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Abstract

In this paper we present a new technique to estimate varying coefficient models of unknown form
in a panel data framework where individual effects are arbitrarily correlated with the explanatory
variables in a unknown way. The resulting estimator is robust to misspecification in the functional
form of the varying parameters and it is shown to be consistent and asymptotically normal. Fur-
thermore, introducing a transformation, it achieves the optimal rate of convergence for this type of
problems and it exhibits the so called "oracle” efficiency property. Since the estimation procedure
depends on the choice of a bandwidth matrix, we also provide a method to compute this matrix

empirically. Monte Carlo results indicates good performance of the estimator in finite samples. [
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1 Introduction

In the last five decades, an enormous amount of literature has been devoted to the study of panel
data models. Indeed, the availability of this type of data has enriched the complexity of econometric
models and therefore, it has enabled us to extract information and inferences that were not possible
to obtain with pure cross-section or time series models. Traditionally, (see Baltagi (2005) and Hsiao
(2003)) econometric specification of this type of models was concerned with unobserved individuals
heterogeneity and its relationship with the explanatory variables. Much less concern was shown about
the robustness of parameters estimators to deviations from linearity or other distributional assump-
tions. However, as it has been already emphasized in Arellano (2003) most part of panel data models
rely on rather strong assumptions about functional forms and densities. Although in many cases these
assumptions are quite realistic, there exists situations in which the risk of misspecification is high. If
this is the case, standard estimators based in moment conditions are biased and their use might lead
to wrong inference. Among other possibilities, one approach to overcome these problems is to use
fully nonparametric regression techniques. In this context, if the individual effects are assumed to be
uncorrelated with the regressors (random effects) Henderson and Ullah (2005), Lin and Carroll (2000),
Li and Racine (2007) and Ullah and Roy (1998) propose several alternative nonparametric estimators.
If correlation between individual effects and regressors is allowed (fixed effects) then Henderson et al.
(2008) and Lee and Mukherjee (2008) propose a nonaprametric estimator that exhibits good asymp-
totic properties. Although this type of estimators are robust to incorrect specification of the regression
function they show a quite unpleasant property that is the so-called ”curse of dimensionality”. That
is, as far as the number of explanatory variables increases the rate of convergence of these estimators
becomes dramatically slower. To overcome this problem, semiparametric methods have been proposed
in the literature. What is known from previous empirical research or economic theory is modeled
parametrically whereas what is unknown for the researcher is specified nonparametrically. Partially
index models fall within this class of semiparametric models and there have been widely used in panel
data analysis. For the case of random effects see for example Kniesner and Li (2002), Li and Stengos
(1996), Li and Hsiao (1998), Su and Ullah (2010) and You et al. (2010) and for fixed effect models see
Baltagi and Li (2002) and Su and Ullah (2006).

Recently, some empirical problems such as the estimation of returns to education have motivated the
introduction of time varying coefficient models in panel data. As it has been already pointed out in
Su and Ullah (2010), varying coefficient models encompass both nonparametric and partially linear
models, and therefore they offer a quite general setting to handle a great variety of problems. In
the context of varying coefficients, random effect panel data models can be easily estimated through
standard nonparametric techniques as for the case of fully nonparametric models. However, under
fixed effects the task becomes much cumbersome. In fact, as it has been already remarked in Su
and Ullah (2010), traditional techniques for the estimation of this type of models such as standard
differencing methods are hard to use in this framework because without further restrictions it is not
possible to identify the varying parameters. Motivated by a least squares dummy variable model in

parametric panel data analysis, in Sun et al. (2009) is proposed a profile local linear estimator of the

2
Electronic copy available at: http://ssrn.com/abstract=2113037



varying parameters that is consistent and asymptotically normal. Unfortunately, as in all this type
of literature, the estimator relies on a rather strong identification assumption about the heterogeneity
component. Trying to overcome this drawback, in this paper we present an estimator that, based
in differencing techniques, does not need the type of strong identification assumptions assumed in
other contexts and furthermore it does not need of iterative procedures to achieve nice asymptotic
properties. The main idea is borrowed from Yang (2002) who proposed it in a completely different
context and consists in approximating locally at the same point different values of the same function.
The resulting estimator is obtained by a local linear kernel weighted least squares procedure. It turns
out to be consistent and asymptotically normal, although it shows a slow rate of convergence. Then,
we propose a transformation that allows this estimator to achieve an optimal rate of convergence
and a nice ”oracle” efficiency property. We also provide a method to compute the bandwidth matrix

empirically.

The rest of the paper is organized as follows. In Section 2 we set up the model and the estimation
procedure. In Section 3 we study its asymptotic properties and we propose a transformation procedure
that provides an estimator that is "oracle” efficient and achieves optimal rates of convergence. Section
4 shows how to estimate the bandwidth matrix empirically and finally in Section 5 we present some
simulation results. Finally, Section 6 concludes the paper. The proofs of the main results are collected

in the Appendix.

2 Statistical model and Estimation procedure

Let (Xit, Zit, Yit);—1 ... No—1... 7 De a set of independent and identically R+t _random variables in
the subscript ¢, where the Yj; are scalar response variables and (X, Zit);_y ... ny.4—1... 7 are explanatory

IR random variables.

We assume the response variables are generated by the following statistical model,

Yio = Xim(Zy) + s +ve , i=1,.,N ; t=1,...T, (1)

(2

where the function m (Z) = (m1(Z),--- ,mq(Z))" is unknown to the researcher and needs to be
estimated. The random errors vy are independent and identically distributed, with zero mean and
homoscedastic variance, o2 < co. Furthermore, they are independent of u;, Z;s and X, for all 4, j.
The unobserved individual effects u; are assumed to be independent and identically distributed with
zero mean and constant variance UZ < 00. Also, p; is correlated with the X;;’s and/or Z;;’s with an
unknown correlation structure. Note that, we do not assume further conditions on the p’s as it is the

case in Sun et al. (2009) where they assume Zi\i i = 0.

This econometric framework corresponds to the so called fixed effect varying coeflicient panel data
regression model. Note that correlation of unknown form in the time series is allowed. Furthermore,
independence between the v;;-errors and the X;;-variables and /or the Z;-variables is assumed without
loss of generality. We could relax this assumption by assuming some dependence based on second

order moments. For example, heteroskedasticity of unknown form can be allowed and in fact, under



more complex structures in the variance-covariance matrix a transformation of the estimator proposed
in You et al. (2010) can be developed in our setting. This type of assumption also rules out the
existence of endogenous explanatory variables and imposes strict exogeneity conditions. In this case,
it is also possible to relax these conditions by introducing a instrumental variable method as it is done
in Soberon and Rodriguez-Poo (2012). Finally, all our results hold straightforwardly for the random

coefficient setting.

