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Abstract

In this paper, we propose a new noncausal vector autoregressive (VAR) model for
non-Gaussian time series. The assumption of non-Gaussianity is needed for reasons
of identifiability. Assuming that the error distribution belongs to a fairly general class
of elliptical distributions, we develop an asymptotic theory of maximum likelihood
estimation and statistical inference. We argue that allowing for noncausality is of
importance in empirical economic research which currently uses only conventional
causal VAR models. Indeed, if noncausality is incorrectly ignored, the use of a causal
VAR model may yield suboptimal forecasts and misleading economic interpretations.
This is emphasized in the paper by noting that noncausality is closely related to the
notion of nonfundamentalness, under which structural economic shocks cannot be
recovered from an estimated causal VAR model. As detecting nonfundamentalness
is therefore of great importance, we propose a procedure for discriminating between
causality and noncausality that can be seen as a test of nonfundamentalness. The
methods are illustrated with applications to fiscal foresight and the term structure of
interest rates.
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1 Introduction

In economic and financial applications, the vector autoregressive (VAR) model is
usually considered as an atheoretical summary of the dynamics of the included vari-
ables. Especially when the model is used for forecasting its error term is interpreted
as a forecast error that should be an independent white noise process in order for
the model to capture all relevant dynamic dependencies. Typically, the model is
deemed adequate if its errors are not serially correlated. However, unless the errors
are Gaussian, this is not sufficient to guarantee independence and, even in the ab-
sence of serial correlation, it may be possible to predict the error term by lagged
values of the considered variables. This is a relevant point because diagnostic checks
in empirical analyses often suggest non-Gaussian residuals and the use of a Gaussian
likelihood has been justified by properties of quasi maximum likelihood (ML) estima-
tion. A further point is that, to the best of our knowledge, only causal VAR models
have previously been considered although noncausal autoregressions, which explicitly
allow for the aforementioned predictability of the error term, might provide a correct
VAR specification (for noncausal (univariate) autoregressions, see, e.g., Brockwell
and Davis (1987, Chapter 3) or Rosenblatt (2000)). These two issues are actually
connected as distinguishing between causality and noncausality is not possible under
Gaussianity. Hence, in order to assess the nature of causality, allowance must be made
for deviations from Gaussianity when they are backed up by the data. If noncausality
indeed is present, confining to causal VAR models may lead to suboptimal forecasts
and false economic interpretations.

Noncausality is closely related to nonfundamentalness that arises, in particular,
in rational expectations models. The issue of nonfundamentalness was probably first
pointed out by Hansen and Sargent (1980, 1991), who showed that in its presence
structural economic shocks cannot be recovered from an estimated causal VAR model.
Subsequently, a relatively large literature has explored nonfundamentalness in various

applications; for a recent survey, see Alessi et al. (2008).



To define nonfundamentalness, let us consider a dynamic rational expectations
model whose solution is typically a stationary stochastic vector process y; that can
be expressed as a vector autoregression. Thus, an econometrician considers the spec-

ification
D(B)yt = €, (1)

where the errors ¢; are interpreted as (functions of) the random shocks to agents’
information set and D(B) = »_7° D; B’ is a potentially infinite-order lag polynomial
in the backward shift operator B (i.e., B*y, = y;_;, for k = 0,41, ...). In the econo-
metric analysis, ¢; is usually assumed to be a sequence of independent and identically
distributed random vectors with zero mean and positive definite covariance matrix,
and the roots of detD(z), the determinant of D(z), are assumed to lie outside the
unit disc. The latter condition implies that the process y; can equivalently be written
as

yr = C(B)er, (2)

where C'(B) is an infinite-order lag polynomial depending only on positive powers of
B. In other words, y; only depends on the past and present errors ¢,_;, j > 0, which
can be recovered by the employed autoregression and interpreted as fundamental
economic shocks. In this case the autoregression (1) is referred to as fundamental.
The autoregression (1) is nonfundamental when some of the roots of detD(z)
lie inside the unit disc. As discussed by Hansen and Sargent (1991) and Alessi et
al. (2008), this can happen because the underlying economic model simply leads
to such a nonfundamental autoregression or because some relevant state variables
are not observed by the econometrician and, therefore, not included in the analysis.
However, even in this case the process y; admits an infinite-order moving average
representation of the type (2) but, unlike in the preceding fundamental case, the
filter C'(B) now depends on negative powers of B, implying dependence of y; on
future errors €1, j > 0. A similar dependence on future errors also occurs in the

noncausal VAR model to be introduced in Section 2 so that nonfundamentalness



shows up as noncausality in the VAR representation of ;. However, in conventional
causal VAR analysis the infinite-order moving average representation only depends
on past and present errors. This means that, in the presence of noncausality, the
analysis is based on a misspecified model and, consequently, the errors recovered from
the employed VAR model cannot be interpreted as (functions of) the random shocks
to agents’ information set. Thus, checking for noncausality also serves as a check
for nonfundamentalness. Although we have here only discussed rational expectations
models, nonfundamentalness is also common in many other kinds of economic models;
one example being models with heterogeneous information, exemplified in Section 4.2,
and others can be found in Alessi et al. (2008) and the references therein.

The evaluation of dynamic stochastic general equilibrium (DSGE) models by
means of structural vector autoregressions is an application where ensuring the fun-
damentalness (or causality) of the VAR representation is of great importance. If such
a representation is falsely assumed, the structural shocks obtained have no economic
meaning and validating a DSGE model based on the impulse responses implied by the
structural VAR model is misleading. Therefore, it is in this field that some ways of
checking for fundamentalness have been devised although they should be more gener-
ally applicable. Ferndndez-Villaverde et al. (2007) derived conditions under which the
economic shocks of (a linearization of) a DSGE model match up with those associated
with a fundamental VAR model. This approach, however, only works when there are
as many economic shocks as there are observable variables, which restricts its ap-
plicability to relatively small systems. Giannone and Reichlin (2006) pointed out that
nonfundamentalness can be detected by augmenting the VAR model with additional
variables and checking whether they Granger cause the variables of interest. Under
fundamentalness, there should be no such Granger causality. The additional variables
should be “potentially relevant” and “likely to be driven by sources that are common
with the variables of interest”, but their selection seems, however, rather arbitrary.
Hence, we argue that checking for noncausality provides a viable and potentially more

general approach to detecting nonfundamentalness.
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A concept closely related to nonfundamentalness is indeterminacy of equilibria
in economic models, which is a highly topical issue in macroeconomics, especially in
studying monetary policy. Indeterminacy allows structural shocks to be nonfunda-
mental. Therefore, checking for causality facilitates checking for determinacy in that
detecting a causal VAR representation of the data can be interpreted as evidence in
favor of determinate equilibria. Some tests for indeterminacy have been presented
in the previous literature, but it has turned out to be very difficult to discriminate
empirically between determinacy and indeterminacy. In particular, Beyer and Farmer
(2007) have shown that two DSGE models, one with a determinate and the other with
an indeterminate equilibrium, may be observationally equivalent in that they gener-
ate the same likelihood function, rendering tests of parameter restrictions (e.g. Lubik
and Schortheide (2004)), in general, futile. Also, commonly used test procedures
based on evaluating the amount of variation in the residuals of rational expectations
models that is left unexplained by fundamentals (see, e.g. Salyer and Sheffrin (1998))
are rather arbitrary as they crucially depend on the variables that are included in
the analysis. The approach based on checking for noncausality, in contrast, is quite
general as it is based on unrestricted VAR models and there is no need to determine
the suitable set of additional fundamental economic variables.

The statistical literature on noncausal univariate time series models is relatively
small, and, to our knowledge, noncausal VAR models have not been considered at all
prior to this study (references to previous univariate work can be found in Rosenblatt
(2000), Lanne and Saikkonen (2008), and the references therein). In this paper, the
previous statistical theory of univariate noncausal autoregressive models is extended
to the vector case. Our formulation of the noncausal VAR model is a direct extension
of that used by Lanne and Saikkonen (2008) in the univariate case. To obtain a
feasible non-Gaussian likelihood function, the distribution of the error term is assumed
to belong to a fairly general class of elliptical distributions. Using this assumption,
we can show the consistency and asymptotic normality of a local ML estimator, and

justify the applicability of usual likelihood based tests.



The remainder of the paper is structured as follows. Section 2 introduces the
noncausal VAR model. Section 3 presents the likelihood function and properties
of the ML estimator. Section 4 illustrates the use of the noncausal VAR model in
detecting potential nonfundamentalness in the context of fiscal foresight and the term
structure of interest rates. Section 5 concludes. A mathematical appendix contains
proofs of the results and some technical derivations.

The following notation is used throughout. The expectation operator and the
covariance operator are denoted by E (-) and C(-) or C(-,-), respectively, whereas
T y means that the random quantities x and y have the same distribution. By
vec(A) we denote a column vector obtained by stacking the columns of the matrix A
one below another. If A is a square matrix then vech(A) is a column vector obtained by
stacking the columns of A from the principal diagonal downwards (including elements
on the diagonal). The usual notation A ® B is used for the Kronecker product of the
matrices A and B. The mn X mn commutation matrix and the n* x n(n+1) /2
duplication matrix are denoted by K,,, and D,, respectively. Both of them are of
full column rank. The former is defined by the relation K,,,vec(A) = vec(A’), where
A is any m x n matrix, and the latter by the relation vec(B) = D, vech(B), where B

is any symmetric n X n matrix.

2 Model

2.1 Definition and basic properties

Consider the n-dimensional stochastic process y; (t = 0,£1,+2,...) generated by
(B)® (B™")y = e, (3)

where I1 (B) = I,,-1I;B—---—I,B" (n xn)and ® (B™!) = I, -®,B~'—-..—® ,B~*
(n X n) are matrix polynomials in the backward shift operator B, and ¢ (n x 1)
is a sequence of independent, identically distributed (continuous) random vectors

with zero mean and finite positive definite covariance matrix. Moreover, the matrix



polynomials II (z) and ® (z) (2 € C) have their zeros outside the unit disc so that
detII(2) #0, 2| <1, and det®(z)#0, 2] <1. (4)

If ®; # 0 for some j € {1, .., s}, equation (3) defines a noncausal vector autoregres-
sion referred to as purely noncausal when II; = --- = II, = 0. The corresponding
conventional causal model is obtained when ®; = --- = &, = 0. Then the former
condition in (4) guarantees the stationarity of the model. In the general set up of

equation (3) the same is true for the process
u = (B y

Specifically, there exists a d; > 0 such that II (z)_1 has a well defined power series
representation II ()" = dosg Mz = M (2) for |z| < 1+ 4;. Consequently, the

process u; has the causal moving average representation
up =M (B)e, =Y Mje,;. (5)
j=0

Notice that M, = I,, and that the coefficient matrices M; decay to zero at a geometric
rate as j — 0o. When convenient, M; = 0, j < 0, will be assumed.

Write IT (2) ™' = det (IT (2)) "' 2 (2) = M (), where Z (z) is the adjoint polynomial
matrix of IT (z). Then, det (I1 (B)) u; = = (B) ¢; and, by the definition of u,,

® (B )wy=Z2(B)e,

where w; = det (IT (B)) y;. Note that = (z) is a matrix polynomial of degree at most
(n — 1) r and, because II(0) = I,,, we also have =(0) = I,,. By the latter condition
in (4) one can find a 0 < d, < 1 such that ® (z71) ' Z(z) has a well defined power
series representation ® (z71) "' 2 (z) = D0 oy Njz = N (271 for [2] > 1 — 0y,

Thus, the process w; has the representation

we= Y Ny, (6)
=y



where the coefficient matrices IV; decay to zero at a geometric rate as j — oo.

From (4) it follows that the process y; itself has the representation

Yt = Z i€ j, (7)

j=—o0

where U; (n x n) is the coefficient matrix of z7 in the Laurent series expansion of
U(z) @ @ (21) ' (2)"! which exists for 1 — 0y < |2| < 1+ 6, with U, de-
caying to zero at a geometric rate as j — oo. Clearly, the representation (7) can
be obtained by multiplying both sides of (6) by det (IT (B)) ™" so that we also have
W (2) = det (IT(2)) " N (27'). The representation (7) implies that y; is a stationary
and ergodic process with finite second moments. We use the abbreviation VAR(r, s)
for the model defined by (3). In the causal case s = 0, the conventional abbreviation
VAR(r) is also used.

In the noncausal case, ¥; # 0 for some j < 0, which shows the connection of our
noncausal VAR model and nonfundamentalness discussed in the Introduction. To see
further implications of noncausality, let E; (-) stand for the conditional expectation
operator with respect to the information set {y;, y;_1,...}. From (3) and (7) it is seen

that

s—1 e’}
Y = Z \Ij]Et (Et—j) —l— Z \IJjGt_j.
Jj=s

j=—o0
In the conventional causal case, s = 0 and E; (e;—;) = 0, j < —1, so that the right hand
side reduces to the moving average representation (5). However, in the noncausal case
this does not happen. Then V¥; # 0 for some j < 0, which in conjunction with the
representation (7) shows that y, and ¢;,_; are correlated and, consequently, E; (e;,—;) #
0 for some j < 0. Thus, future errors can be predicted by past values of the process
Y, which can be seen as an alternative characterization of nonfundamentalness.

In addition to depending on expected future errors, the process y; can also be
interpreted as being dependent on its expected future values. To see this, let us, for

simplicity, concentrate on the purely noncausal model, where I1 (B) = I,,. In this



case, model (3) can be written as

Y = Prypyr + -+ Psypss + €,

and, taking conditional expectations with respect to the information set {v;, y;_1, ...},

one obtains
Yr = 1By (Y1) + -+ PBy (yers) + Ee (er) - (8)

This shows that the elements of the coefficient matrix ®; give the effect of the expec-
tation of y,1; on v;. In the general case (Il (B) # I,,), we obtain a similar expression
for y, with the exception that E, (&) is replaced by E; (u;).

