Is Completeness Necessary? Penalized

Estimation in Non ldentified Linear Models

Andrii Babii* Jean-Pierre Florens!
Toulouse School of Economics Toulouse School of Economics
June 9, 2017

Identification is an important issue in many econometric models. This paper studies
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leading examples are the nonparametric IV regression and the functional linear IV
regression. We show that in the case of identification failures, a very general family
of continuously-regularized estimators is consistent for the best approximation of
the parameter of interest. We obtain Ly and L, convergence rates for this general
class of regularization schemes, including Tikhonov, iterated Tikhonov, spectral
cut-off, and Landweber-Fridman. Unlike in the identified case, estimation of the
operator has non-negligible impact on convergence rates and inference. We develop
inferential methods for linear functionals in such models. Lastly, we demonstrate
the discontinuity in the asymptotic distribution in case of weak identification. In
particular, the estimator has a degenerate U-statistics type behavior, in the extreme

case of weak instrument.
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1 Introduction

Structural nonparametric or high-dimensional models may be formalized by an inverse problem
which is very often linear. Among many examples, we may quote the non-parametric instrumental
regression, functional linear regression models, or deconvolution. All these examples reduce to a
functional linear equation

Ky =r,

where ¢ is the functional parameter of interest, r is an element of a functional space, and K is a
linear operator. Usual inverse problem literature assumes that K is given and r is estimated
with some error. Econometric examples lead to problems, where both K and r are estimated.

Identification is an important question in econometrics. In linear inverse problems r and K
are identified by the DGP and ¢ is identified if the equation K¢ = r has a unique solution. We
assume that the solution exists or equivalently that r is in the range of K. Unicity of the solution
is equivalent to K¢ = 0 implies ¢ = 0 or K is a one-to-one operator. Note that in most of the
cases when K is unknown, the estimated operator K has a finite-rank and is not one-to-one for
any finite sample size.

Maximum likelihood method when there is lack of identification leads to a flat likelihood
in some regions and then some ambiguity on the choice of a maximum. It is then natural to
characterize the limit of the estimator in the case of potentially non-identified model.

In non-identified models there exists a set of solutions ¢ + N (K), where ¢ is a particular
solution and N(K) is the null space of K. In the case of usual Tikhonov estimation with K
known, it is well-known that the estimator converges to the element of this set of minima with
the smallest norm. This limit is also equal to the projection of the ¢ on the orthogonal of the
null-space of K, see (Engl, Hanke, and Neubauer, 1996) or (Florens, Johannes, and Van Bellegem,
2011).

This paper recalls this result and gives some illustration of this property. Our approach can be
considered as an alternative to the partial identification approach, where we focus on the whole
identified set, Santos (2012).

More originally, we consider the case when K is estimated. This gives further illustration that
the identification property is not crucial.

As K (or K ) may be not one-to-one and do not have a continuous inverse, a regularization
method is needed to solve the equation K¢ = r. Several methods are commonly used and we will
focus our presentation on the Tikhonov method, when the solution takes form (o, I +K*K) ' K*r,

where K* is the adjoint operator of K and K, K*, and r are replaced by their estimates. However,



all the results of the paper may be applied to smooth regularization, when the solution takes the
form go(K*K)K*r, see (Engl et al., 1996). Particular cases include the iterated Tikhonov, the
Landweber iteration, etc. Tikhonov regularizatoin is a solution of the penalized mean-square
problem

. 2
min [|r — Ke|* + alo|?

and may be extended by using a penalty ||Lep||, when L is a differential operator. This extension
is called the regularization in Hilbert scale.

All these methods lead to a well-defined estimator even if the model is not identified. This is
different from the parametric context. Even if the convergence result remains the same if K is
estimated, the convergence rate may be affected by the identification in the estimated case. The
last new element of this paper is to consider the behavior of the regularized estimator in the Lo

norm in the non-identified case.



2 Consistency and rates of convergence

Let us consider a linear equation

r= Ky, (1)

where ¢ € £ and r € F are two Hilbert spaces, and K is a linear operator from £ to F. We
assume that the equation is well-specified in the sense that there exists a solution to (1), or
equivalently that r is in the range of the operator K. This solution is unique if K is one-to-one,
or if the null space of K

NEK)={pef: Kp=0}

reduces to {0}. We observe a noisy version of r, say #,, depending on the sample of size n, such
that I ||, — r||* = O(8,), where 8, — 0 if n — co. We focus our attention to the case where K
is compact. The problem is then ill-posed because even if K is one-to-one, it does not have a
continuous inverse on F when £ is infinite-dimensional. Then we consider a regularized solution

of (1), for example, the Tikhonov solution:
% = (ol + K*K) ' K*7y, (2)
obtained by the minimization of the Tikhonov functional
170 — Kooll* + ol 3)

We want to consider cases where K is not necessarily one-to-one, or in econometric terminology

when the model is not identified. Let us illustrate this point by two examples.

Example 1. Functional linear instrumental regression, see (Florens and Van Bellegem, 2015).
We consider an equation Y = (Z,p) + U, whereY e R, Z € E,p € £ and U is a random noise
verifying E[UW] = 0. The instrumental variable W belongs to another Hilbert space F. For

sitmplicity we assume that Z and W have mean zero. This model leads to the linear equation
E[YW] = E[W(Z, ¢)]. (4)

In this example Ko = E[W(Z, )] is the second-order moment between W and Z defining an

operator from € to F and the identification condition is

EW(Z, ¢)] =0 = ¢=0. (5)



This condition is essentially the injectivity of the cross-covariance operator of Z and W, gener-
alizing rank condition in the linear IV model, and may be interpreted as a requirement for the

sufficient linear dependence between Z and W.

Example 2. Non-parametric instrumental variables. Let Y € R, Z € RP, and W € RY be three
random elements and we assume that Y = o(Z) + U with E[U|W| = 0. This assumption implies

the linear equation

EY|W] = Elp(2)|W]

and K 1is the conditional expectation operator from L2Z to L%V (defined with respect to the true
distribution of (Y,Z,W)). Completeness (or more precisely L? completeness, see (Florens,
Mouchart, Rolin, et al., 1990)) is defined by E[p(Z)[W] =0 = ¢ =0 and is a (non-linear)

dependence condition between Z and W'.

We claim two fundamental properties of the Tikhonov regularized estimation:
1. The estimator is well-defined even if K is not injective.
2. If « is suitably chosen, ¢ converges to the best approximation of the true ¢ by identified
element.
Let us precise these two points. First, let us consider the family of singular values of K,
denoted (Aj). By compactness of K this family is discrete, j = 1,2,..., A; € [0, || K]|], and
Aj = 0if 7 = oco. The singular values of af + K*K are a + )\5 and they don’t vanish for a # 0,

even if \; = 0 for some j. Moreover

oo ] N
ng - ; o+ )\? <rn7¢J>@ja

where ¢; and v, are singular vectors of K*K and KK*, and ¢y, is always well-defined, because
oo
~ 2 ~
IG5 1* <> (Fny1bj)? < oo
j=1

Second, let us consider the limit of ¢¢. Recall that the null space of a bounded operator is a

closed linear subspace. This allows us to decompose the parameter of interest uniquely as

Y=o+ ¥1,

where ¢ is the orthogonal projection of ¢ on N (K) and ¢; is the orthogonal projection on

N(K)*, the orthogonal complement to the null space of K, equal to the closure of the range of



K*, denoted R(K*), (Luenberger, 1997, p.157).