Using standard nonparametric estimation methods, consistent estimation of the unknown function,
m(-), in (1) is hard to undertake. The main reason is the statistical dependence between u; and Xj;
and/or Z;;. This dependence produces systematic bias in any standard estimation procedure. As it has
been already pointed out by many authors, see in Su and Ullah (2010), there exist two different ways
to overcome this problem. One is the so called profile least squares method proposed alternatively in
Su and Ullah (2010) and Sun et al. (2009) and the other is based in differencing methods. This last
technique consists in removing the individual effects by taking differences in (1). We then obtain the

following transformation

AYir = Xgm(Zie) — Xj;_ym(Zig—1) + Avie,  i=1,.,N ; t=2,..,T. (2)

As it can be clearly remarked, the presence of the function m (+), evaluated at two different values Z;
and Z;;—1, makes cumbersome the estimation. One possibility that has been already mentioned by
some authors is to implement a two step procedure. In the first step, the whole expression X 3,; m(Zi) —
X;‘?til)m(Zi(t_l)) is estimated through a multivariate nonparametric smoother. In a second stage,
m (-) is estimated using for example marginal integration techniques. Its is clear that this estimation
procedure is not very appealing. Among other reasons it is very hard to implement, and to our
knowledge no empirical work has been developed based on these estimators. On the other side, profile
least squares methods, as we have already pointed out before, need some rather strong assumptions
that are not usually considered in panel data models framework. Furthermore, the resulting estimators
do not show the so called ”oracle” efficiency property and they are computationally intensive. In what
follows we present an estimator for m () that, based in differencing methods, it is easy to compute and
it does not rely on iterative procedures. Furthermore, applying a simple one step backfitting algorithm

the estimator achieves the optimal rate of convergence and it exhibits the ’oracle’ efficiency property.

The main idea is to approximate linearly around the same element zp, in the interior of the support of
f(Z), both m (Zy) and m (Z;;_1y). If we do so, then (2) becomes

3

Xim(Zy) - X%t—l)m(zi(tfl)) ~ AX;m(z0) + {Xth ® (Ziy — 20)T — XiT(t_l) ® (Zit—1) — Zo)T} Dy (20), (3)

om(z)
02T
m (z), can be estimated using a local linear least squares kernel estimator (see Fan and Gijbels (1995),

where D,,(z) = vec ( ) is a dg x 1 vector of first derivatives of m(-). The quantity of interest,



Ruppert and Wand (1994) or Zhan-Qian (1996)),

T

N
~ 2
ming Z Z {AYit - Zgﬂ} Ky (Ziw — 20) K (Zigi—1) — 20) (4)
i=1 t=2

where = [aT,5T]T isa d(14q) x 1 vector, @« = m(zg) is a d x 1 vector, 6 = D,,(2¢) is a dg x 1 vector
and
Zh = [AXzZ;v Xt @ (Zie = 20)" = Xy 1) @ (Zigg—1) — ZO)T]

is a 1 x d(1+ q) vector. K is a g-variate kernel such that

1
K(u)du =1 and Kg(u) = ——=K (H?u),
/ |H|1/2 ( )

where H is a ¢ X ¢ symmetric positive definite bandwidth matrix.

It is easy to verify that the solution to the minimization problem in (4) can be written in matrix form

as
a S o
S| = (Z WZ) ZTWAY, (5)
where
W = dzag {KH(Z12 — ZO)KH(ZH — Zo), ceey KH(ZNT — zO)KH(ZN(T—l) — Zo)} s
AY = [AYi,..,AYnr]T,
and
AXTy Xty ® (Z12 — 20)" = X{; ® (Z11 — 20)"
=] -

AXNr X ® (Znr = 20)" = XJI\;(T—l) ® (ZNn(r-1) — 20)"

The local weighted linear least squares estimator of m(zg) is then defined as
I
(z0; H) = eF (ZTWZ> ZTWAY, (6)

where e = (14:044xa) is a d(1 +q) x d selection matrix, I is a d x d identity matrix and Ogyxq a dg x d
matrix of zeros. Note that the dimensions of W and Z are respectively N(T' — 1) x N(T — 1) and
N(T —1) xd(1+q).

This estimation procedure, in a especial case where d = 1 and X;; = 1 can be applied to a fully non-
parametric fixed effect panel data model as the one considered in Su and Ullah (2006) and Henderson
et al. (2008). Furthermore, if we make XAm (Zi) = my (Zi) + X% Bo, for some real valued function
my (+) and (d—1) x 1 vector [y our estimation technique can be applied to estimate consistently m; (-)
and [ in either a fixed effect (see Baltagi and Li (2002)) or a random effect setting (see Li and Stengos
(1996)).



3 Asymptotic properties and the ”oracle” efficient estimator

In this section we investigate some preliminary asymptotic properties of our estimator. In order to do

so, we need the following assumptions

(B.1) Let fz,, (21), f210.2,, s (21, 22), f200,200 1,210 ) (21, 22, z3) be respectively the probability den-

sity functions of Zi4, (th,Zl(t_l)) and (th,Zl(t_l),Zl(t_Q)). Then for any point z1, (21, 22),

(21, 22, z3) respectively in the support of fz,, (z1), fth:ZI(t—l) (21, 22) and fZ1t,Z1(t_1),Z1<t_2) (21, 22, 23),

7y [z, 7 and fz.. z 7 are continuously differentiable in all their arguments. Fur-
1t 1t,41(t—1) 16, 41(t—1))%41(t—2) y g

thermore, fz,, (21) > 0, fZIth(t—l) (21,22) > 0, fth7zl<t71),Zl<t72) (21, 22,23) > 0.

B.2) Let z be an interior point in the support of fz,.. All third-order derivatives of mq (), mo (), -+ ,mq (-
1t

are continuous.

(B.3) Let (21,22) be an interior point in the support of fz,, z,,_, (21,22). All conditional moment
functions F [XitXiﬂ it = 21, Zi(t—l) = 22], FE [Xz‘tX,-T(t,l) Zit = 21, Zi(t—l) = ZQ],
E [Xi(t—l)XiT(t,l)’ Zip = 21, Zip—1) = 22}, E[AXyAXE| Ziy = 21, Zip—1) = 22],
E[AXyX[| Zit = 21, Zig—1) = 22|, E [AXitXiT(tq)
port and they have continuous first order derivatives in all their arguments. Furthermore, let

Zit = 21, Zi(t—l) = ZQ] have compact sup-

(21, 22, 23) be an interior point in the support of fthvzl(t—l)vzl(t—2) (21, 22,23). The conditional

Ziy = 21, Z,L'(tfl) = z2, Zi(th) = 3|,

moment functions E [Xi(t,l)XiT(’t_l)

E [AXitht_l)‘ Zit = 21, Zit—1) = 22, Zi(t—2) = 23} and £ [AXitXiT(t_Q)‘ Zit = 21, Zit—1) = 22, Zi(t—2) = 23

have also compact support and continuous first order derivatives in all their arguments.

(B.4) The kernel function K is symmetric about zero and compactly supported, bounded kernel such
that [wul K(u)du = ps (K) I, where o (K) # 0 is a scalar and [ is a d x d identity matrix.

(B.5) The moment function

1
T ZE [AXYAXE| Ziy = 21, Zigg_1) = 22]
¢
is definite positive in any interior point (z1, z2) in the support of f210.2, s, (21, 22).

Assumptions (B.1) and (B.5) give some smoothness conditions on the functions involved. Assumption
(B.4) includes some particularities of the kernel function. Under these assumptions we now establish
some results on the conditional mean and the conditional variance of the local linear least squares

estimator.

