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Abstract

This paper considers GLS estimation of linear panel models when
the innovation and the regressors can both contain a factor struc-
ture. A novel feature of this approach is that preliminary estimation
of the latent factor structure is not necessary. Under a set of regular-
ity conditions here provided, we establish consistency and asymptotic
normality of the feasible GLS estimator as both the cross-section and
time series dimensions diverge to infinity. Dependence, both cross-
sectional and temporal, of the idiosyncratic innovation is permitted.
Our results are presented separately for time regressions with unit-
specific coefficients and for cross-section regressions with time-specific
coefficients. Primitive conditions of our assumptions are established
for Andrews (2005) and Pesaran (2006) regression models, as partic-
ular cases of our set up. Monte Carlo experiments corroborate our
results.

Key Words: panel, factor model, heterogeneous coefficients, time-varying
coeflicients, estimation, generalized least squares.

1 Introduction

Factor models represent one of the most popular and successful way to cap-
ture cross-sectional and temporal dependence, especially when facing a large
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number of units (). However, a factor structure in the innovation of a lin-
ear regression model can make the ordinary least squares (henceforth OLS)
estimator invalid since it will no longer be consistent, in general, for the true
regression coefficients unless some restrictions are imposed. In a linear cross-
sectional regression with constant parameters Andrews (2005) shows that,
when the error and the regressors both have a factor structure, consistency
of the OLS estimator is preserved only with uncorrelated factor loadings. The
parameters estimate has a mixed normal asymptotic distribution, as N goes
to infinity. Within a linear regression across time (7") with the innovation and
the regressors sharing a factor structure, when a panel of observations is avail-
able, Pesaran (2006) shows that individual-specific regression coefficients can
be consistently estimated by augmenting the regressors with cross-sectional
averages of the dependent variable and individual-specific regressors. Asymp-
totic normality is obtained, as both N, T go to infinity. Again, the essential
condition is a restriction on the joint distribution of the factors loadings
for the factor structure in the regressors and innovation, namely that their
(population) means must be linearly independent.

This paper considers cross-sectional regressions with time-specific param-
eters as well as time regressions with individual-specific parameters when the
innovation contains a factor structure and a panel of data is available. Both
cases are of independent interest. We show that the unfeasible generalized
least squares (henceforth UGLS) estimator, based on the presumption that
the covariance matrix of the factor structure is known, is consistent and
asymptotically normal distributed without any particular restriction on the
factor loadings nor on the common factors, in particular even if the inno-
vation and the regressors are mutually correlated. This is due to a form of
asymptotic orthogonality between the factor loadings and the inverse of the
factor structure covariance matrix. The difficulty arises when considering a
feasible version of the UGLS estimator. A natural approach would be, ex-
ploiting the panel dimension, to consider the sample covariance matrix of the
OLS residuals. Given the non-consistency of the OLS estimator, such sample
covariance matrix is also non-consistent for the true covariance matrix. How-
ever, the relevant result here is that, under suitable regularity conditions, the
limit of such sample covariance matrix leads to a matrix whose inverse is also
asymptotically orthogonal to the factor loadings. Indeed, there is an entire
class of matrices, rather than a unique matrix, that is asymptotically orthog-
onal to the factor loadings. As a consequence, we show that this feasible GLS
(henceforth GLS) estimator is consistent and asymptotically normal, as both
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N, T diverge to infinity, even under a set of conditions that make the OLS
invalid. However, the limit covariance matrix of the OLS residuals will be
in general different from the true covariance matrix of true innovations, and
thus such the GLS might not be as efficient as the UGLS. Efficiency gains
can be obtained, though, by an evaluating the GLS iteratively, as explained
below.

The GLS estimator exhibits two main desirable properties. First, it is
computationally easy to handle since it simply requires to perform a sequence
of linear regressions. Second, the GLS estimator does not require knowledge
of the number of factors nor of estimates of the factors themselves. Hence,
we do not need to make use of the recent advances in estimation of (dynamic)
factor models such as Forni, Hallin, Lippi, and Reichlin (2000), Bai and Ng
(2002) and Stock and Watson (2002) which in turn would require prelim-
inary testing of the number of factors (see Bai and Ng (2002) and Hallin
and Liska (2007), Onatski (2009) for tests designed for static and dynamic
factor models, respectively). In contrast to Andrews (2005), Pesaran (2006)
and our approach where estimation of the factor structure is not required,
Bai (2009) considers joint estimation of regression coefficients and of the in-
novation factor structure. Knowledge of, at least, an upper bound for the
exact number of factors is required. The regression coefficients estimator
is consistent although asymptotically biased, in general, but an asymptot-
ically valid bias-correction is established. The true regression coefficients,
though, have to be constant in Bai (2009) approach ruling out both unit-
and time-variation.

Panel with factor structure innovations have also been considered by
Holtz-Eakin, Newey, and Rosen (1988), Ahn, Hoon Lee, and Schmidt (2001),
Bai and Ng (2004) Phillips and Sul (2003), Moon and Perron (2003), Phillips
and Sul (2007) and Moon and Weidner (2009). Most of these papers are de-
fined within the context of dynamic panel models. In particular, Holtz-Eakin,
Newey, and Rosen (1988) note how the individual effects can be eliminated
by quasi-differencing although this induces time-variation to otherwise con-
stant regression coefficients. They consider the asymptotic properties of an
instrumental variable estimator for large N where the number of instruments
is of order O(T?). Ahn, Hoon Lee, and Schmidt (2001) focus on generalized
method of moment estimation of cross-sectional regressions with independent
and identically distributed (i.i.d.) regressors for fixed T', ruling out dynamic
panel. For autoregressive panel models with possibly a time trend, Bai and
Ng (2004) study unit root tests that permit to identify whether the non-
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stationarity is associated with the factor structure part or with the idiosyn-
cratic part. They do not treat the factor structure as a nuisance parameter
but build their test on principal components estimates of common and id-
iosyncratic components, providing the asymptotic properties of the test for
large N,T. For the same models, Phillips and Sul (2003) focus on median
unbiased estimation of the autoregressive parameter, and related homogene-
ity and unit root tests. Their asymptotic theory holds for fixed N. Moon
and Perron (2003) propose unit root testing with respect to a similar class of
models, valid for both large N, T, based on de-factoring the data by means
of principal components estimation of the factor structure which if ignored,
would substantially reduce the power of the test. Their test has no power
when a linear trend with fixed effects is allowed for. For a larger class of
dynamic panels, that allows for exogenous regressors, Phillips and Sul (2007)
characterize the bias of the (pooled) OLS estimator for large N, in particular
showing that it converges to a random variable because of the substantial
degree of cross-sectional dependence associated with the factor structure in-
novation. Moon and Weidner (2009) consider a similar model and estimator
to Bai (2009) and established the limiting distribution of the likelihood ratio
and Lagrange multiplier test for the constant regression coefficients, under
weaker conditions on the observed regressors permitting dynamic panel.
This paper proceeds as follows. Section [2] illustrates the basic definitions
and the general assumptions required for estimation of regressions with unit-
specific parameters stating with a theorem the asymptotic properties of the
OLS, UGLS and GLS estimator as 7', in the first two cases, and as N,T
in the last case, diverge to infinity. Section 2.3] then considers, as a special
case of our set-up, the regression model with unit-specific parameters of Pe-
saran (2006), establishing primitive conditions for our general assumptions.
In particular, we show how some, but not all, of these conditions are implied
by certain of Pesaran’s (2006) assumptions, summarizing the findings in a
proposition. Section [ focuses on regression models with time-specific pa-
rameters, again presenting the basic definitions and the general assumptions,
summarizing the asymptotic properties of the OLS, UGLS and GLS as N and
N, T, respectively, diverge to infinity. Since Andrews (2005) cross-sectional
model represents a special case of this set-up, Section B.3] investigates the
extent to which Andrew’s (2005) assumptions provide primite conditions for
at least some of our general assumptions. The full set of required primitive
conditions is then described in a proposition. Our theoretical results are
corroborated by a set of Monte Carlo experiments described in Section Ml
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Section [B] concludes. The proofs of both theorems are reported in the final
Appendix.

Hereafter we use the following notation: —, denotes convergence in prob-
ability and — 4 convergence in distribution. When A > 0 we mean that the
matrix A is positive definite, A > 0 that A is positive semi definite, indicat-
ing by Az its square-root matrix, || A ||= (tr(AA’))z indicates the Euclidean
norm of the matrix A, ¢, is a n x 1 vector of ones, p;, is the limit in prob-
ability of ¢,a;/n (as n — oo) for a sequence of n x 1 random vectors a;,
the matrix 3, vcp is the limit in probability of A’C;B;/n (as n — oo) for
sequences of random matrices A, B; with n rows and a constant number of
columns and for the sequence of the random n x n matrices C;, all possi-
bly indexed by j. When C; equals the identity matrix L,, we write X, /5.
Clearly E;A/CB = X, pcra. Note that p;, and 3,405 can be, and will gener-
ally be, random. A sequence of random vectors of dimension n x 1, normally
distributed with mean zero and identity covariance matrix, will be denoted
by (. We skip dependence on the index j from the above expressions when
not necessary.

2 Unit-Specific Parameters Model

2.1 Definitions and assumptions

Throughout this section, the observed variables obey a linear regression
model with a k x 1 vector of possible unit-specific regression coefficients
Bio. The model for the ith unit can be expressed, in matrix form, as

vi = XiBi0 + wy, (1)

for an observed T' x 1 vector y; = (Y1, ---, Yit, ---, Yir)', an observed T X k
matrix X; = (X;1,...,X;7) where either none, some or even all of the re-
gressors can be common across units, and an unobserved 7' x 1 vector u; =
(Wity «ey Wity -, uyr)'. The innovation satisfy the factor structure

u; = sz -+ Ei, (2)

for an unobserved m x 1 vector of factor loadings b;, an unobserved T' x m
matrix of common factors F = (fi, ..., fr)’ and an unobserved 7' x 1 vector
of idiosyncratic innovations &; = (€1, ...,&;7)". The maintained assumption



here is that k and m do not vary with T and N. Although model (D)) is
written as a regression across time for a given ¢, we assume that in fact a
panel of observations {y, X} = {y1, ., ¥is -, YN, X1, --e, X4, ..., X} 18 avail-
able. As pointed out in Pesaran (2006, section 2), several panel models, with
either constant or unit-specific regression coefficients, are encompassed by
his model, which in turn is a particular case of (), including the traditional
fixed and random effects models.

We now specify a set of general assumptions required for the estimators
here considered, commenting on them through a series of remarks below.
We then state, in Theorem 1, the asymptotic properties of the OLS, UGLS
and GLS estimators for 5;. In the subsequent section we establish a set
of primitive conditions of our general assumptions for the particular case of
interest of model (I]) given by Pesaran (2006) model.

Assumption 1.H (factor loadings)
For every 7, the b; are random vector of dimension m x 1 such that

E(blb; | XZ,F) = Bz > 0,

N
N_lzBi%pB>0asN—>oo.

