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1 Introduction

A large strand of the recent literature on quantitative risk management has been concerned with risk
aggregation (see for instance Embrechts and Puccetti (2010) and the references therein). For a vector
of one-period profit-and-loss random variables y = (y1, ..., ym)’, risk aggregation concerns the risk
implied by an aggregate financial position defined as a real-valued function of y. For instance,
under the terms of Basel II, banks often measure the risk of a vector y of financial positions by the
Value-at-Risk (VaR) of @'y = a1y1 + - - - + ammym where the a;’s define the composition of a portfolio.
Exact calculation of the risk associated with an aggregate position can represent a difficult task, as
it requires knowledge of the joint distribution of the components of y.

It is even more difficult, in a dynamic framework, to evaluate the conditional risk of a portfolio
of assets or returns. The current regulatory framework for banking supervision (Basel IT and Basel
IIT), allows large international banks to develop internal models for the calculation of risk capital.
The so-called advanced approaches are based on conditional distributions, that is, conditional on
the past, rather than marginal ones. The superiority of dynamic approaches over static methods
based on marginal distributions has been demonstrated empirically, for instance in Kuester, Mittnik
and Paolella (2006). The dynamics is not only present in the returns, y; instead of y, but also in the
weights of the portfolio, a;—1 instead of a. Such weights can be both time-varying and stochastic:
the notation a;_1 highlights the fact that investors may rebalance their portfolios at time ¢ using,
in particular, the information contained in the historical prices.

To evaluate the conditional VaR of a portfolio, whose returns are defined by r;, = a}_,y;, this
paper focuses on multivariate semi-parametric approaches. Multivariate approaches are based on
a time series model for the vector wy;, instead of a univariate model for r;. As emphasized by
Rombouts and Verbeek (2009), the advantage of multivariate approaches is to "take into account
the dynamic interrelationships between the portfolio components, while the model underlying the
VaR calculations is independent of the portfolio composition". Indeed, the multivariate approach
is particularly relevant if the VaR has to be computed for a large number of portfolio compositions
a;_1. Moreover, semi-parametric methods allow for more flexibility than fully parametric methods
relying on a complete specification of the conditional distribution of y;.

To our knowledge, the asymptotic properties of VaR estimators in a dynamic multivariate semi-
parametric framework are unknown. It seems however important to evaluate the accuracy of risk

estimators. Estimation risk refers to the uncertainty implied by statistical procedures in the im-



plementation of risk measures. Uncertainty affects the estimation of risk measures, as well as the
backtesting procedures used to assess the validity of risk measures. The new regulatory frameworks
require that financial institutions take estimation risk into account (see e.g. Farkas, Fringuellotti
and Tunaru (2016) and the references therein). The econometric literature devoted to the estima-
tion risk in dynamic models is scant. ' Christoffersen and Gongalves (2005), and Spierdijk (2014)
used resampling techniques to account for parameter estimation uncertainty in univariate dynamic
models. Escanciano and Olmo (2010, 2011) proposed corrections of the standard backtesting proce-
dures in presence of estimation risk (and also of model risk). Gouriéroux and Zakoian (2013) showed
that estimation induces an asymptotic bias in the coverage probabilities and proposed a corrected
VaR. Francq and Zakoian (2015) introduced the notion of risk parameter and derived asymptotic
confidence intervals for the conditional VaR of univariate returns.

The first aim of this paper is to study the asymptotic properties of two multivariate semi-
parametric approaches for estimating the conditional VaR of a portfolio of risk factors (returns).
One approach for estimating conditional VaR’s requires sphericity of the innovations distribution.
An alternative approach, known as the Filtered Historical Simulation (FHS) method in the literature
(see Barone-Adesi, Giannopoulos and Vosper (1999), Mancini and Trojani (2011) and the references
therein), is assumption-free on the innovations distribution. The second aim is to provide methods
based on the asymptotic theory or resampling schemes for constructing confidence intervals for
the conditional VaR of portfolios. Such confidence intervals are in particular useful to visualize
simultaneously the the estimation and financial risks. As far as we know, our paper is the first one
to study the asymptotic accuracy of conditional VaR estimators in a semi-parametric multivariate
framework.

The rest of this paper is organized as follows. Section 2 presents the general framework. Section 3
is devoted to the asymptotic properties of the estimators of the conditional VaR under the sphericity
assumption. This assumption also allows us to extend the concept of risk parameter to multivariate
semi-parametric models. Section 4 gives the asymptotic properties of the FHS method, which relaxes
the sphericity assumption. A numerical illustration and an empirical study based on stock returns
are proposed in Section 5. Section 6 concludes. Complementary results and proofs are collected in
the Appendix.

1
For i.i.d. data, the literature is more voluminous, see Farkas, Fringuellotti and Tunaru (2016) for a recent

reference.



2 Model and conditional VaR

Let pr = (p1t, - - -, Pmt)’ denote the vector of prices of m assets at time ¢t. Let y; = (y1¢,- - ., Ymt)’ be
the corresponding vector of log-returns, with y; = log(pit/pit—1) fori=1,...,m.

Consider a portfolio of the m assets, whose return is given by

m
Ty = Zai,tflyit =a; Yy, (2.1)
i=1
where a;_1 = (a14-1,...,am¢—1) is the vector of portfolio weights for the m assets. Such weights

are assumed to be stochastic and measurable with respect to some information set Z; 1 containing
the past prices (and possibly other variables).
The conditional VaR of the portfolio’s return process (r;) at risk level a € (0,1), denoted by
VaREi)l (r¢), is defined by
P < —V&LR&)1 (re)| = a (2.2)

where P;,_; denotes the historical distribution conditional on It_1.2 More generally, we denote by
VaRii)l(zt) the conditional VaR of z given Z,_;, and by VaR(®)(z) the marginal VaR of a stationary
process (z¢).

Consider a general multivariate model for the vector of log-returns

yr = my(0p) + €, € = X (60)n, (2.3)

where (1;) is a sequence of independent and identically distributed (iid) R™-valued variables with
zero mean and identity covariance matrix; the m x m non-singular matrix ¥;(6p) and the m x 1
vector my(6y) are specified as functions depending on the infinite past of y; and parameterized by

a d-dimensional parameter 6y:

m(0p) = m(ye—1,Yt—2,...,60), 34(00) = 2(Yt—1,Yt—2, .-, 60). (2.4)

For the sake of generality, we do not consider a particular specification for the conditional mean my;

and the conditional variance Hy(0y) := X:(00)X(60), ® but we assume

2In this formula, we assumed for simplicity that the conditional cdf of 7; is continuous and strictly increasing.

3The most widely used specifications of Multivariate GARCH (MGARCH) models are discussed in Bauwens,
Laurent and Rombouts (2006), Silvennoinen and Terdsvirta (2009), Francq and Zakoian (2010, Chapter 11), Bauwens,
Hafner and Laurent (2012), Tsay (2014, Chapter 7). Model (2.3)-(2.4) also includes multivariate extensions of the

double-autoregressive models studied by Ling (2004).



Al: (y¢) is a strictly stationary solution of Model (2.3)-(2.4), and n; is independent from Z;_;.