Theorem 3.1 Under Assumptions (B.1)-(B.5) then, if H — 0 such that N |H| — oo as N tends to
finity and T is fived we get

—1
N 1
E{m(zO;H)|X11,...,XNT,ZH, ...,ZNT} — m(Zg) = (TZB,fAXAX(ZQ,ZQ))
t
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- ZZ {,uz B3XX (20, 20) — p2 (Ky) BdAtXX_I (Zo,zo)} X tr{Hma (20) H} + op (tr{H}),
T d

and
202R (K,) R -
Var {i(zo; H)|X11, ooy XNT> Z11s ooy ZNT} = —2 5 |H| ( ZBAXAX zo,zo)) {1+0,(1)},
where
B3 (20,20) = E[AXuXa| Ziw = 20, Zir—1) = 0] f2:4, 201y (205 20) 5
AXX_
By " (20,20) = B [AXuXai—)| Zie = 20, Zig-1) = 20] 200, 2,4_1 (20, 20) 5

BtAXAX (Z07 ZO) = b [AX’LtAX@Yt“ Z’it = 20, Zi(t,l) = ZO] fZihZi(tfl) (207 ZO) .

The proof of this result is done in the Appendix. As it has already been pointed out in other works the
leading terms in both bias and variance do not depend on the sample and therefore, we can consider
such terms as playing the role of the unconditional bias and variance. Furthermore, we believe that
the conditions established on H are sufficient to show that the other terms are 0,(1) and therefore it

is possible to show the following result for the asymptotic distribution of m(zo; H):

Corollary 3.1 Assume conditions (B.1)-(B.5) hold. Furthermore, there exists a § > 0 such that
E|Y|**9 < co. Then, if H — 0 in such a way that N |H| — oo and

w3 O ma )y /NTH] — 0 (7)

r=1s=1

then
-1
VN [H[{ (z0; H) = m (20)} =a N | 0,200 R (Ku) R(Ky) <; > BpaaX (ZO,ZO)) :

as N tends to infinity.
The proof of this result is shown in Appendix.

Note that the rate at which our estimator converges is N |H|. Under the conditions established in
the propositions, our estimator is both consistent and asymptotically normal. However, its rate of
convergence is sub-optimal since the lower rate of convergence for this type of estimators is N |H |1/ 2,
In order to achieve optimality we propose to reduce the dimensionality of the problem by adding a
term that cancels asymptotically with one of the two terms and therefore the resulting estimator shows

an asymptotically optimal rate. Let
1
AV = AYi + X, _ym(Zi-) (8)

substituting (2) into (8) we get
A}/“(fl) = Xgm(Zit) + Avit. (9)



As it can be realized in (9), estimation of m (-) is now a g-dimensional problem, and therefore we
can use again a local linear least squares estimation procedure with kernel weights. If we do so, the

optimization problem to solve is the following:

N T
2
mings Y > {AYiEl) — (XFa+ X% @ (Zy — zo)Té)} Ku(Zi — ). (10)
=1 t=2

Let thl)T = [AX] XF®(Zi—20)"] a1 xd(1+q) vector and 8 = [T, 67]" a d(1+ q) x 1 vector,
(10) may be written as

T
ming Z Z {AYZ.ED - ZZ.(tl)TB}2 Ky (Zit — 20), (11)

and solving this problem we get

W () = F [ ZWTy ) gm} oo AY D, (12)
~(1) _ ()T ~()Tr - _ : (7. :
where 2\ = (7,57, ..., Zyp |7 isa N(T —1) x d(1+ ¢) matrix, e; = (I3:04¢z4) & d(1 + q) x d selection

matrix with /; denoting a d x d identity matrix and Oggzq a dg X d matrix of zeros while W is a
N(T —1) x N(T — 1) matrix.

Unfortunately m("(zo) is an unfeasible estimator for m (-). To avoid this problem we replace m (-) in
(8) by a consistent estimator, m (-; H), defined in (6) and then

AV =AY+ XT, i Zigoy: H), (13)
A}Zgl) = let—‘m (Z’Lt) + Xij(—‘t—l) [m(Z’L(tfl)’ H) —m (Zl(tfl))] + A’Uit. (14)

The local linear least squares estimator of m(zp) is then

W (20; H) = 7 ( ZWTy7(1) gm)‘l ZOT Ay ™). (15)

(1) (1) SO ) g
where AY() = [AV] ,...,AYNT] WO = diag{K(Z12 — 20), s Kt (Znr — 20)} and

AXTy, Xy ® (Zi2 — 20)"
z(1) — : :
AX{Np X{r ® (Znr — 20)"

In order to show the asymptotic efficiency of our technique we need the following additional assump-

tions:

(C.1) The kernel function K € L; and |ju|[®K (u) € L;.

(C.2) Then for any point 21, (21, 22), (21, 22, 23) respectively in the support of fz,, (1), f210.2, s, (21, 22)
and fth,Zl(t_l),Zl(t_g) (Zla 22, 23), fth < (1 < oo, fZthl(t—l) < O3 < o0 and fth,Z1(t_1),Z1(z_2) <
C3 < o0.



Note that these assumptions are devoted to ensure that both bias and variance rates for m (z9) are

uniform (see Masry (1996)). It is then possible to show the following result

Theorem 3.2 Under Assumptions (B.1)-(B.5), (C.1)-(C.2) then, if H — 0 such that N |H| — oo as
N tends to infinity and T is fized we get

-1

R 1
E{m(l)@o;H)‘XU, o XNT, Z11, -~-,ZNT} —m(z0) = (TZB'EXX(ZOO
t

'UZ(TKV“) Zt:zd: {Béﬁx (Z())} X tf’{?‘[md (Z()) H} +op (tT{H}) ’

and

-1

~ 20 R(K
Var {m(l)(ZO;H)|X11,...,XNT,ZH,...,ZNT} N|H|1/2 ( ZBXX Zo> {1—|—Op(1)},

where

BXX (20) = E[XuXai Zit = 20) f2;, (20) ,
BtXX (Z()) = F [AX“AXZ;‘ Zit = Zo] fZit (Zo) .

The proof of the Theorem 3.2 is done in the Appendix.

Then, we see that m(1)(zp; H) enjoys the same asymptotic distribution as m(!)(zp; H). This is the so

called ”oracle” efficiency property.

Finally, focusing on the relevant terms of bias and variance of Theorems 1 and 2 and following Ruppert
and Wand (1994) it can be highlighted that each entry of H,,(20) is a measure of the curvature of m (-)
at zg in a particular direction. Thus, we can intuitively conclude that the bias is increased when there
is a higher curvature and more smoothing is well described by this leading bias term. Meanwhile, in
terms of the variance we can conclude that it will be penalized by a higher conditional variance of Y

given Z = zg and sparser data near z.

4 Bandwidth selection

In this section we propose a method to estimate the variable bandwidth matrix H for each estimator.
Theoretically, one option would be to minimize some measure of discrepancy, as the Mean Square

Error (MSE), with respect to H so the optimal bandwidth matrix could be obtained as

Hopr = argmin MSE {m (- H)}



where

2
MSE{m(;H)} = E{Z{ml it) (it)}Xlit} :

Unfortunately, there are some terms of the MSE unknown so this result is not empirically useful and
it is necessary to resort to some alternative approach. In this way and following to Zhang and Lee
(2000) we propose to get an estimator of the H optimal that minimize an estimation of the MSE and
that we call the estimated variable bandwidth matrix (H).

