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Abstract

Consider a generic semiparametric model defined by an infinite number of moment conditions,
including a finite dimensional parameter of interest and possibly including moment-specific nonpara-
metric nuisance parameters. Within this setting, we propose tests for restrictions on the parameter
of interest based on optimal functionals of the sample analog of the moments. The optimal func-
tional takes the form of a Radom-Nikodym derivative or Likelihood Ratio in a nonparametric setting.
This paper investigates the semiparametric efficiency and implementation of feasible versions of such
directional tests. The paper provides four main contributions. First, it proves the semiparametric
efficiency of the proposed tests. Second, it proposes and justifies feasible implementations of such
directional tests based on a novel nonparametric estimator of the efficient score. Third, it establishes
important and fruitful connections with the literature on generalized methods of moments. Finally,
it applies the new methods to a semiparametric linear quantile regression model with a continuum of
quantiles. Optimal inferences in this model were not available because classical efficiency arguments
are difficult to apply. In contrast, our methods deliver relatively simple optimal inferences. Useful
by-products of our analysis are optimal confidence sets by inverting our test statistic and a new

algorithm for computing the efficiency bound for regular estimation of the parameter of interest.
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1 Introduction

Consider a generic semiparametric model defined by an infinite number of moment conditions, each
moment depending on a finite dimensional parameter of interest and possibly including moment-specific
nonparametric nuisance parameters. Within this setting, suppose we are interesting in testing restric-
tions on the finite dimensional parameter. Omnibus consistent tests based on continuous functionals of
the sample analog of the moments, say R, have been extensively investigated in the literature, albeit
for particular versions of this model. These consistent omnibus tests do not have optimality properties,
beyond being asymptotically admissible (cf. Bierens and Ploberger, 1997), and they are often difficult
to interpret (see Escanciano, 2009). Here, we investigate directional tests, rather than omnibus tests,
corresponding to optimal functionals of Rn, or equivalently, optimal tests under an average power
function criteria. The optimal functional is shown to be the Radom-Nikodym derivative of the limit-
ing distribution of R, under local alternatives with respect to the distribution under the null. This
nonparametric Likelihood Ratio (LR) principle has been already applied to several important semi-
parametric settings, but the semiparametric efficiency of the resulting inferences in these settings, or in
more general settings like ours, remains unknown. This paper proves the semiparametric efficiency of
the procedure in a generic framework, proposes and justifies feasible (and easy to implement) versions
of such optimal directional tests and makes fruitful connections with existing econometric methods.

Semiparametric efficient inference is discussed extensively in the econometrics and statistics liter-
atures, see Newey (1990) for an excellent review, and Bickel, Klaasen, Ritov, and Wellner (1993) for
a comprehensive treatment. The bulk of the literature focuses on the estimation theory using the
concepts of parametric submodels and tangent spaces. The main insight was given by Stein (1956),
and involves an infinite number of applications of the basic Neyman-Pearson lemma and considering
a worst case scenario. In this paper we take a different approach based on functional versions of the
Neyman-Pearson lemma. This approach was first suggested by Grenander (1950), and it provides a
better fit with the extensive nonparametric testing literature based on moment restrictions (i.e. func-
tionals of Rn) Applying this principle to the setting described above requires the following steps:
(i) first, prove that R, converges weakly, in a functional sense, to some limit process under the null
hypothesis of interest as well as under local alternatives; (ii) then, compute a feasible version of the LR
test, i.e. the Radom-Nikodym derivative, via the Functional Neyman-Pearson lemma for the limiting
problem. The Functional Neyman-Pearson Test (FNPT) or optimal directional test is then given by
the LR evaluated at Rn, and corresponds to the optimal functional of Rn, say ¢*(Rn) Some examples
below illustrate the procedure.