This assumption will be made explicit for particular classes of MGARCH models satisfying Model
(2.3)-(2.4).
Under (2.3)-(2.4), the portfolio’s return defined in (2.1) satisfies

re = a;_ymy(0o) + aj_1 24(60)ny, (2.5)
from which it follows that the portfolio’s conditional VaR, at level « is given by4
VaRif)l(rt) = —a;_1my(6o) + VaR;@l (aéf1zt(90)"7t) . (2.6)

The VaR formula can be simplified if the errors 7, have a spherical distribution, that is, P, and n,
have the same distribution for any orthogonal matrix P. Ellipticity of the conditional distribution

of y,; is equivalent to
A2:  for any non-random vector A € R™, N'n, 4 I 714,

where || - || denotes the euclidian norm on R™, n;; denotes the i-th component of 7, and < stands

for the equality in distribution. b

Remark 2.1 (Restrictiveness of the sphericity assumption) Assumption A2 entails that
though not independent (except in the Gaussian case), the components of 7, have the same sym-
metric distribution. This assumption is commonly used in finance and econometrics (see for in-
stance Sentana (2003), Fiorentini and Sentana (2016)). The importance of the class of spherical -
and more generally elliptical - distributions to risk management is discussed in Bradley and Taqqu
(2002). Examples of spherical distribution are the Gaussian N (0, I,;,) distribution, and the standard
multivariate Student distribution (see McNeil, Frey and Embrechts (2005) for details on spherical
distributions). In fact, most parametric approaches for VaR estimation assume a spherical Gaussian
or Student error distribution, which is very restrictive in terms of kurtosis (for the Gaussian distri-
bution) and more generally on the tails of the distribution. By contrast, Assumption A2 does not
constrain (apart from symmetry) the size of the tails. It should also be noted that, while A2 entails

4The presence of the sign "—" in this formula comes from the fact that the VaR is defined in terms of returns

instead of loss variables.

5 . 1 . .
Note that, in A2, the Euclidian norm cannot be replaced by any other norm N(-) under the assumption of unit

covariance matrix for 7;. Indeed, if A'm, % N(A)mu, we have Var(A'm) = A'A = N(X)2Var(ni) = N(A)2.



that the components of 7; have the same symmetric distributions, this does not hold in general
neither for the marginal nor for the conditional distribution of y;. In particular, this assumption is

compatible with the usual leverage effect observed on financial returns.
Under the sphericity assumption A2 we have
VaR(™, (r;) = —a)_m(60) + ||a)_,24(80)|| VaR® (1), (2.7)
where VaR(®) (n)) is the (marginal) VaR of 7y,.

Remark 2.2 (Usefulness of sphericity for the VaR) By contrast with formula (2.6), the in-
terest of (2.7) is to rely the VaR of any portfolio to the first two conditional moments of the portfolio’s
return 7, and to a simple characteristic of the innovations distribution. Under the sphericity as-
sumption, the VaR is indeed a function of three ingredients: the mean-volatility parameter, the

quantile of the errors and the portfolio’s composition. In other words,
VaR(™, (1) = F(8, VaR® (n) ;a_,), (2.8)

where the first two components have to be estimated, while the third one is chosen by the risk
manager. Such a decomposition does not hold in (2.6), which requires estimating a conditional
quantile for any choice of the portfolio’s composition (see Section 4). As we will see in Section 3.2,

for most time series models (2.8) can even be reduced to a formula of the form

VaR{™) (ry) = F*(0":a1_,), (2.9)

()

with a new parameter 6’ of the same dimension as 6y, henceforth called conditional VaR param-
eter. These simplifications, (2.8) and (2.9), of the general VaR formula (2.6) have obvious interest
for risk management, in particular when several portfolios based on the same risk factors have to

be managed simultaneously.

3 VaR estimation under conditional ellipticity

Formula (2.7) is well-known in the literature dealing with theoretical properties of VaR (see for
instance McNeil et al., 2005), but its econometric implications have been surprisingly overlooked.

We now consider the statistical implementation of this formula.



Under the sphericity assumption A2, a natural strategy for estimating the conditional VaR of
a portfolio is to estimate 8y by some consistent estimator én in a first step, to extract the residuals
and to estimate VaR(®) (n) in a second step. For the first step, we will consider a general estimator
satisfying regularity conditions. For the second step, the sphericity assumption will allow us to
interpret VaR(® (1) as the (1 — 2a)-quantile £;_5, of the absolute residuals, and to estimate this
quantile by an empirical quantile using all the components of the first-step residuals.

Let © denote the parameter space, and assume 6y € ©O. Let §n denote an estimator of
parameter 6y, obtained from observations ¥1,...,y, and initial values ¥yo,9y_1,.... The vec-
tor of residuals is defined by 7 = X, (6,){yr — M4(0,)}) = (Fits ..., Gme)’, Where m(6) =
m(Yi—1,---,Y1,Y90,Y—1,.--,0), f:t(e) = 3(Yt-1,---,Y1,Y0,Y-1,-..,0), for t > 1 and 6 € ©.
For a € (0,1), let qo(S) denote the a-quantile of a finite set S C R. In view of (2.7), under the

conditional ellipticity /sphericity assumption, an estimator of the conditional VaR at level « is

— (a) o~ ~ ~

VaRg; 1(re) = —ai_1me(6n) + [la;_12¢(0n)||¢n,1-20; (3.1)
where &£, 1-20 = q1-20 ({|7it],1 <i <m,1 <t <n}). The latter estimator takes advantage of the
fact that the components of 7, are identically distributed under A2.

3.1 Asymptotic joint distribution of (9\” and a quantile of absolute returns

We start by introducing the assumptions that are employed to establish the asymptotic distribution
Of (0;7 571,1—204)'

We now assume that the estimator (9\” admits a Bahadur representation. Write a = b for a = b+c.

A3: We have §n — B9, a.s. Moreover, the following expansion holds

NG (én - 90) oel) % ; AV (), (3.2)

where V() is a measurable function, V' : R™ + R for some positive integer K, and Ay 1
is a d x K matrix, measurable with respect to the sigma-field generated by {n,, u < t}. The
variables A; and V' (n;) belong to L? with EV (n;) =0, var{V(n;)} = Y is nonsingular and
EA; = A is full row rank.

Assumption A3 holds for a variety of MGARCH models and estimators’ (see Appendix A for

In the univariate setting, the asymptotic theory of estimation for GARCH parameters has been extensively



examples). The next assumption imposes smoothness of the functions m and ¥ with respect to the

parameter.

A4: For any sequence (z;), the functions 8 — m(xy,x2,...;0) and 6 — 3(x1,x2,...;0) are

continuously differentiable over ©.

The next theorem establishes the asymptotic normality of ((9\;“ €ni-2a). Let

U =EAYA), Q=E [{Vec (= HY {%Vec (zt)H . W, =Cov(V (), Ny),

Yo = var(Ng), with N, = Z;"Zl (1{‘77jt‘<§172a} -1+ 2a>, and, denoting by f the density of |n],
Zoc = 71 {620 P2+ T AW Qoo = i {6 2B+ FERSQAWL + e

Theorem 3.1 Assume that A2-A4 hold. Let o € (0,0.5). Suppose that |m:| admits a density f
which is continuous and strictly positive in a neighborhood of £&1_on. Then

0,0 v =
Jn no o A Nloz.= o . (3.3)
€n,1—20 — §1-2a Eoe  Ci-2a

Details on how to estimate the asymptotic covariance matrix E can be found in Appendix 3.4.

3.2 Conditional VaR parameter

The notion of VaR parameter, introduced for univariate GARCH models by Francq and Zakoian
(2015), allows to summarize the conditional risk, that is the joint effects of the volatility coefficients
and the tails of the innovation process, in a single vector of coefficients. Its extension to the

multivariate framework requires the following assumption.

Ab5: There exists a continuously differentiable function G : R% — R? such that for any 6 € ©,

any K > 0, and any sequence (x;); on R™,

m(xy,Xo,...;0) = m(xy,x2,...;0%), and

K3(x1,Xg,...;0) = ¥(x1,X2,...;0%), where 8" = G(0, K).
studied, in particular for the QMLE by Berkes, Horvath and Kokoszka (2003) and for the LAD (Least Absolute
Deviation) estimator by Ling (2005). In the multivariate setting, the asymptotic properties of the QMLE or alternative
estimators were established, for particular classes, by Comte and Lieberman (2003), Boswijk and van der Weide (2011),
Francq and Zakoian (2012), Pedersen and Rahbek (2014), Francq, Horvath and Zakoian (2015), Francq and Zakoian
(2016) among others.