A practical complication with noncausal autoregressive models is that they cannot
be identified by second order properties or Gaussian likelihood. In the univariate
case this is explained, for example, in Brockwell and Davis (1987, p. 124-125)). To
demonstrate the same in the multivariate case described above, note first that, by
well-known results on linear filters (cf. Hannan (1970, p. 67)), the spectral density
matrix of the process y; defined by (3) is given by

(2r) ' @ (e_iw)_l II (eiw)_l C(e)II (e_’w)l_l P (eiw)/_l
= 2n) " [@ () T () Ce) T () @ ()]

In the latter expression, the matrix in the brackets is 27 times the spectral density
matrix of a second order stationary process whose autocovariances are zero at lags
larger than r + s. As is well known, this process can be represented as an invertible
moving average of order r + s. Specifically, by a slight modification of Theorem 10’

of Hannan (1970), we get the unique representation

o (eiw), I (e_i“)/ Cle) "I ()@ (e7™) = (Z Cje_iw> (Z Cjeiw> ;

where the n x n matrixes Cy, ..., C,, s are real with Cy positive definite, and the zeros

of det (Y772 C;e™) lie outside the unique disc.! Thus, the spectral density matrix
7=0%7J

LA direct application of Hannan’s (1970) Theorem 10’ would give a representation with w replaced
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of y, has the representation (2r)~" (Z;I(S) C’je"jw) - (Zgig CjeiJ'W)/_l, which is the
spectral density matrix of a causal VAR(r + s) process.

The preceding discussion means that, even if y, is noncausal, its spectral density
and, hence, autocovariance function cannot be distinguished from those of a causal
VAR(r + s) process. If 3, or, equivalently, the error term ¢, is Gaussian this means
that causal and noncausal representations of (3) are statistically indistinguishable
and nothing is lost by using a conventional causal representation. However, if the
errors are non-Gaussian using a causal representation of a true noncausal process
means using a VAR model whose errors are only guaranteed to be uncorrelated but
not independent. Then the errors can be predicted by past values of the considered
series and, as discussed above, one is faced with the problem of nonfundamentalness,
implying that the errors of the employed causal VAR model do not match up with
fundamental economic shocks. Thus, when fundamentalness is an issue, it is advisable
to first fit an (adequate) causal autoregression to the observed series by standard
least squares or Gaussian ML and check whether the residuals look non-Gaussian. If
deviations from Gaussianity are detected it is reasonable to consider the noncausal

VAR model (3) and check for nonfundamentalness by the procedures to be developed

in subsequent sections.

2.2 Assumptions

In this section, we introduce assumptions that enable us to derive the likelihood
function and its derivatives. Further assumptions, needed for the asymptotic analysis
of the ML estimator and related tests, will be introduced in subsequent sections.

As already discussed, meaningful application of noncausal VAR models requires
that the distribution of ¢; is non-Gaussian. In the following assumption the distri-

bution of ¢ is restricted to a general elliptical form. As is well known, the normal

by —w. That this modification is possible can be seen from the proof of the mentioned theorem (see

the discussion starting in the middle of p. 64 of Hannan (1970)).
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distribution belongs to the class of elliptical distributions but we will not rule out
it at this point. Other examples of elliptical distributions are given in Fang et al.
(1990, Chapter 3). Perhaps the best known non-Gaussian example is the multivari-

ate t-distribution.

Assumption 1. The error process ¢; in (3) is independent and identically distrib-
uted with zero mean, finite and positive definite covariance matrix, and an elliptical

distribution possessing a density.

Results on elliptical distributions needed in our subsequent developments can be
found in Fang et al. (1990, Chapter 2) on which the following discussion is based. To
simplify notation in subsequent derivations, we define ¢, = ¥~'/2%¢,. By Assumption

1, we have the representations
d d
e = p XY, and & = p,uy, (9)

where (p,,v;) is an independent and identically distributed sequence such that p,
(scalar) and v; (n x 1) are independent, p, is nonnegative, and v; is uniformly dis-

tributed on the unit ball (so that vjv, = 1). The density of ¢ is of the form
fo (230) = det (2) 7 f (/S ) (10)

for some nonnegative function f (-; A\) of a scalar variable. In addition to the positive
definite parameter matrix ¥ (n x n) the distribution of ¢, is allowed to depend on the
parameter vector A (d x 1). The parameter matrix ¥ is closely related to the covari-
ance matrix of ¢ from which it only differs by a multiplicative scalar. Specifically,
because E (v;) = 0 and C (v;) = n~'I, (see Fang et al. (1990, Theorem 2.7)) one
obtains from (9) that

) (11)

Note that the finiteness of the covariance matrix C (¢;) is equivalent to E (p?) < oo.
A convenient feature of elliptical distributions is that we can often work with the

scalar random variable p, instead of the random vector ¢;. Equality (11) already
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illustrates this and for subsequent purposes we note that the density of p?, denoted
by ¢, (-; A), is related to the function f (-; A) in (10) via
/2
0, (GA) = WC”/Q‘U‘(C;A), (>0, (12)
where T'(-) is the gamma function (see Fang et al. (1990, p. 36)). Assumptions
imposed on the density of ¢, can be expressed by using the function f ({;\) (¢ > 0).
These assumptions are similar to those previously used by Andrews et al. (2006) and
Lanne and Saikkonen (2008) in so-called all-pass models and univariate noncausal
autoregressive models, respectively. Note, however, that when our assumptions are
specialized to the univariate case the first argument in the density function on the
right hand side of (10) will be the square of that appearing in these previous papers.
We denote by A the permissible parameter space of A and use f’ ({; A) to signify the
partial derivative 0f (¢, \) /O¢ with a similar definition for f” ({; A). Also, we include
a subscript (typically A\) in the expectation operator or covariance operator when it

seems reasonable to emphasize the parameter value assumed in the calculations. Our

second assumption is as follows.

Assumption 2. (i) The parameter space A is an open subset of RY and that of the
parameter matrix Y is the set of positive definite n x n matrices.

(ii) The function f ((; \) is positive and twice continuously differentiable on (0, 00) x A.
Furthermore, for all A € A, lim¢_, C"2f (¢;\) = 0, and a finite and positive right
limit lime o4 f (¢ A) exists.

(iii) For all A € A,

oo71/2Jr1 . OOn/2 ' A
/Oc F(GNAC <00 and /Oc (1+0 5

Assuming that the parameter space A is open is not restrictive and facilitates
exposition. The former part of Assumption 2(ii) is similar to condition (A1) in An-

drews et al. (2006) and Lanne and Saikkonen (2008) although in these papers the

12



domain of the first argument of the function f is the whole real line. The latter part
of Assumption 2(ii) is related to condition (A2) in the aforementioned papers. To see
this, notice that, for all A € A,

nl (n/2)

> n n o n > n —
[Terr@nac=crrenie - [T er = -1
0 0 m
Here the latter equality follows because, by the latter part of Assumption 2(ii), the

first term in the second expression is zero and

/OOO Cn/Q_lf (C’ /\) ¢ = 72//22 /f dl‘ o (n/Q) (13)

n/2

as in Fang et al. (1990, p. 35). When n = 1 the last expression equals unity, showing
the aforementioned connection. In Andrews et al. (2006) and Lanne and Saikkonen
(2008) the values of the parameter A are only assumed to belong to some (small)
neighborhood of the true parameter value but we have preferred to be slightly less
general here (this also applies to some subsequent assumptions).

The first condition in Assumption 2(iii) implies that E (p}) is finite (see (12)) and,
taken together, this assumption guarantees finiteness of some expectations needed in

subsequent developments. In particular, the latter condition in Assumption 2(iii)

8 (J;/((p?;A))YI )
_ / ez (F(GA) f’ CA)) i = By

(P NN
F ) "t(fm%;»)]’ 15)

where the latter equalities follow from the expression of the density of p? (see (12)).

implies finiteness of the quantities

. 47Tn/2 n/ 7 )) _
QY T n/2/ ¢ ! ) CiﬁEA

and

The quantities j (A) and ¢ (\) can be used to characterize non-Gaussianity of the error

term ¢;. Specifically we can prove the following.

Lemma 1 . Suppose that Assumptions 1-8 hold. Then, j(\) > n/E, (p?) and
i(A) > (n+2)% By (02)] /4B, (o) where equalities hold if and only if ¢, is Gaussian.
If € is Gaussian, j (A\) =1 and i (\) =n(n+2) /4.
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Lemma 1 shows that assuming j (\) > n/E, (p?) gives a counterpart of condition
(A5) in Andrews et al. (2006) and Lanne and Saikkonen (2008). A difference is,
however, that in these papers the variance of the error term is scaled so that the
lower part of the inequality does not involve a counterpart of the expectation By (p?).

For later purposes it is convenient to introduce a scaled version of j (A) given by

T(N) =3 (N Ex (p}) /7. (16)

Clearly, 7 (\) > 1 with equality if and only if ¢, is Gaussian.
It appears useful to generalize the model defined in equation (3) by allowing
the coefficient matrices II; (j = 1,...,7) and ®; (j = 1,...,s) to depend on smaller

dimensional parameter vectors. We make the following assumption.

Assumption 3. The parameter matrices II; = II; (¢4) (j = 1,...,7) and @, (¢)
(j = 1,...,s) are twice continuously differentiable functions of the parameter vectors
Y1 € ©1 C R™ and 15 € Oy C R™2, where the permissible parameter spaces ©; and
©, are open and such that condition (4) holds for all ¥ = (1,72) € ©1 X Os.

This is a standard assumption. The differentiability requirement guarantees that
the likelihood function is twice continuously differentiable. We will continue to use to
notation II; and ®; when there is no need to make the dependence on the underlying

parameter vectors explicit.

3 Parameter estimation

3.1 Likelihood function

ML estimation of the parameters of a univariate noncausal autoregression was studied
by Breidt et al. (1991) by using a parametrization different from that in (3). The
parametrization (3) was employed by Lanne and Saikkonen (2008) whose results we

here generalize. Unless otherwise stated, Assumptions 1-3 are supposed to hold.
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Suppose we have an observed time series ¥, ..., y7. Denote
det (II(2)) =a(z) =1—a1z — -+ — ap2"".

Then, w; = a (B)y; which in conjunction with the definition u; = ® (B™1) y; yields

Uy y1— Pryp — - — Py Y1
UT—g _ Yr—s — q)lnyerl - = (bsyT _ H1 Yr—s
Wr—s+1 Yr—s+1 — A1Yyr—s — = OppYT—s—nr+1 Yr—s+1
| wr i i Yr —a1yYyr—1 — ° — AneYT—nr i i yr |
or briefly
xz=Hy.

From the definition of u; and (3) it follows that II(B)u; = ¢ so that from the

preceding equality we find

U1 (751 Ui
Uy Uy Uy
€ri1 Ur41 — Hlur -t Hrul Ur41
= - H,
€T—s ur—s — hup_g—y — - =l up_s_, Ur—s
WT—s+1 WT—s+1 W —s41
wr wr wr
or
z = Hgm.

Hence, we get the equation

z = Hngy,

15



where the (nonstochastic) matrices H; and H, are nonsingular. The nonsingularity
of H, follows from the fact that det (H2) = 1, as can be easily checked. Justifying
the nonsingularity of H; is somewhat more complicated, and will be demonstrated
in Appendix B.

From (5) and (6) it can be seen that the components of z given by 21 = (uq, ..., u,),
Zy = (erﬂ, s 6T—s—(n—1)'r)7 and 23 = (€r—s—(n—1)r41s -+ €7—s, W—st1, -.., Wr) are inde-
pendent. Thus, (under true parameter values) the joint density function of z can be

expressed as
T—s—(n—1)r

hz (21) H fo (€50) | hay(23),

t=r+1
where h,, (-) and h,, (-) signify the joint density functions of z; and z3, respectively.
Using (3) and the fact that the determinant of Hs is unity we can write the joint

density function of the data vector y as

T—s—(n—1)r

hz, (21 (9)) I[I A@E®B(B)ysA) | halzs (9)) |det (Hy)

t=r+1

where the arguments z; (1) and z3 () are defined by replacing u;, €, and w; in the
definitions of z; and z3 by ® (B~ y;, I1(B) ® (B™1) i, and a (B) y;, respectively.

It is easy to check that the determinant of the (7' — s)n x (1" — s) n block in the
upper left hand corner of H; is unity and, using the well-known formula for the
determinant of a partitioned matrix, it can furthermore be seen that the determinant
of H; is independent of the sample size T'. This suggests approximating the joint
density of y by the second factor in the preceding expression, giving rise to the
approximate log-likelihood function

T—s—(n—1)r

@)= > al(), (17)

t=r+1

where the parameter vector # contains the unknown parameters and (cf. (10))
1
9 (0) =log f (e (9) ©7"e (9); A) — ; logdet (3), (18)
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with

T

€ (V) = uy (92) — Z IL; (91) ue—j (U2) (19)

j=1
and uy (¥2) = I,—P1 (2) ypr1—+ - - — Py (J2) y44s. In addition to ¥ and A the parameter
vector € also contains the different elements of the matrix X, that is, the vector o =
vech(X). For simplicity, we shall usually drop the word ‘approximate’ and speak
about likelihood function. The same convention is used for related quantities such as
the ML estimator of the parameter 6 or its score and Hessian.

Maximizing Iz (f) over permissible values of § (see Assumptions 2(i) and 3) gives
an approximate ML estimator of . Note that here, as well as in the next section,
the orders r and s are assumed known. Procedures to specify these quantities will be

discussed later.

3.2 Score vector

At this point we introduce the notation 6, for the true value of the parameter  and
similarly for its components. Note that our assumptions imply that 6, is an interior
point of the parameter space of §. To simplify notation we write ¢, (¢9) = € and
ug (U20) = uo; when convenient. The subscript ‘0" will similarly be included in the
coefficient matrices of the infinite moving average representations (5), (6), and (7) to

emphasize that they are related to the data generation process (i.e. M,o, Njo, and

Wjo). We also denote 7; (91) = vec(Il; (1)) (j =1,...,r) and ¢, (J2) = vec(®; (7))
(j=1,...,s), and set

vV, (9) = [a%”l (01):---: a%“ (191)]/
and 0 l a% by (D) <o a%ﬂs (792)]'_

In this section, we consider Jlr (6y) /00, that is, the score of # evaluated at the
true parameter value 6. Explicit expressions of the derivatives of the log-likelihood

function are given in Appendix A. Here we only present the expression of the limit
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limp_., T71C (dlr (0g) /00). The asymptotic distribution of the score is presented in
the following proposition for which additional assumptions and notation are needed.

For the treatment of the score of A we impose the following assumption.

Assumption 4. (i) There exists a function f; (¢) such that fooo A (€)d¢ < o0
and, in some neighborhood of A, [0f ((;A) /ON| < f1(¢) forall ( > 0andi=1,...,d.

0 0

(e’ n/2—1
/ fC(C- Mo on T (0) g 0 (G Aodel < o0 g = d
) % J

(i)

The first condition is a standard dominance condition which is needed to guarantee
that the score of A (evaluated at ) has zero mean. The second condition simply
assumes that the covariance matrix of the score of A (evaluated at 6) is finite. For
other scores the corresponding properties are obtained from the assumptions made in
the previous section.