If K is not one-to-one, we are faced to the problem of a set identified model. The identified
set has the form of linear manifold ¢; + N (K), where p; € R(K*). Equivalently, the identified
parametric space is £/N(K), the quotient space of £ by the linear subspace N (K). A set
estimation is then given by the linear manifold ¢¢ + N(K'), which is an estimator of £/N (K),
converging to the identified parameter in /N (K).

While it may be interesting from the theoretical point of view to develop inferential methods
for 1 + N (K), this identified set is usually not very tractable. For example, if the null space of
K is the set of all polynomials of degree m, the identified set is simply too big to be useful in
empirical applications. In this case, what we can only hope to learn is the best approximation
1.

The following two regularity conditions are needed for the first result of this paper.
Assumption 1. Suppose that o1 € 72(K’"K)5/2 for some 5 > 0.

Assumption 2. Suppose that K and K* are estimated by K and K* so that for all ¢ € Loy
. 12
E|(& - K)gl| = 0(orn). B~ Re| =0,

and that
2

]EHK—KHQ:O(pM), ]EHK*—K* = O(pan).

We characterize convergence rates for the mean-integrated squared error in the following result.
Unlike in the identified case treated in (Darolles, Fan, Florens, and Renault, 2011), the noise
coming from the estimation of the operator is now important and the convergence rate is also

driven by the rate at which we estimate the operator K.

Theorem 1. Suppose that Assumptions 1 and 2 are satisfied, then

. on + p1 _
o = ll = 0 (2EL 4y a4 a2

n
Assumption 3. Suppose that for some bounded sequence &,, we have

R 2
IE)HK K

= O(En)a

2,00

where || K*

2,00 = SUP|y <1 [P [loc < 00.



Theorem 2. Suppose that Assumption 1 is satisfied with 3 > 1. Suppose also that Assumptions 2
and 3 hold and that &, is bounded for all n € N. Then

. o + P}/Z VP e B 817
E!wan—wlllm:0< =+ + Py +an? ).
ap, ol

2.1 Functional linear IV regression

Assume for simplicity that the data are i.i.d.! In this example r = E[YW] is estimated by
LS Y;W; and 6, = 1, whenever E[|[UW||?> < co. Moreover, K and K* are respectively
estimated by K = %Z?:l Wi(Z;,.), and K* = %Z?:l Zi(Wi,.), and p1, = pan = %, whenever
E|ZW|? < oo. The risk becomes

R 1
E|/@a, — ¢1ll> =0 < + 045“) :

anpn

Then conditions o« — 0 and an — oo are sufficient to ensure the convergence of ¢ to ¢; in the
mean-square risk and so in probability.

For uniform convergence we need additionally to assume that trajectories of Z and W are
sufficiently smooth, e.g. Holder continuous, to ensure that d,, = p1, = p2n = % This smoothness
assumption combined with Hoffman-Jgrgensen’s inequality?, see (Giné and Nickl, 2015, Theorem

3.1.16), gives

9\ 1/2

R 2 1/2
<E HK _K* > | E
2,00

1/2
— -1 TV 112
= (IE) +n (fg&g;]ZZWZ\OO) ) .

Therefore, assuming that trajectories of Z; and W; are bounded, we obtain &, = % and

1 n
- > ZiW; — B[ZiW)
i=1

o0

1 n
~ Y ZiWi — E[Z;W)]
i=1

o

5 1 821a1
Ella, o1l =0 (o +an ).

1/2

Then conditions a,, — 0 and a,n'/* — oo are sufficient to ensure uniform convergence of ¢ to

P1-

!This can be easily relaxed to weakly dependent data, e.g. covariance stationarity in the Ly sense.
2Notice that continuity of trajectories ensures that the supremum is actually countable.



2.2 Non-parametric IV

We rewrite the model as
rlw) = EIYIW = wlfi (0) = [ o) (2w = (Kp)w),

where now K is an operator from Lo(RP,dz) to Lao(R%,dw). In this example r and K are

estimated by

= n}lquYKw (ha (Wi = w))
(K¢)(w /¢ ) fzw (z,w)dz

fZW(Z ’LU hphq ZK )) Kw (hﬁl(Wz - w)) :

If h, = hy = hyp, by Proposition 1, §,, = p1, = # + h?f and pa2, = hpﬂ + hQS, where s is the

regularity of the joint density of Z and W. So we have in that case

. 1/ 1 1
Ellwan—s@1|!2=0<< T +h2 >+ WD aM 1+a’3/\2>

We also know that &, /2 _  [loghy +h?, see (Babii, 2016b, Proposition 5) under the assumption

thrq

that fzw is in the Holder class BS, ,, and so

5 L 1 floghy — 21n
El[@an = ¢1lloc = O an< nh%“l)*l/z appra o




3 Inference for functional linear regression

3.1 Inference for linear functionals

In many economic applications, the object of interest is not necessary a function ¢, but rather
its linear functional. By Riesz representation theorem any continuous linear functional can
be represented as an inner product with some function p € Ls. In this section we show that
in case of identification failures we will still have convergence of suitably normalized plug-in
estimator of linear functionals. Decompose p = pug + 1 for o € N(K) and py € N(K)*+. Put
Mi = (and + K*K) LKW, (U; + (Zi, 0))-

Under mild assumptions, suitably normalized inner products with any pg € N (K) have

U-statistics type behavior as illustrated below.

Assumption 4. (i) the data X; = (Y;, Z;,W;) € Lo(X, Z°,P),i = 1,...,n are i.i.d.; (ii)
E[UFIW1?] < oo and B [[|Z1|2[WilP] < co; (i) EIWi[[|Z1[[|U] < oo, E[W|IZ1]* < oo,
and E[W1 || Z1|* (U + (Z1, ¢0))? < oo

Let (Aj, ¢j,%;)j>1 denote the SVD decomposition of the covariance operator K, i.e. Kg; =
A, K*; = XNjpj;,7 > 1. To state the first result of this section, notice that there exists a
unique orthogonal decomposition W,; = VVZ-O + VVZ-I, where I/Vi0 is the orthogonal projection of W;
on the null set of K*, and W} is the projection on N (K*)=.

Theorem 3. Suppose that Assumptions 1 and 4 (i), (iii) are satisfied and that the sequence

of regularization parameters a, — 0 is such that na}fﬁw — 0 while nay,, — oo. Suppose that

the instrumental variable W; is such that VVZ-0 1s a non-degenerate random variable such that

Assumption /, and W}l € R[(KK*)®],k > 0. Then for any uy € N(K), we have

A d -
nan(@ = 1, p0) = BIWIIUL + (21, 00)(Z1 po)] + DX (xt = 1),
j=1

where ()\70)]-21 are eigenvalues of the conditional expectation operator
THO . Lg(Xl) — L2(X1)
fe B lhyy (X1, X2) f(X2)| Xy = a4],
and fOT' Xl' = (Wi, ZZ‘, Ui),

0 0
o361, 52 = S (7, 000 4 (2 00) + 22, U+ (21,0}



Otherwise, if W is degenerate, nou, (@ — @1, o) 4 0.