As mentioned earlier, this directional testing approach has already been applied to several semipara-
metric models in econometrics and statistics. Sowell (1996) proposed a FNPT for parameter instability
in a Generalized Method of Moments (GMM) setting; see also Elliot and Miiller (2009). Stute (1997),
Stute, Thies and Zhu (1998), Boning and Sowell (1999), Bischoff and Miller (2000), and Escanciano
(2009) applied the FNPT to test the correct specification of regression models. Extensions to condi-
tional distributions are given in Delgado and Stute (2008), and to tests for correct specification of the

covariance structure of a linear process in Delgado, Hidalgo and Velasco (2005). Akritas and John-



son (1982) and Luschgy (1991), among others, consider applications to stationary and non-stationary
diffusion processes, respectively. Recently, Watson and Miiller (2008) construct a finite-dimensional
approximation of a FNPT for testing low-frequency variability in persistent time series. Miiller (2011)
considers applications to unit root testing, weak instruments and parameter instability, among many
others. Song (2010) suggests applications of the FNPT to a general class of semiparametric conditional
moment models. However, despite the extensive list of applications of this principle, the semiparametric
efficiency of the resulting tests remains unknown. This paper proves that the FNPT is asymptotically
efficient in a large class of regular semiparametric models under Local Asymptotic Normality (LAN),
where efficiency is defined in a “classical” sense, as formalized in Choi, Hall and Schick (1996). See
also Section 3 for a brief review of efficient semiparametric tests.

Our results on efficiency complement alternative efficiency results recently obtained by Miiller
(2011). He has shown that the FNPT is also optimal in a class of tests that control asymptotic
size for all data generating processes under which R, satisfies a weak convergence requirement; see
Section 3 for a more formal discussion. This efficiency concept can be potentially different from the
classical semiparametric efficiency concept in Choi et al. (1996), and it provides a sense of robustness
of the FNPT. An appealing property of Miiller’s efficiency concept is that it applies to regular and
non-regular settings, whereas extensions of the classical semiparametric efficiency theory to non-regular
problems are generally difficult. Hence, our results complement rather than substitute Miiller’s (2011)
results, and together they imply a broad sense of optimality of the FNPT. The wide applicability and
optimality properties of the FNPT suggest that it should be a useful and powerful testing procedure
in econometrics.

To prove the semiparametric efficiency of the FNPT we first obtain a generic asymptotic represen-
tation of this test as a score-type process (i.e. as a quadratic form of a sample mean). We characterize
the score function in terms of certain covariance operator and shift function. Then, we prove that the
resulting score coincides with the so-called semiparametric efficient score in the semiparametric model
defined by the moment restrictions, thereby establishing the semiparametric efficiency of the proce-
dure. Feasible implementations of the FNPT generally require the estimation of the spectrum of some
unknown covariance operator, which hampers the general applicability of the method.! Our second
main contribution is the development of implementations of the FNPT that do not require knowledge
of the spectrum, thereby widening the scope of applications of these methods. We combine our char-
acterization of the score function with well-known results from ill-posed problems to construct a novel
nonparametric estimator of the efficient score. The proposed feasible FNPT is a classical LM test with
the estimated score, and it is quite simple to compute. To illustrate the benefits of our implementation,
we consider an example in quantile regression with a continuum of quantiles. In this example, standard
methods to efficiency are either not feasible or require rather complicated arguments.

Our efficiency results are related to the recent literature on efficient estimation of semiparametric

!Interestingly enough, in many non-regular settings there is a closed form expression for the FNPT, so estimation of
the spectrum is not necessary; see e.g. the examples in Miiller (2011). However, in most regular problems this is not
generally the case, and we believe this has considerably hampered the practical application of this nonparametric LR
approach (cf. Stute, 1997).