Let X, Z be vectors of random variables such that X = (X1, -+ ,Xy) and Z = (Z,--+ ,Z;), and ® the
observed covariates vector, © = (Z111, -+ , ZINT, " " - v qi1s s LgNT> X111, XANT, -+ 5 X1, - ,XdNT)T.
Moreover, let bias (my(z0; H)|®) be the conditional bias of my (zo; H) given D, b(zo; H) = bias (m(zo; H)|D)

and the proposed MSE is

MSE{m()} = E(trE [{i(Zi: H) = m (Zi)} Xu X} {7 Zus H) = m (Zu)}| 2))
= E(0"(Z; H)UZ)b(Z; H) + tr {UZ)V ar {m(Z; H)|Z,D}})

where Q(Z) = E (XuX}.|Z). Note that
Var{m (Z; H)| 2,9} = Var{m (z0; H)| D}|5_,, and MSE{m(.)} = E[E{MSE (i(z; H)|D}|;_,, 1D],
so we may define the MSE for the local weighted least squares estimator as

MSE {m(zo; H)|D} = bT (20; H)QU20)b(20; H) + tr {Q(z0)Var {m(zo; H)|D}}.

However, given that MSE {m(zo; H)|®} also depends on some unknown quantities, to obtain H we
need to estimate both the conditional bias and variance previously. Then, taking the idea of Zhang

and Lee (2000) as benchmark we need an additional assumption:

(D.1) Let z be an interior point in the support of fz,,. All fifth-order derivatives of my(-), ma(-), -+, mg(-)

are continuous.

Thus, in the bandwidth selector procedure that we propose we first calculate the conditional bias based

on a Taylor expansion of order (¢g+1). Combining this approximation with (6)
E {i(z0; H)®} — m(z) = €l (ZTwz) ZTw ( Qv(20) Dia(20) + Q("“ (20) Dogs1)(20) + Rb(zo)) :

where Dyy(zp) = vec (7—[( )( )) and Dy(g41)(20) = vee (H(g+ )(zo)) are dg? and dq9t1) vectors that
contains the vec operator of the Hessian and the (g+1)th derivative matrix of the d-th component of

m(-), respectively, and

Qp(20) = Sp1(20) — Sk2(20), Q;()gﬂ)(zo) = Séi’“)( 0) — 543+ (z0)
T T
Sh1(20) = [5121@2(20)7-"751?1,1\17’(20)] J gH [ bﬁ; "7515{1];\/1% (ZO)] J
T (g+1) (g+1)T +1T T
S2(20) = | SB11(20)s s S werny (20)| 5 STV o) = [T o), s SiaRr 1y (20)]
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with

Sp1,it(20) = :{Xz-t ® (Zip — 20) @ (Zig — Zo)}ﬂ 7
Se2,it-1)(20) = :{Xi(t—l) ® (Zir—1) — 20) ® (Zit—1) — 20) }T] 7
[ T
ng:tl)(zo) = {Xit ® (Zip — zo)(gH)} } ,
: T
Ségjé)_l)(zo) - {Xi(ffl) ® (Zigg—1) — ZO)(9+1)} ] :

Thereby, the conditional bias to estimate is

b(z0: H) = 7 (ZTWZ> Z™WZ41)D, (16)
where
Z(g-‘rl) =
{Sh1.12(20) — Sp2,11(20)} {Sh12(20) = Shin(z0) o {8 (20) — S5t (200}
{Shnr(20) = S ner—n) (200} {5 wr(20) = Sower 1y (Z0)} o S NI(z0) = Sya 1) (20)}
and
T T T T
D = DbQ(ZO)v DbS(ZO)v T Db(g+1)(20)

is a vector of unknown functions that need to be estimated. For convenience we take g = 2 so 23 is a
N(T — 1) x dg*(1 + q) matrix and D3 a dg*(1 + ¢) x 1 vector.

To estimate the vector D3, we use a local polynomial regression of order g = 3 (¢> 1) with a bandwidth

matrix H, so

~ ~1
T 5T
Do =l (Z0oyWiZigin)  ZluyWeAY, k=2, 4 (17)
where W, = diag { K, (Z12 — 20)Ku.(Z11 — 20),- -+ Ki, (Znt — 20)Kn, (Znr-1) — z20)} isa N(T —

_ : : . 4
1) x N(T — 1) matrix, e = <0quxd(1+zlg—i qg):qukxqu:Oquxd(zg_kHqg)> is a dg® x d(1+ 3, ¢9)

vector where I is an identity matrix and 0 a matrix of zeros.

Note that the initial bandwidth matrix H, can be obtained by the minimizer of some residual squares

criterion (RSC), as Fan and Gijbels (1995), and then the conditional bias can be already estimated.

Secondly, we calculate the conditional variance that can be written as

Var {i (z0; H) |D} = ¢! (ZTWZ) ZTWywZ (ZTWZ)_IeI

where V = E (AvAvT|D) is a N(T' — 1) x N(T — 1) matrix that contains the V;;’s matrices described
n (31). Using the information of (31), V = 02A where A is a N(T —1) x N(T — 1) matrix of constant,

the variance can be rewritten as

~ [~ ~\ —1
Var {i(z0; H)|D} = T (ZTWZ) ZTWAWZ (ZTWZ) e102. (18)
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To calculate (18) we need to estimate the unknown quantity o2 for which we use the following nor-
malized weighted residual sum of squares from a (g+1)th-order polynomial fit

N T
~ 1
0'12; = ~—r — Z Z (A}fzt AYMt) KH (Zitfzo)KH* (Zi(t_l)*Z()),
tT(W*) —1ir {(Z(g+1)W*Z(g+1)) ( +1)W AW Z(g+1)} i=1 t=2
(19)

where AY,;; = 7T

(g+1)it D+ Avyie, g = 3, Avy is the idiosyncratic error term and

~ ~ ~ T - ~r ~ -1
AY. = [AVaz, s AVnt | = Zigony |20y WiZigin)| - 204y WRAY.
Once known o2 the conditional variance can be already calculated.

To get the (2) matrix it is necessary to estimate the ryy (29) element of this matrix, where [,I' =1, ...,d
and Q(z9) = E(X;;:: X :Z.t|Z = 2p), through a fully nonparametric model. For that, we can use some

standard nonparametric techniques such as the Nadaraya-Watson estimator (see Hérdle (1990)).
Finally, using (16)-(19) we obtain the following estimate of MSE {m(zo; H)|D},
—— o~ SO U 2N SO PP ~
MSE {in(zo; H)|©} = DT Z] ,\ WZ (ZTWZ) (Q ® quelﬂq) (ZTWZ) Z"WZ 1D+

tr{(ZTWZ>1 Zrwawz (7'wz) (memq)e(lﬂ))ﬂ} .

for (94 1) and the minimizer of this expression is H , the estimated variable bandwidth matrix for the
local lineal estimator with kernel weights.

Meanwhile, to get the estimated variable bandwidth matrix for the “oracle” estimator we adapt the

prior procedure to the particularities of this estimator so now H is selected solving
[ — n MSE L@ (4
H argmhl(nMSE {m (z0; H) ]@},
where for (g = 2),
MSE {m@) (20; H) y@}
= B [pV7 (203 H)Q(z0)0) (203 H) + tr { Q(z0)Var{im ™ (203 H) D} }] =
- puyryWr
= D Z( )

- { [Z0rwwz0] Ty (452 +9) w20 [Z07 w0 gm} " (28 casadhyg }
)|

w® Z) [Z(I)TW(I)Z(I)]*l (Q ® quelTJrq) {Z(l)TWu)Z(l)T Z(I)TW(I)Z(( ) pW

being V = diag{E (A9 AT D), -+, E (AONADL D)}, ATy = til) {m (Zig-1)) — E (M (Zig—1)
and b (zo; H) = bias (m ™) (2p; H)]@)

)}

5 Monte Carlo experiment

In this section we report some Monte Carlos simulation results to examine whether the proposed

estimators perform reasonably well in finite samples when p; are fixed effects.