In other words, a change of the scale in the components of 17 can be compensated by a change of
the parameter. This assumption is obviously satisfied for all commonly used parametric forms of
Et(e).7 Under sphericity and the stability by scale assumption A5, the conditional VaR can be
expressed in function of the expected returns vector and a reparameterized volatility matrix. Let
o < 1/2, so that VaR® () > 0 under A2. It follows from A5 that a formula of the form (2.9)
holds, namely

VaR{®), (r) = —al_1m(65) + |la)_ Z0(85)| (3.4)

where
o) =G {90, VaR(@ (n)} . (3.5)
(@)

The new parameter 6 is referred to as the conditional VaR parameter, for a given risk level. It
does not depend on the portfolio composition. An estimator of the conditional VaR parameter can
be defined as

o) = {0,V (n)}

with obvious notations. The asymptotic properties of (9\20‘) are a direct consequence of Theorem 3.1.

Corollary 3.1 (CAN of the VaR-parameter estimator) Under the assumptions of Theorem

3.1, \/n (5510‘) - Géa)) LN (0’ == GEG/) where G = [%%95)] (00,1-20)

Remark 3.1 (Usefulness of the conditional VaR parameter) Quantifying the estimation
risk is in general a difficult task, due to the stochastic nature of the conditional risk. However,
when the VaR takes the form (2.9), the asymptotic distribution of %a) provides a quantification
of the estimation risk. It can be used to compare the relative asymptotic efficiencies of estimators.
Suppose, for instance, that estimators é%ni),i = 1,...,m, satisfying (3.2) are available and let =)
denote the corresponding asymptotic covariance matrices in (3.3). Then, we can say that, as far as

the estimation of the conditional VaR at level « is concerned, the i-th estimator is asymptotically

more efficient than the j-th iff

GEY —20)G" s a positive semidefinite matrix.

7For instance, in the case of the VAR(1) model y; = ¢y:—1 + €; with a BEKK-GARCH(1,1) model (3.7) for e,
and @ = (vec(¢)’, vec(A)', vec(B)',vec(C)'), we find 8* = (vec(¢)’, Kvec(A),vec(B)', K*vec(C)')'.
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Figure 1: True 1%-VaR (full black line), estimated 1%-VaR (full blue line) and estimated 95%-confidence interval

(dotted blue line), on a simulation of a fixed portfolio of a bivariate BEKK.

3.3 Asymptotic confidence intervals for the VaR’s of portfolios

Let E denote a consistent estimator of Z. Let ag € (0,1). In view of (3.1), by the delta method,

an approximate (1 — )% confidence interval (CI) for VaR(«) has bounds given by

— (a) 1 __ = 1/2
VaRg; 1(re) + %‘I’ "1 - ao/2) {5271551:—1} ; (3.6)

where ®~!(u) denotes the u-quantile of the standard Gaussian distribution, u € (0,1), and

om(0,) (a1 ®ay_1) OvecHy(6),) < A
' = |a_ —— a,_ 2.0, ,
t—1 t—1 00’ 2Ha£_12t(0n)u 00’ || t—1 t( )H

with ﬁt() = it()ig() Drawing such ClIs allows to take into account the estimation risk inherent
to the evaluation of the VaR of the portfolio. Note that the level oy of risk estimation is independent
from the market risk level a.

An illustration is displayed in Figure 1, for the simulation of a bivariate BEKK model (see
Appendix 3.4). The model parameters were estimated on 700 observations. The figure provides the
true and estimated conditional 1%-VaRs, for ¢t > 700, as well a Cls at 95% for the true conditional
VaR, of a portfolio with fixed composition. This graph allows to visualize simultaneously the market

risk (through the magnitude of the VaR) and the estimation risk (through the width of the CIs).
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3.4 Estimating the asymptotic covariance matrix =

In Theorem 3.1, most quantities involved in the asymptotic covariance matrix = can be estimated
by empirical means, replacing 8y by the estimate én and the m;’s by the corresponding residuals.
We focus on the estimation of €2, which is the most delicate problem due to the presence of the
derivatives of X;.

If a recursive linear relationship between 3; and its past-values existed, then the derivatives
could be computed recursively (as the derivatives of the o; or o2 in standard univariate GARCH
models). Unfortunately, the standard multivariate volatility models do not allow to derive such a
recursive relationship. Let us distinguish two general class of models, depending on the type of

stochastic recursive equation (SRE) involved in the dynamics.

3.4.1 Linear SRE on H;

A typical example is the BEKK model of Engle and Kroner (1995). As in Pedersen and Rahbek
(2014), we focus on the BEKK-GARCH(1,1) model, in which 3;(68) is the symmetric square root

of H;, given by

e = H'*n;,  H,=Cy+ Apes_1€, | Al + BoH;_1B), (3.7)
where Ag, By and C{ are real m x m matrices, with Cy positive definite, such that H; is a positive
definite matrix. For some m x m matrices A, B and C > 0, let 8 = (vec(A)’, vec(B)',vec(C)")'.

The derivatives of vec(H;) can be computed as follows, omitting € for ease of notation. From

vec(H;) = vec(C) + (A ® A)vec(e€;) + (B @ B)vec(H,_1), it follows that, for j =1,...,3d,

Ovec(Hy)  Ovec(C) 0(A® A) ,
2, oo, as, eclas)
0(B ® B) Ovec(H;—_1)
—_— H;_ B® B)——.
+ a0, vec(H—1) + (B ® B) o0,
For any m x n matrix M, let the dm X n matrix oM = (88](‘9{/, ,88%/> Let X; =
(vec'(H;), {Ovec(H,)}')'. We have, in block matrix notation,
B® B 0
X; = Xi 1+ ey, (3.8)
d(BeB) I,®(B®B)
where
ec(C AR A
e = vee(C) + vec(€;€y).
ovec(C) I(A®A)

11



Equation (3.8) allows to compute recursively the matrix H; and its derivatives, provided that some

initial values are chosen.

H1/2

It remains to compute the derivatives of 3; = . Without generality loss, this matrix can

be assumed to be symmetric and positive definite. We note that 3; 8% + azt Et aHt . Thus

ec (%I;t) , (3.9)

which allows to compute the derivative of 3; provided I,, ® ¥; + 3; ® I, is non-singular. In fact

(In ® Ty + 2 ® I,,) vec (6;;?) =

I35+ @1, =T, 23) T2 +3 231,

The eigenvalues of 3, L and X, being positive, the eigenvalues of the latter parenthesis are larger

than 1. The invertibility of I,,, ® 3; + 3¢ ® I,,, follows and we have

ox
Vec< t> = (Im®2t+2t®1m)1vec<

OH,
00; '

00;
3.4.2 Linear SRE’s on the individual volatilities and the conditional correlation matrix

Consider parameterizations of the form 3;(0) = Dt(O)Ri/z(B) where Dy(0) is the diagonal matrix
of the individual volatilities (at 8p), and RL}/ 2(49) denotes the symmetric positive definite square-
root of the conditional correlation matrix R:(0) (that is {Rl/ %(6)}2 = Ry(6)). For all commonly
used models, the derivatives of the individual volatilities (or their squares) can be straightforwardly
computed, using the SRE on the vector of individual volatilities. The matrix %th) follows, for
any component ¢; of 8. Turning to the derivatives of Ri/2(0), we note that, similar to (3.9),

8Ri/2 12 | pl/? -1 ORy
Vec< 26, (I ® R, R, ®Im> vec 06, )

Usual DCC models provide a SRE on the conditional correlation matrix Ry, from which the deriva-
tives of R; /% can be computed using the previous equality. Consider the cDCC model (see Appendix
C). We have R; = Q:_l/QQtQ:_l/Z, and

Q=(1-a-p5)S+a *1/2Dt (€161 D, :1/2"'5@? 1y

where S is a correlation matrix. The diagonal terms of Q; are given by

2

€it—1
Giip=(1—a—p)+ (04 o

it—1

+ ﬁ) Qiit—1,

12



from which the derivatives of @} can be recursively computed. The derivatives of Q; 172 follow from
Qtl/ 2 x—1/2 8Qt
=3Q;

(3.9), which in the diagonal case reduces to . Now we turn to the non diagonal

terms. We have, for i # j,

+ /BQZ] t—1»

Gt = (1 —a—B)Sij + a\/Giit— 1 \/Q]jt 1

from which the derivatives of g;;; follow recurswely. The conclusion follows.