models by GMM estimators employing an infinite number of moments, see e.g. Ai and Chen (2003),
Newey (1988, 2004) and Carrasco and Florens (2000, 2008). Our paper differs from these works in
several aspects. First, the GMM literature has been focused on estimation, with rather few results
on testing available. Carrasco and Florens (2000) discussed tests based on the optimal GMM in
parametric moments, but their tests were omnibus rather than directional. The bulk of our paper
deals with the testing problem, but our results have direct implications on computation of efficiency
bounds, computation of optimal confidence sets and the construction of one-step efficient estimators,
as shown below. Second, we use a LR approach in a nonparametric sense, as in Grenander (1950),
or more recently Miiller (2011). The LR approach has some additional benefits, such as allowing the
researcher to compute, otherwise complicated, probabilities under the local alternatives via Lecam’s
third Lemma. See, for instance, the local power analysis carried out in Escanciano (2009). Nevertheless,
we show below that our LR approach is closely related to a Lagrange Multiplier (LM) test based on
a modified optimal GMM objective function. The modification is needed to account for the presence
and impact of nuisance parameters.” To the best of our knowledge, the connection between GMM
and our LR approach is new and leads to mutual benefits for these two approaches. For instance, it
implies that some modifications of GMM-based tests will share the optimality properties of our LR
test, including Miiller’s (2011) optimality in non-regular problems. This connection also opens the
door for new implementations of the GMM-based tests and estimators, which are not available in the
general semiparametric setting discussed here.

The rest of the paper is organized as follows: Section 2 introduces notation, the semiparametric
model, the testing problem and the FNPT. It then provides an asymptotic representation of the FNPT
as a score-type test. Section 3 establishes the semiparametric efficiency of the procedure and connections
with the GMM literature. Section 4 investigates the implementation of the FNPT. We first discuss
the case of known spectrum, with the leading example of the so-called martingale-transform-based
tests. We then consider implementations that do not require knowledge or estimation of the unknown
spectrum. The new estimator for the efficient score is introduced here. Section 5 contains an application
to a linear quantile regression model, which illustrates the utility of our results. Other examples such
as partially identified models have a similar structure, and they are briefly mentioned in this section
using as an illustration the application in Altonji, Elder and Taber (2005), who study the effect of
attending a Catholic school on educational attainment. Section 7 concludes with some final remarks.
Appendix A provides some preliminary results as well as sufficient conditions for a uniform expansion
that can be used to establish our main assumptions. Mathematical proofs of our results are gathered

in Appendix B.

?Carrasco and Florens (2000, 2008) do not consider nuisance parameters and in Newey (2004) it is assumed that
they do not affect the asymptotic variance of estimates; see Newey (2004, p. 1879). In this paper we allow for nuisance

parameters to have an impact on the asymptotic variance, and that possibility complicates to a large extent our theory.



2 Setting and the FNPT

2.1 Notation

This section contains notation that will be used throughout the paper. Henceforth, A" and |A| denote
the transposition and the Euclidean norm |A| := (tr(A’A))'/? for a matrix A, respectively. The
symbol := denotes definitional relation. Let I' be a set and let pu(-) be a positive measure on I', with
support identical to I'. Let La(p) = Lo(T', 1) be the Hilbert space of all real-valued functions such
that [ |f (z)]* w(dz) < co. If u is a probability measure P with a cumulative distribution function
(cdf) F, we also denote Lo(F) := Lo(p) and HngP := [ f2dP. As usual, equality of functions is
understood almost surely with respect to . With some abuse of notation, for a p-dimensional function
f, we write f € La(p) if all its components belong to La(u). In La(p) we define the inner product
(f.9) == [p f(@)g(x)p(dx). As usual, Ly(y) is endowed with the natural Borel o-field induced by the
norm ||-|| := (-,-)1/2. Let = denote weak convergence in the Hilbert space Lo(p); see e.g. Chapter 1.8
in van der Vaart and Wellner (1996). For a linear operator K : La(u1) — La2(u2), denote the subspaces
Im(K) :={f € La(u2) : 3s € La(1),Ks = f} and ker(K) := {f € La(p1) : Kf = 0}. Finally, for a
subspace V' C La(p), V1 and V denote, respectively, its orthogonal complement and closure in Ly ().
We will extensively use basic results from operator theory and Hilbert spaces. The reader is referred

to Carrasco, Florens and Renault (2006) for an excellent review of these results.