12



We consider the following varying-coefficient nonparametric models,

Yie = pi + X5om (Zgi) +vig, i=1,---,N; t=1,---T; dyq=1,2

)

where Xg;+ and Zg;; are scalars random variables; v;; is an i.i.d.N(0,1) random variable; and m(.) is
a pre-specified function to be estimated. The observations follow a data generating process where
Zgit = Wqit + Wyi(4—1), being wg; an i.i.d. uniformly distributed [0,11/2] random variable; and Xg;; =
0.5Xg;(t—1) + &it, with &; being an 1.i.d.N(0,1).

We consider three different cases of study,

(1) Yo = Xyema (Zii) + pi + vie
(2) Yo = Xyuma (Ziit, Zoi) + poi + vie
(3) Yo = Xyiuma (Z1i) + Xowma (Zai) + p1i + vie,

where the chosen functionals form are my (Z15¢) = sin (Z1311), m1 (Z1it, Zoit) = sin ((Z1it, Z2it) I1) and

ma (Z1i¢) = exp ( lelt) and we experiment with two specifications for the fixed effects,

(a) p1; depends on Zy;, where the dependence is imposed by generating ui; = coZ1i. + u; for i =
,Nand Zy; =T! >t it
(b) po; depends on Zyy, Za; through the generating process pg; = coZ;, + u; for i = 2,--- | N and
Z;, = % (71i. + 721’.)'

where in both cases u; is an i.i.d.N (0, 1) random variable and ¢y = 0.5 controls de correlation between
the unobservable individual heterogeneity and some of the regressors of the model.

In the experiment we use 1000 Monte Carlo replications (Q). The number of period (T) is fixed at three,
while the number of cross-sections (N) is varied to be 50, 100 and 200. In addition, the Gaussian kernel
has been used and, as Henderson et al. (2008), the bandwidth is chosen as H = 6, (N(T — 1))~/%,

where 7, is the sample standard deviation of {Zqzt}z 1i=2-

We report estimation results for both proposed estimators and as measure of their estimation accuracy

we use the Integrated Squared Error (ISE). Thus, denoting the subscript r the rth replication,

2
ISE{m (z0; H Q Z/{ (myr (20: H) — my, (ZO))Xit,lr} f(20)dzo

which can me approximated by the Averaged Mean Squared Error (AMSE)

Q T 2
AMSE {m (zo; H L ZNlTZZ{Z{mlT z0; H mlr(ZO)}Xit,lT} )

7’:1 =1 t=2

The simulations results are summarized in Table 1, 2 and 3, respectively.
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Table 1: AMSE for d=1 and q=1.

m,(z)
Local polynomial| Backfitting
n=150 1.2917536 1.2862442
n=300 0.9158168 0.915888
n=600 0.7278608 0.7136175

Table 2: AMSE for d=1 and q=2.

my(z)
Local polynomial| Backfitting
n=150 1.7953523 1.5848431
n=300 1.1097305 1.0171259
n=600 0.8181966 0.7656307

Table 3: AMSE for d=2 and q=1.

m,(z) m,(z)
Local polynomial| Backfitting |Local polynomial| Backfitting
n=150 1.3454139 1.3072503 0.8982404 0.7947426
n=300 0.929184 0.9227399 0.4307434 0.490465
n=600 0.7305442 0.7217713 0.30025903 0.3309637

We further carried out a simulation study to analyze the behavior in finite samples of the multivariate
locally estimator with kernels weights, 7 (zo; H), and the ”oracle” estimator, m") (zq; H), proposed

in Sections 2 and 3. Looking at Tables 1, 2 and 3 we can highlight the following.

On one hand, as the proposed estimators are based on a first difference transformation, the bias and
the variance of both estimators do not depend on the values of the fixed effects so their estimation

accuracy are the same for different values of .

On the other hand, from Tables 1, 2 and 3 we can see that both estimators carry out quite well. For
all T, as N increases the AMSE of both estimators are lower, as we expected. This is due to the
asymptotic properties of the estimators described previously. In addition, these results also allow us to
test the hypothesis that the ”oracle” estimator generates an improvement in the rate of convergence.
Specifically, for the univariate case, Tables 1 and 3, we may appreciate that the achievement of both
estimators are quite similar while, on the contrary, in the multivariate case, Table 2, the rate of
convergence of the ”oracle” estimator is faster that the multivariate locally estimator as we expected.
In addition, as we can see in Table 2 results of the local polynomial estimator reflect the “curse of
dimensionality” property given that as the dimensionality of Z;; increases the AMSE is greater. Thus,

the backfitting estimator has an efficiency gain over the local polynomial estimator, as we suspect.

6 Conclusion

This paper introduces a new technique that estimates varying coefficient models of unknown form in a

panel data framework where individual effects are arbitrarily correlated with the explanatory variables
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in a unknown way. The resulting estimator is robust to misspecification in the functional form of the
varying parameters and we have shown that it is consistent and asymptotically normal. Furthermore
we have shown that it achieves the optimal rate of convergence for this type of problems and it exhibits
the so called ”oracle” efficiency property. Since the estimation procedure depends on the choice of a
bandwidth matrix, we also provide a method to compute this matrix empirically. Monte Carlo results

indicates good performance of the estimator in finite samples.

7 Appendix

Proof of Theorem 3.1

Taking conditional expectations in (6) and noting that
E(vit|X117 "'7XNT7 lea X ZNT) = 07 t= 27 T 7T7Z. = 17 co 7N

then
E{ffl(z,’(); H)‘XH, ceey XNT, ZH, ceey ZNT} = elT(ZTWZ)_lzTWM (21)

T
T T
where M = |{XTm(Z12) — XLm(Z11)} ,...,{XﬁTm(ZNT)—X{,(Tfl)m(ZN(T_l))} } .

Taylor’s Theorem implies that

= m(z0) 1
M=Z Don(z0) + §Qm(zo) + R(20), (22)
where
Qm(z0) = Sm1(20) — Sma2(20), (23)
Smi1(20) = [5721,12(20%-'-757:21,NT(Z0)]T,
Sma(z0) = [SZ;Z,H(ZO)’"'7522,N(T71)(20)]T
and
Sm1,it(20) = [{Xit @ (Zit — 20)}" Hom(20)(Zit — Zo)} ,
Smait-1)(20) = [{Xig-1) ® (Zig—1) — 20)} Him(20)(Zi(1—1) — 20)] -
We denote by
Homi(z
Hom
Hyn(2) = :2(2 ,
Hima(2)

15



a dq x q matrix such that H,,4(z) is the Hessian matrix of the d-th component of m (-) and R(z) is
a vector of Taylor series remainder terms. Furthermore, as it is already pointed out in Ruppert and
Wand (1994), using (B.1) we get

el (Z"WZ) ' Z"WR(20) = o, (tr {H}),

and then,
_ L p or o1y
E{m(z0; H)|X11, ... XNT: Z11, s ZNT } — M(20) = ielT(ZTWZ) YZTW Qum(20). (24)
Notice that expression D,,(z) in (22) vanishes since
JZwz I zw | E) | | mo) (25)
Dm(ZO) Dm(ZO)
For the sake of simplicity let us denote
1