=1

Assumption 2.4 (idiosyncratic innovation)
For every i, e; = (&i1, .-, Eit, -, E47)’ satisfies

E(gi | b’i) XZaF) = 07 (3)

H; = E(Z‘:Z‘Z‘:; | bz‘, XZ,F) > 0, (4)
N

N_IZHZ-—@HT>O as N — oo. (5)
=1

Assumption 3.H (regressors)
For every 7, the T' x k matrix X; is full column rank.

Assumption 4.4 (basic limit conditions)



All the limit matrices below, as T"— oo, are a.s. finite:

X'X, X/ H,X; X!

% _>p EiX/X > 07 T _>p 2iX/HX > 07 T —>p E'LX/F7 (6)
X/H; X, F'H;'F X' H;'F
T —7p EiX’H_lX > O;T —7p 2iF’H—lF > Oa T —7p 2iX/H—lFa

(7)

such that a.s.

Yixim-ix — EiX’HleEiF’H*FE, > 0. (8)

iXx'H 1R

Assumption 5.4 (limit conditions for GLS)
All the limit matrices below, as N — oo and arbitrary T, are a.s. finite:

N -1 1NV -1 / N -1 A nlj
Y TR SN — Ay (oy(1)). Y TSR = Ayr(Lo, (1)
=1 1=1
N -1 I -1 ’ N -1 I
; A =A3T<1+op(1>>,; S = AL+ 0,(1)),
N N -1 /
bié'; XZE / 22 / bigi
S = Cir(L+0,(1)), Y TN - Cop(1 4 0,(1)), (9)
o V2 i=1 N>
N / 1 ’ N -1 / -1 ’
ig‘XiE~X/XX' XZZ / EzX’szf‘:XzE s X
Z i i i :CBT(l +o (1)) Z ix!'x i XXM C4T<1 +o (1)) (1())
1,51 p ’ 1,51 p
i=1 NzT i1 NzT?2

Assumption 6.# (distribution conditions for OLS and UGLS)

As T — oo:
R Do) o (1)
Z;I;i’;& 4 (Bizrn-12)? (g (12)
setting
Z; = (X;,F), (13)

where (i, ((k4+m)i are independent from 33,/ v, 3, ,/,,-1, Tespectively.



Assumption 7.4 (distribution and identification conditions for GLS)
Let Dyr, &1 be m x m matrices and Dor, Eor be T x T matrices satisfying
a.s.

Air — (Aor + Ayp) = FDirF' + Dor
and (14)
Asp — (Aur + Ajp) = FELF + Esr.

Then

Tir = Dir + T7 &1 + B, (non-singular symmetric m x m matrix),
Tor = Dog + T Er + ‘Hr, (non-singular 7' x T" matrix),

satisfy

F'Z,'F F'Z,'H,Z,'F

% —p Xpizsip (non-singular), % —p EiF/I—IHI;1F>(15)
X/ T X, X/ T H 1, X
% —p Bjyiz;1x (non-singular), — 2L T 2L 7 3T T

X' T F X' T, *H,Z,'F

% —p Xixir : QTT A =y T T
Z.T,0e 3

T2%T —d (EiZ'IngIQ—IZ) Ck+m)is (16)

with ((4m) independent from X, 2IHT; 2 where Z; is defined in (I3)). All
the limits above hold as T' — oo with a.s. finite limit matrices. Setting

Yp =FLioF' + Iy,
for all 7 and some constants a, b, ¢, d > 0:

SN FCip + ClpF 4 Cor + Cop) 7 (Fby 4+ &) = O,(T%,), (17)
/251(FC3T + CyrF' + Car + Cip) 27 (Fb + &) = ( ), (18)

2 (FCip + CpF + Cor + Chp) B0 X, = O, (T ut), (19)
Y )z (20)

FCyr + CopF' + Cur + Cip ) B0 X, = O, (T%1},). 20

Remarks 1. We are assuming that the factor loadings b; are unobserved ran-
dom variables with a non-singular yet possibly heterogeneous distribution,



varying with the index . We do not necessarily require the b; to be mutu-
ally independent from the regressors and from the factors although mutual
independence is typically assumed.

2. The factors f; are assumed unobserved, whereas observed factors, if present,
will be simply part of the regressors X;. Moreover, there is no restriction on
the time dependence of the f;, which can be autocorrelated. One of the suffi-
cient conditions for Assumption 7.H will be, however, boundedness of X/ p.
Hence the f; can satisfy for instance a stationary vector auto-regression.

3. The idiosyncratic innovation €; does not need to be i.i.d across i, nor needs
to be independent from either the factor loadings b;, the factors F and the
observed regressors X;. Strong exogeneity, although not assumed here, of X;
and mutual independence of b;, f; with ¢; imply (B]). Note, however, that
this requirement only refers to the idiosyncratic part of the regression error.
Instead, X; and the common component of the regression error, f/b;, are
allowed to, and in general will, be cross-correlated. Moreover, H; can vary
with ¢ and does not need to be diagonal, implying a substantial degree of both
heterogeneity as well as the possibility of time dependence time dependence.
4. Assuming full column rank of X; for all ¢ is required, given that com-
putationally the GLS estimator relies on the evaluation of a sequence of N
different OLS problems.

5. When X,y x and X are finite, then the other limit matrices are also
finite by the CauchySchwarz inequality when, in addition, the maximum
eigenvalue of H; is bounded and its minimum eigenvalue is bounded away
from zero, uniformly in 7". Such assumptions are not stated explicitly since
here (a.s.) finiteness of the limit matrices suffices. As a simple example, when
X; = v (intercept only), then X'H,;X; /T = «,H;vr/T. Its limit is certainly
finite (a.s) when the maximum eigenvalue of H; is bounded but finiteness
can also be obtained when a finite number of eigenvalues of H; grows slower
than O(T'). Bounded-ness of the maximum eigenvalue is implied when u;
satisfy an approximate factor structure (see Chamberlain (1983)).

6. Here X, x/r represents the cross-correlation (when EF = 0) between the
regressors X; and the factors F and it determines the non-zero asymptotic
bias of the OLS estimator, except for the trivial case of no factor structure
(b; = 0). Under our assumptions, the regression innovation u; has covariance
matrix

S, = FB,F +H,
and, as illustrated below (see (8)), the UGLS estimator of ;5 requires the



limit of T7'X/S;*X; to be positive definite.

7. The limit matrices in Assumptions 5.H and 7.H arise when looking at the
probability limit of the sample covariance matrix of the OLS innovations.
8. The limiting distribution results stated in Assumptions 6.4 and 7.H, are
required for OLS-UGLS and GLS respectively. Note that the possibility
of a factor structure in the regressors X; implies mixed normal asymptotic
distributions unless the asymptotic covariance matrix turns out to be con-
stant. Conditional versions of the usual central limit theorems (CLT) will
be required (see for instance Andrews (2005, Theorem 4)). Since we aim
at providing general results, we do not specify here the primitive conditions
required for such conditional CLT. These conditions can be relatively easily
established when one considers particular cases of (Il) such as for Pesaran
(2006)’s model, examined in Section 2.3

9. As explained below, considering the GLS requires to consider 37 in place
of S;. Therefore, the various conditions dictated by Assumption 7. on
Zi1, Zor make sure that 2;1 will be asymptotically orthogonal to the matrix
of latent factors F. This is the essential property that guarantees that the
GLS estimator will have good asymptotic properties.

10. Conditions (I7)-(20) determine the speed at which N and 7" have to di-
verge to infinity, possibly at different rates, to ensure that the GLS estimator
is consistent and asymptotically normal.

2.2 Estimators results

For estimation of parameters f3;y, the OLS estimator yield
B = (XiX;) ™ Xy,
The unfeasible generalized least squares (UGLS) estimator is
GRS = (X(871X0) T XS]y,

setting

The feasible generalized least squares (GLS) estimator is

BEES = (X2 X)X 2y,
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setting
N
Z T — X305,

This requires at minimum N 2 T. Note, however, that if the regressors
contain some observed factors, such as for instance when an intercept term is
allowed for, which can be written, without loss of generality, as X; = (D, X¥)
for a T' x k; matrix D and a 7' X ky matrix X}, where &k = k; + ko, then
;D = 0 for all . As a consequence, 3 will be at most of rank 7' — k; < T,
no matter how large N is. Therefore, to allow non-singularity we consider
instead the alternative definition

N
Z 1DD/

where the normalization by 7! is imposed since, from our assumptions,
supy ||X71|= O(1) a.s. is required.

Theorem 1 (unit-specific parameters)

(i) (OLS) When Assumptions 3. H, 4. H.(8), 6. H.({I1) hold

T%(BZQLS Bio — L) =4 (VZ-OLS)%C;W- as T — oo,

VOLS

: OLS __ -1 1
setting ~; =X vxXixrbi, V; EZX’XEZX’HXZzX/X7 where Cy; and

VOLS are mutually independent.

(i) (UGLS) When Assumptions 1.H, 2.H.(4), 3.H, 4. H.(74), 6. H.(12)

T%(BZ-UGLS Bio) —d (VUGLS) Cri as T — oo,

where Cg; and VYEES are mutually independent, setting VZGES = (MYGLS) =L\ UCLS(pUGLS)—1

with MYGES = plim,_,  T~Y(X!IS;'X;), NVCES = plimgy_, T7'X.S; T HS; X
Moreover MYCGLS = NUGLS,

(iii) (GLS) When Assumptions 1.H, 2.H.(d), 3.H, 4.H.(6) and (8), 5.H,
TH

. 1 Tmaz(afl,bfg) Tmaz(cfg,df2)
GLS
77 =, B = — 0,
P p Pio Y
L. ) 1 Tmaz(afé,bfl) Tmaz(cfl,dfg)
Tz (B9 — By0) =4 (VEEH2(¢, as — + + — 0,
(6@ 60) d ( i ) Ck T N% N%
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where G; and V'S are mutually independent, setting VE*> = (MEH)TINEES (MELE) 1
with MEES = plim 7y oo T~ H X7 XG), NS = plimyy 7)o T X2 H B X

Remarks 1. The asymptotic bias of the OLS estimator is not simply ex-
pressed in terms an un-centered asymptotic distribution which would other-
wise still ensures consistency. Instead L% = By + 49L5 + Op(T*%) where
VOLS = B« Bixrb; is, in general, a random variable. Consistency is
achieved if either b; = 0, meaning no factor structure, or 3;x/r = 0, that is
zero cross-correlation between the regressors and the factors (assuming the
latter have mean zero).

2. It is well-known that the UGLS/GLS estimator improve efficiency with
respect the the OLS estimator for non-spherical innovations. Here we find
that UGLS/GLS exhibit a more profound property: they completely elimi-
nates the factor structure’s adverse effect on OLS of inducing an asymptotic
bias. Moreover, when the regressors contain a factor structure, an example of
which is X; = DA; +FT'; +V,, as in Pesaran’s (2006) model (see Section 2.3]
below), then both VW49 and VL9 will be (functionally) independent from
D and, in particular, from F yielding T%(BZ-UGLS — Bio) 2a N (O, ViUGLS) as
T — oo and T%(BZGLS — Bio) —a N (0, VFE5) as 1/T + Tmax(a*évbfl)/N% +
Tmar(e=Ld=3) /N5 — (0. Therefore, the UGLS/GLS estimators have the con-
ventional asymptotic normal distribution, unlike the OLS which has a mixed
normal asymptotic distribution. The possibility of a different, asymptotic,
behaviour of OLS and GLS has already been noted by Robinson and Hi-
dalgo (1997) in a time series regression context with possibly long memory
innovation and regressors.