3.5 CI’s based on a conditional resampling scheme

For certain estimation methods/models the asymptotic distribution of the estimator §n may not
be available. Even when it is, as shown in the previous section, the asymptotic variance & may be
difficult to compute. An alternative, which we will now illustrate, is a bootstrap procedure. We will
use the well-known result that, under the sphericity assumption, ||n;|| and n;/||n:|| are independent,
the latter random variable being uniformly distributed over the unit sphere S™~1.

We consider the following resampling scheme, given observations yi, ..., ¥y, and initial values:

~ ~ — /\(

1. Compute 6,, = 0,,(y1, ..., Yn), the residuals 7, and the estimator Vango’éz_l(rt) =: VaR ® (re).

2. Generate independent vectors s, u = 1,...,n, that are uniformly distributed over S™ 1.
independently, generate vectors ﬁZ’ that are uniformly distributed on (7o1,...,7on) Where
Nouw = Su Y 2(77“ — 1), Sy is the sample covariance matrix of the residuals 1, and 7 is their
sample mean. Compute n;; = |77 ||s;; and let y;; = m;, (0 )+ E*(G )0, where 3* is defined

as f)u but with simulated data instead of observations.

3. Compute o) = §n(y1‘, ...,Yr), the resampling residuals 7} = i;l(é\é&)){yz - ﬁu(@(la))})
and the estimator

o5 *(@)

VaR™" (1) = —aj_m4(0() + [|at_1 Ze(65) 15 12 (3.10)

where 5;,172a = q1—2¢« ({‘Wu" 1 S i < m, 1 Su< n})

—— x(a

4. Repeat B times Steps 1-3, resulting in @:(a) (r¢),...VaRpg )(rt), say.

Note that in Step 3, the conditional moments 3(-) and 7,(-) are built using the real data (not the
bootstraped ones). Using the pivot method (see e.g. Davison and Hinkley (1997)), we get a CI for

the conditional VaR at the confidence level 1 — oy as

- (@) = *(a) = (a) = (a) = *(a) —= (a)
[VaR (T’t) — {VaR(1a0/2) (T’t) — VaR (Tt)} ,VaR (T’t) — {VaR(aO/z) (T’t) — VaR (Tt)}:| ,

13
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Figure 2: Confidence Intervals based on asymptotic results vs bootstrap.
Time

with standard notation for the order statistic. An illustration is displayed in Figure 2, for the same
setting as for Figure 1. As can be seen, the CI’s obtained by the bootstrap approach are similar
to those obtained using the asymptotic results. For more complex models, or for estimators for
which the asymptotic distribution is unknown or cannot be estimated, the latter CI’s would be
impossible to derive, while the bootstrap approach described above could be implemented without

further difficulties. The validity of this procedure is however an open issue.

4 VaR estimation without the sphericity assumption

Rombouts and Verbeek (2009) proposed a semi-parametric method for evaluating the VaR of port-
folios, which relies on: i) estimating 6y, ii) using a Kernel estimator of the (multivariate) density of
My, iii) evaluating by numerical integration the conditional VaR of a portfolio. While this approach
seems attractive from a practical point of view, its asymptotic properties are unknown. Deriving
asymptotic confidence intervals for the VaR, which is the aim of this paper, would probably be
extremely difficult with this method.

In this section, we study an alternative semi-parametric method which is amenable to asymptotic

properties. This approach, called FHS, relies on

i) interpreting the conditional VaR at time ¢ as the a-quantile of a linear combination (depending

on t) of the components of the innovations;

14



ii) replacing the innovations by the GARCH residuals and computing the empirical a-quantile of

the estimated linear combination.

The conditional VaR of the portfolio return is
VaR!™), (r1) = VaR{®), {b4(80) + ¢,(80)m: }

where b, (0) = aj_;m(0) and c,(0) = a),_;3,(0). The conditional VaR at time ¢ can thus be
interpreted as the sum of the conditional mean and a quantile of a time-varying linear combination

of the components of the iid noise. It can be estimated by

—= (a) ~ ~

VaRppsi—1(rt) = —qa ({bt(On) +¢(0,)7ns, 1<s< n}) . (4.1)
Remark 4.1 (On the name FHS) In (4.1), all residuals are used to estimate the VaR. Alterna-
tively, the conditional VaR could be estimated by randomly drawing N residuals among the 7)’s,

for some specified number N (hence the term "simulation" in FHS).

Remark 4.2 (Higher horizons) The approach can be extended to higher horizons. For N in-
dependent draws of the 7),’s, N scenarios yﬁl), . ,yt(N) for y; are obtained. For each value yy),

another set of N independent draws of the 7,’s, produces N scenarios ygill), ey yﬁijlv) for y;y1. Pro-

ceeding recursively, at horizon H we get N scenarios y&}{_’le ) for YitH-1, Where i; € {1,...,N}.
Such scenarios allow to update the sequence of weights a, for s =t,...,t+ H — 1. We deduce N
scenarios rg:Hle ) for riypgr—1. The VaR of the portfolio at horizon H conditional on the available

information at time ¢ — 1 can thus be estimated by
7 (H,Ot) 01 yeeny j .
VaRppgi 1(reen—1) = —qa ({TiilH—Zfﬂl)a ij €4{1,... ,N}}) . (4.2)

Let ¢: ®9 — R™ and b : ®9 — R denote continuously differentiable vector-valued functions. Let
£4(0) denote the theoretical a-quantile of b(@) + ¢/(8)n:(8), where 1:(0) = Z;1(0){y; — m:(6)}.
Let fn,a(e) = qa ({b(e) + cl(e)nt(g)v 1<t< n}) Let Ay = COV(V(m% 1{b(90)+c/(90)m<£a(00)})7

o = eOBC) - g0 d{ e s np@n - g0}
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where d,, = E(n; | b(0g) + ¢ (00)n: = £4(6p)) and

I, ® €}
Q;fk = (Im ® 2; )80/ {VeC(Et)},
I,®e€
;% e
C, = {I ® vec’ (%Zﬁt)}
I 2% en

The following result establishes the asymptotic distribution of fma(gn).

Theorem 4.1 Assume that A1, A3 hold. Suppose that the variable ¢/ (6y)n: admits a density fe

which is continuous and strictly positive in a neighborhood of o = £4,(6¢) — b(8y). Then

¢H&J@%fNM}i.N@J:—d%WMwm%+é%£g.