Recall the definition 7 (\) = 7 (A\) Ey (p?) /n where j ()\) is defined in (14). In

what follows, we denote 7, = j (A\o) and 7o = j B, (p?) /n. Define the n X n matrix

Cn (a> b) =To Z Mk—a,OZOM];_bp

k=0

and set C1y (6o) = [C11 (a,b) ® Zal}zbzl (n*r x n?r) and, furthermore,

Zo,9, (00) = V1 (¥10)' C11 (00) V1 (V10) -

Notice that j,'Ci; (a,b) = By, (uo4—attg;_p)- As shown in Appendix B, Zy, 4, (6o)
is the standardized covariance matrix of the score of ¥; or the (Fisher) information
matrix of ¥J; evaluated at 6y. In what follows, the term information matrix will be
used to refer to the covariance matrix of the asymptotic distribution of the score
vector Jlr (6p) /00. Thus, the true parameter value 6, as well as the standardization
and (possible) limiting operation are not necessarily mentioned.

Presenting the information matrix of 9, is somewhat complicated. First define
Jo = 4o [(vech(v,v})) (vech(vsv}))'] — Lvech (I,) vech (1)
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a square matrix of order n (n + 1) /2. An explicit expression of the matrix Jy can be
obtained from Wong and Wang (1992, p. 274) or Fang et al. (1990, Theorem 3.3).
For later purposes we note that

E [(vec(vtvg)) (vec(vtvg))/] = m (

L2 + Ky + vec (1) vec (I,)) (20)
We also denote IT;p = IT (19), i = 1, ..., 7, and IIog = —1,,, and define the partitioned
matrix Cys (09) = [Caz (a,b;600)]; ,—; (n*s x n®s) where the n x n matrix Cy; (a, b; )

18

Coa(a,b30p) = 7o Y (Uhta—i0Z0 W sp-s0 @ Mg Sy ' o)
+ (WasoBt? @ 030" ?) (4D oD, = o) (B4/20)_ 50 @ T3 V21150
i=0 j=0

Now set

Iﬁzﬁz (00) = V2 (792()), 022 (60) VZ (r§20) )

which is the (limiting) information matrix of 1, (see Appendix B). Notice that in
the scalar case n = 1 and in the purely noncausal case r = 0 the expression of
Cas (0g) simplifies because the latter term in the definition of Cas (a,b; 0y) vanishes
(see equality (B.6) in Appendix B) and the former only depends on the coefficient
matrices U,y with j < 0 (cf. Lanne and Saikkonen (2008)).

To be able to present the information matrix of the whole parameter vector ¥ we
define the n? x n? matrix

Cua (a,b300) = =70 > Y (Mi—a0Z0Whyy i0 @ Tg ' Tio) + Ko (¥}, 0 @ 1)

k=a i=0
and the n%r x n?s matrix Cyy (6y) = [Ci2 (a,b;0)] = Oy (6p)" where a = 1, ..., and
b=1,...,s. The off-diagonal blocks of the (limiting) information matrix of ¥ are given
by
Ly,9, (00) = V1 (910) C12 (60) Va (¥20) = Ly,a, (60)"-
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In the scalar case n = 1 and in the purely noncausal case » = 0 simplifications again
result because in the expression of Ci; (a, b; 0p) the former term vanishes (see equality

(B.6) in Appendix B). Combining the preceding definitions we now define the matrix
Lo (0) = [Iﬁﬂ%' (9)}1',3‘:1,2'
For the remaining blocks of the information matrix of 6, we first define
Too (60) = D, (502 @ 56"7) Do, (55 @ 55") D,

and

T

To,o (0) = —22 819 Z <\Ifj 1021/2 Q1T 2—1/2> Dy JoD), <2—1/2 ® 2—1/2> D,

with Zy,s (0) = Z,9, (0). Note that in the scalar case n = 1 and in the purely
noncausal case r = 0 we have Zy,, (fy) = 0 (see equality (B.6) in Appendix B).
Finally, define

,/Tn/2 oo n/f2—-1 /
T (00) = T (n/2) /, fC(C; o) <%f(§§ /\0)> (%f@; Ao)) d¢

and

A
T (00) = D, (25" @ 552) D, veeh (1 / C”/Qf S520) 91 (v de

f(G o) 0

with Z,y (00) = s (8p). Here the integrals are finite by Assumptions 2(iii) and 4(ii),

n/?

and the Cauchy-Schwarz inequality.

Now we can define

1191191 ( 0) Iﬁﬂ?z (90) 0
(

0
Too (60) Zoy0, (00) Loy, (00) Loyo (o) 0O
06 \Vo) —
0 Icrﬁz (90) IO’O’ (60) IU)\ (90)
(

0 0 Ty (60) I (00)

the information matrix of the whole parameter vector 6. As already noted, in the

scalar case n = 1 and in the purely noncausal case r = 0 the expressions of Zy,y, (o)
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and Zy, 9, (0o) simplify and Zy,, (6) becomes zero. The latter fact means that then the
parameters ¥ and (o, A) are orthogonal so that, asymptotically, their ML estimators
are independent.

Before presenting the asymptotic distribution of the score of # we introduce condi-
tions which guarantee the positive definiteness of its covariance matrix. These include
conventional rank conditions on the first derivatives of the functions in Assumption
3 and assumptions on the score of A which are needed because of the general nature

of the parameter vector \. Specifically, we assume the following.

Assumption 5. (i) The matrices Vi (919) (rn® X m;) and V3 (V1) (sn? x my) are

of full column rank.

Zyo (00) L, (0
(ii) The matrix (B0) Zox (Bo) is positive definite.

Iro (6o) I (00)

As already indicated, Assumption 5(i) is standard. Assumption 5(ii) is analogous
to what has been assumed in previous univariate models (see Andrews et al. (2006)
and Lanne and Saikkonen (2008)). Note, however, that unlike in the univariate case
it is here less obvious that this assumption is sufficient for the positive definiteness of
the whole information matrix Zyy (fp). The reason is that in the univariate case the
situation is simpler in that the parameters A and o are orthogonal to the autoregressive
parameters (here 1; and 3). In the multivariate case the orthogonality of o with
respect to v fails but it is still possible to do without assuming more than assumed
in the univariate case. We also note that, similarly to the aforementioned univariate
cases, Assumption 5(ii) is not needed to guarantee the positive definiteness of Z,, (6y).
This follows from the definition of Z,, (fy) and the facts that duplication matrices
are of full column rank and that the matrix J; is positive definite. The latter fact is
established in Lemma 6 in Appendix B even when the errors are Gaussian.

Now we can present the limiting distribution of the score.
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Proposition 2 Suppose that Assumptions 1-5 hold and that €; is non-Gaussian.

Then,
T—s—(n—1)r

(T—s—nr)™* 3" g:(80) 5 N (0,9 (60)),

t=r+1

where the matriz Ly (0y) is positive definite.

This result generalizes the corresponding univariate result given in Breidt et al.
(1991) and Lanne and Saikkonen (2008). In the following section we generalize the
work of these authors further by deriving the limiting distribution of the (approxi-
mate) ML estimator of §. Note that for the usefulness of this result it is crucial that
€; is non-Gaussian because in the Gaussian case the information matrix Iy (6y) is

singular (see the proof of Proposition 2, Step 2).

3.3 Limiting distribution of the approximate ML estimator

The expressions of the second partial derivatives of the log-likelihood function can be
found in Appendix A. The following lemma shows that the expectations of these deriv-
atives evaluated at the true parameter value agree with the corresponding elements

of —Zyg (0p). For this lemma we need the following assumption.

Assumption 6.(i) The integral [°¢™*7' ' ({5 Ao) dC is finite, lime_0o C"/*™ £/ (¢ Mo)
=0, and a finite right limit lim:_o4 f’ ({; Ao) exists.

(ii) There exists a function f; (¢) such that fooo C"* 11, (¢)d¢ < oo and, in some
neighborhood of Ao, ¢ [0f" (¢; ) /ON] < f2(€) and |9*f (¢ N) /ONON;| < fa (€) for all
(>0andi,j—1,..d

Assumption 6(i) is similar to the latter part of Assumption 2(ii) except that it is
formulated for the derivative f’((;Ag). Assumption 6(ii) imposes a standard domi-
nance condition which guarantees that the expectation of dg; (6y) /ONON behaves in
the desired fashion. It complements Assumption 4(i) which is formulated similarly to

deal with the expectation of dg; () /OX. Now we can formulate the following lemma.
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Lemma 3 If Assumptions 1-6 hold then —T By, 0%l (0o) /0000'] = Ty (6,) -

Lemma 3 shows that the Hessian of the log-likelihood function evaluated at the
true parameter value is related to the information matrix in the standard way, imply-
ing that dg; (0y) /0000" obeys a desired law of large numbers. However, to establish
the asymptotic normality of the ML estimator more is needed, namely the applica-
bility of a uniform law of large numbers in some neighborhood of 6y, and for that
additional assumptions are required. As usual, it suffices to impose appropriate dom-

inance conditions such as those given in the following assumption.

Assumption 7. For all ¢ > 0 and all A in some neighborhood of )\, the functions

f’(C;A))Q F1(CN) 1 ( P ‘ >2
<f(Ca A) 7 fGN |’ 7 (¢ /\)2 8)\jf(<’ A)

1 0 . 1 82 ' ‘ B
f<<;A>‘8_Ajf (C’A)” f(C;)\)‘a)\ja)\kf<C’)‘)’ Jik =154,

are dominated by a; + a2(*® with a;, as, and a3 nonnegative constants and

[ ¢RI £ (¢ M) dC < o0

The dominance means that, for example, (f'(C;A)/f (G A)? < ag + ap¢® for ¢
and A as specified. The conditions in Assumption 7 are only slightly different from
those used in Andrews et al. (2006) and Lanne and Saikkonen (2008).

Now we can state the main result of this section.

Theorem 4 Suppose that Assumptions 1-7 of hold and that €; is non-Gaussian.

Then there exists a sequence of (local) mazimizers 6 of Iy (0) in (17) such that
(T — s —nr)""> (0 — 69) 5 N (0,Zgp (65) ") .
Furthermore, Tgg (0o) can consistently be estimated by — (T — s — nr) " 8%11(0) /9000’

Thus, Theorem 4 shows that the usual result on asymptotic normality holds for

a local maximizer of the likelihood function and that the limiting covariance matrix
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can consistently be estimated with the Hessian of the log-likelihood function. Based
on these results and arguments used in their proof, conventional likelihood based
tests with limiting chi-square distribution can be obtained. It is worth noting, how-
ever, that consistent estimation of the limiting covariance matrix cannot be based on
the outer product of the first derivatives of the log-likelihood function. Specifically,
(T —s—nr)™" tT:;:("_l)T(agt(é)/ﬁﬁ)(8gt(@)/89/) is, in general, not a consistent es-
timator of Zgg (6p). The reason is that this estimator does not take nonzero covariances
between 0g,(0)/00 and 0gx(0)/00, k # t, into account. Such covariances are, for ex-
ample, responsible for the term K,, (\I!g_a ® In) in Zy,9, (0o) (see the definition of
Ch2 (a,b;0y) and the related proof of Proposition 2 in Appendix B). For instance, in

the scalar case n = 1 this estimator would be consistent only when the ML estimators

of ¥; and ¥y are asymptotically independent which only holds in special cases.

4 Empirical applications

In this section, we consider two economic applications of the noncausal VAR model.
In each case, discriminating between causality and noncausality is primarily seen
as an indirect test of the economic hypothesis being considered. In other words,
the presence of noncausality per se would be seen as evidence against the theory.
Moreover, basing a test of the theory on the assumption of causality, as is typically
done, would be incorrect in the presence of noncausality. It is only after ascertaining
that the variables indeed have a causal VAR representation that the economic theory
can be evaluated by testing restrictions on the parameters of such a VAR model.
Hence, checking for noncausality can be considered a pretest validating conventional
testing procedures.

In our applications, the specification of a potentially noncausal VAR model is
carried out along the same lines as in the univariate case in Breidt et al. (1991)
and Lanne and Saikkonen (2008). The first step is to fit a conventional causal VAR

model by least squares or Gaussian ML and determine its order by using conventional
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procedures such as diagnostic checks and model selection criteria. Once an adequate
causal model is found, we check its residuals for Gaussianity. As already discussed, it
makes sense to proceed to noncausal models only if deviations from Gaussianity are
detected. If this happens, a non-Gaussian error distribution is adopted and all causal
and noncausal models of the selected order are estimated. Of these models the one
that maximizes the log-likelihood function is selected and its adequacy is checked by
diagnostic tests.

If a noncausal model is selected, it would often be of interest to proceed to im-
pulse response analysis to fully understand the effects of economic shocks but, as the
relevant methods are not readily available, that lies outside the scope of this paper.
The main difficulty with impulse response analysis is that prediction in noncausal
autoregressions is, in general, a nonlinear problem and no closed form of the forecast
function is currently available (see Rosenblatt (2000, Chapter 5) and the discussion
in Lanne and Saikkonen (2008)).

4.1 Fiscal foresight

Our first application is concerned with fiscal foresight, i.e., the phenomenon that due
to lags in implementation, agents receive signals about a future change in the tax
rate or government spending before they actually take place. It can be shown that
the presence of foresight leads to time series with a non-invertible moving average
component in equilibrium (for a survey of this literature, see Leeper et al. (2008)).
In other words, if there is foresight, a VAR model incorporating the key variables of
the economy (including taxes and government expenditure), is noncausal. Finding
noncausality therefore provides evidence in favor of fiscal foresight, which invalidates
analyses based on conventional causal VAR models common in the previous litera-
ture. This was illustrated by Yang (2005) who showed by simulations of a standard
neoclassical growth model that relying on a causal VAR model in the presence of

foresight of only one quarter can yield very misleading estimates of tax effects. This,
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of course, follows from the fact that the errors of the identified VAR model are not
the true fiscal shocks in this case.

The previous empirical evidence of fiscal foresight is mostly based on case studies
around major fiscal policy changes and not closely connected to theory (see Poterba
(1988), Auerbach and Slemrod (1997) Steigerwald and Stuart (1997), and House and
Shapiro (2006, 2008), inter alia). Indirect evidence in favor of fiscal foresight not
based on a single tax change was recently provided by Yang (2007) who showed that
in a VAR model augmented by variables capturing expectations (such as prices and
interest rates), the responses of labor, investment, and output to a tax shock become
weaker. Our approach of checking for noncausality can be seen as a more direct test
of fiscal foresight.