Kip = —n K (H2 (Zy = =),

‘H‘l/Q

now, define the symmetric block matrix

—17T ~ }\}T }\?T
(VT 2wz = | Ay A (26)
A%l A%2
NT NT

where,

ANp = (NT)_lZAXitAXgKitKi(t—l)a

it

AJI\?T = NT -1 Z Ath {A)(;Jt1 ® (Zzt - ZO)T - ngt—l) ® (Zi(t—l) — ZO)T} KitKi(t—l)y
ANz = Z {Xis @ (Zie = 20) = Xig—1) @ (Zir—1) — 20) } AXj Kt Kie_1),
Ay = (NT)T! Z {Xit @ (Zit — 20) — Xit—1) @ (Zig—1) — 20) } ¥

it
{Xg ® (Ziu — 20)" — Xz*T(t—1) ® (Zit-1) — ZO)T} Kit K —1)-

Using standard results from density estimation and as the variables are i.i.d. in the subscript i we can
show that, as N tends to infinity,

AXAX
ANT =7 ;Bt (20,20) + 0p(1), (27)
and
BRYA¥ (20, 20) = E [AXuAXG| Zit = 20, Zig—1) = 20] [ 20,2, (70, 20),
is a d X d matrix, fort =2,--- ,T.

Furthermore, using assumptions (B.1) to (B.5), as N tends to infinity

ANT = Z { DB (20, 20) (Ia ® p () H) = DB (20,20) (L © aa (Ko) H) | + 0,(H). (28)
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DBAXX(Z,, Z5) and DBAXX '(Z1, Z3) are respectively d x dq gradient matrices defined as

(9ZT dZT

AXX i ) i
DBt (Z]_,Z2): : .. . ,

azy oZT

and
biga (21, Z2) = E [AXauXait| Ziw = Z1, Zyj—1) = Z2] [2,2:01) (21, Z2) .

The other gradient matrix is

AXX_q AXX g

oz{ 02T
AXX_ _ .
DB; (21, Z2) = : : ’
oz{ 02T
and
AXX_4
bag (21, 22) = B [AXauwXait—1| Ziv = Z1, Ziw—r) = Z2) 2.4 2,0y (21, Z2) -
Finally,
AN = T Z [ (20, 20) ® pa (K ) H + By % (29, 20) ® uz(Kv)H} + 0,(H),
where
BX*(20,20) = B [ Xu Xy | Zit = 20, Zir—1) = 20] [ 20,2y, (20, 20) »
and

B (2, 20) = B [Xi(tq)XiT(t,l)‘ Zit = 20, Zi(t—1) = Zo} f2:4,20_1) (205 20) -
Using the the results shown in (27), (28) and (29) we obtain

~ -\ —1
NT (ZTWZ) _ [ n G2y
Co1 Coo

1
BtAXAX('Z07ZO)) +0,(1),

AR
Il
—
N = “M
-]

BtAXAX(ZO7 Zo))

t

T
x (1 > [BE ¥ (2020 @ aa () H 4+ B (20,20) @ o (m)H]) +0p(1),
1
T

621 = (

D [BIN (0, 20) @ iz () H 4+ B (20, 20) <Kv>H}>

LS DB (20, 20) (1 © o (Ko) H) = DB (20,20 (L i (K,) H) )

1
Ca2 {BEXX(ZOaZO) ® pa(Ku)H + B (20, 20) ® Mz(Kv)HD +o,(H™).

Il
—
N~

-]

17

T
1
(T Zb’fmmza))
t

(29)

(30)

Z { DB X (20,20) (1o © pa (Ku) H) = DB (20, 20) (Ia © pz (K.) H)}]

-1
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Also it is straightforward to show that the terms in
(NT)_lgTWSml (Z())

(NT)"1 3 AXy { X @ (Zie — 20)T } Hon(20)(Zit — 20) Kit Ky1-1)

(NT)™' 323 {Xit @ (Zie — 20) = Xi—1) @ (Zige—1) — 20) } { X} @ (Zie — 20)" } Hon(20)(Zit — 20) Kit K1)

are asymptotically equal to

(NT) 1ZAXZt{Xn® (Zit — 20)" } Hum (20)(Zir — 20) Kit K1)

= ZZE AAszt)(dzt’ Zzt = Z(), i(t—1) — ZO] fZLt7Z t—1) (20720) X tr {Hmd (ZO H} + Op (tI‘ {H})

Z {th ® (Zit — 20) — Xi(t—l) ® (Zi(t—l) - Zo)} {X}; ® (Zit — ZO)T} Hin(20)(Zit — ZO)KitKi(t—l)
= = Z/Bt (20, 20) (H1/2u) (HI/QU)THm (z0) (H1/2u> K (u) K (v) dudv
-7 Zt:/BtXl (20, 20) ® <H1/2v) <H1/2U)THm (20) <H1/2u) K (u) K (v) dudv + oy <H3/2>
= 0, (1)

Finally, the terms in
(NT)flzTWsz(Zo) =

(NT)™' 32, AXy {XiT(t_l) ® (Zit—1) — Zo)T} Hon(20)(Zip—1) — 20) Kit K 1—1)
(NT)' Y { Xt @ (Zie — 20) — Xip—1) @ (Ziqe—1) — 20) } {X,-T(t_l) ® (Zit-1) — ZO)T} Hon(20)(Zigp—1) — 20) Kit K;1—1)

are of order

(NT)™' Y AX; { it—1) ® (Zig—1) — ZO)T} Hin(20)(Zig—1) — 20) Kit Ki(p—1)

it

Ky
= M(T) Y E[AXuXgig-1)| Zit = 20, Zigt—1) = 20] [2i0Z50_1) (20, 20) X t7 {Hma (20) H} + 0p (tr {H}) ,
t d

Z {Xit ® (Zir — 20) — Xi4—1) @ (Zige—1) — 20) } {Xiqgt—l) ® (Zit—1) — Zo)T} Hon(20)(Zig—1) — 20) Kit K 1—1)
= = Z/B (20, 20) (H1/2u) (Hl/QU)T’Hm (20) (Hl/Qv) K (u) K (v) dudv
-7 Z/th’l “(20,20) ® <H1/2v> (Hl/QU)T’Hm (20) (H1/211) K (u) K (v) dudv + o, (H?’/Q)
t

= 0, (H3/2) .
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Taking into account (23), (24) and the previous results the asymptotic bias can be written as

E{m(z0; H)|X11, ..., XNT, Z11, -, ZnT} — M(20)

= %elT (ZTWZ)71 ZTW {8, (20) = Smy (20)} + 0, (tr {H}) = (7{ ZB?XAX(ZO, zo)>

Z {N2 AmeXdus| Zit = Zo,Zz(t 1) = ZO] po (Ky) E [AthXdz(t 1)| Zit = 20, ZZ(t 1) = ZO]}

XfZiuZi(t—l) (ZO’ ZO) tr {Hmd (ZO) H} + Op (tr {H}) .

To obtain an asymptotic expression for the variance let us first define the (N (7 —1) x 1)-vector Av =
(Avy,--- ,AUN)T where Av; = (Avsa, ..., AviT)T and let E (AUAUT) =VbeaNT-1)x N(T-1)

matrix that contains the V;;’s matrices

202, for i=j, t=s
Vij = E(AUZAU]T|X11, s X1y Ziy ey Zim) = —o2 for i= 7, ’t = 3’ < 2. (31)
0, for i=yj, |t=s]>2.