2.2 Semiparametric Model and Testing Problem

We describe now the model and our general testing problem, introducing the null hypothesis of interest
and some further notation. Assume we observe a sample of size n > 1, {Z;}? ;, of independent and
identically distributed (iid) random vectors in R?, distributed as Z, and satisfying the set of moment
conditions

ElWY(Z,z,8,m0(Z,xz))] =0 for all x € T, (1)

where § € ©g C RP is a finite dimensional parameter of interest, and 7o(-,z) € ©,, (of arbitrary
dimension) is an unknown nuisance parameter for each x € I'. Without loss of generality (w.l.g),
we take 1 to be real-valued. Although not explicit in the notation we allow for ny(-,z) to depend
on S, ie. no(,z) = no(-,z,3). Set Oy := (Bo,m0) € © := O x O, where fy is fixed and known
and ©,, denotes the parameter space for 79. Let F' denote the cdf of Z, with probability measure P.
Unless otherwise stated, all expectations are with respect to F. The level of generality in (1) allows us to
handle simultaneously standard models such as semiparametric conditional moment restrictions as well
as less standard situations in which nuisance parameters change with the moment, as in semiparametric
quantile regressions or partially identified semiparametric models.> The following example helps to fix

ideas.

3For potential applications of our results to partially identified semiparametric models see Scharfstein, Rotnitzky and
Robins (1999), Song, Kosorok and Fine (2009), Chen, Tamer and Torgovitsky (2010), Chernozhukov, Rigobon and Stoker
(2010), Arellano, Hansen and Sentana (2011), Bontemps, Magnac and Maurin (2011) and Escanciano and Zhu (2012),

among many others.



ExAMPLE 1: Linear Quantile Regression (QR) with a continuum of quantiles. Consider the

infinite number of moment restrictions
E[{1(Y < X1 +n0(1) X2) — 7}1(X < w)] =0 for all z = (1,w') € T x R%, (2)
where 7 is a generic compact subset of [0,1], 7 C [0,1], X = (X{,X3%), Z = (Y, X"), dy = d — 1,

and 1(A) denotes the indicator function of the event A. Under some mild smoothness condition, these
moments identify 5'X; + no(7)' X2 = X'0p(7) as the conditional 7th quantile of Y given X, for all
7 € 7. This model includes as special case the classical pure location regression model, with Xy = 1
and 7o(7) the unknown (unconditional) error quantile function with 7 = [0,1], or semiparametric
extensions where the independence between errors and covariates only occurs in certain parts of the
distribution defined by the set of quantiles 7. In this model the nuisance parameter 79 varies with x
(specifically with 7). Although our results are applicable to generalizations or variations of this model,
such as location-scale models with unknown conditional scale, the classical linear quantile regression
model of Koenker and Bassett (1978) or partially linear quantile regressions, we prefer to keep the
exposition simple. We choose the model in (2) for illustrative purposes, because it is a model for which
semiparametric efficiency inference is unknown, beyond the special case of pure location model or the
case of a single quantile 7 = {79}, see Komunjer and Vuong (2010) for the latter. As it turns out,
standard efficiency theory is not easily applicable to this model when 7 includes an infinite number
of quantiles, whereas our methods provide relatively simple procedures. This model is investigated in
detail in Section 5. We note there that similar structures appear in semiparametric models that are
partially identified. [J

We introduce now our testing problem. We aim to find an asymptotically optimal test for testing
Hy : B = P, (3)
against the local (directional) alternatives
Hy : B = fo+n~" e,

for some cg € RP. The nuisance parameter 7y is unknown under both, the null and the alternative,
and we assume that a consistent, but not necessarily efficient, estimator 7, is available, satisfying some
conditions below. For a more formal description of the local alternatives considered see Appendix A.
In the main text we keep a simpler description for simplicity of exposition. Henceforth, to simplify
the notation we drop the dependence of 7, on (Z;,x) and write 1, = 9,,(Z;, z), and similarly for 7.
Reciprocally, when we want to emphasize the dependence on = we write 6o(z) = (8o, n0(Zi,z)) €