We consider a simple trivariate VAR model for the (demeaned) differences of U.S.
GDP, total government expenditure, and total government revenue (all in real per
capita terms). The quarterly data from 1955:1 to 2000:4 (184 observations) were
previously used by Mountford and Uhlig (in press), who also provide a detailed de-
scription of the construction of the variables. We start the analysis by searching for
an adequate Gaussian vector autoregression. The AIC and BIC select VAR(3) and
VAR(2) models, respectively, and according to the diagnostic test results reported in
Table 1, the second-order model is deemed sufficient in capturing autocorrelation.?
However, the errors, especially those of the equation for the government expenditure,
exhibit conditional heteroskedasticity. Also, the quantile-quantile (Q-Q) plots in the

upper panel of Figure 1 suggest that the errors are not normally distributed® with

2Note that, when the orders of the model are misspecified, the Ljung-Box and McLeod-Li tests
are not exactly valid as they do not take estimation errors correctly into account. The reason is
that a misspecification of the model orders makes the errors dependent. Nevertheless, p-values of
these tests can be seen as convenient summary measures of the autocorrelation remaining in the
residuals and their squares. A similar remark applies to the Shapiro-Wilk test used to check the

error distribution.
3The p-values of the Shapiro-Wilk test are 0.005, 0.416 and 1.80e—6 for the residuals of the

equations for the GDP, government expenditure and government revenue, respectively.
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the greatest discrepancies at the tails, suggesting that a fat-tailed error distribution
might be more appropriate.

Instead of the normal distribution, we consider the multivariate ¢-distribution for
the errors. In this case, the second-order model that best fits the data in terms of the
log likelihood function, is the VAR(1,1)-¢ model. It also seems to be the only model in
Table 1 that produces well-behaved residuals, with the other specifications exhibiting
autocorrelation or conditional heteroskedasticity in at least one of the equations.
Hence, there is evidence in favor of a noncausal VAR representation of the data,
indicating the presence of fiscal foresight. The Q-Q plots of the residuals of the
preferred model in the lower panel of Figure 1 attest to the good fit of the multivariate
t-distribution.* Also, the estimated value of the degrees-of-freedom parameter \ in
Table 2 is relatively small (8.253), which lends further support to the need for a
fat-tailed error distribution.

Because the noncausal model provides the best fit, analyses based on causal VAR
models are expected to be misleading as they fail to extract the correct structural
shocks. The presence of a noncausal VAR representation indicates the importance of
expectations of future tax and government expenditure changes that the conventional
causal VAR model does not take into account. The elements of the matrix ®; give
the effect of a change in expected next-period values of the variables on the current
values, as discussed in Section 2.1 (see, in particular, Equation (8) and the ensuing
discussion). In particular, the estimates in Table 2 suggest that expectations of future

tax increases tend to increase the GDP and government revenue.

4.2 Term structure of interest rates

As another application, we consider the expectations hypothesis of the term structure
of interest rates. According to this theory, the long-term interest rate is a weighted

sum of present and expected future short-term interest rates. Campbell and Shiller

4The p-values of the Shapiro-Wilk test for the three residual series are 0.455, 0.295 and 0.186,

respectively.
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(1987, 1991) suggested testing the expectations hypothesis by testing the restrictions
it imposes on the parameters of a VAR model for the change in the short-term interest
rate and the spread between the long-term and short-term interest rates. Furthermore,
they showed how the theoretical spread satisfying these restrictions can be computed
based on the estimated VAR model. The expectations hypothesis is a special case of
the present value model, and similar techniques have been widely employed in testing
that model in the context of various applications, including stock returns (Camp-
bell and Shiller (1987)) and the net present value budget balance (Roberds (1991)).
Although this method is straightforward, it crucially depends on the existence of a
causal VAR representation, suggesting that its validity can be assured by checking
the causality of the related vector autoregression.

Finding noncausality indicates nonfundamentalness that can arise because the
agents’ information set is larger than the econometrician’s. Although the discrepancy
between the information sets poses no problem in testing the expectations hypothesis
under the assumption of the existence of a causal VAR representation maintained in
most of the previous literature, the conclusions can be misleading if this assumption is
falsely imposed. One explanation for nonfundamentalness and, hence, noncausality,
in asset pricing models recently put forth by Kasa et al. (2007) are heterogenous
beliefs. Indeed, they show that if agents have different information, nonfundamental
representations of the data correspond to nonrevealing equilibria where the agents
“forecast the forecasts of others”. So, detecting noncausality in the term structure
may indicate that agents have heterogeneous information useful in predicting future
interest rates.

We concentrate on a bivariate VAR model for the (demeaned) change in the three-
month interest rate (Ar;) and the spread between the ten-year and three-month inter-
est rates (S;) (quarter-end yields on U.S. zero-coupon bonds) from 1970:1-1998:4 (116
observations).” AIC and BIC select Gaussian VAR(3) and VAR(2) models, respec-

’The data were previously used by Duffee (2002). We thank Gregory Duffee for providing them

on his website.
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tively, but only the third-order model produces serially uncorrelated errors. However,
the results in Table 3 show that the residuals are conditionally heteroskedastic and
the Q-Q plots is the upper panel of Figure 2, indicate considerable deviations from
normality.® Because the most severe violations of normality occur at the tails, a more
leptokurtic distribution, such as the multivariate ¢ distribution, might prove suitable
for these data.

The estimation results of all four third-order VAR models with ¢-distributed errors
are summarized in Table 3. By a wide margin, the specification maximizing the log-
likelihood function is the VAR(2,1)-¢ model. It also turns out to be the only one of
the estimated models that shows no signs of remaining autocorrelation or conditional
heteroskedasticity in the residuals. The Q-Q plots of the residuals in the lower panel of
Figure 2 lend support to the adequacy of the multivariate t distribution of the errors;
the p-values of the Shapiro-Wilk test for the residuals of the equations for Ar; and S,
equal 0.509 and 0.451, respectively. Moreover, the estimate of the degrees-of-freedom
parameter A reported in Table 4 is small (8.187) and accurate, suggesting inadequacy
of the Gaussian error distribution. Thus, there is evidence of noncausality, but not
pure noncausality, i.e., the term structure depends on expectations of future interest
rates as well as past values.

The presence of a noncausal VAR representation of Ar; and S; invalidates the
test of the expectations hypothesis suggested by Campbell and Shiller (1987, 1991).
This may also explain the common rejections of the hypothesis when testing is based
on the assumption of a causal VAR model, which in view of our results is likely to
be misspecified. Indirectly these findings lend support to the heterogeneous beliefs
explanation of Kasa et al. (2007) discussed above although that is likely not to be the
only possibility. The estimated ®; matrix also seems to have an interpretation that
goes contrary to the expectations hypothesis: an expected increase of the short-term

rate tends to increase the current short-term rate while having no significant effect on

6The p-values of the Shapiro-Wilk test for the residuals of the equations of Ar; and S; equal
4.09e—8 and 0.001, respectively.
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the spread. According to the expectations hypothesis, in contrast, an expected future
increase in the short-term rate should have no effect on the current short-term rate,
but it should increase the long-term rate and, therefore, the spread. Furthermore,
here an expected future increase of the spread tends to decrease the short-term rate
and increase the spread. This might be interpreted in favor of (expected) time-varying
term premia driving the term structure instead of expectations of future short-term

rates as implied by the expectations hypothesis.

5 Conclusion

In this paper, we have proposed a new noncausal VAR model that contains the com-
monly used causal VAR model as a special case. In the Gaussian case, causal and
noncausal VAR models cannot be distinguished which underlines the importance of
a careful specification of the error distribution of the model. This may also be im-
portant in causal VAR models because in the non-Gaussian case, absence of serial
correlation does not necessarily guarantee nonpredictability of the errors. While the
new model is likely to be useful in providing a more accurate description of the dy-
namics of economic time series than the causal model, it is probably in checking for
nonfundamentalness that it is most valuable. Nonfundamentalness often invalidates
the use of conventional econometric methods and it arises, in particular, in rational
expectations models.

We have derived asymptotic properties of a (local) ML estimator and related tests
in the noncausal VAR model, and we have successfully employed an extension of the
model selection procedure presented by Breidt et al. (1991) and Lanne and Saikkonen
(2008) in the corresponding univariate case. The methods have been illustrated by
means of two empirical applications. Evidence in favor of fiscal foresight in the U.S.
was found, suggesting that shocks identified by imposing structural restrictions on
causal VAR models to study the effects of fiscal policy, are not likely to carry any

economic interpretation. Likewise, a noncausal VAR model for the U.S. term struc-
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ture of interest rates turned out to be superior to the causal model, invalidating the
commonly employed test procedures of the expectations hypothesis that explicitly
assume causality.

While checking for nonfundamentalness is an important application of our meth-
ods, it can only be considered as the first step in the analysis of economic and financial
data. Once noncausality is detected, it would be natural to use the noncausal VAR
model for forecasting and structural analysis. These, however, require methods that
are not readily available. Another issue of great interest is the use of noncausal
VAR models for modeling expectations and the relation of noncausal VAR models
to economic models involving expectations. Regarding statistical aspects, the theory
presented in this paper is confined to the class of elliptical distributions. Even though
the multivariate t-distribution belonging to this class seemed adequate in our empir-
ical applications, it would be desirable to make extensions to other relevant classes
of distributions. Also, the finite-sample properties of the proposed model selection
procedure and, in particular, its performance in detecting indeterminacy in economic
models could be examined by means of simulation experiments. We leave all of these

issues for future research.
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Mathematical Appendix

A Derivatives of the approximate log-likelihood function

To simplify subsequent derivations, we first introduce some notation. We set h ({; ) =

J'(GA)/f (G A) so that

h (et (9) T, (9) ; )\) —

(e 9) S (0);0) < F (e (9) e, (9 \) ) ’
f (& (9) St (9) 5 A) ; '

(A1)
Next, define
e (0) =h(e (V)T (9);0) S 2% (9) and ey = e (6))- (A.2)
From (9) it is seen that
cor = pih (075 M) e = prho (p7) u, (A.3)

where the latter equality defines the notation hg (-) = h (+; Ao).
First derivatives of I (f). It will be sufficient to consider the derivatives of

g+ (0). By straightforward differentiation one first obtains from (18)

8(?% (0) =2h (e, (9) e (V)5 ) 8(?% & (N E e (9), i=1,2, (A.4)
where, from (19),
0 )
8_1916t V) =— 121 30,7 (1) (w—i (92) ® 1) (A.5)
and
8_192€t Z Z 819 i (V2) (Y4 @ 117) (A.6)

=0 j=1
with Iy = —1I,, = Ilgg. We alsoset Uy_; (92) = [(us—1 (V2) @ L))" -+ (weey (92) @ L,)']
and Yy (0h) = [ZLO Wop1— @) o Do) (Yersmi ® H;)I]I- Then, using the no-
tation U;_q (Va0) = Upy—1 and Yipq (tho) = Yo 41,

9
aﬂlgt

!/

T a -~
Oo) = —2 Z a0, (D10) (wo—i ® ) By ey (A7)
=1
= —2V1 (10) UoaaZy e
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and

P r
8192915 (90) = 2 Z 819 1920 ZZ(; (yt+3 i ® H )E 1/26075 (AS)

= 2V2 (1920) Yb,t+126 /2€0t

As for the parameters o = vech(X) and A, straightforward differentiation yields

%gt 0) = —h (@) S 0)52) D (57 957 (6 () @ @ (9) - 3 Dlvee (57)
= -D, (595" <et ® o %0 + %V@C (Eo)) : (A.9)
and
a%gt (6o) = 7 (egzgllet;Ao) a%f (6150 e; No) - (A.10)

Replacing 0y by 6 gives the corresponding derivatives evaluated at an arbitrary 6.

Second derivatives of [r (f). First note that

0 P 0
AL ) = h(e®) S ®);N) 2" 1/2(%1, (9) (A.11)

+2h (€ (9) 7" (9) 5 A) Y2, (9) & (0) B 8(?9/ &), i=1,2
By straightforward differentiation we now have

0? 0 0
_ - _9 12971
09,09 98 Z i (V2) @ €0 O 27 L) EIA (8191 (191))
0
~1/2
_Zza_m”i (%) (s (92) @ I,) 7Y T ), (A.12)

82 — - - / / 71/2 a 8
0192619’2‘% ) = 2;; Wiy @ e (0) 7214 @ Iy,y) 6_19’2 <(%1 0¥ (192)>

8
/ -1/2_~
and

—82 1/2 0
8001019/ gt = 2 Z 6191 ] ®L e (9)) (919’ g7 Ut—i (192)

0
- —; . ~1/2
2 Zz_l: 50 mi (V1) (w—s (V2) @ 1) B A e (0), (A.14)
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where Qu;—; (92) /00y = =370 (Yh1 i @ 1n)0b; (¥2) /005
Next consider 9%g; (0) /0o’ and conclude from (A.9) that
82
dodo’ 9 (6)

= hie ()T );A) (e (9) @ e (9) @ D) (I @ Knp @ 1)
x(T'er ' @vec (T +vec (ZT) @' @) D,
+h' (e (0) S (9);0) DL (@S (6 (W) & (9) @ & (9) & (9))
-1 -1 Lo s -1
x (871 @) Dy + 5D, (87 ® £7) Dy, (A.15)
and furthermore that (see(A.4))

82
a9,95% )

= —2h (& (9) 7 (9);N) (et 9) ® 8(?92-6’5 (19)) (A.16)
x (Z'@x ) D,

I w—1 0 -1 ! !
=21 (e, (0) =7 (9) 3 A) (9191-61‘/ (D) S e (0) (e (9) @ € (0)')
x (S @X ) D, i=1,2.
For 0%g; (0) /ONON' it suffices to note that
0? 1 0 P
L(0) = — 5 f (e (U € (0); A
VIR @ T @ o f (@) S (9);0)
0 1
X Wf(et(ﬁ) by et(ﬁ),)\)
1 0? 1 .
+f(€t O a ) aAaXf(et () =7 (9);N) (A.17)
whereas
o 9—2a 9) B! ﬁah ) L7 (V) A =1,2, (A.18
Wgt()* 8_1%€t() € ( )W (€t< ) e (V) )7 i=1,2, ( )
and
0? 0 P
S 0)=-D, "o (W) ®e (ﬁ))ah(et (W)= (9);2), (A.19)
where
9 -1 _ 1 2 " (e I, )
5}5 (Et (19) by t(ﬁ)v)‘) - f(ﬁt (19)/2 e, (19) )\) a)\f (t(ﬁ) by t(ﬁ)v)‘)

B f’( (9)' B~ et(ﬁ,k)

9 o
(f (e () = e (9) 5 ) S CACICRRCICIRYE
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B Proofs for Sections 2 and 3

Proof of Lemma 1. For the former inequality, first consider the expectation

Ex [pih (o A)] =

| err@na=-3, (B.1)
0

0
I'(n/2)
where the definition of the function h (see the beginning of Appendix A), density of
p? (see (12)), and Assumption 2(ii) have been used (see the discussion after Assump-
tion 2). The same arguments combined with the Cauchy-Schwarz inequality and the

definition of 5 (\) (see (14)) yield

B 2r/2 n/ n/
s e

47{‘”/2 n/2 f/ C)\)) T o |
nl’ n/2/< ) Cnr(n/2)/oé f(GA A (B2)

= 3 () -Ex(p7) /n.