Then, taking into account that
#(z0; H) — E {20, H)| X11, oos XNT Z11, ooy Znr} = €1 (ZTWZ) ZTW Av, (32)
the variance of 7 (zp; H) can be written as

Var {T/f\L(Zo; H)|X11, ceny )(v]\/T7 ZH, vy ZNT}
= l(ZTWZ) T ZTWYWT Z(ZTW Z) " Ley. (33)

The upper left entry of ﬁZTWVWTZ is

Z,5AX§_fQ2t.K2(t 1 ZAXnAX (t— 1)Kth (t-1)Kig—2)

20R

T’H| ZBAXAX (20, 20) {1+ 0p(1)} + O, (\H!1/2>. (34)

The upper right block is

it {Xg ® (Zit —20)" = Xy @ (Zigr—1) — ZO)T} KKy )

it {Xz(t 1) ® (Zi(t—l) - ZO)T - XiT(t_z) 2 (Zi(t72) - ZO)T} KitKiQ(t_1)Ki(tf2)

NT
= I, - 12. (35)

Then using standard kernel density results, under (A.1) to (A.5) we get

I, = 7?\(;31! ;/{Bt&(x (zo—i-Hl/gu,zo—i—Hl/Qv) ® <H1/2u)T

T
—l’)’tAXX_1 (zo + HY?u, 29 + H1/211> ® <H1/211> } K?(u)K?(v)dudv {1 + 0,(1)}
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202 T
e [ (s ) ()
t

T
—lS’fXX*2 (zo + HY?u, 20 + HY?0, 2 + H1/2w) ® <H1/2w) } K (u) K*(v) K (w)dudvdw {1 + 0,(1)},

where
BPX ¥ (20,20) = E[AXuX(|Zy = 20, Zis—1) = 0] f24,2:, 1, (20, 20) ,
AXX_
B (,20) = E {AXitXiT(t,l)‘ Zit = 20, Zi(1-1) = Zo} f2:4,2:_1) (20, 20) 5
AXX_
Bt XX (207 20, % 0) = FE [AXithEt_l)‘ Zit = 20, Zi(t—l) = 20, Zi(t—Q) = ZOi| fZit7Zi(t—1) (205 20, ZO) )
A
B2 (2, 20,20) = E [AXitXiT(t_g)‘ Zit = 20, Zi(t—1) = 20, Zi(t—2) = Zo} [2:4,2_1) (20, 20, 20) -

It is straightforward to show that I} = O, <ﬁ||H||> + o (ﬁHHH) and I = O, (‘m%/QHHH) +

1
Op (IHP/QHHH) as N tends to infinity. || - || is a certain norm, for example ||H| = (Z” h%)

Finally, the lower-right block is

it @ (Zit — 20) — Xit—1) ® (Zi—1) — 20) } {X£ ® (Ziw — 20)" — Xiift_l) ® (Zit—1) — ZO)T} KiQtKiQ(t_l)

2
O-’U
— = Y X ® (Zis — 20) = Xigr—1) © (Zig—1) — 20) }

NT m
X {Xg(ﬂtq) ® (Zit—1) — 20)" — Xiqgt—2) ® (Zit—2) — ZO)T} KitKiQ(tfl)Ki(tfm =1 — I, (36)

where

20‘ MQ K2 20’2/,62 K2 R(K) X
L - 2% T\H! ZB (20, 20) @ H + =2 (T!h)fl B (2, 20) @ H + 0, (H]),

t

o2 K?

12 = ;//‘LQH(1/2) ZB§71X71 (ZOa 20, ZO) ® H + OP (|H|1/2) :

So now, substituting (30), (34), (35) and (36) into (33) we obtain

“1
. 202R (K, R(K,) (1
Var {m(zo; H)|X11, ..., XNT, Z11, ..., ZNT} = (N|lzl| (Ky) <T E BAXAX (zo,zo)) {14+ 0,(1)}.
t

Proof of Corollary 3.1

Let

m(zo; H) —m (z0) = {m(20; H) — E[m (z0; H)| X11,- -+ , XNnT, Z11, - , ZNT]}
+{E[m(z0; H)| X11, -, XNT, Z11,- - , ZnT] — i (20)} =11 + L.
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We will first show that under conditions of the corollary I = o

(A

), as IV tends to infinity. In

order to do so, recall that under conditions in Theorem 3.1

E{m (z0; H)| X11, -, XNT, Z11, -+, ZNT} — m(20)

( ZBAXAX zo&o)) ZZ{M W) B (20, 20) = 2 (K,) By (20,20) ) (37)
xtr (Mo (20) H} + Oy (HY/2) + 0, (6x {H]}).

By the law of iterated expectations,
E{m(z0;H)} = /E{m(zo;H)\Xn,'“ s XNT, Z11, -+ 5 ZnTyAF (Xa1, -+, XNT, Z11, -+, ZNT) -

The leading term in (37) does not depend on the sample and furthermore, under the conditions

established in the corollary the remainder terms are o,(1). Hence,
I2 = E{m(ZO,H)‘ X117 e aXNT7Z117' t 7ZNT} - m(Z07H) + Op(l)'

Condition (7) applies and the proof is done.

Now we show that
-1
VN [H|I; = N | 0,202R (K, ( ZBMM zo,zo)> ,

as N tends to infinity.

In order to show this let
m (z0; H) — E{m (z0; H)| X11,- -+, XnT, Z11, -+ s ZNT} = €3 (ZTWZ) Z"Wav,  (38)

where Av = [Avyy,- -+, Avyr]T. Under conditions (B.1) to (B.5) and recalling that (X, Z;;) are i.i.d
random variables in the sub-index 4, we directly apply the Lindeberg-Levy Central Limit Theorem and

we obtain )

VN [H|

where D has been already defined in (34), (35) and (36). Finally, using (30) and applying the Cramer-

ZTWAv =4 N (0,D), N — oo,

Wold device the proof is done.

Proof of Theorem 3.2

The proof of this result follows the same lines as in the proof of Theorem 3.1. Let
ﬁz(l)(zo; H) = ef(Z(I)TW(I)Z(l))_lz(l)TW(l)A?(l). (39)
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Then proceeding as before in the proof of Theorem 3.1 we get
~ ~\ =1 ~
E {ﬁz(l)(z(); H)|[X11, ooy XNT Z115 oo ZNT} _ (ZU)TW(UZ(U) ZWTyy ) [M(l) + M|, (40

where

MO = [{Xﬂm(zm)}T »T T {X?\;Tm(ZNT)}T} ) ’

~ T
M@ = [{XlT1 (E{m(Zyy; H) X11, o Zy1} — m(Z0)} Y e
T
{XEir 0 (B (Ao D) X11s s Zvr) = m(Zvr)}}
are N(T — 1) x 1 vectors. We can approximate M @) through a Taylor’s expansion, i.e.