3. The reason underlying this important property of the UGLS estimator
here uncovered is the asymptotic orthogonality between the inverse of the
factor structure covariance matrix S; ' and the factor matrix F, formalized in
general terms in Lemma 1 in the Appendix. This result has been used, in the
different context of financial portfolio optimization, by Pesaran and Zaffaroni
(2009) who establish that mean-variance trading strategies do allow complete
diversification of both idiosyncratic and common shocks to asset returns.

4. The GLS estimator here proposed does not achieve in general the same
efficiency as the UGLS, as discussed below. Our estimator does, however,
exhibit the desired asymptotic properties, as N, T diverge jointly to infinity
at suitable rates, meaning that our result does not depend on the somewhat
restrictive approach of taking sequential limits. When a < 1,6 < %, c< % and
d < 2 then consistency is achieved without the need to specify the relative
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speed at which N, T diverge to infinity. These conditions appear cumbersome
due to the generality of our approach, whereas they become much simpler
when looking at specific models such as Pesaran (2006), described in the next
section.

The reason behind the asymptotic properties of the GLS is that, although
317 is a non-consistent estimate of the true covariance matrix S; (in the sense
of element by element), the inverse of its limit 31 = FZ;7F’ 4+ Zor belongs to
the space orthogonal to the factors F, under suitable regularity conditions.
On the other hand, the GLS estimator does not require to identify, let alone
to estimate, the factor structure within the innovation so that, for instance,
one does not need to know m, the true number of factors, as long as it is
finite. In the case of no factor structure (m = 0) our method continue to
work, without making use of this information which obviously suggests use
of OLS.

5. Since GLS delivers consistent parameter estimates, this suggests a multi-
step approach, achieving a more efficient estimator. The first step consists
of getting the GLS estimator Bi(l) = BZGLS as described above. Next, one can

evaluate fJT(l) =N"! sz\il 1151)122(1)/ for al" =y, — XZ-BZO) in order to get the

second-step GLS estimator Bi(z) = (X;ﬁ;(ll)Xi)_lXii;(ll)yi. Given a further
set of conditions that build on Assumptions H, one can show that @(2) is also
consistent and asymptotically normal, as N, T diverge to infinity. Moreover,
it can be shown that ﬁlT(l) —p S +T’1Ri(1), as N — oo, for a T' x T matrix
Riq) satisfying sup, || T7'R;q) |= O(1)a.s. and where each element of
TflRZ-(l) goes to zero as T' — oo. Hence, f]T(l) is closer to S; than f]T, where
the approximation improves the larger N and T are. This suggests that a
certain efficiency improvements can already be achieved by using the two-step
GLS estimator Bi@) and, indeed, such improvement can be substantial when
N, T are both sizeable. Further gains are expected when the procedure is

iterated yielding, after J steps, BAZ-(J) = (X;f];gJ_l)Xi)*1Xif];(1J_1)yz~ where

EN?T( J—1) is based on B;Jﬁl). Below we report some Monte Carlo results in
order to quantify the possible improvements of efficiency in finite samples
from using the multi-step GLS estimator with J = 4.

6. Consistent estimation of the GLS asymptotic covariance matrix V&9 can
be obtained using the nonparametric Newey and West (1987, Theorem 2)
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approach yielding VELS = (MGLS)INEES(MELS) 1 with

1

GLS _
M; =7

(X/ ) NGLS Qo + Z _ n+1) Qp, + Q;h) , (21)

setting €, = %ZtT:hH UitUip—pXit Xy, ho= 0,1,...T — 1, where X, =
(%1 %) = 37'X; and oY = (a{)...a)) = y, — X;8%%S and the band-
width n = n(T, N) grows slowly with 7, N. The same approach has been
used in Pesaran (2006, eq. (51) and (52)) and Bai (2009, Remark 8) to
obtain a consistent estimator of the asymptotic covariance matrix for their
estimators when correlation and heterokedasticity is allowed for.

Notice that, although ut ) does contain the factor structure since its
population counterpart is u; = Fb,; +¢;, pre- mult1phcat10n by E will make
(asymptotically) negligible the contribution to ut ) of the common factors.
An alternatlve approach consists of estimating the 1dlosyncrat1c component
of W, (1) directly, for example by prmmpal components, yielding &, M) and then
replace Q;, by 71 Zt:h 41 Eiit—nXitX, , into (2I)). Preliminary testing for
the number of factors is required.

2.3 Particular model: Pesaran (2006)

The model is
Yir = o dy + ByiXae + €, (22)
where d; is a n X 1 vector of observed factors, x;; is a k x 1 observed vector
satisfying
X = Ajdy + Iify + v (23)
where f; is the m x 1 vector of unobserved factors, A;, I'; are n x k and m x k

matrices of factor loadings, v;; is the £ x 1 vector of specific components of
the regressors x;;. Finally

ex = fvi+ea, (24)

with e;; independent of d;, x;; and v;; independent of d;, f;. With respect
to our notation, (23)-(24) imply F = (f;...f;..f7), B = (71..7i..9n), X, =
(D, X¥), where we set X! = DA, +FI'; + V,; with D = (d;...d;...d7)", V; =
(Vil---vit---ViT)/-

We now verify the extent to which the assumptions of Pesaran (2006)
imply our Theorem 1, part (iii). It turns out that some of our conditions
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are weaker and other are stronger than Pesaran (2006). Note that since
the model permits common observed factors, one will need to add the term
T-'DD’ to f]T, in particular to its Zor component.

Assumption 1.H follows by the strong law of large numbers (LLN) and
Pesaran (2006, Assumption 3) where B; = B equals to 7y’ + 2, using Pe-
saran’s notation. We further require B > 0. Assumption 2.H is only in part
implied by Pesaran (2006, Assumption 2), in particular () is so, but we
also require N1 Ziil H;, —, Hr > 0, not necessarily implied by Pesaran
(2006, eq. (10)). Assumption 3.H is implied by Pesaran (2006, Assump-
tion 5a). Concerning Assumption 4., () follows by strengthening Pesaran
(2006, Assumption 1 and 2) to fourth-order covariance stationarity with ab-
solute summable autocovariances, yielding

X!X;
T

—p 2ixIX =

Xpp YppA;+Xprl;
A;ED’D + F;EF/D EV’V + A;ED’DAi + ]-_‘;EF’FFZ + A;ED’FFZ' + FQEF’DAZ

X/F Sor
T T ixE = ( ['Ypp+ AXpp )’

since ¥y and X pyy are both matrices of zeros by Pesaran (2006, Assump-
tion 1 and 2). By the same assumptions, ¥;x/x is bounded and, using the
block matrix decomposition (Magnus and Neudecker 1988), is non-singular
whenever both matrices Xp/p and Xy —I'; 3/ p)I'; are non-singular, where
we set

Yrp) = EF’DEB}DED’F — Xpp.

The latter requires Xy > 0, implied by Pesaran (2006, Assumption 2) who
defines it as X;, since —3(p/p) is positive semi definite, in fact at most 0 for
perfectly correlated f;, d;. However, here we require in addition ¥p/p > 0.
Expression for 3;x gx will depend on the adopted parameterization for the
his,i, that is on the form of the moving average coefficients a; in Pesaran
(2006, Assumption 2). However, under summability of the moving average
coefficients a;;, which implies the spectral density of the £;; to be finite at all
frequencies, then boundedness of 3,y x implies, by the spectral decompo-
sition of positive definite matrices, boundedness of ¥;x g x. Note, however,
that the UGLS estimator does need H; > 0, as in Assumption 2.H.( ), which
in turn requires the spectral density of the €; to be bounded away from
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zero, ensuring boundedness of X;x/g-1x, Xipg-17, Xix'g-1r. Concerning
Assumption 5.H, setting C; = (A; + EB}DED/FI‘Z-), one obtains

ZB}D + Ci(ZV’V — I‘;Z(F/D)I‘Z)ilcg —Ci(z\//v — F;Z(F/D)Fi)fl
E;)%’X =
—(Ev/v — I‘;E(F/D)Fl)ilc,ll (Zv/v — I‘;Z(F/D)I‘Z‘)il
and
Xy Zixr = DE 2 p DY) S T FT V) (B —TiE (o) 1) TS (.-
Further manipulations yield

Air = DEL , SppBEppX D + DEI_D}DZD/FBE(F’D)PlTEF/DEB}DD/
~DX 5,2 pBE ) PirF + DXy S pPirE (e py BEp p ), D

+DY X rPorErp X5, D' — DXL, S pPorF — FP 10X (ppy BEp p X 10 ) D
~FPyr S ppY D + FPorF + Py,

setting

N*l

M-

Li(Zvy — TiE D) ' =, Par,

=1

(I‘z’(zvv/ - FQE(F’D)Fi)ilrgz(F’D)BE(F’D)I‘i(EV/V - FQE(F'D)D)AI‘;) —p Por,

3

=1

2
WE

(Vi(Zvw — TiE o)) '8 0y BE oy Li(Svy — DiEpp)Li) VL) =, Par,
1

.
I

N—l

M-

Vz‘(EV’V — I‘;E(F,D)I‘Z-)_lV; —7p P4T.
1

(2

Likewise AQT = DEE)}DED/FBF,+DEB}DED/FP1TE(fd')BF,—FplTE(F/D)BF/-
Notice how the above expression are functionally independent from A;. Hence,
whether X is dependent or not from D, is irrelevant for the sake of the deriva-
tion of A;r, Aoy whose existence is implied, using a strong LLN argument,
by Pesaran (2006, Assumptions 2 and 3). No additional moment conditions
on the I'; are required since supy, || Tj(X,y — DX anTi) 'L [|= O(1) a.s.
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and the V; have bounded fourth moment by Pesaran (2006, Assumption 2).
By simple manipulations

X, 24X =DE,D' + (DX, Zpr — F)I; — Vi|(Svy — T ppy )™
x[Ti (DX, ,Epr — F) — V],

)

where all the terms involving A; drop out. Although closed-form expressions
for Azr, Asr, require to specify the parameterization of the H;, existence of
the limit follows by Pesaran (2006, Assumptions 2 and 3). Conditions (@) and
(I0) follow by direct use of the CLT which holds under suitable regularity
assumptions. For instance, when E ||b;|*"°< oo and F | &, |?**°< 0o, some
d > 0, and Pesaran (2006, Assumption 2) hold with in addition i.i.d.-ness
of the e; across i, then a conditional version of the Lyapunov condition

holds and the t-th column of Ci7 satisfies CETQW where the standard normal
distributed m x 1 vector (j; is independent of Cy;r. The latter is obtained
as the probability limit of N1 Zivj:l bl-gitejtb; whose existence is implied
by the previously made assumptions. Cross-sectional independence of the
£, can be relaxed to a limited degree of dependence of the g; such that,
in particular, Hy = [hy; ], = Else) | £,,Xy,B) (see B0) below) has
bounded maximum eigenvalue, that is supy ||H¢||= O(1) a.s. (see Pesaran
and Tosetti (2007) for a general definition cross-sectional weak dependence).
Lilkewise, under the same conditions, for the tth column of Cor one gets

C2Crt, where boundedness of Coppr requires E ||D +F + V,||*9< co. Similar
results apply to (I0) where now the Lyapunov condition require, in addition,
E|D+F+ V< co.