For inner products with pq, we need some additional assumptions.

Assumption 5. For all € > 0,

2
E [\(nnmulﬂ L sz ent /2| SV 2 K (T KK ||}

hm 2 07
n—00 HEl/zK(anI‘FK*K)flﬂlH
Since for any 6 > 0
E ’<777L,i7:u1>’2+6

E[’<nniﬂl>|2]l A 1/2||x1/2 Nt ]S
DT s zent 22K o LK1l = 552 12 K (0 4 KK |

a sufficient condition for Assumption 5 is a Lyapunov-type restriction

5
E | (1,3, ) |7

[SV2K (] + K F) 1 PP

o). (6)

Notice that this condition is satisfied when W; € R [(K*K)7], E|U;||W;| 1210 < oo, B || Zi ||| W] <

oo, and the following assumption is satisfied with v > 1/2 — 7.
Assumption 6. For any u; € N(K)*, let v > 0 be such that 1 € R[(K*K)?].

To see that above assumptions are sufficient for Lyapynov’s condition in Eq. (6), notice that
(1,35 1) | < U+ (Ziy p0) ||| (K K) (] + K*K) (K K) || [Will |-

Assumption 7. Suppose that 5,7 > 0 and the sequence of tuning parameters a,, — 0 are such

s " .
that (i) maaz" = 0 for m, = n'/2 |SV2K (and + K*K) ™ | " and (ii) mon ),

Ny,

Notice that this assumption is the most restrictive when 7, = O (nl/ 2). In this case we need
nozg/\2 — 0 and naz "M o o0, or S A2 >2—2yA1l. For smooth functions p; with v > 1/2,
this requirement holds when 8 > 1, while for less smooth functions p; with v < 1/2, we will need
B > 2 — 2v, i.e. more smoothness of . Therefore, having 5 > 2 will always ensure existence of

the sequence of tuning parameters «;,, — 0 satisfying Assumption 7.

Theorem 4. Suppose that Assumptions 1, 4, 5, 6, and 7 are satisfied. Then for any pu; € N (K)*

o d
7Tn<80 - 9017.Ul> — N(07 1)

10



3.2 Asymptotic distribution in the case of irrelevant instrument

In this section we illustrate that there is a discontinuity in the asymptotic distribution when
instrumental variable becomes weak. We look at the extreme case of the irrelevant instrumental

variable. Let Sy be the space of Hilbert-Schmidt operators.

Theorem 5. Suppose that Assumption 4 is satisfied, E[(Z,0)W] =0, Vd € Ly and apn — c.
Then

~ d
apn(¢ —¢1) = Gy

in the product topology of So x Lo([0,1],ds), where G is a zero-mean Gaussian random element
in Sg with covariance operator A — I [trace(A*(W,.)Z)(W, .V Z] and g is a zero-mean Gaussian

random element in Ls([0, 1], ds) with covariance operator ¢ — E[Y1 (W1, p)Wh]. Alternatively,
(¢ = @1) S B[Z1|Wi[*Y] + Ja(h)

under the topology of L2([0,1],dt), where h(X1,X2) = %(WLW2>(Z1Y2 + Z9Y1) and Jy :
Lo(X, 2 ,P) — Ly([0,1],dt) is a two-fold Wiener-Ité integral with respect to the Gaussian

random measure on X.

For any orthonormal basis (¢;);>1 of La(X, 2", P), the multiple Wiener-Ito integral has the

following representation
Ja(h) =a > B[(X1, X2)pi (X1)pi (X)) {(xT; = 1)6irin + & &in (1 = irin) }
(i1,i2)=1

where &,j =1,2,... areiid. N(0,1) and 6;; =1 if i = j and 0 otherwise, see Appendix C for
more details.

For u € Ly([0,1],dt), consider the following operator T# : Lo(X, 2, P) — Lo(X, 2", P), f +
E[(h(X1, X2), ) f(X2)|X1 = z1]. This operator is Hilbert-Schmidt and then compact. Let

(A§)j>1 and (¢);>1 be eigenvalues and eigenfunctions of T*. Then

E [(h(X1, X2), m)¢h (X1)), (X2)] = E [, (X1)(T"}, ) (X1)]

=0

11,12

and we obtain the following characterization of marginals

(Ja(h), ) =a D M, - 1),
j=1

11



were (\;)j>0 are solutions to the following eigenvalue problem

a a
S =
() =2G)
with a,b € Ly and S : Lo X Lo — Ly X L9 is a matrix of operators

1 (EMiWi(Z1, w)(Wh, )] E[Wi(Zy, p)?(Wh,.)]

S ==
2\ EB[VPWA(W,)]  BMWA(Zy, (W)

Remark 1. Assuming Hélder smoothness of the process Z;, we can also obtain functional
convergence under the uniform topology. The limiting distribution can be expressed in terms of

Gaussian functionals, known as Gaussian chaos, see De la Pena and Giné (2012).

12



4 Inference for NPIV model

4.1 Inference for linear functionals

Assumption 8. (i) The data (Y;, Z;, W;)I_y are i.i.d. realizations of (Y, Z,W); (i) E[|Y]|Z] <
o0, E[|[Y]2|W] < ¢ a.s.; (iii) K € Loo, where K(z) = [ Ky(u)Ky(x — u)du is a convolution
kernel and K, is symmetric and bounded function; (iv) fz € H*(RP) N Loo(RP),s > 0, where
H*(RP) denotes Sobolev space;

Similarly as for the linear IV model, we decompose the function k(w) := hy 'Ky (bt (Wi — w)) =
kY 4+ k}, where k¥ is the projection of k on N'(K), while k} is the projection of k on N (K).

Theorem 6. Suppose that Assumption 8 is satisfied, k‘? s a non-degenerate random variable,
and k:ll € RI(KK*)"],k > 0. Then if the sequence of tuning parameters is such that na,hy — oo,
nabtP? 0, while hy, fized, for any po € N(K), we have

o
o d
nan(p — o1, po) = E[(Ur + ¢o(Z1))po(Z0] | Kwll + D N5 — 1),
=1
where )\?O,j =1,2... are eigenvalues of the operator TH : Lo(X1) — La(X1), [ — Elhy, (X1, X2) f(X2)| X1 =
x1|, where X; = (Y3, Z;, W;), and

oo (X, X) = % {(Ui + @o(Z:))o(Z;) + (U; + po(Zj))o(Z:) } (ki K5 -

Otherwise, if k:? s degenerate

~ d
nay (¢ — ¢1, po) — 0.

4.2 Asymptotic distribution when the instrument is irrelevant

In the linear IV model, the strength of the association between the instrument and the regressor
is described by the covariance operator. In the nonparametric IV regression, it is described
by the conditional expectation operator. Consider extreme case of violation of completeness
condition, i.e. when E[¢(Z)[W] =0 for all ¢ € L3’ = {¢: E|¢(Z)*> < 0o, E¢(Z) =0}. One
reason why this may happen is that Z 1l W. In this case the operator K becomes a degenerate

integral operator

(K ) (w) = / 6(2) f2(2)dz fu (w),

|? corresponding to the

and the operator K*K has only one non-zero eigenvalue \; = || fz||?|| fw

eigenvector fz. As a result, the data contain almost no information on about the structural

13



function ¢. We define Ky to be a restriction of K to L%O. Then the adjoint operator Kj = PyK™,
where Py is the projection on L%O. Then Ko = Kj =0, ¢1 = 0, and obtain the following result.

