WAGES OF IMMIGRANTS IN PORTUGAL
— Sonia Cabral, Claudia Duarte

32/10 EVALUATING THE STRENGTH OF IDENTIFICATION IN DSGE MODELS. AN A PRIORI APPROACH
— Nikolay Iskrev

33/10 JOBLESSNESS
— José A. F. Machado, Pedro Portugal, Pedro S. Raposo

2011

1711 WHAT HAPPENS AFTER DEFAULT? STYLIZED FACTS ON ACCESS TO CREDIT
— Diana Bonfim, Daniel A. Dias, Christine Richmond

2/11 IS THE WORLD SPINNING FASTER? ASSESSING THE DYNAMICS OF EXPORT SPECIALIZATION
— Jodo Amador

BANCO DE PORTUGAL | Working Papers ii



3/11 UNCONVENTIONAL FISCAL POLICY AT THE ZERO BOUND
— [sabel Correia, Emmanuel Farhi, Juan Pablo Nicolini, Pedro Teles

4/11 MANAGERS’ MOBILITY, TRADE STATUS, AND WAGES
— Giordano Mion, Luca David Opromolla

5/11 FISCAL CONSOLIDATION IN A SMALL EURO AREA ECONOMY
— Vanda Almeida, Gabriela Castro, Ricardo Mourinho Félix, José Francisco Maria

6/11 CHOOSING BETWEEN TIME AND STATE DEPENDENCE: MICRO EVIDENCE ON FIRMS' PRICE-REVIEWING
STRATEGIES
— Daniel A. Dias, Carlos Robalo Marques, Fernando Martins

7/11 WHY ARE SOME PRICES STICKIER THAN OTHERS? FIRM-DATA EVIDENCE ON PRICE ADJUSTMENT LAGS
— Daniel A. Dias, Carlos Robalo Marques, Fernando Martins, J. M. C. Santos Silva

8/11 LEANING AGAINST BOOM-BUST CYCLES IN CREDIT AND HOUSING PRICES
— Luisa Lambertini, Caterina Mendicino, Maria Teresa Punzi

9/11 PRICE AND WAGE SETTING IN PORTUGAL LEARNING BY ASKING
— Fernando Martins

10/11 ENERGY CONTENT IN MANUFACTURING EXPORTS: A CROSS-COUNTRY ANALYSIS
— Jodo Amador

11/11 ASSESSING MONETARY POLICY IN THE EURO AREA: A FACTOR-AUGMENTED VAR APPROACH
— Rita Soares

12/11 DETERMINANTS OF THE EONIA SPREAD AND THE FINANCIAL CRISIS
— Carla Soares, Paulo M. M. Rodrigues

13/11 STRUCTURAL REFORMS AND MACROECONOMIC PERFORMANCE IN THE EURO AREA COUNTRIES: A MODEL-
BASED ASSESSMENT
— S. Gomes, P. Jacquinot, M. Mohr, M. Pisani

14/11 RATIONAL VS. PROFESSIONAL FORECASTS
— Jodo Valle e Azevedo, Jodo Tovar Jalles

15/11 ON THE AMPLIFICATION ROLE OF COLLATERAL CONSTRAINTS
— Caterina Mendicino

16/11 MOMENT CONDITIONS MODEL AVERAGING WITH AN APPLICATION TO A FORWARD-LOOKING MONETARY
POLICY REACTION FUNCTION
— Luis F. Martins

17/11 BANKS" CORPORATE CONTROL AND RELATIONSHIP LENDING: EVIDENCE FROM RETAIL LOANS
— Paula Antdo, Miguel A. Ferreira, Ana Lacerda

18/11 MONEY IS AN EXPERIENCE GOOD: COMPETITION AND TRUST IN THE PRIVATE PROVISION OF MONEY
— Ramon Marimon, Juan Pablo Nicolini, Pedro Teles

19/11 ASSET RETURNS UNDER MODEL UNCERTAINTY: EVIDENCE FROM THE EURO AREA, THE U.K. AND THE U.S.
— Jodo Sousa, Ricardo M. Sousa

20/11 INTERNATIONAL ORGANISATIONS’ VS. PRIVATE ANALYSTS' FORECASTS: AN EVALUATION
— lldeberta Abreu

21/11 HOUSING MARKET DYNAMICS: ANY NEWS?
— Sandra Gomes, Caterina Mendicino

BANCO DE PORTUGAL | Working Papers iii



22/11 MONEY GROWTH AND INFLATION IN THE EURO AREA: A TIME-FREQUENCY VIEW
— Anténio Rua

23/11 WHY EX(IM)PORTERS PAY MORE: EVIDENCE FROM MATCHED FIRM-WORKER PANELS
— Pedro S. Martins, Luca David Opromolla

24/11 THE IMPACT OF PERSISTENT CYCLES ON ZERO FREQUENCY UNIT ROOT TESTS
— Tomas del Barrio Castro, Paulo M.M. Rodrigues, A.M. Robert Taylor

BANCO DE PORTUGAL | Working Papers

iv