Thus, we have shown the claimed inequality.

From the preceding proof it is seen that equality holds if and only if there is
equality in (B.2). As is well known, this happens if and only if CYAF(CN) /m
is proportional to "/ 4\/m or if and only if

F(GA) 0
=—1lo ;A) = ¢ for some c.
7Gx~ ac 8l
This implies f((;A\) = bexp(—al) with a > 0 and b > 0. From the fact that

f(2'z; N), x € R™, is the density function of p,v; (see (9) and (10)) it further follows

that b = (a/m)™? and that p,u, has the normal density (27)"/*exp (—a'z/2). Here
the identity covariance matrix is obtained because p? ~ x2, and hence from (11),
C (p?vy) = I, (cf. the corollary to Lemma 1.4 and Example 1.3 of Fang et al. (1990),
p. 23). Thus, ¢ is Gaussian as a linear transformation of p,v;. On the other hand,
if ¢, is Gaussian the equality f'(¢; ) /f (¢(;A) = ¢ clearly holds with ¢ = —1/2 and,
because then p? ~ x2, Ey (p?) = n. This completes the proof for j (\).
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Regarding 1 (), first notice that

[Terrcamac = (el -2 [T er e )
0 0

n+2 I'(n/2) )
B E Ek(pt%

where we have used Assumptions 2(ii) and (iii), and the expression of the density of

p? (see (12)). Proceeding as in the case of the first assertion yields

. ( 2 n/2 / criaifz L (GA) f(GA) CA2 N dg)

(n+2)E, (pt TGN
2 wzn (F1(GN)
((n+2)EA(Pt2)> n/2 / ¢ (f(C )\)> f(GA)d¢
n/2

n/2+1 .
5 [N

) (<n + 2>2EA <p,%>)2 (i(0) B (p1)

(see the definition of ¢ (A) in (15)). This shows the stated inequality and the condition
for equality leads to the same condition as in the case of j (A). Finally, in the Gaussian

case, By (p?) = n and E) (p}) = 2n + n?, implying ¢ (A\) = n(n+2) /4. O

Proof of the nonsingularity of the matrix H;. We have not found a simple
way to show the nonsingularity of Hi, so we demonstrate it when s = 2. From
the definition of H; it is not difficult to see that the possible singularity of H; can
only be due to a linear dependence of its last n (r + 2) rows and, furthermore, that

it suffices to show the nonsingularity of the lower right hand corner H; of order
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n(r+2) x n(r+2). This matrix reads as

I, B, =Dy 0 e el 0
0 In —@1 —CI)Q | 0 0
Hg272) = s 0 0 I, —d, I —®s 0
0 0 0 0 I, —®;, -0,
—a, I, - A S T 0
0 g, e e e e —ayd, I,
def | Bu1 B
B21 B22

where the partition is as indicated. The determinant of By, is evidently unity so that
from the well-known formula for the determinant of a partitioned matrix it follows
that we need to show the nonsingularity of the matrix Bi1., = Bay — By B ' Bis.
The inverse of B1; depends on coefficients of the power series representation of L (z) =
®(2)"" given by L(z) = > 729 Lz’ where Ly = I, and, when convenient, L; = 0,
J < 0, will be used. Equating the coefficient matrices of z on both sides of the identity
L(2)®(z) =1, yields L; = L;j_1®1+L;_5®,. Using this identity it is readily seen that
Bl_l1 is an upper triangular matrix with /,, on the diagonal and L;, j = 1,...,nr — 1,
on the diagonals above the main diagonal. This fact and straightforward but tedious

calculations further show that

L= asly =370 ;L@
|~ sy ailiy Iy =3 a;Li 9P

I, 0 s L; L 19

_ ~S

0 In j=1 Lj_l Lj—2q)2

B11~2 =
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Next define the companion matrix

D, Py

and note that the latter condition in (4) implies that the eigenvalues of ® are smaller
than one in absolute value. Also, the matrices L; and L;_; (j > 0) can be obtained
from the upper and lower left hand corners of the matrix ®7, respectively. Using
these facts, the identity L; = L;_1®; + L;_»®,, and properties of the powers PJ it

can further be seen that

B11.2 == _[2n - aj<I>j =P (]Qn - aij) P_l,

j=1 j=1
where the latter equality is based on the Jordan decomposition of ® so that ® = PDP .
Thus, the determinant of B1;.5 equals the determinant of the matrix in parentheses in
its latter expression. Because D’ is an upper triangular matrix having the jth powers
of the eigenvalues of ® on the diagonal this determinant is a product of quantities of
the form 1 — Z?Ll a7 where v signifies an eigenvalue of ®. By the latter condition
in (4) the eigenvalues of ® are smaller than one in absolute value whereas the former
condition in (4) implies that the zeros of a (2) lie outside the unit disc. Thus, the
nonsingularity of Bij.o, and hence that of H §2’2) and H; follow.

We note that in the case s = 1 the preceding proof simplifies because then we need
to show the nonsingularity of the matrix obtained from H 52’2) by deleting its last n
rows and columns and setting ®, = 0. In place of By1.5 we then have I, — Z?; a]@{
and, because now the eigenvalues of ®; are smaller than one in modulus, the preceding

argument applies without the need to use a companion matrix. [

Before proving Proposition 2 we present some auxiliary results. In the following
lemmas, as well as in the proof of Proposition 2, the true parameter value is assumed,
so the notation E () will be used instead of E,, (-) and similarly for C(-). In these
proofs frequent use will be made of the facts that the processes p, and v, are indepen-

dent and that E (v;) = 0 and E (vsv},) equals 0 if ¢ # k and n'[,, if t = k. The same
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can be said about well-known properties of the Kronecker product and vec operator,
especially the result vec(ABC) = (C' ® A)vec(B) which holds for any conformable
matrices A, B, and C'. This and other results of matrix algebra to be employed can
be found in Liitkepohl (1996). We also recall the definition ¢, = ¥ V2, (see (9)) and,
to simplify notation, we will frequently write f (; A\g) = fo () and similarly for fj(-)
and f4 ()

Lemma 5 Under the conditions of Proposition 2,

J

E(eor) =0 and Cley) = Zoln, (B.3)
and
0, if t#k
C (&4, e0r) = (B.4)
—3L,, if t=k

Proof of Lemma 5. By the definition of the function %o (-) (see (A.3)) and the
density of p? (see (12)) we have

E [ﬂt (ho (pt) / Cn/Q fo C EjOa

(n / 2) 4
where the latter equality is due to (14). Thus, because E (vt) =0and C (vy) =n"'1,,
the independence of the processes p, and v; in conjunction with (A.3) proves (B.3).

The same arguments and (9) yield

E (sieor,) = B [piogho (7)) B (vivy)

where E (v0)) = 0 for ¢ # k. Thus, one obtains (B.4) from this and (B.1). O

Lemma 6 . Under the conditions of Proposition 2,

;

Dy JoD.,, if t="k i=j=0
0l if t=k i=j#0

C(er—i ® eor, eh—j @ eox) =
o, Af tF R i=t—k j=k—t

0, otherwise.
\

Moreover, the matriz Jqy is positive definite even when €; is Gaussian.
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Proof. First notice that (see (9) and (A.3))
Ermi @ eor = py_ipiho (07) (Vi @ vy) . (B.5)

Consider the case t = k and ¢ = j = 0. The preceding fact and independence of p,
and v, yield

E(er ®eq) =E [p?ho (pf)} E (v ®@vy) = —%Dnvech (I,),
where the latter equality is due to (B.1) and E (v; ® v;) = vec(E (v,0})) = n~tvec(1,,).
By the same arguments we also find that
E[(e: @ eot)(e: @ eqi)] = B [,of (ho (,of))Q] E (v} @ vv}) = 4B (v0) @ ve})
where the latter equality follows from the definition of %y (see (15)). Because
E (v, ® vw,) = E[(v, ® vy) (v} ® v})] = D,E [(vech(v,v})) (vech(v,v}))'] Dy,

the stated result is obtained from the preceding calculations and the definition of the
matrix Jg.

To show the positive definiteness of the matrix Jy, note first that Jy is clearly
symmetric. From the definition of 4y and (B.1) we find that, even when ¢; is non-
Gaussian, 3, > {E [p2ho (p2)]}> = n%/4 where the inequality is strict because p? has
positive density. Now, let © be a nonzero n x 1 vector and conclude from the preceding

inequality and the definition of J; that
42’ Joxr > n*2'E [(vech(v,v})) (vech(v,v}))'] & — 2'vech (1,) vech (1,)
= n?2'C (vech(v})) z,

where the equality is justified by E[vech(v,v})] = n~'vech([,). Because the last
quadratic form is clearly nonnegative, the positive definiteness of .Jy follows.

For the case t = k, i = j # 0 we have by independence, E (g, ; ® eq;) = E (g,;) ®
E (eo:) = 0. Thus, by (B.5) and arguments already used,

Ceri ®egr,er-i Qeg) =B (pf_i) E [pf (ho (p?))z} [E (Ut—iU:t—i) QE (vtvg)] .
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The stated result is obtained from this by using definitions and E (v;v}) = n'1,,.

In the case t # k, i =t —k,and j = k —t we have i # 0 # j and, as in the
preceding case, E (e ® eg;) = 0. We also note that &, ® eqp = Kyn(eor ® &) (see
Result 9.2.2(3) in Liitkepohl (1996)). As before, we now obtain

C (5k X eot, € Q 60k) = C (€k ® eot, Knn (€0k ® €t))
= E [(pyvr ® piho (p7) ve) (piho () v @ pvy)] Ko,
= {E[p?ho (p})]}* {E (vi}) @ B (vv))} K},
1

- _Knna
4

where the last equality follows form (B.1), the symmetry of the commutation matrix
K., and the fact B (vv)) = n1I,.

Finally, in the last case the stated results follows from independence. [J

Now we can prove Proposition 1.

Proof of Proposition 2. The proof consists of three steps. In the first one we show
that the expectation of the score of # at the true parameter value is zero and its lim-
iting covariance matrix is Zgg (6p). The positive definiteness of Zyy (0) is established
in the second step and the third step proves the asymptotic normality of the score.

Step 1. We consider the different blocks of Zyy (6) separately and, to simplify
notation, we set N =T — s — nr. In what follows, frequent use will be made of the
identity (f' (6,3 ;M) /f (6,50 e Xo)) To e = Eal/Qew (see (A.2)).

Block Ly, 9, (0p). From the definitions and (5) it can be seen that Uy, and e are
independent. Thus, (B.3), (A.7), and straightforward calculation give E (0g: (6y) /0V1)
0 and, furthermore,

T-s—n-1r

C| N2 Z 8_1919t (60) | = V1 (910) C1 (60) Vi (¥910) = Zg,0, (60) -
t=r+1

Block Ty,y9, (6p). Deriving Zy,9, (09) is somewhat complicated. From the expres-
sion of 0g; (Ay) /V2 (see (A.8)) it may not be quite immediate that the expecta-

tion of the score of 15 is zero so that we shall first demonstrate this. Recall that
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®(2)" = L(z) = 3% L;z' with Ly = I,, and, L; = 0, j < 0. Similarly to the
notation Mjg, Njo, and W,y we shall also write L;o when L; is based on true parame-
ter values. Equating the coefficient matrices related to the same powers of z in the

identity L (27') = W (2) I1(2) (see the discussion below (7)) one readily obtains

. 0, 7>0
- Z Vi iollip=4¢ I,, j=0 (B.6)
) Lo, <0,
where, as before, IIog = —1,,. To simplify notation we also denote

Ao (ki) = o2 @ T2, Y2 and By (d) = MypS? @ 552,

Notice that from (B.6) we find that

ZAO a—1i,1) vec (I,) = vec (ZH' vl 10) =0, ac{l,..,s}. (B.7)

Now recall that the matrix Y{,;; consists of the blocks Z:ZO (Ytra—i @ ILy), a €

{1, ..., s}, and consider the expectation

E (Z (ytJra 1®H )Z 1/2€0t) - Z Z E( \I]k[)EtJra i— k@H 2 1/2)€0t>

=0 =0 k=—o00

= Z Z Ao (k,9) B (€14q—iok ® eor)

=0 k=—o0
where the former equality is based on (7) and the latter on the definition of Ag (k, 1)
and the definition ¢, = X Y %¢. By Lemma 5, the expectation in the last expression

equals zero if k # a — i and —3vec(I,) if k = a — . From this and (B.7) we find that

T - 1 r
E(Z(yHaZ@H )%, 1/2 t):_§ZAO(a—i,i)veC(]n):0.
i=0

i=0
This in conjunction with (17) and (A.8) shows that E (0l (6y) /0Vs) = 0, and we

proceed to the covariance matrix of the score of 5.
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Let 1(-) stand for the indicator function and, for a,b € {1,...,s}, consider the
covariance matrix

C (Z (Yerami @ Tg) S e0r, D (Ynsny @ Ihy) Ty We%)

i=0 =0

= Z Z Ap (¢,1) C((Eta—i—c @ €or), (Ektp—j—d @ €or)) Ao (d,j)/

c,d=—001 j—O

— ZZAO (c+a—1i,i)Ay(c+b—j,7) 1(t=k)

cf—ooz] 0

+ZZAo(t—k+a—z’,i)Kon(k:—t+b—j,j)’1(t7ék)

i,j=0
+ Y Ag(a—i,i) DyJoDAg (b—j.j) 1(t =k).
i,j=0
Here the former equality is again obtained by using (7) and the definition of Ay (k, 1)
whereas the latter is justified by Lemma 6. Summing the last expression over ¢, k =
r+1,..,T —s— (n—1)r, multiplying by 4/N, and letting T tend to infinity yields
the matrix Cys (a, b;6p) (see (A.8) and the definition of Zy,y, (6p)). Thus,

Cy (a,b;00) = T Z ZAO k+a—1,1 ZAO E+b—7,7)

k=—o00 =0
k0
+ 3N Aokt a—1i,) Ko > Ao (—k +b—j,j)'
k=—oc0 i=0 §=0
k0
+43 " Ag(a—1i,3) DoJoD, Y Ao (b—j,j)- (B.8)
i=0 Jj=0

To see that the right hand side equals the expression given in the main text, we have
to show that the second term vanishes when the range of summation is changed to

k=041,£2,..., or that

Z Z (\Ijk—i—a 1021 /2 19N 1/2> Kon (E(l)/Q\I/,_k-g-b_j,o X Zo_l/zﬂjo> =0.
k=—o001,j=0

To see this, notice that (Vy 402 1/2 @I, 1/2)Knn = K (1L, 3, 1/2®\I/k+a_i,02(1)/2)
(see Liitkepohl (1996), Result 9.2.2 (5)(a)). Thus, the left hand side of the preceding
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equality can be written as

Kun Y Y (oW 0@ Urpaiolljo) = Kun Y Y (Z oWl 4 ai—jmio @ Yiolljo

k=—00,j=0 l=—00 j=0 \i=0
[e.e] T
= K (L] 0 ® U oIlo)
nn l—a—b+j4,0 1,0+150
l=—oc0 j=0
o0 T
!/
= K Z Lo ® Z Wi tarb—j.0lLo
k=0 j=0

= 0.