In what follows, we will use K and K* to denote Ky and K.
Theorem 7. Suppose that Assumption 8 is satisfied. Then for any p € Lo(RP) N C(RP) if
naph? — oo, while hy, is fized

A d g >
ann<¢ — ¥1, ,u> — I [YI:U'(ZI)] hqu(()) + Z A?(X?,l - 1)7
j=1

where )\z-‘ are eigenvalues of the operator T : L% — L%, f+— E[h(X1, X2)f(X2)| X1 = z1].

Unlike in the linear IV model, in the NPIV model it is not possible to obtain weak convergence
of a,n(p — 1) as a process in the Hilbert space. The situation is similar to the kernel density
estimator, for which, despite the fact that it is possible to show root-n convergence of inner

products, the underlying process is not tight.

14



5 Conclusion

This paper investigates non-identified high-dimensional linear and non-parametric IV models.
Identification failures can occur due to the non-injectivity of covariance or conditional expectation
operator. We show that if the operator is not injective, a very general class of estimators converges
to the best approximation of the structural function. On the other hand, in the case of non-

identification, the Tikhonov-regularized estimator exhibits U-statistics type behavior.

15



Appendix A: General regularization schemes

Consider an ill-posed operator equation
Ko =,

where K is an operator between separable real Hilbert spaces £ and F. The operator K is
assumed to be bounded, but it need not to be compact. Then K*K : £ — & is a self-adjoint

operator and so it admits spectral decomposition

KK = AE(N)
o(K*K)

with respect to the resolution of identity F, see (Rudin, 1991, Theorem 12.23). For a bounded
Borel function g : o(K*K) — R, we can define functions of the operator K*K using its spectral

decomposition

pK) = [ s

If the operator K is compact, the spectrum of K*K is countable and the above formula reduces

to

g(K*K) =Y g(\)P;,
j=1

where P; is a projection operator on the eigenspace corresponding to A;. If (¢;,%;);>1 is a

sequence of eigenvectors of K*K, then for all p € £
o0
gK K)o =" g(M\) (e, 0501,
j=1

In econometric applications, the operator K is typically not known. The estimate of convergence
rates in this cases depends crucially on the following inequality. A real function s : (0,a) - R
with s(0) = 0 is called operator monotone if for any pair of self-adjoint operators A and B with
spectrum in [0, a) and such that A < B, we have s(A) < s(B)?. If s is operator monotone, the
following inequality holds

Is(4) - s(B)| < Cs(|A - B) (7)

for some constant C' < oo, see Mathé and Pereverzev (2002) and Lu and Pereverzev (2013).

3We say that for self-adjoint operators on the Hilbert space H, A < B if and only if (Ax,z) < (Bzx,x),Vx € H.

16



Assumption 9. The function 1 is such that for some B € (0, ) there exists 1) such that
Y1 = SB(K*K)¢7 HQ/)HQ < Ca

where sg : [0,00) — R is one of the following two families of functions indexed by § > 0
1. mildly ill-posed case: sg(\) = \/2.
2. severely ill-posed case: sg(\) = log~#/? (%) with s3(0) =0

As discussed in Mathé and Pereverzev (2002) A — A3/2 is operator monotone on (0, 00) for all
g€ (0,2] and A — log—#/2 (%) is operator monotone* on (0, 1) for any 8 > 0.

Consider spectral regularization schemes, described by the family of bounded Borel functions
ga 1 [0,00) = R, > 0 such that lima—0 ga(X) = A7!. We assume that the operator norms of

K*K and K*K are bounded by some constant A and define regularized estimator as

Pa = go(K*K)K*7,

Assumption 10. There exists positive constants c1,ca, and c3 such that for all § € (0, Bol, o <

0@
() swp [gN? < T3 G) swp lga(VA-1] <1,
A€[0,A] fT A€[0,A]
. C
(@i1)  sup [(ga(MA = DssN)| < caspla). (i) sup Jga(N)] < 2,
AE[0,A] AE[0,A] «

where s5(\) equals either to N3/2 or to log /2 (1)

It is easy to verify that the following regularization schemes satisfy Assumption 10 for mildly
and severely ill-posed cases, see e.g. Vainikko and Veretennikov (1986) and Lu and Pereverzev
(2013)

1. Tikhonov:
1

a4\

ga()‘) =

Assumption 10 is satisfied with ¢; = 1/2, co2 = ¢3 =1, and By = 2.

2. Principal components (spectral cut-off):
ga(N) = A7M{A > a}.

Assumption 10 is satisfied with ¢; = co = ¢3 = 1 and any Gy > 0.

4In this case we assume that operator norms are scaled properly.
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3. Iterated Tikhonov:

9a(A) = gma(N) = %mfiyﬂ - % (1 - (A—T—a)m>

Jj=0

for m = 2,3,... Assumption 10 is satisfied with ¢; = m/2 ¢y =1 and ¢5 = By = m.

4. Landweber-Fridman:

for « = 1/m,m = 1,2,... and some ¢ € (0,1/A). Assumption 10 is satisfied with
cl=co=cm,co = [(fg)ﬁo] V1, and any £y € R.
The constant [y is the so-called qualification of the regularization scheme. It is well-known that
Tikhonov regularization exhibits saturation effect and the bias can’t converge faster than at the
rate a2. This effect is somewhat similar to the saturation of convergence rate for the bias of the
kernel density estimator. Iterated Tikhonov regularization allows to improve on the rate of the
bias, once sufficiently high number of iterations m is selected, similarly to selecting higher-order

kernels for the kernel density estimator.

Assumption 11. Suppose that for all ¢ € Lo
. A o} 2 .. 2. 2
() E|i-Ke| =06, ) B|(&-K)s| =0,
and

(@) T [s§ (HKK—KKH)} = O(pan), (i) EHK*—K* ’

= O(§H)7

2,00
where sg is the same as in Assumption 9 and &, is some bounded sequence.