This theorem can be used to derive CIs for the conditional VaR at time ¢ of the portfolio return, with
b(0) = aj,_;my(0) and ¢/(0) = aj_,X(0). A Nadaraya-Watson estimator of d, is, with standard

notation,

~ _Zs 1778Kh<( n) + ( n) s — En,a (€ n)>
TS K (60 + €6, — ual6,)

A consistent estimator 62 ; of o2 can be obtained by replacing the other theoretical quantities

introduced before the theorem by their empirical counterparts, and by using the approach described
in Appendix 3.4 to compute the derivatives of 3; and m; for particular models. An approximate

(1 = ap)% CI for VaRgf)l (r¢) is thus given by

—— (@) .
VaRpprs1(re) £ o Y1 —a0/2)611. (4.3)

NG

At higher horizons, deriving asymptotic CI’s for the VaR in (4.2) seems a formidable task. Al-
ternatively, the bootstrap procedure described in Section 3.5 could be extended to non-elliptical

distributions and to higher horizons, but this is beyond the scope of this paper.

Remark 4.3 (Data driven portfolio’s composition) For certain portfolios, the composition

may depend on §n We then write at_1(§n) instead of a;_1. Take the example of the Minimum
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Variance Portfolio (MVP) considered in Section 5.1 below. If Theorem 4.1 is applied with 5(8) =0
and

c(0) =a),_1(0)%:(0) where a}_,(0) =¢€'X;%(0)/e'=?(0)e, (4.4)

then &,(6y) corresponds to the conditional VaR of the theoretical MVP. If Theorem 4.1 is applied
with b(0) = 0 and

~

d(0)=a, (6,)%:(0) where a) ,(6,)=€%;%6,)/eS (O, (4.5)

then £,(60y) corresponds to the conditional VaR of the estimated MVP. Note that the asymptotic
variance o depends on the derivatives of ¢ (which are different in (4.4) and (4.5)) via the vector w.
It seems less interesting to evaluate the statistical risk of the theoretical MVP through (4.4) than
that of the estimated MVP through (4.5), since this is the portfolio that is actually used in practice.

5 Numerical illustrations

The first part of the section presents a Monte-Carlo experiment that investigates the empirical
coverage properties of the confidence intervals proposed in Section 3.3. Real data examples are

: 8
presented in the second part.

5.1 Coverage probability of the VaR confidence intervals

Consider a general multivariate model (2.3) with m(-) = 0. The portfolio with the smallest variance,

that we call hereafter Markowitz’s MVP, is defined by

. 3, %(6))e

ri=€a;_y, aj_ = e’E’Q(BO)e' (5.1)
¢

The theoretical conditional VaR of this portfolio is obtained by computing the opposite of the
a-quantile of a:/_lﬁlt(eo)nl, which is simply given by

/ _ 1 _

VaR(®), (rf) = [laf’ 1 2(00)]| B, (01— 20) = ————F} ]

S=T% (1-2q) (5.2)
e3>, “(0p)e

1|

in the case where the distribution of 7 is spherical, with an invertible cumulative distribution

function F, , and a € (0,1/2).

The code and data used in the paper, as well as additional numerical illustrations, are available from the authors
upon request, or on their web pages.

http://perso.univ-1ille3.fr/~cfrancq/Christian-Francq/VaRPortfolio.html
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Table 1: Coverage properties of the (1 — ag)% CI for the a% VaR: relative frequencies (in %) of
VaR in the estimated CI’s over the 1,000 replications.

n = 1,000 n = 2,000
o 1% 5% 1% 5%

1—ag 90% 95% 99% 90% 95% 99% 90% 95% 99% 90% 95% 99%
Design S 89.1 927 974 90.6 940 974 905 955 984 91.6 949 98.7
Design NS 86 105 152 209 254 342 6 74 97 128 166 23.5

We simulated N = 1, 000 independent trajectories of length n + 1 of a BEKK-GARCH(1,1)
model (3.7), with m = 2 components and the volatility parameters vech(€g) = (0.001,0,0.001)’,
vec(Ap) = (0.1,0.1,0.1,0.1), diag(By) = (0.9,0.95)". In Design S, n; is distributed as a normalized
Student with 9 degrees of freedom; in Design NS, 7, is distributed as the asymmetric Asymmetric
Exponential Power Distribution (AEPD) with parameters a = 0.5, py = 1 and ps = 2. The class of
AEPD was introduced by Zhu and Zinde-Walsh (2009) and allows for skewness with different decay
rates of density in the left and right tails. On each simulation, the first n observations were used
to obtain the QMLE 0, of 0y, and to compute &, 1-20 = qi—20 {|Mit],i =1,...,m,t=1,...,n}.
We then checked if the theoretical value-at-risk VaR'® (% 1) of the Markowitz MVP (5.1) at time
t = n + 1 belonged to the confidence interval defined by (3.6) (with ¢ — 1 replaced by n and
replaced by r’, ;). For nominal coverage probabilities of 90%, 95% and 99%, respectively, the
empirical coverage probabilities over the N = 1, 000 replications should belong to the intervals
[87.5%,92.4%)], [93.1%,96.7%)] and [98.1%, 99.7%], respectively, with probability 99%.

Table 1 shows that, in the spherical case, the empirical coverage probabilities are very close to
their nominal values, at least when n = 2, 000. As expected, the empirical coverage probabilities
provided by the spherical method are no more valid when the DGP has a non spherical innovation.
This is due to the fact that the VaR’s (and thus their CI’s) are not consistently estimated when the

innovations are asymmetrically distributed.

5.2 Portfolios of stocks

We considered the daily returns of 5 major NASDAQ companies : Apple, Coca-cola, Exxon Mobil,
Intel and JPMorgan, from January 4, 2000 to June 13, 2017. The total number of observations is
n = 4389. The data have been cleaned up to take into account stock splits.

We first estimated a BEKK model on the 5 stock returns over the whole sample except the last
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Figure 3: Returns of the portfolio (dark line) for the period 18/06/2015 to 13/06/2017, estimated 1%-VaR and

95%-confidence interval (full and dotted blue lines), based on the estimation of a BEKK model for the stocks.

500 returns. We considered an equally-weighted crystalized portfolio (u; = 1 for i = 1,...,5) and
the VaR estimator based on the sphericity assumption. Figure 3, displaying the last 500 returns of
the portfolio, shows that three returns are below the lower bound of the 95%-CI of the 1%-VaR. For
such returns, there is strong evidence of violation of the theoretical VaR. For several other returns
belonging to the CI, violation can be suspected.

A standard approach for evaluating VaR models is to use backtesting. Instead of the BEKK,
we estimated the more popular DCC-GARCH(1,1) model on the first ny = 3000 observations and
computed the residuals n,,u = 1,...,n1. Instead of crystalized portfolios, we considered MVPs.

Figure 4 displays the returns of the estimated Markowitz MVP
5726,
rt:—e ~t2(fl)€t, t=ni1+1,....,n
e'X; %0, )e

— (1% — (1%
together with VaRgt,)l (rf) (left panel) and vaRSHA)S‘,tfl(T;tk ) (right panel), as defined by

— (a) * gn 12«
VaRg, 1(r}) = ————

€' (6,,)e

= (a) * eli;l(é\nl)ﬁu
VaR _4(rf) = —qa ————,u=1,...,n .
s a(rd) ({ T :

The most striking output is that the two methods give virtually indistinguishable estimated VaRs for

)

the Markowitz portfolio. Applying the sphericity test recently proposed by Francq, Jimenez Gamero
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and Meintanis (2015), we found that the sphericity hypothesis cannot be rejected at any reasonable
level.” Table 2 provides the p-values of three backtests (see Christoffersen (2003) for details) on
the last n — ny = 1389 observations: the unconditional coverage (UC) test that the probability
of violation is equal to the nominal level «, the independence (IND) test that the violations are
independent, and the conditional coverage (CC) test. The VaR estimation procedures clearly pass
the backtests, except in one or two cases. In view of the sphericity test and these backtests, the

: . 10
spherical and FHS approaches are equivalent on these data.