Assumption 6.H is not required by the GLS estimator and will not be
considered here. Concerning Assumption 7.H, (I4]) follows for

Dir = Por + P10X(pp)B + BE (ppyPir,
Dyr = — F(Cir+B)ZppE, D' —DEL,Epp (Cir + B) F
+ DX, pEpr (Cir + B) EppX, D' + Par.
For Asr, Asr, as said, closed-form expressions required to parameterize H;
so, for instance, assuming for simplicity H; = Iy yields
&r=  —Pir,
gQT = _D(EB}D ‘f‘ El_)}Dzdf’PszF’DEB}D)D/ - P4T
+DY 5 X pPirF + FP 1S e pX D
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Since Zyp = Dy + T~ 'Ep + B, one requires
B+ Poyr + P10 X ppy) B+ BE(ppyPir — T~'Pyr non-singular. (25)

Given X (pp)y = —Xpp and, by taking into consideration the definitions of
P17, Py, Zi7 can then be expressed as the limit of

N
N TSy + T pply) TS pp — L) B (Ti(Svy + DB ply) TS pp — 1)
=1

N
~T7'N7'Y Ty(Syw + D8 pply) 7 'T

=1

Hence, a sufficient condition for non-singularity of the limit of (28] is non-
singularity of (Ty(Zyry + DX ppl) T X pp — 1,,,) for any i but in fact a
milder condition might suffice. Set, as an example, ¥pp = B = 1, and
Yy =1I;. For m > k = 1, non-singularity of the limit of (20) is equivalent
to obtain a non-singular limit of

N N
(2+TT,) FP
N7t 71}1“4 TNt
> (b ) TN

which can be obtained under mild conditions on the I'; since each (I (T TT)?

is non-singular for all 7. Instead, when & > m = 1 then a non-singular limit
of (26) is equivalent to a non-zero limit of

N
N1§:ib— (L + D)D) = TN T (I + T) 'L,
i=1
where it easily follows that each of the addenda is non-zero. Similar argu-
ments follow for the case m = k. Finally, notice that 3y > 0 is strictly

required, ruling out the possibility that the regressors x;; obey a pure factor
structure x;; = Ald; + I'/f;, otherwise (§)) fails.

For (I5), given

Tor = Hr+Psyr—T(D(E,, —1,)D' + Py)
+(F —DX,) ,Spp)Tir(F — ZppE, D) — FIi0F,

18
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one needs
YXrp=0 (27)

for otherwise T~'F'Z,+F —, 0 by Lemma 1(C, F, —Z,7, T), setting
C =Hr+Psr—T (D25, —1,)D'+Py) +H(F-DX S p e ) Lip(F - p 2, D).

Sufficient conditions for ([27) are py = 0 and {f;,d:} contemporaneously
uncorrelated. Uncorrelatedness follow simply when d; is deterministic, in-
cluding intercept term, trends or seasonal dummies. Hence, under (27))

Lor = Hr + Pyr — T7H(D(Zp — L,)D' + Py) > 0.

Closed-form expressions for 3, yvi7-1 v, X xir-1y7-1 5, Bipr iy 1p Lixor, 1
hIP X'T; HI; required for the verification of the CLT condition ([I6]), would
depend on the adopted parameterization for the h;;, and thus for the ay;
of Pesaran (2006, Assumption 2). We conclude investigating the condi-
tions required for (IT)-([20). Under the assumptions made Cyr is a ran-
dom, mean zero, matrix of dimension m X T, whose rows are uncorre-
lated with each ¢;, X; and with each row of E;l. In addition, denoting
by Cirj the jth row of Cir, we will require supy | ECiy;Cirj [|= O(1)
for all 1 < j < m. The same assumptions are required for all the zero
mean random matrices introduced below. Hence, by standard arguments,
X!®AC s = Op(T%LnijL;n), CirXrte; = Op(T%Lm) and, by repeated use of
Lemma 2, F'S7le; = O, (T 21y), F'S7Clp = Oy(T 21,0, F'E7X,; =
Op(tnsrtl)), F'EF = O, (1yt!,) yielding

X3 (FCir + CirF) 27 Xi = Op(T2 1yt 1),
X! SN FCr 4 ClpF) S5 (Fb; + &) = Oy(T 1)
Similarly, since under @), X, x Zix'r = (FTAV) (Zvry+TiEpp L) TS e,
one gets Cor = FCo17+Coor for zero mean random matrices of dimension m x
T and T x T respectively. The previous bounds apply substituting Cyr with
Corr and when, in addition, X! Coor BL'F = O, (tnyith,), XiX7 CorrXite; =
Op(T21p41,) then
X7 (Cor + Cop) 27 X = Op(Tinirtp);
X(30! (Cor + Chp) S7! (Fby + £1) = Op(T1ny1).
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Under (27)
XY X =DX, D' + (FT; + V) (Zvy + D e pl) (T + V)

yielding Csr = T_%ClTDEB}DD’—f—CngF’+C32T for zero mean random m xXm
matrix C3;7 and a m X T matrix Csar. Again, the previous bounds apply
substituting Cyr by Csor and X;E;lD = Op(Ttnyity), CrrD = Op(T% Lnlly)
yielding

X2 (FCar + Cor F) X, = Op(Trniktn i),
XX (FCar + ChrF) S (Fb; + ;) = Op(Tinsr)-

Finally Cyr = T’%CQTDE;}/D' + FCyr¥F' + FCyor + CysrF' + Cyyr for zero
mean random m X m matrix Cqyp, m x T matrices Coor, Cjgp and T x T matrix
C44T yleldlng

XIS (Car + Chp) S5 X0 = Op(T2 bty ),
X2 (Car + Cop) S0 (Fb; + &) = Op(T3 144).
Hence, (IT),(IX),(T9),20) hold with a = 1/2,b = 1,¢ = 3/2,d = 3/2. No

assumption of Pesaran (2006) would imply (25), ([27) nor any of the other
conditions in 7.H but, as discussed, primitive conditions can be readily found.
We summarize the result of this section as follows:

Proposition 1 Assume that Pesaran (2006, Assumptions 1, 2, 3 and 5a)
hold and, in addition, N"'S°N H; =, Hp >0 as N — oo, the (n+m)x 1
vector (dy, £})" is fourth-order covariance stationarity with absolute summable
autocovariances, bounded (6+0)th moment and Xpp > 0, the b; have bounded
(240)th moment with B > 0, the v have bounded (6+9)th moment and the €;
have bounded (246)th moment and are i.i.d. acrossi. Finally let Assumption
7.H hold.

Then Theorem 1,(iii) applies to the GLS estimator for (g, 5,)" of model

(22)-(23)-(24) when

for consistency and
1 T 0
T + N —
for asymptotic normality.
No other conditions of Pesaran (2006) is required, such as in particular

the mx (k+1) matriz E (b; T';) to be full row rank m.
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The bias term of the OLS for S is, from Theorem 1 (i), y9%° = 273, i x/rb;
which is zero only if b; = 0 a.s. (no factor structure in the regression error)
or, alternatively, if 3;,x.7 = O; = 0 a.s. This latter condition requires both
I'i =0a.s. and Xpp = 0. The GLS estimator does not require I'; = 0 a.s.
and thus allows the unit-specific regressors X7 to be cross-correlated with
the unobserved factors F.

3 Time-Specific Parameters Model

This section mirrors the previous section but we prefer to present it in full,
in order to avoid a the risk of confusion in notation.

3.1 Definitions and assumptions

Consider linear regression models with possibly time-specific parameters,
such that for the tth time period

v = X¢fio + g, (28)

for an observed N x 1 vector y; = (yit, .-, Yit, ---, Yn¢) and an observed
N x k matrix X; = (X4, ..., Xit, ..., Xn¢)" related by a k x 1 vector of pos-
sibly time-specific regression coefficients ;5. The unobserved N x 1 vector
w, = (uyy, ..., Ujt, ..., une)’ obeys the same factor structure described previ-
ously which, staking the wu;; across units ¢, can be expressed as

U = Bft + &4.

As before, f; denotes an unobserved m x 1 vector of factors, B = (by, ..., by)’
is an unobserved N x m matrix of factor loadings and &, = (€14, ...,ent)" 18
the unobserved N x 1 vector of idiosyncratic innovations. Cross-sectional
regressions with constant regression coefficients, such as Andrews (2005), or
time-specific coefficients, are particular cases of (B7).

A set of general assumptions required for the estimators here considered
are introduced below, and commented subsequently. Theorem 2 states the
asymptotic properties of the OLS, UGLS and GLS estimators for 5. Sec-
tion 3.3 discusses a set of primitive conditions for our general assumptions
with respect to a particular case of interest of model (57)), namely Andrews
(2005)’s model.

21



Assumption 1.7 (common factors)
For every t, the f; are random vector of dimension m x 1 such that

E(ftfé ‘ Xt,B) — .Ft > O,

T
T’lz}} —p, F >0asT — oo.
t=1

Assumption 2.7 (idiosyncratic innovation)
For every t, ey = (€14, .., €it, ---, Ent) Satisfies

E(Et ‘ ft7 XtaB) =0, (29)

Ht = E(EtE:‘/ | ft7 Xt, B) > O, (30)
T

Tt Z H, —,Hy >0 asT — oo. (31)
t=1

Assumption 3.7 (regressors)
For every t, the N x k matrix X; is full column rank.

Assumption 4.7 (basic limit conditions)

All the limit matrices below, as N — oo, are a.s. finite:
XX X H. X,

/
t

N —p Zpxrx > 0, N —p Zixrax > 0, N —p 24X B; (32)
XQHT;IXt%pZ}tX/H_lx > O,B/Hi]\;_lB —p2pg-1p > 0, XéHit_lB%pztx/H_lB
(33)
such that a.s.
Sixp-1x — Six -1 EipH- 1By > 0. (34)

Assumption 5.7 (limit conditions for GLS)
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All the limit matrices below, as T" — oo and arbitrary N, are a.s. finite:

T

T —1 —1 -1
X w2 gh Y e o X X, Y 2 g B
Z tx' X ~tX'B ;—,t tX'BtX' XM AlN(:H’Op(]-)), Z t tXXTtXB tit _ A2N(]-_}_Op(]-))>
=1 =1
T X, 2L X! X, 2k X! T X, 2L Xl
X X EtEY XX 1 1 .0 Gk kit 1 1
; NT Az (1+o,( ))>; T Aun (140,(1)),
T T
f,e! D, @5 N SRR A
Y L =Cin(1+0,(1)y  TEEXTEEEL - Con (14 0,(1)), (35)
= 12 t=1 T
T _ T _ _
£,/ X, 2 X! X3 S e X 2, X
DL TR = Gy (1) ) SRRSO~ C g (1) (39
Assumption 6.7 (distribution conditions for OLS and UGLS)
As N = oo
X'e
tlt —d (EtX’HX)%tha (37)
Z'H e 1
% —d (EtZ/Hflz)%C(ker)t, (38)
N2
setting
Z, = (X, B), (39)

where Cit, ((ktm)e are independent from X, y/px, 3, /5,1, respectively.