Here the second and fourth equalities are obtained from (B.6) (because a, b > 0).
From (A.8), the definition of Ay (c,), and the preceding derivations it follows that
the covariance matrix of the score of ¥, divided by N converges to Zy,y, (0o).
Block Ty,9, (6p). Let a € {1,...,r} and b € {1, ..., s}. Using (5) and (7), and the
previously introduced notation Ay (k,4) and By (k) (Bo (k) = 0 for k < 0) we consider

C <(u0,t—a ® I,) 251/2601;7 Z (Yrap—i @ ITy) 251/26%)

=0

- Z Z Z By (¢) C ((et-a—c @ €0r). (Ekrp-i—a ® eox)) Ao (d, 1)

c=0 d=—o0 =0

o T
To

= DY) Bile—a)Agle+b—ii) 1(t =)

c=a 1=0
r

1 /
+3 2 Bo(t— k=) KunAo (k =t +b— i) 1(t £ k).,

=0

where the latter equality is based on Lemma 6. Summing over ¢,k =r +1,....,T —
s — (n — 1) r, multiplying by —4/N, and letting 7" tend to infinity yields the matrix
Ch2 (a,b;00) (see (A.7), (A.8) and the definition of Zy, 4, (6y)). Thus,

Cm(d,b;eo) = —T022B0<C—G)A0(C+b—i,i),

c=a 1=0

=Y Byle—a) KpAg(—c+b—iyi) . (BY)

c=a =0
It is easy to see that the first term on the right hand side equals the the first term
on the right hand side of the defining equation of Ci5 (a, b; 6p). To show the same for
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the second term, we need to show that

Ko (U)o @ 1) Z Z ( AN L 2—1/2> K, (z(l)/hy'_ﬁb_i,o ® 251/2Hi0> .

c=a =0
Using again Result 9.2.2 (5)(a) in Liitkepohl (1996) and the convention M;, = 0,

J < 0, we can write the right hand side as

Knn Z Z 7c+b Z[)®Mc CLOHZO) = _Knn Z (q];go(gZHiOMkaeri,O)

c=—o00 =0 k=—00 i=0

= Ko (V) 0®1,).

Here the latter equality can be justified by using the identity II(2) M (z) = I, to
obtain an analog of (B.6) with ¥,_; o and L_j, replaced by M,_; ¢ and 0, respectively.
The preceding derivations and the definitions (see (A.7) and (A.8)) show that the
covariance matrix of the scores of ¥; and )5 divided by N converges to Zy,9, (6)-
Block Z,, (0y). First note that, by (A.9) and independence of ¢;, we only need to
show that E (0¢: (6y) /Oo) = 0 and C (9g: (6p) /00) = Zys (6p). These facts can be
established by writing equation (A.9) as

0 _ _ 1
559 (60) = =D, (% 2255 (e, ® eor + gvec (1)),

using Lemma 6 (case t = k and 7 = j = 0), and arguments in its proof.
Block Ty (6p). As in the preceding case, it suffices to show that E (0g; (6g) /ON) =
0 and C (9g; (o) /ON) = Iy (6p). For the former, conclude from (A.10) and (9) that

9 LY
By, <379t<60)) B EAO(W ”f(pt’A) A=Ao>

n/2

_ n/2—1 Y
n/2/ ¢ FEen)
n/2

~ T N o

Here the second equality is based on the expression of the density function of p? (see

(12)), the third one on Assumption 4(i), and the fourth one on equation (13).
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That C (9g; (0g) /ON) = Zxa (6p) is an immediate consequence of Assumption 4(ii),
(A.10), (9), and the expression of the density function of p?.

Blocks Ty,, (00) and Zg,x (0p). That these blocks are zero follows from (A.7),
(A.9), (A.10), independence of ¢, and the fact that Up;_; is independent of ¢, and
has zero mean (see (5)).

Block Ty,, (0p). Consider the covariance matrix (cf. the derivation of Zy,9, (69))

T ) B 8
C <Z (yt—i-a—i & Hio) E0 l/260t> %gk (90))

=0

- Z Z Ao (07 Z) C ((&H—a—z‘—c 0y €0t)7 (5k ® eOk)) (251/2 ® 251/2)Dn

c=—o0 1=0

= =Y Ao(a—i,0) DudoDy(S5 " @ 55 )DL (= k).
=0

Here the former equality is based on (7), the definition on Aq (¢, ), and the expression
of 0g; (6y) /Do given in the case of block Z,, (6p). The latter equality is due to Lemma
6. The stated expression of Zy,, (0y) is a simple consequence of this, (A.8), and (A.9).

Block T,y (0p). Similarly to the preceding case we consider the covariance matrix

T ) B a
C (Z (yt+a—i X Hﬁo) Z3() 1/2€0ta 591@ (90)>

1=0

Z Z AO (C, @) C (6t+a—7ﬁ—c & eOt)a 2gk? (00)
oA

c=—o0 =0
[eS)

J 1 9
= A ) ) B a—i—c a—i—c & h ; 7 7 9\ av/ 2; A :|
c;oo; 0 (C @> [(PH Ut Pilo (Pt) Ut) A (Pi) I\ f (Pk 0)

1

= Z Z AO (C, l) ]Ef (Ut+a—i—c X Ut) E [pt+a—i—cpth0 (pf) T

0 2.
0 Pio)wf (pk’AO)} '

c=—o00 =0
Here the first equality is justified by (7) whereas the remaining ones are obtained

from (A.10), (9), (A.3), the independence of the processes p, and vy, and the fact that
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9g: (o) /O has zero mean. Thus, because E (vy14_; ® v¢) = n"vec(I,) 1 (c = a — i),

T ) B a
- (Z (Ytra—i ® i) Xy 1/2€0t’ 591@ (90)>

— l y a—1t,%)Vec ho( ) =

which in conjunction with (B.7) gives the desired result Zy,, (6o) = 0.

Block T, (6p). The employed arguments are similar to those in the cases of blocks
Zyo (0o) and Zy, (6p). By the independence of ¢; it suffices to consider

) 9 , B
€ (o0 00) gy 00)) = ~Df (55 ©5,"7) B (o o) 10 )|

where the expectation equals (see (9), (A.3), and (A.10))

IR TS Bl o ho()
fo(p,%)aA’f(p“A“)]‘E“@ ”E{ o2y ax ! )}

Because E (v; ® v;) = n~tvec(l,) = n~ ' D,vech(I,), the stated expression of Z,, (6,)

B | (pi0® puho () )

follows from the definitions and the expression of the density function of p? (see (12)).
Thus, we have completed the derivation of Zyy (6y).
Step 2. From Assumption 5(i) it readily follows that it suffices to prove the
positive definiteness of Zyg (y) when Vi (1) = I,z and Vg (¥og) = I,,2. First we

introduce some notation. Define the sn? x n? and rn? x n? matrices

Z Ao (k+j —1, z’)] and By (k) = [Bo (k —9)];_, ,

j=1
where, as before, Ay (k+j —,1) = Vjpj_ 1021/2®H Yo 1/2,]' =1,..,s,and By (k —i) =
Mk_ingm ® 2_1/2 1=1,....,r. We also set

A
S enrnd CC)\;))af(C Xo) d¢ - vech (1) Jy' (d % in(n+1))

Let n, = [7711; nh: M M) be a sequence of independent and identically distrib-
uted random vectors with zero mean. The covariance matrix of 7, as well as the

dimensions of its components will be specified shortly. We consider the linear process
Ty = ZQO (k) U
k=1
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— [ / / 1
where x; = [z}, 2, 2%, 2),] and

[ B, (k) 0 0 (.
G | AW AR AG=DAGE-)D, 0
- 0 0 —1(k=1)D,(Z"©5*)D, 0
0 0 1(k=1)F 1(k=1) 14

With an appropriate definition of the covariance matrix of 7, we have C () = Zgpg (6y).

This is achieved by assuming

. TOIn2 Knn ,
C (7715) = dlag : J() : I)\)\ (90) — F()JOFO ,
K;m ‘To[nz

where the first block defines the covariance matrix of [}, 75, Thus, [}, 75:]; M3
and 7),, are uncorrelated and the dimension of both 7, and n,, is n? x 1 whereas
the dimensions of 73, and 7, are (n(n+1)/2) x 1 and d x 1, respectively. The
dimensions of x;; agree with those of n,, (i = 1, ...,4). By straightforward calculations
one can check that the equality C(x;) = Zyg (0g) really holds (with Vi (¥19) = L2
and Vy (¥99) = I,,2). Here we only note that for Zyy (fp) the calculations yield the
expressions given for Cys (a, b; 0p) and Cy (a, b; 0p) in the derivation of Zy,y, (o) and
Zy,9, (6o) (see (B.8) and (B.9)) and that for Zy,, (fy) equation (B.7) can be used.
From Lemma 1 and the fact that K, is a permutation matrix it follows that
the first block of C (n,) is positive definite. Indeed, this is implied by the positive
definiteness of Tol,2 — Ty K/, Kun = Toln2 — Ty 1,2, which clearly holds because
7o > 1. That Jj is positive definite follows from Lemma 6 whereas the positive defi-
niteness of the third block of C (7,) holds in view of Assumption 5(ii) and the identity
Tox (00) — FoJoF}, = Tox (00) — T (00) Lo (80) " Z,a (65), which can be checked by
direct calculation. Thus, the whole covariance matrix C (7,) is positive definite.

The preceding discussion implies that we need to show that the covariance matrix

C (z;) is positive definite. This holds if the infinite dimensional matrix [G, (1) : G (2) : - -

is of full row rank. First note that the first block of rows is readily seen to be of full

row rank. Indeed, using the definition of B, (k) it is straightforward to see that
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the matrix [By (1) : -+ - : By (r)] (rn? x rn?) is upper triangular with diagonal blocks
Xy 12 Yy 1/2 and, therefore, of full row rank. The last two block of rows are also
linearly independent because the covariance matrix of |25, 2/,]" equals that of the
scores of ¢ and A, which is positive definite by Assumption 5(ii). It is furthermore
obvious that these two block of rows are linearly independent of the first block of
rows. Thus, from the definition of G, (k) it can be seen that it suffices to show that
the infinite dimensional matrix [A, (—1) : Ay (—2) : - - -] is of full row rank. We shall
demonstrate that the matrix [A, (1) : -+ : Ay (—r — s)] (sn?® X s (s + r)n?) is of full
row rank. For simplicity, we do this in the special case s = 2.

Consider the matrix product

5, g ® 0

: S5 gy @ Bt/
5, P, ® 3 :

0 261/2HT0 2 E1/2

>0 (i Yejmiollio @ I) - 327 (3000 Wo1-jmiollio ® Hﬁ‘o)

| 2o (e Wimjmiollio @ 1) 3770 (3070 Wojmiollio ® 1)
>0 (= Ljo ® ITj) o (= Ljr10 @ 1T

i > =0 (—Lj10® H;'o) Zj:o (—Ljo® HS‘O)

where the equalities follow from the definitions and from (B.6) by direct calculation.
We shall show below that the last expression, a square matrix of order 2n? x 2n?
is nonsingular. Assume this for the moment and note that the latter matrix in the
product (B.10) is of full column rank 2n? (because Ilgg = —1I,, ). Thus, as the rank
of a matrix product cannot exceed the ranks of the factors of the product, it follows
that the matrix [A, (—=1):---: Ay (—r — 2)] has to be of full row rank 2n?.

To show the aforementioned nonsingularity, it clearly suffices to show the nonsin-

49



gularity of the matrix

Z;:O <_Lj0 ® Hg'o) Z;:o <_Lj+1,0 ® H;'o) Iz =@y ® Iy,
i Z;:o (_LJ'—LO ® HQ‘O) Z;:O (_LJ’O ® HQ‘O) 0 I
I, Lig—@ " L; L; — L;o®
_ 10 10 ® [n . Z 70 7+1,0 70*10 ® H;O
0 I, j=1 Li10 Ljo— Lj_10P10
I, 0 " L; Li_1o®
_ ® [n . Z 30 j—1,0%20 ® H;O
I 0 I, j=1 Li_10 Lj_20P

As in the proof of proof of the nonsingularity of the matrix H 1, we have here used the
identity Ljo = L;_1,0P10+Lj_20P20 with Loy = I, and Lj, = 0, j < 0, as well as direct
calculation. In the same way as in that proof, we can now show the nonsingularity of
the last matrix by using the fact that this matrix can be expressed as

Io®1, — Z (B ®1l)) = (Py® I,) <In2 I, — Z (D} ® H}o)) (Py'@1,),

j=1 j=1
where ®( is the companion matrix corresponding the matrix polynomial 7,, — 192z —
Py02? and ®o= PyD P, s its Jordan decomposition (cf. the aforementioned previ-
ous proof). The determinant of the matrix on the right hand side of the preceding
equation is a product of determinants of the form det (In — > Wer? ) where v
signifies an eigenvalue of ®,. These determinants are nonzero because, by the latter
condition in (4), the eigenvalues of ®, are smaller than one in absolute value whereas
the former condition in (4) implies that the zeros of det I (2) lie outside the unit disc.
This completes the proof of the positive definiteness of Zyy (6y).