Din(20)
where,
QW (20) = [Sv(i,)l:’;(z(]% e 7S$?JC\FIT(ZO)}T;
and
Sﬁi}it(zO) = {Xg ® (Zit — 20) }H 20)(Zit — 20)-

Using (B.1) we get
eF(ZzWTw )1 ZWTW M R(20) = 0, (tr {H}),

and therefore,
FE {T/T\L(l)(ZO; H)’Xll, ceey XNT7 ZH, ceny ZNT} - m(zo)
~ -1 ~ 1
=T (Z<1>TW<1>Z<1>) ZWTy M) {QQﬁ})(zo) + M(2>} +o, (tr {H}). (41)

To obtain an asymptotic expression for the bias we first calculate

1

ZWTyy 1) 7(1)
NT w
(NT)_I Zit Xith‘igKit (NT)_l Zit Xit {ng ® (Zit - ZO)T} Kit
(NT)™' 33 { Xt © (Zin — 20)} XJ Kie (NT)™1 303 { X @ (Zie — 20)} { X © (Zis — 20)" } Kt

Using standard properties of kernel density estimators, under conditions (A.1) to (A.5) and as N tends
to infinity,

(NT)™' > XuXFKy = —ZB (20) + 0p(1),
it
(T3 X (XE @ (Zu = 0) T} K = TEDBifX(zw<Id®u2<Ku>H>+op<H>,

(NT)™' > { X ® (Zis — 20)} { X3 ® (Zis — 20)" } Kur = ;Z:Bf(x (20) ® p2 (Ku) H + 0, (H) .

it
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Note that BX¥ (z0) and DB (2) are defined as in the proof of Theorem 3.1 but the moment functions
now are taken conditionally only to Z;; = zp.

Using the previous results,

- - 1 1) 1)
NT (Z(l)Tw(l) Z<1>) - ( ZH) gg) ) , (42)
21 22

-1

1
Cﬂ) - (T ZBg(X (ZO)> + 0p(1),
t
1 -1
= - (T > B <ZO>>
t

-1
C = (;ZBfX@o)@uQ(Ku)H) +op (H7).

t

1
<:1FZBtXX(Zo)> ®1Iq | +o0p(1),

1
T Z DB (20)
t

Furthermore the terms in

(NT)™ L ZOT WO (z0) = (1)
< (NT)~ 121 Xit {XT @ (Zis — 20)7} Hun(20) (Zit — 20) Kt )
(NT)™' 325 {Xit © (Zie — 20)} { X3, © (Zit = 20)" } Hun(20) (Zit — 20) Kie

are of order

2 E—}Ku) zt: Zd: B[ Xt Xait| Zt = 20] f2,,(20) X tv{Hma (20)} + 0p (tr {H})

and O, (H3/2), respectively. In order to evaluate the asymptotic bias of the last term we have to
P
calculate
(NT)"'ZzWTyw W) = (44)

( (NT)"L>., XitXiT(t_l) (E{m(Zig-1))| X11,- - XNTs Z11, -+ Zne ) — m(Zig—1y)) Kt

(NT)™' 33 A Xt @ (Zie — 20)} Xy (B (Zig1))| X11, -+, X, Zua, o 2Nt b = ml(Zipy)) K

It is straightforward to show that

(NT)™! ZXitXiT(t,l) (E{M(Zig—1))| X11,- - . XNTs Z11, -+, Zne } — m(Zig—1y)) Kie = Op (tr {H}),
it

as N tends to infinity, and
(NT)™! Z {Xit ® (Zit — 20)} XiT(t_l) (E{m(Zig—1))| X11,-- . XNTs Z11, -+ Zne ) — m(Zyg—1y)) Kt
it
= Op (tl" {H}) ’

as N tends to infinity.
Now substitute the asymptotic expressions for (42), (43) and (44) into (41) apply that |H| — 0 in such
a way that N |[H| — co and we have shown that the asymptotic bias in M) (zo; H) is of the same
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order as it is in MV (z0; H).
For the variance term, recall that substituting (13) into (15) and taking conditional expectations on

the sample values

ﬁz(l)(zo;H)—E{ﬁl(l)(zo;H)\Xn,...,XNT,ZH,...,ZNT} (Z( Ty 7 U) ZWT M Ay

( () >‘1 ZWOTy W5,

where © = (01,--- ,0n)" is a (N(T — 1) x 1)-vector, such that

T
U= ({Xij(;r (Zio;H)}T"" v{XiT(T—l)T(Zi(T—l)%H)} ) ’
1=1,---,N, and

v (Zig—1y; H) = m (Zig—1y: H) — E{m (Zj—1y; H) | X115 o, XN, Z11, o ZNT )

i=1,-- ,Njt=2,--- T
Then, the variance of m(") (z9; H) takes the form

Var{ﬁ”b(l) (Zo;H)‘ X1, XNTy 211, ,ZNT} (45)

— (§<1>TW<1>§<1>> LSO Oy OT ) (2<1>TW<1>2<1>)‘161
~ ~ -1 - ~ ~ ~ —1
+ € (Z“)TW(”Z(U) ZOTWOEL5" | Xy, -+, Xnr, Zit, -, Zng ) WOTZW (Zu)TW(l)Z(l)) e

+ 2T <§<1>TW(1)§<1>)’1 ZOTWO R (GAT| Xy, -+ Xnrs Zugso 2 Iy} WOTZD) (§<1>TW(1)§<1>)’1 .
L+, +1s.

Following exactly the same lines as in the proof of the variance term in Theorem 3.1 we get, as NV

tends to infinity,

-1
202R(K,) (1 XX
L =———1| = B 20 14+0,(1)}. 46
NI th: P (20) | {140p(1)} (46)
In order to calculate the asymptotic order of I, we just need to calculate
ﬁg(l)Tw(l)E {WT‘ X, X1, Z11, - - - ,ZNT} wOT 7(1) (47)

The upper left entry is

-1 Z ZX#XE@_UE{T (Zig—1); H) 7 (Zigs—1) ‘ X1, XNT, Z11,0 - 7ZNT} Xi(s-1) XKt Kis.

(48)
Applying the Cauchy-Schwarz inequality for covariance matrices then (48) is bounded by

(NT) ' S° 57 Xu X, jyvec!/? {diag (E {r (Zig—1); H) 7 (Zi(t,l);H)T‘ Xip - X7y Zag, - - ,ZNT})}
7 ts
xvec!/? {diag (E{T (Zi(s—1y; H) T (Zi(5—1);H)T’X11,"' s XNTy Z11, aZNT})}TXz‘(s—l)XiZKitKis-
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Now, note that under the conditions of the Theorem 3.1

1
vec {diag (E {T’(Z;H)T’(Z;H)T‘ X11, tee 7XNT7Z117 tee ,ZNT})} = Op (N\H\) y
uniformly in z, and therefore (48) is of order O, (ﬁ)
Following the same lines, it is easy to show that the upper right entry of (47) is
(NT)™* Z ZXitXijEt—l)E{T (Zigg—1y; H) r (Zi(s—1); H)T’ X, XN, Z11, ;ZNT}
[ ts

1
X Xi(s—1) {Xis @ (Zis — 20)}" KuKis =0, <NH|) ’

and finally the lower right entry of (47) is
(NT)™ S0 (X0 @ (Zi = 20)} Xy B { 7 (Zigeyi H) 7 (Zigo-yi H) | X, o+, X, Zin, o+ 2 |
i ts

1
* Xi(s—1) {Xis ® (Zis — 20)} KitKis = Oy (N|H|> '

Now, combining results in (42) and (47) we show that I = o, (ﬁ) Finally a standard Cauchy-

Schwarz inequality is enough to show that I3 = o, (ﬁ) and then the proof of the result is closed.
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