Assumption 7.7 (distribution and identification conditions for GLS)
Let D1y, E1n be m x m matrices and Doy, Eoy be N x N matrices satisfying

Ain — (Aon + Ayy) = BDiyB' + Doy
and (40)
A3N - <A4N + AQLN) — BglNB/ —|— 82]\/'.

Then

Iivn =Dy + N &N+ F (non-singular symmetric m x m matrix),
Ton = Don + N7 &N + Hy(non-singular T x T matrix),
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satisfy

% —p Xz p(non-singular), B/I;]\lfitzgj\lfB —p Bypzinzy p(41)
X:‘IQT]\}Xt —p EtX/Ing (non-singular), XlIz]\l]I]_IVtzz X —p Etxfznglglxa
X1217]\2;\713 RGNS XéZ{J&EtI;J%B —p 2xiT;  HI B
Z;JI\;];;& —q (EtZ’Ingzglz)%C(ker)t, (42)

with ((k1m) independent from ZtZ/Igl HI; 2> where Z; is defined in (39). All
the limits above hold as N — oo with a.s. finite limit matrices. Setting

Yy = BZiyB' + Loy,

for all ¢, and some constants a, b, ¢, d > 0:

(Z8 (BCiv + ClyB' + Con + Con) BN (BE, + &) = Op(N4), (43)
(EN (BCy + CanyB' + Can + Co ) B3 (Bfs + ) = O, (Nuy), (44)
12N (BCin + CiyB' + Con + Coy ) By Xy = Op(NCuiy,), (45)
(EN (BCsy + ConyB' + Can + Ciy ) Sy X = Op (N4t (46)

Remark: The comments made to Assumptions 1.H-7.H apply now but
replacing T, F. b;, X;, ¢;, H;, u; with N, B, f;, X;, &, H;, u;, respectively.

3.2 Estimators results

The ordinary least squares (OLS) estimator is
30LS — (X!X,) Ky,
The unfeasible generalized least squares estimator (UGLS) is
JUGLS _ (X1S71X,) "X, S Ly,

setting
St == BFtB/ + Ht.

24



The feasible generalized least squares estimator (GLS) estimator estimator
is
P = (X X)) T X B Y

setting

T

Sy =T i, d =y, — X0,

t=1
which requires 7' > N. Again, if X; = (D, Xj) for a N x k; matrix D and
a N X kg matrix X7y, where & = k; + k2, such as when an intercept term is
allowed for, then in order to allow non-singularity we consider

T
Xy=T") di;+ N 'DD.
t=1

Theorem 2 (time-specific parameters)

(i) (OLS) When Assumptions 3. T, 4.T.(32), 6.T.(374) hold
N%(AtOLS — Bio — 1E5) =4 (VtOLS)%th as N — oo,

setting %OLS = Z;%,XEtX/Bft, VtOLS = E;)%/XE;%,HXE;%/X, where (i and
t are mutually independent.

(i) (UGLS) When Assumptions 1.7, 2.T.(30), 3.T, 4.T .(33), 6.T .({38)
N%( 3UCLS — Big) —4 Nk(V,f]GLS)%th as N — oo,

where (g and VIS are mutually independent, setting V/OLS = (MUGLS) I NUGLS (pMUCLS )1
with MYGES = plimy_, N~Y(X!S,1X,), MVCES = plimy_, N1 X/STHL S, X
Moreover (MYCLS) = NTCLS,

(111) (GLS)
When Assumptions 1.7, 2.T .(31), 3.T, 4.T.(32) and (34), 5.T, 7.T

. 1 Nmaz(afl,bfg) Nmaz((:f%,d72)
GLS
- -
e P “NTTT M
Lo ) 1 Nmaz(afé,bfl) Nmaz(cfl,dfg)
N2 GLS N VGLS 3 -
( t 61?0) d ( t ) th as N + T% + T%

where Gy and V'S are mutually independent, setting VE*S = (MFH) I NEES (MELS) 1
with M = plim 7y oo NTHXGELXe), NS = plimy 1y ,00 NIXE LV HE X

— 0,

— 0,
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Remarks 1. Most of the comments to Theorem 1 apply here and will not be
repeated. Now BOFS = B9 + 1055 + O,(N~2) where 40L5 = ©71, 1 f,
which is a random variable. Consistency is achieved if either f; = 0 (no
factors) or E;}, 5 = 0, implied by no cross-correlation between the regressors
and the factors (assuming the latter have mean zero or, alternatively, when
X, contains an vector of ones).

2. The GLS uses 3y which, although a non-consistent estimate of the true
covariance matrix S; = BF;B’+H; (in the sense of element by element), has
limit X5 = BZ; yB’+Zx which, once taking the inverse, belongs to the space
orthogonal to the factor loadings B under suitable regularity conditions.

3.3 Particular model: Andrews (2005)

The model is

Yir = Bop(1x5,)" + i, (47)
where (y;;, x;1) are assumed 4.7.d. across units conditional on ¢y, Co by An-
drews (2005, Assumption 1), with

uy = Cu; A+ ey, (48)
xip = Cuxi + v, (49)

with ¢y, u; are d; X 1 random vectors and Cy;, X] respectively a random
matrix of dimension k& X do, with dy > k, and a random vector of dimen-
sion dy X 1 and €5 and vy are 7.i.d. innovations across ¢ and ¢, respectively
scalar and £ x 1, with zero mean and variances h;;; and X,,. We focus
on Andrews (2005)’s standard factor structure, spelled out in his Assump-
tion SF'1, here slightly extended to allow for an idiosyncratic component in
both the regression error u;; and the regressors x;; as well as time-variation
in parameters, common factors and covariance matrices. The first exten-
sion is compulsory since when £; = 0 a.s. our theory does not apply. Let
as start assuming ;v = 0 implying v;; = 0 a.s. as in Andrews (2005),
although this is not necessary for our arguments to go through. ({8)-(@9)
imply F = (cq1...cq...ci7)’, B = (uf...uy), Xy = (v, X*C),), where we set
X* = (x7..x7...x}%). We do not consider here Andrew’s other, more general,
forms cross-sectional dependence named heterogeneous and functional factor
structures.

We now verify the extent to which the assumptions of Andrews (2005)
imply our Theorem 2, part (iii). We are able to relax some of his assumptions,
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although here more conditions need to be made here with respect to the time-
series properties of cqy, Co, &4, un-necessary to Andrews (2005) since all his
results hold conditional on the o-field C induced by {cys, Co}-

Assumptions 1.7 and 2.7 do not follow from any of Andrews (2005)’s
assumptions although, when imposing #idness conditional on C, H; = ¢2Iy.
We also require pim7 '3[, 62 = 0% > 0 yielding Hy = oly. Assumption
3.7 is implied by Andrews (2005, Assumption 2d). Concerning Assumption
4T

N ¥, xCh,
XX, = , XOH, X, = 07 XXy,
Ca Zz]\il x; Co 25\41 x;x;'Cy,
N
X H,'X, = 0,°X|X,, BH;'B=0,") uu/,
=1

ZN */ 1 9
’ = i ITT— = ’
XiB = ( Cy Zi]ileuf, ), XiH, "B =0, "X B.
and the limits are well defined by Andrews (2005, Assumptions 1, 2 and
3(a)). Then

1 ,ux/C2t/ :u,
Sixix = >0, Tixip = u ,
X (czmx Cot X0 Cat/ B Cor X0

with non-singularity ensured by Andrews (2005, Assumption 2(d)), where
throughout this section p, = Exf, ¥, = EXxY, ¥, = Euju’, p, =
FEul, ¥,, = Exiu’. Using the block matrix decomposition (Magnus and
Neudecker 1988) one gets

Z;)%’X =
q —q; ' 11,Ca2t/(C2¢ B Cat) !
—q; '(C2¢ 30w Cat’) 'Catite  (C2¢X0wrCat’) (I + ¢; 'Captopt,Cay' (C2¢ X0 Cat') 1)
where ¢; = 1 — p/,Cat/ (Cot X0 Cat') " Catptr > 0, a.s. since the x;; = Cox}
have an non-singular distribution. In fact, for any non-degenerate random

vector x one gets Fxx' > ExEx/, equivalent to Ex'(Exx')"'Ex < 1. For-
mulae for X gy, Xixm-1x, 2 H-1B, 2ix -1 easily follows. Concerning
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Assumption 5.7, the expression for A;y, Aoy follows by using

XX Sixp = [X*Czt/(cztzm'CZt/)_lC2tzzu'
+q7t_1(LN - X*CZt/(C%Em’C%/)_lCZth)(N; - N;CZt/(Cthm/C2t/)_1C2thu’)} :

By Greville (1965), setting A™ to be the Moore-Penrose of a matrix A,
(CZthx/CZt/)_l = (CZt/)+E;§/(C2t)+ = (C2t02t/>_1C2t2;x1/c2t/(02tc2t/)_17

where the last equality follows since Csqy is assumed full row rank. Substi-
tuting the last expression into XX, Six s Fi Sy Sy x X, vields many
terms like Ca'(CatCat’) ' Cat. Now the matrix My; = I;—Cat/(CatCat') 1 Cay
is idempotent positive semi-definite, implying

Cat/(C2tCat’) 'Cat = Iy — My, < 1. (50)

This implies | X; X, ¢ v Zix 8 F S v 5 Zi x Xe |= O(|| Fi ||) a.s. Similarly,
for Asy and Asy one uses | XX v SixsF: ||= O(| F ||) a.s. and ||
XE v Sixax Sk Xh [|= O(0?) a.s., respectively. Notice that Ay =
Asn since H; is diagonal, where

tht_)%’XX; =
¢ vty — @7 X Chy(Cor B0 Chy) T Cotptatly — @5 in i, Coy(Cor 20 Cy ) T Co X
+X*C/2t(02t2m/cl2t)il[1k + qglc%uxﬂjccét(CQtzm’Clzt)il]CQtX*/'

Hence boundedness does not require any moment conditions in Coy.