Step 3. The asymptotic normality can be proved in the same way as in previous
univariate models (see Proposition 2 of Breidt et al. (1991)). The idea is to use (5)
and (7) to approximate the processes u¢—; (o) and y4j—; (i =1,...,r, j=1,...,5) in
0g; (0p) /0Y1 and Og; (6p) /04, respectively, by long moving averages. This amounts
to replacing dg; (0g) /00 by a finitely dependent stationary and ergodic process with

finite second moments. As is well known, a central limit theorem holds for such a

process. The stated asymptotic normality can then be established by using a standard
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result to deal with the approximation error (see, e.g., Hannan (p. 242)). As in the

aforementioned univariate case, one can here make use of the fact that the coefficient

matrices in (5) and (7) decay to zero at a geometric. Details are omitted. [

Proof of Lemma 3. In the same way as in the proof of Step 1 of Proposition 2 we

consider the different blocks of Zyg (0y) separately. For simplicity, we again suppress

the subscript from the expectation operator and denote E (-) instead of Eg, (-).

Block Zg,s, (0p). Using the independence of ug;—; (i > 0) and eq; along with (B.3)

it can be seen that the first term on the right hand side of (A.12) evaluated at 6 = 6

has zero expectation. Thus, it suffices to consider the expectation of the second term.

To this end, recall the notation ¢, = % 1 2et and define

Wi, (a,b) = 2E [ho (her) (wor—atth,_y @ Syt)]

W, (a,b) = 4B

and

Wi, (a,b) = —4E

1" (glgt) B B

(ho (£h20)” (to-atips—y @ Ty 'ereiT5")]

Using these definitions in conjunction with (A.11), (A.1), and (A.5) we can write the

aforementioned expectation (see (A.12)) as

0
(uO,tfa ® I,) Xy i 819' (00)}

, 0
hO (5t5t) (UOt a® 1 ) E0 819/ (19(])}

3 (e )
o (e © 155 el e 00)]

. )
(ho C120) (10100 8 1) S5 e (0

0 0
_ v 2 5 (00) (WD, (@.5) + W3, (a.8) + W3, (a.0) o™ o).

a,b=1

We need to show that the last expression equals —Zyg,9, (6o), which follows if 377 Wé?ﬁl (a,b) =

—C1y (a,b) ® 5. To see this, conclude from the definitions, (9), and the fact
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C (v¢) = n~1I, that

"

Wil (@ b+, (0.0) =2 B (ho () + 2B (0] (8 (uasah ) 9 557).

Using definitions and the expression of the density of p? (see (12)) yields

s+ (48

— L/Q ~ n/2—1 p/ z = n/2 pn )
— o ([ ern@ace 2 [T ergoa

" § > n/2—1 gt z n/2 pt co o0 n/2—1 ¢1
S ([Cemn@acs 2ergor - [Terigow)
0,

where the last two equalities are justified by Assumption 6(i). Thus, we can conclude
that W), (a,b) + W52, (a,b) = 0.
Regarding Wé%l (a,b), use again (9) and the fact C (v;) = n~'1, to obtain

4
Wi, (@,b) = =B [pf (ho (6}))"] B (uo-atip—s) © T4

= —j,E (UO,t—au(),t—b) ® %0,

by the definitions of kg (-) and j, (see (14)). Thus, because j,B (uos—quf, ;) =
Ch1 (a,b), we have 7 Wéi)ﬂl (a,b) = Cy (a,b) ® 5y, as desired.

Block Zy,9, (0p). The first term on the right hand side of (A.13) evaluated at
0 = 0y has zero expectation by arguments entirely similar to those used to show
that the expectation of dg; (6y) /05 is zero (see the proof of Proposition 2, Block
Ty,9, (00)). Thus, it suffices to consider the second term for which we first note that

" n %
R

7.‘.71/2

T2 <<n/2+1f5 (Q‘:o‘ H;Q/OOOC”/QJ% (C)dc)
= n(n+2)/4, (B.12)

where the last equality is justified by Assumption 6(i) and (B.1).
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Next define

r

ho (5:5515) Z (yt+a—iy£+b—j ® Hgozalnjo)

1,7=0

W, (a,b) = 2B

Y

W, (a,b) = 4B

" 8’6 T B B
0 ( /t 2 (yt+afiyzle+bfj ® I8 eer By 1Hj0)
foleter) =

and

T

(h/O (5251&))2 Z (yt-‘ra—iyz/f_i,-b_j X Hgozo_letegzalnjo)

1,5=0

W, (a,b) = —4E

Using these definitions in conjunction with (A.11) and (A.6) the expectation of the

second term on the right hand side of (A.13) evaluated at § = 6y can be written as

QZ (979 o (V20) B

r

i O
> Wrras @ ) S5 27t (00)

i=0 819
f(/) (82675) a / / -1 a
= 2 19 a—i . H Z H ; 19
Z 319 20) o (2he) Z;) (Yr+a-iliso—y © MipXg ' o) o, ¢y (V20)
44 Z (9 - 0 (g1e0) (Ueraitiy» ® N5 e 55 o) i¢ (920)
ab— 1819 ) | fo(e161) z‘Z,jo Prazidieb=y = H0T0 TR0 0T gl T A0
E _fé (ciet) 5 / 1 =1, -1 9
—4 19 a—1 i I, > 1L - s
o 1819 ) _<f0 (le) z§]o (Yera-iero; ® Mg Eg e X5 ' To) (‘9192%( 20)

)
_ Z 019 (¥20) [W(i) (a,b) + W (a,b) + WS, (a,b) AL (¥20) .

a,b=1

Thus, to show that the last expression equals —Zy,y, (o) it suffices to show that

ZZ . VVM92 (a,b) = —Cy (a,b,;6). To this end, first note that, by (7),

ng;)b (a’ b) = 2 Z Z hU 6tgt cO€t+a—i—c€;+b_j_d\Ij£lo & H;OZalﬂjo)}

4,j=0 ¢c,d=—o00

2 ~ < - -

= EE(p?)E(hg(eget)) E E Ap(c+a—i,i)Ag(c+b—7,7)
i,j:Oczfoo
c#0

— > Ag(a—i,i) Ao (b—j,j),

i,j=0
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where, as before, Uyo%, 2 I 2_1/ > = Ag (k,i). The latter equality is a straightfor-
ward consequence of (9), (B.1), and the fact C (v;) = n™'1,.
For Wéib (a,b) one obtains from (7)

gie _ _
Wg?z (a,b) = 4 Z Z { (( O 2 (Weo€rra—i—ceryp—j—aPio @ Mgy e 3 ' TLo)
t

4,7=0 ¢,d=—00 t

4 2 Jo (p?)
_ EE('O ( s ((Z% )Z Z Ag(c+a—1,i) Ag(c+b—17,7)

INE Oc* oo

+m( )Z%aﬂZ@MMM%W%m

where the latter equality is again obtained from (9) and the fact C(v;) = n™'1,.
From (B.11) and (B.12) we can now conclude that

W192192(ab)—|—W192192ab = —ZZAO (a—1,i) Ao (b—17,J)
1=0 75=0
n(n + 2) ZZAO a—1,1) B (v, @ vv)) Ag (b— 4, 7) -
=0 7=0

Next, arguments similar to those already used give

3 _ _
Wzgzz% (a,0) = —4 Z Z [ (ho (g1€¢)) (W00€t+a—i—c€;+b—j—d‘lﬂdo ® I e Xy 1Hj0)]

%,7=0 ¢c,d=—o0

r

4 (o)
= —;E(p?)E[p? (ho (61))°] D= 3 Ao(e+a—iyi) Ag (c+b— j,j)
c£0

4Mm%m}z%aﬂszWMMwwﬁ

4,7=0

= —T Z Z Ag(c+a—iyi)Ag(c+b—7,7)
1,j=0 c=—o00
c#0

—4) " Ag(a—i,1) DypJo D}y Ao (b— j, j)

i,j=0
Here the last equality follows from the definitions of g, %5, and Jy (in the term

involving Jy (B.7) has also been used).
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From the preceding derivations we find that

r

3 00
ZW%% = —TOZ ZAO(c+a—i,i)Ao(c+b—j,j)

i=1 1,j=0 c=—00
c#0

— i Ao (a —1,1)[4D, Jo D), + I, — n(n + 2)E (vv] @ v;)] Ag (b—7,7) -
i.j=0
That 37, Wé?ﬁz (a,b) = —Ca (a,b,;6y) holds, can now be obtained from (20) by
observing that E (ve] ® vw)) = E [(vec(v})) (vec(vv)))’] and that the impact
of the term vec(I,)vec(l,) in (20) cancels by equality (B.7) (see the definition of
Co2 (a,b,;60)).
Block Ty,y, (0p). First conclude from (A.14), (A.11), (A.6), and (9) that

o2 . , )
819 6’19, gt = 2 Z Z 879 1910 (In ® EO 1/2€t (90)> (yt+b—a ® In) 8_19/2¢b (1920)

a=1 b=1
r

/ _ 0
—2 Z Z 819 o (V10) ho (€161 Z (Uo,t—ayt+b_i ® Xq 1Hi0) 37% (920)
2

a=1 b=1 i=0
a _ _ 0
—4 Z Z 819 a (U10) ho (€164) Z (UO,t—ay£+b—i ® Xg e X 1Hz‘0) 8_19'2% (20 -

a=1 b=1 =0

In the first expression on the right hand side,
(In ® 261/2@ (90)> (yg-s—b—a ® [n> = ho (e16¢t) K (Ealety£+b—a ® In)
by the definition of e, (fy) and Result 9.2.2(3) in Liitkepohl (1996). Define

W, (a,0) = 2K, [ho (ehe) (S5 ettiny—o @ 1n)]

T

ho (g3€¢) Z (UO,t—ay£+b—i ® Ealnio)

=0

Wy, (a,b) = —2E

Elet) o _ -
0 (€1 Z (uO,t—ay7/t+b—i ® g e X 1Hz‘0)

W (a,b) = —4E
Y192 ( ) fO (5t€t> g

and
T

(h[) (82875))2 Z (UO,t—ay;H_b_i ® Ealetﬁgzalnio)

=0

Wis), (a,b) = 4B
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We need to show that 377, Wé?% (a,b) = —C1a(a,b;60p). The employed arguments,
based mostly on (5), (7), (9), and the fact C (v;) = n~'1,,, are similar to those used

in the previous cases. First note that

Wéiz% (a,b) = 2K,, Z [ho (ghe1) (B0 €teprpacVho @ 1) ]

C=—00

2
= EE [p%ho (p?)] Knn (\I];)—a,ﬂ ® [n)
= _Knn (\Ijg—a,ﬂ ® In) )

where the last equality is due to (B.1). Next,

Wgzﬁ (a,b) = _22 Z ZE [0 (g16) (Meo€t—a—c€ipp—i—aWao @ T 'Thio) |
c=0 d=—oc0 i=0
2 o s
- _EE (pt hO pt ; £ COEO\II,+a+b i,0 ®2 1]-_-[10)
and
(3) — . fél (5251?) / / 1 Iv—1
Wyys, (@,0) = _42 Z ZE fo (eher) (Meo€t—a—c€irpi—aPao @ T 'ere; Ty ' Thio)

T

4 5 (07)\ < B
= Tl (v) B (p,? f(()) (ﬂt;) > ' (MaoX0 %04 gipi0 ® T ' Thp) -

From the preceding expressions and (B.11) it is seen that Wéfz% (a,b)+ qui’z% (a,b) =
0.
Regarding ng2 (a,b), we have

Wiy, (ab) = 4> > ZE[(ho (eher))? (Mcget_a_ce;er_i_d\IlilO®Zglete;Zalﬂi0)}

c=0 d=—o00 =0

4
- ﬁE (p?) E [pt ho pt i| Z Z COEO\IJ/+a+b i,0 & E HZO)

c=0 =0

= T[)ZZ c— aOEO c+b 20(8E 1H10)

c=a 1=0
where the last equality holds by the definitions of hg(-) and 7¢. Combining the
preceding derivations yields Zle Wé%Q (a,b) = —C12 (a,b; 0p), as desired.
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Block Z,, (0p). From (A.15) and (9) we obtain

82
9000t (6o) = ho(eer) (6 @€ @ Dy) (L, @ Knp @ 1)

x [Zot @ Xt @ vee (Bg1) 4 vee (551) @ 85" @ X5 Dy,
hy (ehen) D(So ™ @ 86 %) (e @ ) (S5 © 8 ) D,
+ %D; (Z' @251 Dy
The first term on the right hand side consists of two additive terms. Using (9) and

taking expectation the first one can be written as

E (p?ho (p?)) <Vec (2 E (v0) 21/2) ® D;> (I ® Ky ® 1)
x (3! @ 55t @ vee (3g1)) Dy,
1
— _ED; (vec (30) @ L2) (I, @ K @ 1) (25" @ B5' @ vee (X)) Dy,
1
= ——D (3 'ex ™ D,.
Ly (s s
Here the former equality is based on (B.1) and the fact E (vsv)) = n~1I, whereas the

latter can be seen as follows. Let By and By be arbitrary symmetric (n x n) matrices

and consider the quantity

vech (By)' Dy, (vee (30)' @ L2) (In © Kpn ® 1) (35! @ 357" @ vee (351)) Dyvech (Bs,)
= vec(By) (vec(5y) ® 1n2) (In ® K ® 1) (S5 @ 5g7) vec (Bz) @ vee (3))
= vec(By) (vec (0)' @ I2) (I, ® Ky ® 1) (vec (5" BoXg ') @ vee (551))
= vec (By)' (vec (Z9) @ I2) vec (Sg'BoXp ' @ £p)
= vec(B1) (25 BSy ' @ Bp ) vec (E)
= vec(By) vec (7' B3 )
= vech(By) D), (35" @ £¢') Dyvech (Bs,)

Here the third equality follows from Liitkepohl (1996, Result 9.2.2(5)(c)) whereas the
other equalities are due to definitions and well-known properties of the Kronecker
product and vec operator (especially the result vec(ABC) = (C' ® A)vec(B)). Be-

cause By and By are arbitrary symmetric (n X n) matrices the stated result follows and
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in the same way it can be seen that a similar result holds for the second additive com-
ponent obtained from the first term of the preceding expression of 9%g; (0y) /0cdo’.