The following result tells us that the estimator converges to the best approximation to the
function ¢y for a general class of regularization schemes. Typically for the principal components
approach, convergence rates are obtained under assumptions on the spacing between eigenvalues
of the operator K*K, see (Hall, Horowitz, et al., 2007, Assumption 3.2). The interesting feature
of the result stated below is that, it does not require such assumptions. Moreover, it allows us
to cover cases when eigenvalues of K*K decay to zero exponentially fast, including cases when

Fourier coefficients of ¢; decay polynomially.
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Theorem 8. Under Assumptions 9, 10 (i)-(iii), and 11 (i)-(ii1) if § < 2

. On +
Blo- ol =0 (2222 4 oy, 4 an).

n

Proof. Decompose

Ga, —p = I, + II, + ITI,

with
I, = go, (K*K)K*(f — Kp)
II, = gan(f(*f()f(*f(go()
111, = [gan (K*K)K*K — 1} sp(K*K)s; ' (K*K)p1
1V, = [gan (K*K)K*K — I} {sﬁ(K*K) - sﬁ(f(*f()} 55 (K" K)pr

By properties of functional calculus

2 ok T\ Tk 2. 2 2
1Eal? < || g, (B RVR" ||| = Ko
< sup ‘gan )\1/2‘ 7 — K(pH
Aeo(K*K
giving under Assumptions 10 and 11
0.
Bl =0 (2).
Qp
Similarly,
Bl 2 =0 (2.
On
Likewise, under Assumptions 9 and 10
111, < H[ga (K*R)K*K — I} ss(K'K H H (K*K) golH

< s [(Gan(MA = DsgWVP [
Aeo(K*K)

=0 (s%(an)) )

Lastly, under Assumptions 9 and 10 in light of Eq. (7) operator monotonicity of sz gives

AL A AL A 2 A A 2 2
MVl < g (R RVR*K — 1]|" || s5(R*R) = 5o (K K) | [[s5 (6 K

~ A 2
<C Hsﬂ(K*K) - sﬁ(K*K)H

<o (k]
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and the result follows under Assumption 11. O

In the numerical ill-posed inverse literature, the investigation of uniform convergence of
Tikhonov regularization dates back to Khudak (1966) and Ivanov (1967). The idea of using
functional calculus and spectral families to describe general regularization schemes in Hilbert
spaces is due to Bakushinskii (1967). Groetsch (1985) investigated uniform convergence rates
in the case of the general spectral regularization when the operator K is known. Rajan (2003)
studied uniform convergence rates for the Tikhonov regularization when there is numerical error
in the operator. Whether we can have uniform convergence for general spectral regularization
schemes with deterministic or stochastic error in the operator remained an open question.

The following result is the first to describe uniform convergence rates for a general family of
spectrally-regularized estimators when the operator K is not known and is estimated from the

data. This setting is the most relevant to econometrics and statistics.

Theorem 9. Suppose that Assumption 9 is satisfied with Sg(K*K) = K*sg(KK*). Suppose
also that Assumptions 10 (iv), 11 (i)-(iv) are satisfied. Then if [|[K* ||y, < 0o and B <2

1/2 1/2 1/2
57/ +p1,/n p2,/n

+ 12 +$5(Ozn)> .
(6703

n

E|l¢ - ¢l =0 (
Proof. Consider decomposition as in the proof of the Theorem 8. We bound the first term as

Malloo = || ga, (KK*) (7 — Koo)|

; ||K*||2,oo>

<|&] o RE)

Pk H
2,00‘ 14

(i x

‘f —~ ffsﬁH SUp  |gan (M) -

2,00 Aeo(KK*)

Whence by Cauchy-Schwartz inequality

51/
E|| | = O <) .
7%

p1/2
E|IL|, =0 ( Ot”) .
n

Similarly
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The third term is treated as

111 1n|oo < HK [gan(f(f(*)kk* _ I} sp(KK™)

200 Neo(KE™)
whence
E|| 11T, ]lo0 = O (s5(a)).
Lastly,
11Vl < e (B ROR*R — 1] |s0(R* ) — sp(B0)||| 02,
where

‘gan(f(*f()f(*f( . IH < HK
oo

gan (KKK +1

2,00

(=

IN

. \K*uzm) sup
2,00 Aea(KK*)

g, A2 41

)

IS N
A HK K| K e ) +1
ol/2 9 o0

n

and

Hsﬁ(f(*k) . sﬁ(K*K)Hm < HK _ K

|sa(R R
2,00

K o |5 (B R) = 55 K|

Therefore, by Cauchy-Schwartz inequality

pl/?

2,n

E|[IV, | = O ( 1/2)
(6

n
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Appendix B: Proofs

Proof of Theorem 1. Decompose

o, — o1 = (anl + K*K)'K*(7 — Kp)
+ (o] + K*K)'K*(K — K)o
+ (] + K*K)'K* Koy — (an] + K*K) 'K Koy
+ (e + K*K)'K*K — I) ¢4

=I,+11I,+1I1,+1V,.

The bias term is treated exactly in the same way as in the identified case using now a source

condition on ¢ in Assumption 1
_ 2
ITVal? = (o (@nd + K*K) ]| = O (ai?) .
The first term under Assumption 2 is treated as

E|L|? <E H(anl +RYR)IR”

T—Kng <—]EH7‘—K¢H —O<(S >

A

The second term is a new component that comes from the fact that there is identification failure

E|IL|]? < E H(anl + KRR

e =0l < et - 0 < 0 (52).

The third term is decomposed further into

I, = — [an(anI +RKR)™ — an(anl + K*K)—l} o1
= —(an] + K*K) 'y, [KK - KK} (anl + K*K) Ly
= (anl + K*K) 'K [K - K} an(and + K*K) Loy
+ (anl + K*K)™! [K _ K} anK (ol + K*K) Y

=V, + VI,
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where
2 1 2 2 % 7\ —1 2
E|[V,| SE]EHK—KH lan(anT + K*K) g1 |
n

-0 (mﬁbagl\?)
an

1 .
E|VLI* < —E |k - K
an

=0 <'02’na£/\1> .
Qnp

2
oK (anl + K*K) 2 |

O

Proof of the Theorem 2. Consider the same decomposition as in the proof of Theorem 1. No-
tice that the assumption that ¢; € R(K*K)%/2 for § > 1 can be re-parametrized as o1 €
R [(K K )B K *} for g = % > 0. Then the fourth term is treated similarly to the identified case
in Babii (2016a)

1Vlloo < 1K o o0 ||an(@nd + KK (KK 0| = 0 (ai)

The first term is treated using Cauchy-Schwartz inequality

Bl Il < B[ K"

(et + &5 o - &

2,00

2

Qn

1/2
0 (6) |
Qn

The new term coming from the non-identification is handled similarly

2,00

1 . .12
< (QE HK o 2\\K*H§m) E Hr - Kng

Ell oo < 1K 200 |[(and + K*K)7| || (K = K)o

1

~ 2 N 2
< L (Bla -]+ 1m 1) B - 000
,00

Qp

1/2
-0 <p1”> .
Qp

The third term is decomposed further similarly as in the proof of Theorem 1, but to bound
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E||[Vy|loo and E||V1,||s we will use slightly different strategy. First,

E|l7]l < B[R

H(anl—i—f(f(*)_lH HK - KH ln(anT + K*K) iy
<2 QEHK*_K* el ) e o (o)

12
_o<p2” 521“)
Qp

/
Second, using the inequality [|(al + K*K) || < w from Rajan (2003)

E|VI, ||OO_EH (anl + K*K)~ H HK — K|, fanK(anl + K°K) |
,O0
1 * ok * * * 1 % *
= = (1K ol [ B = 7|+ |~ K + Bk - K Oay)
3/2 ’ 2,00 2,00 (67 2,00
QOén ’ n
-0 \/EHK _ k|| \/EHK _ k||
1/2 2,00 2,00
1/2
0 (76 . 51/2>
(070)
Collecting all estimates together, we obtain the result. O

The following proposition provides some supplementary results for the NPIV model.