For (35) and (Bg]), they follow by using the martingale CLT (see Brown
(1971)) if we assume that, for each i, the ; can be written as linear pro-
cesses of a martingale difference sequence with absolute summable coeffi-
cients. In turn, this is implied when H; = [h;]/,, (defined in (@) has
bounded maximumleigenvalue. Then for the ith column of C;y one gets
T3 3 fiew = CinGui(l + 0p(1)) when T-1 32/ | fihey ff —, Cuy and
E ||fi]|**9< 00, EE#*™ < co. Likewise, the ith column of Cyy can be written

1

as CZ,y(n: where no additional moment conditions are required because of
(B0). The same results apply for ([B6). Unless ¥y, = 0, one also needs
E |[vi |67 < o0

Notice that when dy = k, Cq is a square full rank matrix and both
XtEt_)}, 2 xp and XtEt_;, X are not time-varying, simplifying the above
results.
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We do not verify Assumption 6.7 since not required by the GLS estima-
tor. For Assumption 7.7, in particular (0], set

D =X + ¢ (v — X850 (1, — 13 Bew),
E =0 (wiy — X8 oty — enply B0 XY + XS gl + pap, 3,01 X)
g =1- ,UJ;E;;/MJ:’

It follows that

Ay — Aoy — Ay = (D — B)F(D — B) — BFB/,
Asn — Auy — Ajy = —E,
which in turn is implied when x; and u} are uncorrelated with p,, = 0.
When k < dy which implies full row rank Cy, then obviously (0] is

satisfied when (51]) hold. However, now it is also possible that x} and u! are
correlated, for instance even perfectly correlated such as

X; = Au;ka Moy = Oa EtV’V > 07 (52)

7

for a non-random full row rank matrix A. As an example, set for simplicity
dy = dy > k, A =1, yielding ¥,,» = 3, = 1. Notice that now we
require Xy = Evyvi, > 0, to ensure ([B4) holds, and also v;; and ] to
be mutually independent. The previous derivations still apply by replacing
(Co X0 Chy) by (Coy X0 Chy + X)) ! and X, = (1, X*Cl, + V). Then

T
T (s, — Cy(CuCly + yyry) ™ Cot) F(Ia, — Chy(CotCly + Tyvry) ™ Car)
t=1

T
—NT'TTY " 67Ch,(CoChy + Bwny) ' Cop =, Diy + F+ N7y =Ty,

t=1

and non-singularity of Z; follows under mild conditions on Cy; and Xy .
Moreover, given Doy = 0,E N = —(72LNL/N one obtains

2 -1.2 1,
Loy =0In — N 0% inty + N T unty

where Z,y is non-singular for all values of 02 < oo. Then, by the Sherman-
Morrison-Woodbury formula (reported in the Appendix),

1 Mxlczt/

ZtX’I_lX =
2
C2t,ux 0'_2021;(211/ + (02 - 1),uzlula:>02t,

29



Similar calculations lead to ZtX,I;HI;lX, EtB,IngIQ—IB, EtX’IQ_IX7 EtX,I;HIQ_lB.
It remains to verify ([A3)-(@G). Under the assumptions made C;y is a ran-
dom, mean zero, matrix of dimension m x N, whose are uncorrelated with
each g;, X; and with each row of ¥'. In addition, denoting by Cyx; the jth
row of Cin, we will require supy £ [|C]y;Cinj||= O(1) for all 1 < j < m.
The same assumptions are required for all the zero mean random matrices
introduced below. Thus, for all ¢, X;E3'Cly = Op(N2u4ll,), CinESy'e, =
O,(N21,,) and, by Lemma 2, B'Y 3 e, = O,(N " 24,,), B'ECly = Op(N " 2101,),
XV B = Op(t1440,), BEY'B = 0,(tmt!,) yielding

X33 (BCix + ClyB)EY X, = Oy (N2t 4),
X[ (BCy + CyB) SV (B + 1) = Op(N2114).
We discuss only the case when (52) hold, since case (BI) is much simpler.
Setting for simplicity do = d; > k, A = 1, yields XtEt_)},XEtX/B = (BCy'+
V)(CotCat' + Xi1) 1Ca¢ and, in turn, one gets Coy = BCoin + Conn for
a.s. random, mean zero, matrixes of dimension m x N and N x N respec-
tively. The previous bounds apply substituting C;y with Co;y. Moreover,
i _ _ _ 1
XQENICQQNENIB = Op(Ll-‘,-kL;n)y X;ENlcggNlegt = Op(N2 L1+k) then
XiZN (Con + Con) BN Xy = Op(Nersntyy),
XiEy (Con + Con ) 2N (Bfy + 1) = Op(N%LHk)'
Again, when (52]) holds

tht_)}’XX; = Qt_lLNL/N - Qt_l(BC,Qt + Vt)(CQthx’CIQt + Et\/'v)_lcQtﬂzblN
—q; v, Chy (Cot B Cly + Tivy) (Co X 4 V)
HX*ChHt V) (Cor o CortEevy) " Iigy  Corptapty Coy (Cor By Cot By )~ Cor X4V,

yleldlng CgN = C31NL§V + C32NB, + C33N for a m x 1 matrix C31N,a m X
d; matrix Cson and a m x T matrix Cszy, all zero mean random. Using
the previous bounds, with C33y in place of Ciy, as well as X;EJ_Vle =

Op(Nty1x), BEV iy = Op(tm), /55ty = Op(N%) yields

ngz_\fl(BCBN + CéNB,)E;fIXt = OP(Nl’lJrkL/l-i-k)a
X)X HBCsy + CouyB)EV (B, + &) = O,(Nty ).

Finally Cyn = BCunty + BCionB' + Cisntly + CuunB’ + Cysny for a m x 1
matrix A4 n, a mxXm matrix Cson, a N X 1 matrix Cysn, a N X m matrix Cyn

30



and a N x N matrix Cy5y, all zero mean random. Thus using the previous
bounds, with Cs3y, Caun in place of Ciy and Cysy in place of Coon yields

XS (Can + Con) B Xe = Op(N 211 it )
XIS (Can + Cop ) SNV (B + ) = O, (N21p,p).

Hence, (43), (4), (3), (0) hold with @ = 1/2,b = 1,¢ = 3/2,d = 3/2.
Therefore, primitive conditions for Assumption 7.7 can be found, in partic-
ular such as (52).

We summarize the result of this section as follows:

Proposition 2 Assume that Andrews (2005, Assumptions 1, 2, 3) hold and,
in addition, for any i the €;; have bounded (2 4 0)th moment and are linear
processes of a martingale difference innovation with summable coefficients,
the £, have bounded (2+6)th moment, the v;; have bounded (6+09)th moment.
Finally let Assumptions 1.7 ,2.T, and 7.T hold.

Then Theorem 2, (i) applies to the GLS estimator for By of model (47)-

(48)-49) when

+= =0

==

for consistency and

—0

Nz Sl=

+

2=

for asymptotic normality.

No other conditions of Andrews (2005) is required, such as uncorrelat-
edness between the x; and the u}. Moreover, we do not require moment
conditions for the Cy;.

Notice that the bias term of the OLS for Sy is, from Theorem 2 (i),
OLS = 30, 3 pfi which is zero only if f; = 0 a.s. (no factor struc-
ture in the regression error) or, alternatively, if E;}, v2x'B = 0 a.s. The
first row of the latter matrix, corresponding to the intercept parameter, is
precisely equal to q; ' (!, — pt’.Ch;(Co; e Chy) " Coy B ), simplifying to p,
under Andrews (2005, Condition SF2), that is when 3., = p,u, holds.
Therefore zero bias for the OLS estimator of the intercept also requires his
condition SF3, viz. u, = 0. However, as noted by Andrews (2005), consis-
tency of the regression parameters only (the last & entries of ;) requires
just zero correlation between the x} and the u} (his condition SF2). In
fact the sub-matrix made from the second to the last row of Zt}%, 2ix'B 1S
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(C2tX20:Cat’) ! [Copptnt,Cat' (CatXpwCat') F — 1, Cay’ (C2t 00 Cay') "' CogpinIi] X
Cot X (C2t 300 Cat') 1 Cot (X o — pigptl,) which, when X, = u,pu!, holds,
equals ,LL;;CZt/(C2tzzz’c2t/)7102t,u/w(CZthw’CZt/)il(C2tMm - C2t/4La:),uu’+
(C2tX,0Cat) 1 Coat(papt, — popt,), that is a matrix of zeros, independently

from whether p,, is zero or not.

4 Monte Carlo

We conduct a set of Monte Carlo experiments to appreciate the relevance of
our asymptotic results for the GLS estimator in finite samples. We consider
both the case of time regression with unit-specific coefficients as well as cross-
sectional regression with time-specific coefficients.

4.1 Design
For the time regression case the data generating process is
Vit = Qo + BioTit + binof1e + bigo for + €t (53)
where the single regressor satisfies
Ty = 0.5+ di0f11 + dizo St + Vit (54)

Note that the model implies an observed common factor equal to 1 for all
observations. The single regressor is allowed to be contemporaneously corre-
lated with the innovation through one of the latent common factors (when-
ever b;100;10 # 0a.s.). The factor loadings are normally distributed random
variables, ¢.2.d. across unit:

()= ((4).(% &)
()= ()% 5)) o

and the latent common factors and the idiosyncratic components are station-
ary stochastic processes, mutually independent to each other, satisfying

fj,t = 0'5fj,t—1 + v 0'5njf,t7 .] = ]-7 2a 37
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where each 7,7, ~ NID(0, 1), mutually independent for j = 1,2, 3, and

Eit = Pic€it—1 + Niets Miet ~ NID(0, 01-2(1 - P?E))a’i =1,..,N,

Vit = PivVit—1 + Nivg, Miwe ~ NID(0, (1= p3,)),i =1,...,N,
with p;. ~ UID(0.05,0.95), p;, ~ UID(0.05,0.95), 0% ~ UID(0.5,1.5) where
NID,UID means iid normally and uniformly distributed respectively. Fi-
nally, the parameters of interest are constant across replications and equal
to a;o = 1,70 = 0.5 and, assuming N even,

1 fori=1,....%
o ’ )90
bio { 3 fori=%+1,..,N.

This Monte Carlo design is a simplified version of Pesaran (2006), designed
in such a way that (through (B6])) the rank condition in Pesaran (2006, eq.
(21)) is not satisfied. Pesaran (2006) shows that under this circumstance his
individual specific estimator for S,y is invalid whereas his pooled estimators
for By = Ef;p remain consistent.

For the cross-sectional regression case we consider

Yt = a0 + BioTie + biro fir + bioo for + €t (57)

The regressor x;, the factors f;,, 7 = 1,2, 3 and the idiosyncratic innovations
€it, 1 = 1,..., N are obtained as in the previous case. The parameters of
interest are constant across replications and equal to ayy = 1 and, assuming

T even,
1 fori=1,.., 1L
— (AR EDR
Bto_{Q fori=2+4+1,.,T

bito 0 0.2 0
(e ) ~mmoi(9) (5 o ) (58
di10 bito
= . 59
( di30 > ( bizo (59)
implying that the factor loadings pertinent to the innovation of (B1) are
(perfectly) correlated with the factor loadings corresponding to the regressor
x;. Under this condition Andrews (2005) shows that the OLS estimator of
the regression parameters oy, By is non consistent.

Finally,

33



We consider 2000 Monte Carlo replications with sample sizes (N,T') €
{60,200,600} x {30,100,300}, with N > T, for the time regression and
(N, T) € {30,100,300} x {60,200,600}, with N < T, for the cross-sectional
regression.