Estimated Markowitz's MVP Estimated Markowitz's MVP
with its S—estimated 1%-VaR with its FHS—-estimated 1%-VaR
< <
o o
o o

Return and -1%VaR
0.00
|
Return and -1%VaR
0.00
|

-0.04
l
-0.04

I I I I I I I I I I I I
2012 2014 2016 2012 2014 2016

Figure 4: Returns of estimated optimal portfolios of 5 stocks and their estimated VaR'’s.

6 Conclusion

This paper develops a unified theory for the inference of conditional VaRs of dynamic portfolios.
The dynamics of the underlying vector process of returns is governed by a quite general stationary

9Applying the KS® test of Section 6 with L = 8, and B = 100 bootstrap replications, we obtained an empirical
p-value equal to 0.57.

10
The aforementioned backtests do not account for the impact of the estimation errors. In a fully parametric
dynamic framework, Pei (2010) studied the effect of estimation on backtests. Developing similar tests in our semi-

parametric framework is beyond the scope of the present paper.
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Table 2: p-values of three backtests for MVP and minimal VaR portfolios

Method  Portfolio « % of Viol UC IND CC
Spherical MVP 1% 35,=1.22% 0418 0202 0.319
FHS MVP 1% 355 =115% 0.579 0.175 0.342
FHS Minimal 1%-VaR 1% i35 =0.94% 0.808 0.108 0.267
Spherical MVP 5% 3L =4.82% 0.762 0.053 0.147
FHS MVP 5% 095 =5.69% 0.249 0.044 0.068
FHS Minimal 5%-VaR 5% 33 =4.90% 0.858 0.020 0.067

multivariate GARCH-type model. The portfolio is based on a combination of individual returns
which can be time-varying. We showed that the sphericity assumption on the innovations distri-
bution allows i) to define the concept of VaR parameter for which we provided an asymptotically
Gaussian estimator; ii) to quantify the estimation risk via asymptotic CI's on the VaR parameter.
Without the sphericity assumption, asymptotic results were also derived for the FHS estimator. For
both approaches, with or without the sphericity assumption, we showed how to build asymptotic Cls
for the conditional VaR and thus to visualize on the same graph both market and estimation risks.
As far as the comparison between the two approaches is concerned, our results and experiments not

reported here allow us to draw the following lessons, by distinguishing two different problems:

i) Estimating the conditional VaR by the spherical method is simpler and more accurate
when sphericity holds. On the other hand, it may yield inconsistent VaR estimators when
sphericity is in failure. The FHS method performs well in both cases and outperforms the first

approach in the absence of sphericity.

ii) Evaluating the asymptotic accuracy of the conditional VaR estimators can be achieved
using Theorems 3.1 and 4.1. Implementation of the latter asymptotic results is more involved
but is worthwhile when sphericity is doubtful. An alternative bootstrap procedure can also be
used when the asymptotic distribution is not available or is untractable. Conclusions drawn
from our experiments are that the asymptotic and bootstrap approaches give similar results

when both are available, the latter being obviously much more time consuming.

The practical implications of our results concern the derivation of reserves for financial positions.
By neglecting the estimation risk, practitioners may erroneously believe that the risk is controlled at

a given level. The problem is even more important in highly volatile periods, for which the accuracy
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of risk estimators tends to lower. Our results could clearly be extended to other risk measures, but

we leave these extensions for future research.

Appendix: Complementary results

A Illustrations of the Bahadur representation A3

A.1 For the Gaussian QML

Let us illustrate (3.2) in Assumption A3 when m(-) = 0 and the criterion used to estimate 6y is

the Gaussian QML. We have

(9\” = arg minn ! AC; Al
g m tzl +(0) (A1)
where
(1(0) = e,H, '(0)e; +log |H,(0)],  Hy(6) = %,(0)%()
and

it(GO) = E(Gt—h <5 €1, EOv E—lv s 700)7

where €_;, for ¢ > 0, denote arbitrary initial values. Under appropriate assumptions not discussed

here, we have the following expansion

~ op(1) 4 1 - aft(ao)
ﬁ(‘g"_go) = Jl%; 00

where

J=F —82&(00) and  (;(0) = €,H; '(0)e; + log |H;(0)|
0006’ e ’

with
H,(0) =%,(0)2,(0), X:(0)) =X(€—1,.--,).

Moreover, for j = 1,...,d, we have, using the equality Tr(A’'B) = vec’(A)vec(B),

355;‘30) - T {@tl(eo))’um - ntn£>2t1<eo>m§—(§f“)}
— {8137;9@} vee {(874(00)) Ly — mem) S5 (60))
= v {8%70(;90)} {=7(60) © 377 (80)} vee { I — mim}} .
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It follows that

00 (6o) Ovec' Hy(0y)

T L= 00) @ 57 (00)) vee {1, — min}.

Hence (3.2) holds with

e 1 Ovec Hy(6y)

A1 = 00

) 157 (00) 0 27 (00)Y

and

V(n) = vec {Im — ntnz} )

A.2 For the EbE estimator of generalized CCC models

Francq and Zakoian (2016) studied the asymptotic properties of the so-called Equation-by-Equation
(EbE) estimation method. In this approach, instead of estimating a m-multivariate volatility model,
m univariate GARCH-type models are estimated EbE in the first step, and a correlation matrix is

estimated in the second step. Let m(-) = 0, and assume
i(60) = DiR'/?

where D; = diag(oi¢,...,0m¢) and R = (R;;) is a constant correlation matrix. Suppose that that

U,%t is parameterized by some parameter Cék), so that

€t = OkitMiy
o) (A2)

Uk(et—laet—Qa---§ 0

Okt

where o}, is a positive function and 77, is the k-th component of RY 2n; (see Francq and Zakoian
(2016) for precise assumptions). Each volatility being allowed to depend on the past of all compo-
nents of €;, the model can be called generalized CCC. The parameter 8 = 0 := (¢’, p) here consists

in the volatility parameters ¢ = (¢ O ,C (m)/)’ and the correlation parameters
p=(Ra1,...,Rm1,R32,..., Rpn2, ..., Rym—1)".

The components of { are estimated in a first step by the QML method applied to each volatility
equation, while the correlation matrix is estimated by the sample autocorrelation. Equation (B.2)
in Francq and Zakoian (2016) shows that (3.2) in Assumption A3 holds for the EbE estimator of
the generalized CCC model.
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A.3 For the VTE of the CCC model
Consider the CCC-GARCH(p, ¢) model
€ = Ht1/2nt7
H, = D{RyD;, D} = diag(h,), (A.3)
h,—hy = Z?:l Ao (Etfi - hO) + Z?:l B, (@t—j - hO) )

/ . . . . .
where €, = (e%t, . 76%11&) and Ry is a correlation matrix. The matrices Ag; and By, are matrices

of size m x m with positive coefficients and hg is a vector of dimension m such that
T
{Im - Z (Aoi + BOi)} ho
i=1

has strictly positive coefficients (with » = max{p, ¢}). The parameter vector is denoted 8 = (h',~’)’,

with
y=(,. . a8, 8,0,
where
p = (pgl,...,pml,pgg,...,pmg,...,pm,m_l)GRm(mfl)/Q
o = veCAZ-ERmQ, i=1,...,q,
and

,BjZVGCBjGRmQ, j=1...,p.

Using initial values, for any - belonging to some compact set ©., the ﬁt’s are recursively defined,
for t > 1, by

H; = ﬁtRﬁt, ﬁt:{diag(ﬁt)}1/2’

hy, = h(0)=h+X", Ai(e;—h)+X% B (h;—h).