Proposition 1. Suppose that (i) (Yi, Z;, W;)"_; are i.i.d. and E|Y1|* < oo; (i) fzw is in the
Nikol’ski class B3 ; (m) kernel functions K, : RP = R and K,, : R? — R are such that for
l € {w,z}, K; € Lo(R), [K(u)du = 1, [||Ju|*K;(u)du < oo, and [u*K;(u)du = 0 for all
multindices |k| =1,...,|s|. Then for all ¢ € Lo

]EHK quH —O<+h25> E

nhi
1 2s
_0 (an s ) |

and

Proof. Decompose

(Ko~ Ko)w) = [ 6G) (fowtw) - Bfzw(ew)) ds+ [ 6(2) (Bfzw () = faw () a2

=V, (w) 4+ By (w).
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By Cauchy-Schwartz inequality

i

1Ball < 161l |[Ef2w = faw

where the right side is of order O(h?) under the assumption fzy € Bj o, see (Giné and Nickl,
2015, p.404).

For the variance put
n,i(w) = Ko (hy (Wi — w)) [0+ K2] (Z) — B [K (hy (Wi —w)) [¢ % K] (Zi)]

with [¢ x K.] (Z;) = [ ¢(2)hn" K. (hy,'(Z; — 2)) dz, and notice that

1 n
Vo(w) = he Znn,i(w)'
" i=1

Then

1

nh2l

— —lKul? [1l0 % KJ (P ol

1
—O(nhsﬁ’

where the last line follows, since by change of variables, Cauchy-Schwartz inequality, and by

E|[V,|? < / / / Ko (b (@ — w)) 2 6% K2) ()2 dw fzw (3, ) dird 2

translation invariance of Lebesgue measure

/fz(Z) [+ K] ()" dz < K191

This establishes the first claim and since

N 2 ~ 2
IEH?—K@H §2]EH'F—THQ+2]EH(K—K)¢‘ ,

the second claim follows if we can show that I ||# — r||* = O <# + h%s). To this end decompose

. 2 R 112 . 2
E|7—r||" =E|r—E/| + |[EFf —r|".
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Under the i.i.d. assumption, the variance is

E |7 — Ef|®> =

1 « _ - ~
B g D2 Yilo (b (Wi = ) = B [Yihg Ky (b (Ws = w))]
=1

- %E Vi Koy (h (Wi = w)) — B [Yihg UK, (h (W — w))] ||

IN

BV PR P
_0 <n;) |
By Cauchy-Schwartz inequality
Ef —r =E [o(Zi)h, Ky (b, (Wi —w))] = [ (2) fzw (2, w)dz
= [ o) w5 Kulw) = faw ()} d
< Nl Ifzw * Ko — fzwll,

where [fzw * Ky pl(w) = [ fzw(z,@)h™ Ky (b~ (w — w)) dw. Since fzw € Bj . we obtain
|EF — 7| = O(h*),

see e.g. (Giné and Nickl, 2015, Proposition 4.3.8). The third claim follows from the fact that
the operator norm can be bounded by the Ly norm of the joint density function and standard

computations for the risk of the joint density, (Giné and Nickl, 2015, Chapter 5). O

Proof of Theorem 3. Put b, = ay(anl + K*K) ‘¢, and notice that (a,I + K*K) 1K* =
K* (anl + KK *)~1. Using this, similarly to the proof of Theorem 1, decompose

(¢ — o1, 10) = <K

/‘\

anl + KK*)7'(7 —K¢1)7M0>

+ <K ((anl FRES ™~ (anl + KK*)‘I) (7 — K1), M0>
+ ((and + K*R) R (K = Kby, o)

+ ((and + R*R) (K" = K*)Kb,, u0>

+ (bn: p0)

=L, + 11, +I11I,+1V,+V,.
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Then the first term can be written as

anl, = <an(anl + KK*)_l(f — K(pl),f(,uo>

= I, + 1,

with
1 n
I = 3 Z (Ui + (Zi, 00) (Zj, o) (WP, W)
i,j=1
1 o —
Il = ~ Z (Ui + (Zi, 00))(Zj, o) {om(an] + KK*)T'WEL W)
i,j=1

Since projection is a bounded linear operator, it commutes with expectation and it is easy to see

that
E [W!(Ur + (Z1,¢0))] =0
E [W7(Z1, po)] = Kpo = 0.
Then
nI¥ =: ¢, + nUy,,
with

Cn = %Z(Uz +{Zi, po)){Z;, o) HWZOH
=1

nU, = %Z {(Zi, 10)(Uj +(Zj,00)) + (Zj, 10) (Ui + (Zi, po)) } (WP, W)
i<j

Under Assumption 4
o == B [[|W2| (Ui + (Zi 10)){ Zis p10)]

while nU, is a degenerate U-statistics with kernel function h,,, since

Ex, [hy (X1, X2)] = % {(Z1, o) (WP, Ko) + (Ur + (Z1, o)) (WY, Kpg) } = 0.

Under Assumption 4 by the standard CLT for degenerate U-statistics, see Gregory (1977) or
Serfling (1980)

[o.¢]
d
nUp 5 ) M3, - 1),
j=1

where (M%) ;>1 are eigenvalues of T),,.
It remains to show that all other terms after normalization with na, go to zero. It is easy

to verify that the variance of na, I} — 0, since W}! € R [(KK*)*]. Notice also that py € N (K)
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implies that

Using this fact

11, = <(anI FREY KK — KK (anl + KK*) L7 — K1), K,u,o>
_ <(anI + KK TR (K — K*)(anl + KK*) 717 — K1), Ku0>

+ {(and + KR (K = R)K* (@l + KK*) 7 (0 = Kpr), Kpo)
By Cauchy-Schwartz inequality

I, < H(anl + KK*)—IKH HK e

Ol | el | L

+ |[(ent + RE7| [ = K| 15 (@nl + KK || = K| | Ko

1
— O <a2/2n3/2> .

Therefore as long as na,, — oo, we will have na,, I, 0.

Next, under Assumption 1 there exists some 1Z € Lo

Iball = |

an(an + K*K)*%K*K)%H -0 (a,§“> ,

whence, for I11,, and 1V,,, we have

LIS
oy —1 || || & o
11 < (el + KR [[& = | Il = 0p | T2
— L5+
1o < [t + KR [ & = K| 1l = 0 | =
Then nayI11, % 0, since nay™"* = 0 and a,nIV;, % 0, since na — 0.

Lastly, notice that bias is identically zero by Eq. (8) and orthogonality between ¢; and pg

(b, t0) = (p1, an (o + K*K) ™ o) = (1, po) = 0.

O]

Proof of Theorem 4. The proof is similar to the proof of Theorem 3 and we omit steps discussed
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there. Decompose

(¢ — o1, 1) <

3

Z (o + K*K) *K*Wi(U; + (Z;, soo>>,m>
=1

S\H

o fe 1
+ <((anl+ K*K)™' = (ol + K*K)—l) K*ﬁ ZWi(Ui + <Zi,cp0>),u1>
=1

+ <(anI+ K*K)™ (K" — K*)%ZWi(Ui + (Zi,g00>),,u1>

i=1

{(anI +RYE) — (ol + K*K)*l} K*(K — K)by, u1>
{(anl FRR)™ — (and + K*K)—l} (K* — K*) Kby, u1>
(anl + K*K) "KM (K — K)by, ,u,1>

(anl + K*K)"Y(K* — K*) Kby, u1>

Under Assumption 5 by the Lindeberg-Feller’s central limit theorem
d
ndn — N(0,1).