The results are summarized in Tables 1 to 4, where we report the sam-
ple mean and the root mean square error for the estimates of the param-
eter o, B0 and oy, By for time and cross-sectional regression respectively,
averaged across the Monte Carlo iterations. We consider four estimators
which corresponds to four panels of each table: the GLS, the multi-step
GLS (described Remark 5 to Theorem 1) where the iteration is carried out
J = 4 times, the OLS and the UGLS estimators. In particular, regarding
the time regression results reported in Tables 1-2, for each of these four es-

timators, we report the average across all NV units of the sample mean (mean)
1

M-tM 4™ and of the root mean square error (rmse) <M*1 M (@ - 1)2> :

and the average across the units i = N/2 +1,.... N of M1 fozl Bim and

<M*1 Z%zl(fﬁ” — 3)2) ® with M = 2,000. Recall that we assumed that the

true intercept coefficients are constant across units whereas the regression
coefficients take two different values for the first half and second half of the
N units. Here &]" and B{” denote, respectively, the estimates of the intercept
and regression coefficients corresponding to the mth Monte Carlo iteration
for a generic estimator. The same description applies to the cross-sectional
regression results although now Tables 3 and 4 report, respectively, for each of
these four estimators, the average across all T periods of M ~! Z%zl a;" and

1
<M‘1 M (6 - 1)2) * and the average across the periods t = T/2+1, ..., T

1

2

of M'SM  Bm and (M” SM (B - 2)2> with M = 2,000. (The re-
sults for the regression coefficients corresponding to the units i = 1,..., N/2,

for time regression, and to periods t = 1,...,7/2, for cross-sectional regres-
sion, are not reported but are available.)

4.2 Results

We start by looking the estimation results for time regression with unit-
specific intercept term (Table 1) and regression coefficient (Table 2), respec-
tively. Since the GLS and multi-step GLS estimators requires N > T', each
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panel is made by a lower triangular matrix. Obviously, the OLS and the
UGLS estimator do not require this constraint since they can be also evalu-
ated when N < T but we did not report the results for this case. The upper
left panel describes the GLS results. One can see how the bias diminishes
as both N,T grow or when N increases for a given T'. This is because the
inverse of the pseudo-covariance matrix 3. is better estimated in these cir-
cumstances. In contrast, although still negligible in absolute terms, the bias,
if any, tends to increase when T grows for a given N. Instead, as expected,
the rmse always diminishes when 7' increases for a given N or when they
both increase. The rmse of the regression coefficient estimates (Table 2) di-
minishes also when N increases for given 7. In general terms these results
suggest that the bias of the estimates varies mainly with N and their variance
varies with 7. The same pattern is observed with respect to the multi-step
GLS results, reported in the upper right panel. The only difference is that
now the bias and the rmse are always much smaller than the GLS case. The
lower right panel reports the results for the UGLS which is unfeasible in
practice since it involves the true covariance matrix S;. As a consequence,
the results do not depend on N but only on T". The bias is negligible even for
small samples and, for larger sample sizes, it is remarkably comparable to the
iterated GLS although the latter exhibit a slightly larger rmse. Finally, the
lower left panel reports the OLS results which also do not depend on N, as
expected. Under our design, the OLS estimator is non-consistent obtaining
a bias which is much larger than for any other estimators and, more impor-
tantly, only marginally varying as N or T increases. The rmse diminishes
suggesting that the variance of the OLS estimator is converging to zero with
the squared bias converging to (v?£5)2.

The cross-section regression results are in Tables 3 and 4. Now the GLS
and iterated GLS estimators requires N < T and thus each panel is made by
an upper triangular matrix. The results are specular to the ones obtained for
the time regression case. Regarding the GLS results in the upper left panel,
the bias diminishes as both N,T grow or when T increases for a given N
whereas it does not necessarily decreases when N grows for a given 7T since in
this latter circumstance ' is more poorly estimated. The rmse diminishes
when either 7' increases for a given N or when they both increase and, for
for the regression coefficient case (Table 3) when N increases for given T as
well. The performance of the iterated GLS and of the UGLS, respectively
reported in the upper and lower right panels, is remarkably similar, except
perhaps when N, T are either both very small or very large. Obviously, UGLS
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carries the best results especially in terms of rmse where, as expected, the
figures do not depend on T" but vary only with N. The OLS estimator, whose
results are in the lower left panel, is non-consistent under our design, with a
sizeable bias only marginally varying with either N and T". Again, the rmse
diminishes as NV increases indicating that the OLS will eventually converge
to the sum of the true parameter value and the non-zero bias. Although the
results have not been reported for easy reference, the OLS and the UGLS
estimators can be evaluated also for N > T.

5 Concluding remarks

This paper proposes a feasible GLS estimator for linear panel with common
factor structure in both the regressors and the innovation. We develop our
results separately for time regressions with unit-specific coefficients as well
as for cross-section regressions with time varying coefficients. The GLS esti-
mator is consistent and asymptotically normal, when both the cross-section
N and time series T" dimensions diverge to infinity, under circumstances that
make the OLS non-consistent, hence providing more than an efficiency gain.
Noticeably, the GLS estimator does not require preliminary estimation of
the latent factors nor of their dimension. It uses all the panel data infor-
mation but computationally it only requires to estimate N+1 time or T+1
cross-sectional regressions, respectively. We provide a set of general regular-
ity assumptions which allows both temporal and cross-sectional dependence
of the idiosyncratic innovation. We then derive primitive conditions of our
general assumptions for the specific models investigated by Andrews (2005)
and Pesaran (2006). Our results are corroborated by a set of Monte Carlo
experiments. Several other issues appear of interest. For one, estimation
of the regression coefficients mean Ef3; or Ef;, depending on whether one
considers unit- or time-specific coefficients, attracted a great deal of inter-
est. Another interesting topic would be to develop joint testing procedures
of all the 8;, 1 =1,...,N or the §;, t =1,...,T. Also, the effect of trending
regressors and, more in general, nonstationarity would be of great interest.
These issues will be the focus of future research.
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6 Mathematical Appendix

For random matrices A non-singular of dimension m; x my, B of dimension
my X mg, C non-singular of dimension ms X msy, D of dimension m; x ms,
with m; > my and any ms, we present the well-known Sherman-Morrison-
Woodbury formula, followed by two lemmas whose proofs are reported in
the Supplementary Material. Note that Lemma 1 is basically reproducing
Lemma B in Pesaran and Zaffaroni (2009). Throughout the paper we will
refer to the lemmas without reference to the matrixes A, B, C, D when there
is no risk of ambiguity.

Sherman-Morrison-Woodbury formula.
(BCB'+A)'=A"1-A'B(C'+BA'B)'BA! as.

Lemma 1(A, B, C,m;). Set E=BCB' + A a.s. Let G a random positive
definitive matriz such that as my; — oco:

B'A~'B

ma

—as. G non-singular. (60)

fhen cC! BA'B_,C!
E'B=A"'"B(— + )~

ma m ma

(61)
and, denoting by e%)l the i-th column of the identity matrixz 1,,,, then for any
eE'bY) —, 0, 1<j<my, asm; — oo, (62)
where bl = Be,(flz 1s the jth column of B.
When (60) and
B/AfllAle

ma

—as. L 20, (63)
for some a.s. finite random positive semi-definite matriz L, then

| E7'B ||°= 0,(m;") as m; — oo. (64)
Lemma 2(A, B, C, D,m;). SetE = BCB' + A a.s. When (60) and D’A"VB =

Op(my1 tmsty,,) then

D'E"'B = Op(tmytr,,) asmi — oo. (65)
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When (60) and D'A™VB = O,(m7 tm,tl,,) then

D'E™'B = O,(m, 2tyt),,) asm; — . (66)

Proof of Theorem 1. (i) All the limits below hold as T" — oo. The results
follow since SOL5 — By = (X!X;) " X/u; can be written as fOL5 — 3,y —40LS =
T-5(XX) 173X e, setting 4925 = (X/X,)"'X/Fb;. The result then
easily follows by our assumptions.

(ii) All the limits below hold as T' — oco. Simple manipulations yield

BYGES — Big = (XS, X,) XS (Fb; + &)
= (X(S7'X,) "X, (H;' — H; 'F(B;' + FH;'F) '"F'H; ') Fb, + (XS, 'X,) ' X[S; ¢
= (XIS X)) I XH 'R (B, + F'H'F) !B b + (XS X)) XIS ey

X SX, X'H'F B! FH'F _, B L XSOX, XIS,
:( ? % )*1 ? 7_"5 ( 72_‘ -+ j: )*1 72_‘ bl_'_ng( 1 % ),1 ZTZl

voLs - 1 XISTIX XIS e

’}/’L + 2( T ) T% 3

where 47¢L5 denote the first term on the right hand side of the second
last equality sign. The first equality is warranted by the Sherman-Morrison-
Woodbury (hereafter SMW) formula and the fourth equality makes use of
the Lemma 1(H;, F, B;,T). Using the SMW formula again

XiSi X, _ XH;'X; X;Hz‘ilF(Biil + F/H;lF)*l F'H;'X,
T T T T T T

lmplylng (X;S;lxl/T)il = (EZ‘X/H—IX — EiX,H?lFE;F}’HleE;X’H*IF)71 (]_"—
0,(1)), yielding T24Y6LS = O,(T~21;,). For the second (dominant) term of
the right hand side of T2 (3VCLS — ,)) we start verifying that

X;S;léfl

1
px —a (Bixm-1x — Bixrm-1 7 g1 pSaxr-1r) > Chis (67)

N

where (;; the zero mean, unit covariance matrix, normally distributed vector
is independent from X,y g-1x, Xix'H-1F, 2 H-1p- In fact,

ZH; e

X;S;lgz & >y
- 1 = (Ika _EiX/H—lFEi;’H—1F> ?(1 + Op(l))a

T3
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setting E;xg-1p = T~ 1X’7—[ 'F and Xixy1p = T7'F'H;'F, where the
0,(1) arises since T-1(B; ' + F’?—[ 'F) = Sixvm1p + op(LmL ). Under our
assumptions

X;SZ_lé-fl
T

NI

¢ T =Zixn-rE 0y p) (Bizn-12)% (smyi

SIS

Given that the (conditional) normal distribution is uniquely defined by the
first two (conditional) moments the left hand side is equal, in distribution, to
©7), since (Ika —ix H- 1F2 iFH- 1F) YizHa-12 (Ika_EzX’H 1F2 iF H - 1F)/ =
(Bixm1x — Zixm1rE 1 p2xg-1p). Combining terms concludes.

(iii) All the limits below hold as (N,T) — oo. We must assume N > T
and, with no loss of generality, that there are no observed common factors
implying that ¥ = N1 sz\il w;u; where 4; = (Ip — M;)u; setting M; =
XZ(X;XZ)’ng Then

szb;F/ (IT — Mi)é?l‘g; (IT — MIZ

1 11
_'_1\/[1]:—“)1b;F/l\/I5 n \(Fblé“;(IT — Ml) + (IT — Ml)é“zb;F/)J
111 v
v Vi

For I one gets F(N"'S°N bb))F' = FBF/(1 + 0,(1)). For IT

N N
N7 (Ip = My)eigf(Ip — My) = N1 el
i=1 i=1

( N-lp—2 Z X, EZX,XXQEiSQXiEi;,XX;> (1+0,(1))
_ (NlTl Z XX Xleieh + aiegXiEi;XXg)> (1+0,(1)),

vielding N=' 557 (Ip — Mi)ese}(Ip — Mi) = (Hr + T~ (Asr — (Aur + Ajp))) (1+
0,(1)). For ITI one gets N~ 32 M;Fbb/F'M; = Aip(1 + 0,(1)). For
IV N-2 2N Fbie, = FCir(1 4 0,(1)), T2N"2 32N Fbie/M; = FCar(1 +
0p(1)). Combining the above results yield N=' SN Fbel(Ip — M;) =
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N—3F (ClT - T_%C;;T) (1 + 0,(1)). For V using the same arguments one

gets N1 SN MFbie!(Iy — M) = N—} (CQT - T—%C4T) (1+ 0,(1)). For

VI one gets N1 sz\il M;Fb;biF' = Ayp(1 4+ 0,(1)). Summarizing:

Yr = [FBF +Hy + Air — Asr — App + T (Asr — Aar — Ap) + Dr] (14 0,(1))
= [FLir¥' + Ior + Dyyr] (1 4 0p(1)) = [E1r + D] (1 4 0p(1))

setting Dy = N~2 (FCyp + CjpF' + Cor + Chy)—(NT) 2 (FCap + Cor ¥’ + Car + Clp).