The VTE of the parameter hg is defined by the empirical mean

1 n

The VTE of the parameter ~, is then defined by 4,, = arg min,cg_ /jn(’y), where
~ n ~
En(’)l) =n"! Z et,n
=1
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and

lin="li(hy,y), b =0(h,y) = € H, "€ +log | H,|.
Letting 6, = (h/,,7.,), the VTE of 6y, Francq, Horvath and Zakoian (2015) showed that
Jn (én _ 90) ~L,X, (A.4)

where L,, converges in probability to some positive-definite matrix L,

X, = 1\/5 gﬁn ;?0) _ % 12?1H(Ut2 - Im)ﬂt + OP(l),
i 2ai=1 9541(60) T 2= P Vi
where C' is a non-random matrix, ®;_; is a matrix which is measurable with respect to the past,
and
U, = diag(RY*m), Vi = vec(I,, — Ry *nim Ry/).

It can be noted that
(U} — In)h, = D?ﬂrv
where
n = (-1 1)

and

* * * 1/2
n = (nlt’ o anmt)/ = RO/ Tt

Note that Eﬂ: =0.
Thus, (3.2) in Assumption A3 holds for the VTE of the CCC model with, in particular,

Vi) = (V)

B Proofs

B.1 Proof of Theorem 3.1

Note that

R IR .
§nj—20 = argmin— Z Zp172a(|77kt| —2),

zER N =1 1
where p1_2q(u) = u(l — 2a — 1g,<y). Thus
\/ﬁ(gn,l—Qa - 51—204) = arg Izrélﬂg Qn(z)
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where

Z {p12a (|ﬁkt| —&1-2a — %) = pr—2a(|mke| — flza)} .
k=1 t=1

Let ey denote the k-th column of the m x m identity matrix I,,,. Let 3; = 34(0p). Let n,(0) =
10 {y: — mi(0)} = (114(0), ..., 7t (0)). We have, for j =1,...,d,

8771% _ 18mt 182t _1 _
om 0x
= —e. X 180t+Tr{ meps; laet}

6m 0
- 21 L antekﬁ { 2“}

where ¥,/ is the /-th column of 3;. Let

amt

Q= Un® e;czt_ )69/ {vec(X;)}, Cyt = vec {e%E;lm

} , My, = Cpy + miSQy.

A Taylor expansion of nx(6) around 6y thus yields,

d
. . 0m 0 ~ B
Tet = ke — <e;92 L aat + E M€l Sy {—8«9 Eet}> (6nj — Bo7) + op(n~'/?)

j=1
= Mkt — Ml:;t(é\n —6) + OP(Tfl/z)- (B.1)

Note that for any sequence (b,,) tending to zero and any real number a, we have, for n large enough,

la — by| = |a| — ub, where u =1if a >0 orif a =0 and b, < 0, and u = —1 otherwise. Thus
el = | — Miy(8, — 00)| + 0p(n™Y2) = |nge| — we My (6, — 80) + op(n~1/?),
where up; = 41, the sign of wug; being equal to that of ng; when ni; # 0, and to the sign of
—M;,(8,, — 6o) when 1y, = 0. Using the identity
v
p1-2a(u —v) = p1o2a(u) = —v(1—2a— 1) —|—/ {1{u§s} — 1{u<0}} ds
0

for u # 0 (see Equation (A.3) in Koenker and Xiao, 2006), we thus have

m

Qn(z) = Z ZXn,k: + Yn,k + In,k(z) + Jn,k(z)a
k=1

26



where

1 &
Xn,k; = % ;(1{Ukt<fl2a} — 1+ 2&),

1 &
Yn’k - % ;Rt’”’k(l{ﬂkt<§l—2a} -1+ 2a)’

1
n.oE/Vn
Inik(z) = Z/O (1{|77kt|§51—2a+8} - 1{|77kt\<€1—2a})d37
t=1

n /(Z+Rz,n,k)/\/ﬁ

— Jopym (Limuel<er-zats} ~ Limel<tr-2a1)dS;

with Ry, k or() uktM,gt\/ﬁ(gn — 0p). We have I, ;(z) — 22—2f(§1_2a) in probability as n — oo
(see Appendix B.2). Moreover, by the change of variable u = s — z/y/n, we have J, ;(z) =

Jélli(z) + Jff%(z) where

Rt n k/\/ﬁ
(1) . 27y
UONEEDS /0 (Ll sa—=vm<uy = Lineal -1 sas/vineny ) o
t=1

n Ry k/\/ﬁ
(2) _ ”
Jn,k(z) - Z/O (1{|77kz|—§172a—2/\/ﬁ<0} - 1{‘nkt‘_§l—2a<0}) du.
t=1

Let 11‘Xe(a b = 1ix<p) — L{x<q) for any real numbers a,b and any real random variable X. We

have

n

(2) _ ) ~1/2 *
Tox(2) = Z; {use My (8, = 00) +0p (™) } 1 e oy
t=

op(1)

1 « . R
N (ﬁ Z“’“l{nm—glgae(o,z/m}M;’gt) V(0 — ).
t=1
Note that, for z > 0,

Eurely, =61 snco2vmy) = P61 sac0.zvmy) = B, -6 sne©.2/vmy) = 0;

in view of the symmetry of the distribution of ng; under the sphericity assumption A2. The same

equality holds for z < 0. Now, for z > 0 and ¢ # k,

Eurettee Xy, -6 sncoz/vmy) = Eali, e seczvmy) = EOulin, -6 _sae0.z/vmy) = 0,
because (ng, Nke) and (1, —nke) have the same distribution under A2. For k = ¢ we have

z

E(’nkt‘1?|77kt|*51—2a€(0,z/\/ﬁ)}) - gl_QO‘f(fl_%‘)\/ﬁ +0(1/\/E)'
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The same equalities hold for z < 0. Thus, we have

1 - * / op(1) / -1 0
E <% tzl uktl{nktgl_zae(O,z/\/ﬁ)}Mkt> =" 2&-2af(G-20)e B | 2 wz-k,t .

Similar arguments show that

var ( iuktl?l —€1_20€(0,2/y/m)} Cht
vn pt Mt | —§1—2a €(0,

1 . /

- E ZE(l{‘nkt‘_fl—QaE(O,Z/\/ﬁ)})E(Ck;tth) = 0(1),
t=1

Var L Zn:u ]_>l< /Q*

N Kt L e —€1 - 20 €(0,2/v/m)} T Pkt

1 = * *
= —> Var (40 1 _am0,2 ) SR ) = 0(1).
t=1

It follows that

JSZ;(Z) orl) 2&1-9af(&1-20)€LE (2;1 {%Ekt}> (6, — 6y),
and . .
ZJr(f;i(z 2l 251 20.f (§1-2a Z%E < {%Ekt}) Vn(8, — ).
Moreover, . )

S ) B R ) B

As in Francq and Zakoian (2015), it can be shown that Y ;" , Jﬁ;?;(Z) converges in distribution to a

variable which does not depend on z. Therefore,

S () "2 261 g0 f (61-20) 2 V(8 — 8) + A

k=1
where A is a random variable which is independent of z. By the arguments given in Francq and
Zakoian (2015), we can conclude that

1 1 n
F(€120) myn > N (B.2)

t=1

op(1)

Vi(éni—2a —&i—2a) = —&_T%‘Q’\/ﬁ(é\n —6) —
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In view of A3 we have

- 1 < 1
Covgs 0, — 0o), N, = —AW,,
ov <\/ﬁ( ()) m g t) m
and thus,

_ L [ / 281-2a Vo
Vi €1 — )} = 1 {0 AW+ s

Covs (\/ﬁ(é\n - 00)7 \/ﬁ(gn,l—2a - 51—204)) = % {51—2&‘119 + AWa} .