It remains to show that all other terms after normalization with 7, go to zero. For I, we

have

— 1 - . . . ' )T : -
Hn_<n;WZ(UZ+<Zmoo>)7K ((ond + K*R)™ ~ (anl + K°K) )’”>

1 X e
=Y Wil + (2 g00>)H HK*(anI +RR) Y KK — K*K)(anl + K*K)‘lulH .

=1

<

Since p; € R[(K*K)"], there exists some 1) € Ly such that p; = (K*K)7 and so

1 . o .
1, <0, (> HK*(anI + KRR

|& = K| l[anr + 5 5) (K K) v

+O,,< ) | K (et + BB || R = K| | K (anl + K K) 7 (5 K
A YA
+an 2
—o, % T
noy,
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while

Ok * 1 " * - * Oé’:/l/\l
11, < | - K Hn;Wi(UiHZi,«poD‘H(anHK K) (K KWH:OP<W”)‘

For IV,, and V,, we have

N 2 A N
v, < HK - KH H(anI+K*K)_1K*

1| || 2 (o + K*K) ™ pua |

+ HK — K| | B (T + K*K) LK HK - KH [onll || (n] + K*K) |
LISER7Y SA1+911
2 2 2
_ Op (675} + (67} ’
noy, noy,

Vo < || & = K| |[(ent + BR) | & = 5[ 1ball | K (anT + 7 K) g

~ 2 A ~ A
n HK _K* HK(anI n K*K)—lH Kb | || (conT + K K) ™ s |
BALynd SAL4yn1
272 2 272
- Op = no + anna
n n

For V1, and VI, we obtain

LINERY
2, * ES —1 Oén
VI, < HK—KH 1ol | K* (anI + K*K) || = O | e

naw,

SAL+yn1
Kbl || (an] + K*K) " || = 0, [ 22

VIIL, < HK _K* n =
n = \/m

Lastly,

INSER7N|

Hf( - KH o]l || (] + K*K) || = 0, | 22—

VIIIL, < HK _K*
nay,

Notice that Assumption 7 (i) ensures that 7,/ X,, — 0, while (ii) ensures that all other terms

except for I,, multiplied by m, converge in probability to zero. ]
Proof of Theorem 5. Since K = K* =0, ¢ = g, ¢1 = 0, and

1o, -\"' .
ann (o — 1) = <I+ K*K) nK*r.

n
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Notice that under Assumption 4

E|K|*<E

()

and E||K*||2 = O (%), implying K*K = 0, (1) in the space of bounded linear operators.

n

1 n
—g ZiW;
n -

=1

Therefore, as a,,n — 00, by the continuous mapping theorem in metric spaces, (Van Der Vaart

~ A\ —1
and Wellner, 2000, Theorem 1.3.6), (I n %K*K) 2 [ and
nNPa, = (0p(1) + DnK*7.

By Slutsky’s theorem in metric spaces, (Van Der Vaart and Wellner, 2000, Example 1.4.7), it
suffices to analyze the weak convergence of nK*f.

Notice that ¢ — (W, ¢)Z is a random element in the space of Hilbert-Schmidt operators,
denoted by Sz. This space is a Hilbert space with respect to the inner product (A, B)gg =
trace(B*A),VA, B € S3. Under Assumption 4

. 1 &
VK = —SN"(W;, ) Zi
Vil

converges weakly to zero-mean Gaussian random operator G in Sy with covariance operator

A — E[trace(A*(W, ) Z)(W,.)Z]. On the other hand,

converges weakly to zero-mean Gaussian random vector ¢ in Lo with covariance operator
¢ — E [YiQ(Wi, qS)Wl] Therefore, under the product topology of So X Lo by the continuous
mapping theorem

Y Gy,

establishing the first statement.

For the second statement, notice that

. 1 &
K*'f = — Wi, WY Z;Y;
n n Z( i) J

1,j=1

1< 1
= S IWAPZYi+ — 3 (Wi, W) 2.,
=1 i#]
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Assuming E |||W;||?|| Z||Y;| < oo, by the Mourier law of large numbers
1 n
I LARAE AT
i=1

The second term is a normalized degenerate U-statistics in Ly with kernel function hA(X7, Xo) =
(W1, Wa) (Z1Ya + ZoY7)
2 Z Z;Y; + Z;Y;

nU, = — 5

Wi, W,).
- ( i)

1<j
Under the Assumption 4 (ii), by the Borovskich CLT for Hilbert-space valued U-statistics, see
Theorem 10

nUy, 5 Jo(h),

where Ja(h) is a two-fold Wiener-Ito integral with respect to the Gaussian random measure on

X. O

Proof of Theorem 6. Put b, = oy(anl + K*K) ', and notice that (a,I + K*K)'K* =
K* (an + KK *)~1. Using this, similarly to the proof of Theorem 1, decompose

(6= p1.m0) = (K°

—~

anl + KK*) 717 — K¢1)7M0>

A~

+ (K ((anl + KR*)™ = (anl + KK ™) (7 = K1), po )
+ ((and + K*R) R (K = Kby, o)

+ (@l + K*R) 7 (K = K*) Kby, o)

+ (bns o)

=, + 11, +I11I,+1V,+V,.

Then the first term can be written as

anl, = <an(anl + KK*)fl(f — f(gpl),f(,uo>

=104+I + 12412,
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with

1 n
2*72 Ui +¢o(Z <k?,k§)>
i,j=1
1 n
711_*2 Z (Ui + o(Zi)) ([po * K:)(Z5) <k’?7k?>
1 n
_nf ]Z: [p1 % K| (Z;)) 1o * K2]( <k?,k:§)>

=[x K](Z0)[po * K:](Z)) am(ond + KK*) ki, k)

zgl

[f * K.](2) = . fFh;PK, (W, (Z; — u)) du

We decompose the first term further as nI? = ¢, + nU,, where

n

bn = %Z(m +0(Z)o(Z:) ||kD]| <= B (U1 + po(Z1))po(Z0)] | Ko |
=1
and ) ,
= 525{(Ui+900(zi))ﬂo(zj)+(Uj+90o( Zi)} (K k)

is a degenerate U-statistics, since po, ¢o € N (K), whence

Ex, [P (X1, X2)] = % {(U1 + 0(21)) (kY E [10(Z2)KS]) + po(Z1) (kY [(Uz + ¢o(Z2))k9] )} =0

By the CLT for degenerate U-statistics, Gregory (1977)
d o0
nUn =Y N0, - 1)
j=1

Similarly to the proof of Theorem 3, it is possible to show that after the normalization by na,

all other terms tend to zero. O

Proof of Theorem 7.
1o~ 0 .
ann(Pa, — 1) = <I + PoK*K> nPyK*7
o

n

We first show that if na,hY — oo, while the bandwidth h,, is fixed, then PQK *K 20 in the
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operator norm. To that end, bounding operator norm by the Hilbert-Schmidt norm, we obtain

a2 . . 2
EHK*KH SEH faw (21, w) fzw (22, w)dw
RP

2
n

1 . » o
=B g 2 K (15 ) K (12 - ) K (! (093 = W)
i,J
< 277 + 213,
where the norm in the right-side is that of Ly(RP x R?,dz; x dz2), = [ Ko (2 — w)du

is a convolution kernel (assuming that K, is symmetric), and

2

T =EF mZK (h:1(Zi — 21)) K. (R ' (Zi — 22)) K(0)||
L= thphq Z {K. (h2'(Zi = 21)) Kz (h(Z) = 22)) + Kz (h (25 — 21)) K= (b2 (Zi = 22)) } K (ha' (Wi = W)))

The first term is treated as a sum of i.i.d. Hilbert space valued random elements

T < %E |h K. (h;N(Zi — =) K. (h; ' (Zi — )H + Hh PE[K, (h;1(Z; — 1)) K. (h; ' (Zi — 22))] H2

1 1
=0 <n3h§p " n2h§p> 7

where we assume that K, € Ly(R) is symmetric.