Thus, we can conclude that
92
E (ao_ao_/gt (00)) = D;«L(E 1/2 X N 1/2)E [h{) (g:egt) (5155; ® 5155;)] (2—1/2 ® 2_1/2) Dn

_1 ! -1 -1
2Dn(2 ® X)) D,

Using (9) and (A.1) one obtains

"( 2
Bl ez (el o] = [B () B (o (ho (1)) | B0t )
o (0
+2 .
= %E (0] @ vy — B (V] ® Vi),

where the latter equality is based on (B.12) and the definition of 4y (see (15)). Thus,

0? 1 / ,
o (6’06’0"% (90)) - ZD;(E V225512 [n(n + 2)E (0,0}, @ v)) — 2L,e] (3 @ £, /%) D,

— 4D (S5 @ S E (v © v (S92 @ 252 Dy

Because E (v,v], ® vyv}) = D,E ((vech(vyv}))(vech(vyv})) D!, the right hand side equals
—T,, (o) if the expression in the brackets can be replaced by vec([,,)vec(I,,)’. From
(20) it is seen that this expression can be replaced by vec(l,)vec(l,) + Kun — Ly2.

Thus, the desired result follows because
(Ko — Ln2) (352 @ 35 /Dy = (552 @ 55 %) (K — I2) D,y = 0

by Results 9.2.2(2)(b) and 9.2.3(2) in Liitkepohl (1996).
Block Iy, (0p). By the definition of Z,, (6y) and (A.17) it suffices to note that

1 o? B 7.(.71/2 oo njon 92 ‘ -
f(pt,)\g)a)\a)\/f(pt’ )] ——p(n/Q)/O ¢ 18)\8>\/f(C,>\o)dC—0

where the former equality follows from (12) and the latter from Assumption 6(ii) (cf.

the corresponding part of the proof of Proposition 2, Block Z,, (6y)).

Blocks Ly, (o) and Zy, \ (fp). The former is an immediate consequence of (A.16),
the independence of ¢; and J¢; (Jy) /01, and the fact E (¢, (Jg) /0U1) = 0 (see (A.5))
which imply E (8%g; (6y) /09100") = 0.
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As for Zy,» (0g), it is seen from (A.18), (A.1), and (A.5) that we need to show that

1
B fo (gter)

and similarly when 1/ f, (€}e;) is replaced by f! (ie;) / (fo (€)e:))?. These facts follow

(g -0 @ I,) 25" eta)\,f (glei; M) =0, a=1,..,r,

from the independence of up;—, and € and E (ug;—,) = 0.

Block Zy,, (0p). From (A.16) and (A.6) we find that

62
99,007 (00)

T

= 2k (e Z 39,9 (V20) D (6@ Y0 ® ) (S5 @ T5") D,

a=0
!/ / a - / — —
—2hq (€161) Z 8_192¢b (U20) Z (Yrap—a @ I0) Sgle (6, @ €) (S @ X7 D,
b=1 a=0

By independence of ¢; and equation (7), y;,,_, on the right hand side can be replaced
by Wy_, 06 when expectation is taken. Thus, using the definition of e; (see (A.2))
and straightforward calculation the expectation of the first term on the right hand

side becomes
_22 (‘3_192¢b (Y20) ZE [eOt @ Up_q06 @ ISy 1/2 (50 12 g e 1/2)Dn

— —Zii¢b (1920)iz40 (b—a,i)E|(ep; @ @ I1,)] (3, 1/2®E 1/2)Dn

b=1 8192 a=
s a r
= 8_192¢b (1920) Z AU (b — a, Z) (E 1/2 X Y 1/2)Dn7
b=1 a=0

where, again, Ay (b — a,i) = ¥;_ a021/2 ® I %, /2 and the latter equality is due to
E(ey, @ e @ I,) = B(erep, @ I,) = =272 (see (B.4)).

The expectation of the second term in the preceding expression of 9%g; (6y) /09200
can similarly be written as

T

_ 1/2 —1/2
—22819 (920) B [ 1 (hee) Y (Va6 ® o) B ey (e ® 1) | (g @3 %) Dy,

a=0
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where, by (9) and (A.1), the expectation equals

_ ( (n+2) )ZAOb—az (v, ® v,u)) .

Here we have used (B.12), the definition of %y (see (15)), and straightforward calcu-

} E[Pt (ho (p}) }}ZAO (b—a,i)E(vv] @ v})

lation. Combining the preceding derivations shows that

0? : +2)\ «— 0 - . , :
E (819 579" (90)) = 2 <7,0 _ %) 0. (V20) > Ao (b — a,i) B (0] ® vyuy)
b=1 a=0

x (S5 1/2®Z 1/2)Dn

r

s a »
+Za_192¢b (930) > Ag (b—a,i) (3> @ 55 *) D,
b=1 a

=0

- 22 i¢b (990) Y Ao (b—a,i)D,JoD. (X, /2 o 1= 1/2)Dn,

where the last expression equals —Zy,, (fy) and the latter equality can be justified by
using the definition of Jy, the identity (20), and arguments similar to those already
used in the case of block Z,, (6p) (see the end of that proof).

Block Ty, (6p). From (A.18) and (A.6) it is seen that we need to show that

r

3 1 0

B |- Wami ® p) B o f (e o) | =0, a=1,...m,
—0 |:f() (82{:}) (yt+ ® 20) 0 6ta/\/f <€t€t7 0):| , a r
and

ele 0 !
Z { ]{O Etgt)) (Yta—i @ I} )Eglﬁtwf(éftgt?)w)} =0, a=1..,m
—0 O tet

The argument is similar in both cases and also similar to that used in the proof of
Proposition 2 (see Block Zy,» (6p)). For example, consider the former and use (7) and

independence of ¢, to write the left hand side of the equality as

T

ZE [ﬁ (\Ila i,0€¢ ®H )EO €t a)\/f (€t€t,/\0):|

=0 €ict)
2

- .. t a !/ 2
;AO (a—1i,1)E (v, @) E fop(p%)ﬁf (pt;)\o)},
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where that equality is due to (9). Because E (v; ® v;) = vec(E (viv})) = n~tvec(I,,)
the last expression is zero by (B.7). A similar proof applies to the other expectation.

Block I, (6p). One obtains from (A.19) that B (9%g; (6p) /OoON) is a sum of two

terms. One is

— — 1 9 Iy -
DL O S B | a (eia)| = D45 8 5 B s v)

2
Py 0 )
x E () |

{fup%)mf (415 20)

where the equality is based on (9) and, using (12), the last expectation can be written

as

B 7Tn/2 ) 00 n/2 gt s, B
i~ sy | @ o =0

7.‘.71/2 00 n/2 ) o
el A AR

Here the former equality is justified by Assumption 6(ii) and the latter by (B.1).

A=Xo

By similar arguments it is seen that the second term of & (9%g; (6) /OcdN) becomes
—TZ,x (6p). O

Proof of Theorem 4. First note that our Proposition 2 and Lemma 3 are analogous
to Lemmas 1 and 2 of Andrews et al. (2006) so that the method of proof used in
that paper also applies here. That method is based on a standard Taylor expansion
and, an inspection of the arguments used by Andrews et al. (2006) in their proof
of Theorem 1, shows that we only need to show that the appropriately standardized

Hessian of the log-likelihood function satisfies

T—s—(n—1)r 92 o2
—1 - o p
s [N S () - )| Bo. By
t=r+1

where O is some small enough compact neighborhood of 6, (cf. Lanne and Saikkonen
(2008)). From the expressions of the components of 92g;(6)/9006 it can be checked
that 0%¢;(0)/0000" is stationary and ergodic, and, as a function of 6, continuous.
Hence, a sufficient condition for (B.13) to hold is that 9%g;(0)/9006" obeys a uniform

law of large numbers over Oy, which is turn is implied by
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W%(G)H) < o0 (B.14)

Eo, (sup
[ASSH
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(see Theorem A.2.2 in White (1994)).

We demonstrate (B.14) for some typical components of 9%¢,(0)/0000" and note
that the remaining components can be handled along similar lines. Of 9°g,(6) /09,019
i,j € {1,2} we only consider §%g;(0)/09,09,. In what follows, c;, cs, ... will denote
positive constants. From (A.14), Assumption 3, and the definitions of the quantities

involved (see (A.2), (A.11), (A.6)) it can be seen that

52
E — (0 < E i (¥9)
o (2 foaoo]) = i (g e 015 | 00
4ol su u—; (02)]] || =€
2%@&2@“ QHH t)w
< 3By, (||yt|| Sup |h (e (9) S 'e (19);)\)‘)

+c4By, (HytH4 sup |A' (e, (9) 7€ (9) 5 A) |> :
[ISCH
The finiteness of the last two expectations can be established similarly, so we only

show the latter. First conclude from (A.1) and Assumption 7 that, with ©¢ small

enough,

as
sup |B (e, (9)' 7' (0);0)| < 2a1 + 24, (sup e (9) e (19))
0€0g 0€Oq

< a1+ sup a0

[UASICH)
< oo (L [lwl*™)

where the last equality is obtained from the definition of ¢; () (see (19)) and Loeve’s
c,—inequality (see Davidson (1994), p. 140). Thus, it follows that we need to show
the finiteness of Ey, (Hyt||4+2“3) or, by (7) and Minkowski’s inequality, the finiteness
of

Eo, (leel ™) < e, (072 =

o [ G dc <o

where the former inequality is justified by (9) and the latter by Assumption 7.
From (19) and (A.15) it can be seen that the treatment of 92g;(0)/dcdo’ is very
similar to that of 92g,(#)/09,095 and the same is true for 9%g,(0) /09,00’ (i = 1,2) (see
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(A.16), (A.5), and (A.6)). Next consider 9%g;(0)/ONON'. The dominance assumptions
imposed on the third and fifth functions in Assumption 7 together with the triangular
inequality and the Cauchy-Schwarz inequality imply that, with ©( small enough,

92

E — (0 <2 2a5 19’2‘1193
o (g [gxgrane)]) < 20 20 ( (o)),

where the finiteness of the right hand side was established in the case of 92¢,(6) /919, 005.

The treatment of the remaining components, 92g,(0)/99;0\" and 9%g,(0)/dadN, in-
volve no new features, so details are omitted.
Finally, because

T—s—(n—1)r
— (T — s —nr) " 9%p(0)/9000' = — (T — s —nr) ™" Z 8.(0)/9000',

t=r+1

the consistency claim is a straightforward consequence of the fact that 9%g,(6)/0006'

obeys a uniform law of large numbers. This completes the proof. [
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Figure 1: Quantile-quantile plots of the residuals of the VAR(2,0)-N (upper panel)

and VAR(1,1)-t (lower panel) models for the changes in U.S. GDP, government ex-

penditure and government revenue.
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Figure 2: Quantile-quantile plots of the residuals of the VAR(3,0)-N (upper panel)
and VAR(2,1)-t (lower panel) models for the U.S. term structure data.
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Table 1: Results of diagnostic checks of the second-order VAR models for examining
the presence of fiscal foresight.

Model
VAR(2,0-N VAR(2,0)-t VAR(1,1)-t VAR(0,2)-t
0.994 0.712 0.733 0.843
Ljung-Box (4) 0.194 0.038 0.065 0.021
0.633 0.272 0.160 0.281
0.084 0.111 0.767 0.940
McLeod-Li (4) 0.103 0.085 0.762 0.687
1.66e—7 1.47¢-9 0.969 1.80e-8
Log-likelihood -960.407 -967.489 -944.947 -949.472

VAR(r, s) denotes the vector autoregressive model for (AGD P, AGovernment
expenditure, AGovernment revenue)’ with the rth and sth order polynomials II(B)
and ®(B~1), respectively. N and t refer to Gaussian and t-distributed errors, respec-
tively. Marginal significance levels of the Ljung-Box and McLeod-Li tests with 4 lags
are reported for each equation.
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Table 2: Estimation results of the VAR(1,1)-t model for (AGDP, AGovernment

expenditure, AGovernment revenue)’.

~0.064  0.107  —0.049
(0.091)  (0.075)  (0.016)
~0.046  -0.093  0.012

Hl
(0.111)  (0.104)  (0.024)
0.192  -0.065  —0.333
(0.315)  (0.205)  (0.071)
0.244 0.006 0.072
(0.104)  (0.060)  (0.022)

o, -0.320  0.268 0.066
(0.167)  (0.093)  (0.045)
0.607  -0.045  0.389
(0.278)  (0.176)  (0.071)
0.165 0.071 0.346
(0.024)  (0.017)  (0.055)

. 0.071 0.305 0.156

(0.017)  (0.040)  (0.053)
0.346 0.156 2.141
(0.055)  (0.053)  (0.295)

8.253
(0.954)

The figures in parentheses are standard errors based on the

Hessian of the log-likelihood function.
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Table 3: Results of diagnostic checks of the third-order VAR models for the term
structure.

Model
VAR(3,0-N VAR(3,0-f VAR(2,1)-¢t VAR(L,2)-t VAR(0,3)-
I jung-Box (4 0.710 0.005 0.134 4.58¢5 0.003
JUNS-Hox 0.725 0.014 0.976 0.002 0.155
. 5.83¢ 5 0.011 0.478 6.07c 5 0.058
McLeod-Li (4)  ggc. 4 0.103 0.879 0.001 0.199
Log-likelihood  —261.443 ~110.307 ~03.960 7106453  -106.012

VAR(r,s) denotes the vector autoregressive model for (Ary,S;)” with the rth and sth order
polynomials TI(B) and ®(B~1), respectively. N and t refer to Gaussian and t-distributed errors,
respectively. Marginal significance levels of the Ljung-Box and McLeod-Li tests with 4 lags are
reported for each equation.
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Table 4: Estimation results of the VAR(2,1)-t model for (Ary, S)".
-0.532 0.464

I
(0.107)  (0.138)
0.248 0.257
(0.156)  (0.143)
-0.338  0.306
1,
(0.055)  (0.097)
0.461  -0.018
(0.094)  (0.129)
0441  -0.136
1
(0.076)  (0.041)
~0.191  0.658
(0.201)  (0.096)
. 0.123  —0.095
(0.023)  (0.043)
~0.095  0.184

(0.043)  (0.074)

8.187
(1.214)

The figures in parentheses are standard errors based on the

Hessian of the log-likelihood function.
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