1
f(§1-24)
The convergence in distribution (3.3) follows by the Central Limit Theorem of Billingsley (1961)

for ergodic, stationary and square integrable martingale differences, applied to the sequence
A1V (n)
Ny

a

B.2 Proof that [, ;(z) — Z2—2f(§1,2a) in probability as n — oo

For ease of notation, we omit the index k. Write 7, instead of nx; and I,,(2) instead of I, x(z). Note

that

n oIV
In(z) = Zl{nt>§1—2a}/0 1{\77t\§§1—2a+8}d8
t=1

n .
= D Vs o) Yiml—61 a0 <2/vi) ds
t=1

[7¢|—61—2a
" z
S (% _ Xt) locx,cojym X =l — €1 a.

t=1

Let
z z

Wn,t = <% — Xt> 10<Xt<z/\/ﬁ - F { <% - Xt> 1O<Xt<z/\/ﬁ} ’

We have, for any integer p > 0,

(G e} = [ (G s
\/ﬁ 0<X<z/+/n 0 \/ﬁ @

L /0 (z = w)” f{(u+&1-20)/Vn}du
2P+l

p+1

f(fl_ga)n_(p+1)/2, as n — 0o.
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Thus, by Markov’s inequality, for any € > 0,
v EW? 3
_ 2= EWay 2 f(E12a)n" V2 = 0(1), asn — oco.

P < > Wl > e> < (thg )
=1
€2 3e2

€
It follows that >} ; W, + — 0, in probability as n — co. Thus,

z2

In(z) ~nE { (% - Xt) 10<X¢<z/\/ﬁ} ~ 5 fl&1-2a),

in probability as n — oo. O

B.3 Proof of Corollary 3.1

The asymptotic normality follows from Theorem 3.1 and the following Taylor expansion of G around

(60,&1-24)

G g _ [260.9 Vi (6.~ 60)
\/a((’" _90) B [8(9',5) Leo,gl_m) ( Vi(€ni 20 — €1-24) ) +op(l).

B.4 Proof of Theorem 4.1
Noting that fn@(én) = argmin.ecr + Y7, pa{b(gn) + c’(én)ﬁt — 2z}, we have

Vidén,a(0n) = £a(60)} = arg min On(2)

where
n

Ou(x) =3 {pa (b<§n> B~ EalB0) %> ~ pa{b(80) + ¢ B0 @(9@}} |

t=1
It follows from (B.1) that
ﬁt = N — Ct(é\n - 00) - (Im &® ng)ﬂ:(é\n — 00) =+ 0P(TL71/2).

Noting that ¢(6o) (Im @ n:)'Q; = >1L; ¢j(00)m €2, = m{c'(60) ® I}, a Taylor expansion
around @y thus yields

b(6n) + ¢ ()7 — {b(80) + ¢ (B0)m:}
—{ 560~ OC} B 1)+ i { 55(00) ~ (60 9 1,9 } B, )

=n/ (0, — 60) + op(n~/?),
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where m; is the row vector

= [ 00— @G i { 2 00~ (00 & 10 || = [el niF]

Proceeding as in the proof of Theorem 3.1, we find that

On(z) = 2X,+Y,+1(2)+ Jo(2), where

1
Xn = % Z(l{b(eo)-f'c’(eo)’fh<§a(90)} - a)v
Yo = Z St n 1{b(90)+0’(90)77t<§a(90)} —a),

In(z) = Z / (L(b(80)+¢ (00)me <6a (80)+5} — L{b(80)+< (B0)me <Ea (80)})45;
(2+St,n) /1

In(z) = Z / e (L{b(80)+¢ (B0)me<a(80)+s} — L{b(00)+¢/(00)me<€a (60)}) 45

with S, or{l) —nl’t\/ﬁ(gn — 0p). By arguments already used, we have I,,(z) — %fc{xo} in proba-
bility as n — oo, and J,,(2) = 79)(,2) +J? (z) where Jél)(z) converges in distribution to a variable

which does not depend on z and

®) StV
URONEEDY /0 Liwo+e/(B0)mi—z/vi<o} — 1{—wo+0’(90)m<0}> du
t=1

_ Z{_ng(an—eo)+0p( 1/2)} {—z0-+¢(00)m€(0,2//n)}

t=1
or(1) [ =1 <~ . ) .
— <% Zl 1{—2}0+C,(90)7It6(0,z/\/ﬁ)}nt) \/ﬁ(an — 00)
t—

First suppose for z > 0. We have, Now, in view of the independence between 1, and Fi, we have,

for z > 0,

E(nt]-? —zo+c'(60)m:€(0, Z/\[)}Ft)

= F {néFt | —xo + ¢ (B0)m: € (0, %)} {\/—fc(%) <7>}
~ i BF) +o (=)

Similar computations show that the last equality continues to hold for z < 0. Similarly,

z

* 1
E (1{fzo+c/(90)77tG(O,z/\/ﬁ)}cg) = %fc(xo)E(Ci) +o (%) :
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By arguments already used, it follows that

IO () Y (@) [FE(€)  — dyE(F)] VB, — 00) = 2 fe(mo)w' (B, — 6)).

Finally,

22 ~
Ou(z) = 5 felw) +2 { X + felao)w' (8, - 80) } +Op(1).

We conclude that, similarly to (B.2),

Vtfna(82) = €a(00)) "L —w'\/n(8, - 6))

1 1 «
—_— 1 , _ .
fe(zo0) V1 ;( {6(80)+¢ (60)mi<€a(60)} — )

The convergence in distribution follows. O

C DCC-GARCH dynamic portfolios

In this appendix, we consider the case where the return vector €; follows a DCC GARCH model
of the form €, = 34(6y)n, with 3,(6y) = DtRi/2. The diagonal matrix Dy = diag(o1¢,...,0me) is
assumed to satisfy the GARCH(1,1) equation

h; = wo + Agg; 1 + Boh 1 (C.1)

where h; = (J%t, e ,ant)/, € = (e%t, e 76%115)/7 Ay and By are m X m matrices with positive
coefficients, wyq is a vector of strictly positive coefficients, and By is assumed to be diagonal. Assume
also that the correlation matrix R; satisfies the cDCC version of Aielli (2013), which is a modification

of the original DCC formulation introduced by Engle (2002). The ¢cDCC model is defined by

R =Q 7 QQ ™" Qi=(1—ao—B0)So+ 0@ Pni i Q1M + @i,

where ag, By > 0,09 + Bp < 1, Sp is a correlation matrix, @y is the diagonal matrix with the

same diagonal elements as Q;, and n; = D, le;. The unknown parameter 6 contains the volatility

parameters wy, Ag and diag(By), and the conditional correlation parameters ag, 5y and the sub-
diagonal elements of Sj.

To estimate 6y, we used a three-step estimation procedure similar to that employed by Aielli
(2013). The individual volatility parameters wy, Ay and By are estimated equation-by-equation,

from the m augmented univariate GARCH models followed by the components of €; (see Appendix
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A.2). This step is slightly different from Step 1 in Definition 3.2 of Aielli (2013) because we do
not assume that Ag is diagonal in (C.1), which allows for possible volatility spillovers. The two
other steps are unchanged: «g and §y are estimated by maximizing a QML of the EbE residuals
n = lA); Le,, and the last parameter Sy is estimated empirically. More precisely, let R, = ﬁt(a, B)
with

R = Q7'°QQ ", Qi=(01-a-pB)S,+aQ 2 0 Q1 + BQ,

1/2 ~x ~ 1/2 -~ . ~ ~
Sn = ZQ* / ;/k ;&k ;&k/ ) Q:‘j = dlag(qn,ta---anm,t)

and @i = (1—a—p)+ (0”7/?‘,%_1 +3)qiit—1 for i =1,...,m. The estimators of the DCC parameters
are then defined by

(@n, Bn) = arggiﬁr;Zﬁf_lﬁ;lﬁ:_l—f—log‘ﬁt,
’ t=1
S, = SV2(@p, B)Sn(@n, Bn) SV (@, Br),

with S;(an,gn) = diagSn(an,gn) and usual notations.
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