The second term is treated as a degenerate Hilbert space valued U-statistics. To that end,
using the moment inequality in (Korolyuk and Borovskich, 1994, Theorem 2.1.6), under the
assumption that E[¢(Z)|W] = 0,V¢ € L%, we obtain

1 2

h2Ppd
1
=0 <n2h2p>

assuming additionally that K € L. (R). Therefore, as na,h? — oo, i HK *K H 2, 0, whence by

T, < ! ‘ K. (h7\ (21— 20)) K. (h2)(Zs — 22)) K (b (Wh — W)

~ 2

the continuous mapping theorem and by the Slutsky’s theorem in metric spaces, Van Der Vaart

and Wellner (2000) it is sufficient to analyze the weak convergence of

D 1% A > % A 1 — 7 —
nPyK*F = n(Py — Py) K*F + WhPRT iZjY}POKZ (h;1(Z; — 2)) K (hy (Wi — W5))
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where the first term is negligible comparing to the second one. Therefore, putting

<n]50_f(*f, u> = (o + Up + Ry + 0p(1),
1 & -
Cn - E Z Y;NO(Zz)hqu(O)a

Un = 2 37 5 V(Z3) + Vi (Z0)} g9 (b (W = W)
1<j

R, = hq Z ViK (hy"(Wi — W) {[EK # 1°1(Z5) — 1°(Z5)}
1,j=1

where p0 = Pop and [K * p¥](2) = hy,? [ K (h;'(z — w)) p°(u)du. By the law of large numbers
o = E V11" (Z1)] hiy K (0).

Since E[¢(Z)|W] = 0,V¢ € L%, U, is a degenerate U-statistics. By the central limit theorem,
Gregory (1977),

:%ZM&J S MGE; - 1),
7j=1

1<J
Lastly, we show that R, 2,0. To that end, put R, = Ry, + Ro, with
1< _
Rip = — SOV {[K. 5 50)(Z0) — 120} bt K (0)
i=1

Ry = % S Vi {[K. « 1°)(Z5) = 10(Z))} 1 K (hy (Wi = W)

1<j
My Markov’s inequality it is sufficient to control the first or the second moment. Assuming that

E[|Y]|Z] < oo a.s., that fz € H*(RP) for some s > 0, and that ;¥ € Ly(RP) N C(RP), by (Giné
and Nickl, 2015, Lemma 4.3.18)

ERM|5/R|[K*M< (2)] F2(2)dz = o(1).

Similarly if E [|[Y[*|W] < oo a.s. and K € Ly, by the moment inequality in (Korolyuk and
Borovskich, 1994, Theorem 2.1.3)]

E|Rou|? S E |1 {[K. * u°)(Z2) — uO(Z2)} hpt K (hy (Wi — Wa))|?

S [l 1)) = ()] f2(2) = o).
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Appendix C: CLT for degenerate U-statistics in Hilbert space

Gaussian random measures and Wiener-1t6 integrals

Let (X, 2, P) be a probability measure space and H a separable Hilbert space. Let Lo(X™, H)
be the space of all functions f : X™ — H such that E||f(X1,...,Xn)|> < co. For Zp = {A €
2 P(A) < 0o}, the stochastic process {W(A), A € Zp} is called the Gaussian random measure
if
1. forall Ae Zp
W(A) ~ N(0, P(A);

2. for any collection of disjoint sets (Ax)p_; in Zp, W(Ay),k =1,...,n are independent and

W (U Ak> =Y W(A).
k=1 k=1

Take a sequence of pairwise disjoint sets (Ay)p_, in Zp and let Sy, be a set of simple functions

of the form
n

flay,. .. xm) = Z Cil,...,im]lAil (1) X -+ % ]lAim (Tm),

i1y im=1

where ¢;, . ;.. are zero if any of two indices in the set i1,...,%, are equal, i.e. f vanishes on

m

the diagonal. For a Gaussian random measure W corresponding to P, we define the following

random operator

The following three properties are immediate from the definition of J,,:
1. Linearity;
2. EJ,(f) =0;
3. Isometry: E(Jm(f), Jm(9))u = ([, 9) Lo(xm B)-
The set S, is dense in Lo(X"™, H) and J,, can be extended to a continuous linear isometry on

Lo(X™, H), called the Wiener-Ito6 integral.

Example 3. Let By € R be a Brownian motion on [0,00). Then for any (t,s] C [0,00),
we can define a Gaussian random measure W((t,s]) = Bs — By and a Wiener-1to integral

J : Ly([0,00),dt) = R as J(f) = [ f(t)dBx.
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Central limit theorem

Let (X, 2", P) be a probability space, where X" is a separable metric space and 2 is a Borel
o-algebra. Let (X;)_; be ii.d. random variables corresponding to this space. Consider some
symmetric function h : X x X — H, where H is a separable Hilbert space. H-valued U-statistics

of degree 2 is defined as
2
= ————— h(X;, X;).

1<i<j<n
Similarly to the real case if Eh(z1, X2) = 0, the U-statistics is called degenerate. The following

result provides the limiting distribution of the degenerate H-valued U-statistics.

Theorem 10 (Borovskich (1986)). Suppose that the kernel function h is such that Eh(X1, X2) =
0, E||h(X1, X2)||? < 0o, and that the U-statistics is degenerate. Then

nUy, 5 Jo(h),

where Jo(h) = [1 p b(21, 22)W(de)W(dxs).

Proof. See (Korolyuk and Borovskich, 1994, Theorem 4.10.2) for more general result for U-

statistics of arbitrary degree. O

If H=R, (¢j);>1 is arbitrary orthonormal system in Ly(X,R) and §; are i.i.d. N(0,1), the

Wiener-It6 integral has the following representation
JQ(h) =d Z I [h(Xl)XQ)SOil (Xl)QOiz(XQ)] {(5121 - 1)51'1,1'2 + §i1€i2(1 - 5i1,i2)} s

This follows from the fact that multiple Wiener-1t6 integrals have representation in terms of
Hermite polynomials, see It6 (1951) and Korolyuk and Borovskich (1994). Alternatively, it is
possible to show directly that the limiting distribution of the degenerate U-statistics of degree 2

is the expression in the right-side.
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