Since for generic non-singular matrices A, A one has A~ = AflAA’l(l +
0p(1)) whenever A —, A, one obtains

( ZGLS Bio) = (X(25'X;) ' X3 (Fb; 4 ¢,) (1 + 0,(1))
+  (XZX) T XIE Dy B (Fby 4 20) (1 + 0,(1))
+  (XEX) T (XIED D Er X)) (XIB1 X)) T XIS (Fb; 4 ) (1 + 0,(1))
+ (XQET X)) (XX Dy B X)) (X3 X)) T X B Dy e 37 (Fb; 4 65) (1 + 0,(1)).

Regarding the first term on the right hand side of (BZ-GLS — PBio), one follows
precisely the same steps of part (ii) but replacing S;, B;, H; by X1, Zi7, Zor
respectively. By Lemma 1(Zor, F, Zy7, T)

T3 (X0 X)X (Fb 4 £,) = (V)2 ¢y as T — oo
with VGLS (MGLS> 1./\/;GLS(MZ-GLS)_1 where
NGLS

1 1 /
_'_ EZX/I;1FE F/I 1F2,LF/1'271H1-71F2 F/I IFE X,I—IF

E/

E X'y ' HIZ X
—1 —1 2 1 2/ —|— 2 -1 E !
zX’I HI, Fip P X/ I F iX'Ty Py P iX Ty M

GLS __ _ /
and My = X,y o1y — By pXipr p 2 For the second and

iX'T; F
third term, using (I7)-(I8) and (I9)-(20) respectively,

(XiZ7'X) XS0 Dy £ (Fb; + ) = Op(N 2T HT* + T72)),

(X/27' X)) (X2 D B X) (X7 Xo) XD (Fby + ) = Oy (N2 T3 (T° + T"7)),
whereas the fourth can be easily seen to be O, <T*2N*1 (T + Td_‘)(Ta Tb=3 )) ,
O

Proof of Theorem 2. This follows precisely the proof of Theorem 1 and is
reported in the Supplementary Material.
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Table 1: time regression with unit-specific coefficients
intercept term a0 =1, 1 =1,...,N.

GLS GLS (multi-step)
mean rmse mean rmse
(N,T) | 30 100 300 30 100 300 30 100 300 30 100 300
60 0.944 — — 0.523 — — 0.976 — — 0.531 — —
200 0.967 0.951 — 0.518 0.315 — 0.986 0.987 — 0.527 0.309 —
600 0.981 0.982 0.955 | 0.524 0.308 0.200 | 0.994 0.998 0.991 | 0.531 0.310 0.184
OLS UGLS
mean rmse mean rmse
(N,7)| 30 100 300 30 100 300 30 100 300 30 100 300
60 0897 - — 0.560 — - 0993 - — 0369 - —
200 0.892 0.901 — 0.563 0.361 — 0.9930.999 — 0.368 0.221 —
600 0.898 0.902 0.904 0.567 0.363 0.261 0.994 0.998 0.999 0.369 0.222 0.134

Note to Table 1: data are generated according to model
Yit = io + BioTit + bito f1t + bizo f2e + €it

with regressor z;; = 7o + di10f1¢ + dis0f3t + vt Factor loadings are normally dis-
tributed random variables, iid across units and mutually independent, satisfying b;19 ~
NID(LOQ), biQO ~ NID(0,0Q), (51'10 ~ NID(O5,05), 6i30 ~ NID(0,05) Latent
common factors are f;; = 0.5f;:—1 +\/ﬁnjf,t, with 07+ ~ NID(0,1), mutually inde-
pendent for j = 1,2,3, and idiosyncratic innovation are €;; = pic€it—1 +Mie,t With 7c
~ NID(0,02(1 — p2)), vit = pivVit—1 + Nivt, With 0y e ~ NID(0,(1 — p2,)), with p;e
~ UID(0.05,0.95), piy ~ UID(0.05,0.95), 02 ~ UID(0.5,1.5), iid across i = 1, ..., N and
mutually independent.

Parameters of interest are constant across replications and equal to a9 = 1,v,0 = 0.5 and,
assuming N even, B35 =1 for i = 1,..., N/2 and By = 3 for i = N/2+1,..., N.

Panels headed by mean and rmse report, respectively, N1 Zfil (M -1 Zf\f:l 072”) and

NIV (M_1 M (ar - 1)2)5 with M = 2,000. Here &7 denotes the estimate,
based on either the GLS (top left panel), multi-step GLS with J = 4 steps (top right
panel), OLS (bottom left panel) and UGLS (bottom right panel) of a;o for the m Monte
Carlo iteration.
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Table 3: cross-sectional regression with time-specific coefficients
intercept term a, 0 =1, t=1,...,T.

GLS GLS (multi-step)

mean rmse mean rmse

(N,T) | 60 200 600 60 200 600 60 200 600 60 200

30 0.953 0.968 0.973 0.242 0.238 0.237 0.971 0.984 0.985 0.244 0.238 0.237
100 — 0.959 0.977 — 0.141 0.130 — 0.983 0.995 — 0.132 0.128
300 — — 0.967 — — 0.095 — — 0.987 — — 0.076
OLS UGLS
mean rmse mean rmse

(N,T)| 60 200 600 60 200 600 60 200 600 60 200

30 0.938 0.939 0.939 0.257 0.258 0.258 0.985 0.986 0.986 0.206 0.207 0.207
100 — 0.939 0.939 — 0.167 0.167 — 0.995 0.996 — 0.109 0.108
300 — — 0.939 — — 0.131 - — 0.998 — — 0.062

Note to Table 3: data are generated according to model

Yir = oo + Broxit + bito fir + bizo for + €4t

with regressor x;: = ;0 + 10 1t + d:i30 f3t + vit- Factor loadings are normally distributed
random variables, 7id across time and mutually independent, satisfying b;190 ~ N1D(0,0.2),
bizo ~ NID(0,0.2), §;10 = Bi10, diz0 = Bizo. Latent common factors are f;; = 0.5f;,-1
+\/ﬁ77jf7t, with n;¢: ~ NID(0,1), mutually independent for j = 1,2, 3, and idiosyncratic
innovation are ;4 = pic€it—1 +Mic.t With 9;cr ~ NID(0,02(1—p2.)), vit = PivVit—1 + Niv .t
with 7y ¢+ ~ NID(0, (1 — p3,)), with p;e ~ UID(0.05,0.95), p;y ~ UID(0.05,0.95), o2
~ UID(0.5,1.5), iid across i = 1,..., N and mutually independent.

Parameters of interest are constant across replications and equal to azy = 1,49 = 0.5 and,
assuming T even, fio =1 fort =1,....T/2 and Byo =2 for t =T/2+1,...,T.

Panels headed by mean and rmse report, respectively, 7! ZiT:1 (M -1 Zi\f:l d;”) and

1
Ty (M_l M (ar - 1)2) * with M = 2,000. Here & denotes the estimate,
based on either the GLS (top left panel), multi-step GLS with J = 4 steps (top right

panel), OLS (bottom left panel) and UGLS (bottom right panel) of ay for the m Monte
Carlo iteration.
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Table 2: time regression with unit-specific coefficients
regression coefficient 8,0 =3, i = N/2+1,...,N.

GLS GLS (multi-step)
mean rmse mean rmse
(N, T) | 30 100 300 30 100 300 30 100 300 30 100 300
60 3.106 — — 0.314 — — 3.041 - — 0277 - —
200 3.063 3.095 — 0.228 0.227 — 3.013 3.024 — 0.215 0.146 —
600 3.034 3.037 3.091 0.209 0.133 0.198 3.012 3.004 3.019 0.200 0.111 0.090
OLS UGLS
mean rmse mean rmse
(N,7)| 30 100 300 30 100 300 30 100 300 30 100 300
60 3201 - - 0.488 — - 3.013 — - 0181 - —
200 3.2043.196 — 0.490 0.415 — 3.012 3.003 — 0.180 0.090 —
600 3.204 3.197 3.193 | 0.492 0.417 0.389 | 3.012 3.003 3.001 | 0.180 0.090 0.051

Note to Table 2: data are generated according to the same model described in Table 1.
Panels headed by mean and rmse report, respectively, (N/2)~1 Z,L.JLN/QH (M*1 Z%ﬁ B:”)

and (N/2)7 ZiJiN/Q-i-l (]\471 Z%ﬂ(@m - 3)2)
estimate, based on either the GLS (top left panel), multi-step GLS with J = 4 steps
(top right panel), OLS (bottom left panel) and UGLS (bottom right panel) of ;9 for the

mth Monte Carlo iteration.

* with M = 2,000. Here B:” denotes the

Table 4: cross-sectional regression with time-specific coefficients
regression coefficient ;0 =2, t=T/2+1,...,T.

GLS GLS (multi-step)
mean rmse mean rmse
(N, T)| 60 200 600 60 200 600 60 200 600 60 200 600
30 2.093 2.065 2.054 0.235 0.208 0.201 2.058 2.032 2.031 0.229 0.198 0.192
100 — 2.082 2.045 — 0.1670.116 — 2.033 2.010 — 0.118 0.101
300 — — 2.078 — — 0.135 — — 2.025 — — 0.070
OLS UGLS
mean rmse mean rmse
(N,T) | 60 200 600 60 200 600 60 200 600 60 200 600
30 2.121 2.121 2.122 0.292 0.291 0.291 2.028 2.027 2.028 0.190 0.189 0.190
100 — 2.120 2.120 — 0.241 0.240 — 2.001 2.009 — 0.099 0.098
300 — - 2121 — — 0.225 — — 2.003 — — 0.056

Note to Table 4: data are generated according to the same model described in Table 3.
Panels headed by mean and rmse report, respectively, (7/2)~1 ZiVZT/QH (M*1 Zﬁ{:l BZ”)

and (T/2)~! thiT/Q-&-l <M71 Z%:l(éln - 2)2)

1

* with M = 2,000. Here B{” denotes the

estimate, based on either the GLS (top left panel), multi-step GLS with J = 4 steps
(top right panel), OLS (bottom left panel) and UGLS (bottom right panel) of 8;p for the

mth Monte Carlo iteration.

45




	Introduction
	Unit-Specific Parameters Model
	Definitions and assumptions
	Estimators results
	Particular model: Pesaran (2006) 

	Time-Specific Parameters Model
	Definitions and assumptions
	Estimators results
	Particular model: Andrews (2005)

	Monte Carlo
	Design
	Results

	Concluding remarks
	Mathematical Appendix