@x = @5 X @7796‘

2.3 Weak Convergence

Under our setting in (1), and given a random sample {Z;}? ; and the hypothesis of interest Hy, it is

natural to consider the empirical process with estimated parameters

A~

Rue) i= > (Zi, v, o ), @)
1=1
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as a “sufficient” statistic for the testing problem. Omnibus tests based on continuous functionals of R,
such as classical Kolmogorov-Smirnov tests based on sup,cr ‘Rn(x)‘, abound in the literature. See e.g.
Bickel, Ritov and Stoker (2006) for a recent proposal in a general semiparametric setting. As we show
below, typical functionals used in omnibus tests are not optimal. In this paper we propose optimal
functionals.

The general discussion here is organized around a few “high-level” assumptions. More primitive
conditions are shown in the Appendix and in the examples below. Our first “high-level” assumption
requires the weak convergence of R, in (4) in a suitable Hilbert space. Specifically, the process R, is
viewed here as a random element taking values in Lo(u), for a suitable probability measure p(-) on I'.

For some discussion on the impact of x(-) on our theory see the examples and Remark 2 below.

AssumMPTION W: Under the local alternatives H,,,

VnR, = Ro = RY, + 4D, (5)
where D(-) := —0E [m(Z,-,00(-))] /08 € La(u) and RY, is a Gaussian process with zero mean and
covariance function

C(l‘,y) = E[m(Z,x,Ho(a:))m(Z,y,@o(y))], (x7y) el'xT.

In the Appendix A we provide relatively “simple” sufficient conditions on the model and data generating
process for Assumption W to hold. It is shown there how the influence function m(Z,x,6y) depends
on the moment (7, z,0y) and generally on the impact of estimation of nuisance parameters, see
(27). The uniform expansion in Appendix A is of independent interest. Related primitive conditions
can be found in the literature, see e.g. Chen and Fan (1999) and Song (2010) for semiparametric
conditional moment restrictions, and Escanciano and Zhu (2012) in the context of partially identified
semiparametric models. Useful Functional Central Limit Theorems (FCLT) in Hilbert spaces can be
found in van der Vaart and Wellner (1996) and Politis and Romano (1994) for independent observations
and in Jakubowski (1980) and Chen and White (1998) for dependent heterogeneous arrays.

EXAMPLE 1 (CONT.): Linear QR with a continuum of quantiles. In this example the natural
estimate for the nuisance parameters 79(7) is the QR estimator proposed by Koenker and Bassett
(1978) applied to the “dependent” variable Y; — /3 X1;, with covariates Xo;, and denoted by 7,,(7). We
shall provide primitive conditions under which the following expansion holds uniformly in x = (7,w')" €

=7 x R,

Rae) = 3 (1Y < 5 X+ (1) Xar) — T1(X: < w)
=1

= -3 G(rw(Xi,2) + op(n ),
=1

where Q(T) = 1(}/; S XZ{Q()(T))—T, ’U)(XZ, .%') = 1(Xz S w)—A(iL')Bil(T)XgifgiT, A($) = E[XQZfQZTl(XZ S
w)], B(t) := E[X2;X5;f2.] and fa;, is the conditional density of V; — 8)X1; given Xo; evaluated at



1o(7)' X2;. Thus, in this example ¥(Z, z,0¢(7)) = G(7)1(X; < w), m(Z;, z,00(7)) = G(7)w(X;, x), and
Assumption W follows under some mild conditions with D(z) = —E[Xy; firw(X;, z)], where f;; is the
conditional density of Y; given X; evaluated at X0y(7), see Section 5. Note that the weight w(X;, z)
depends on infinite dimensional nuisance parameters that are different from 7, namely fo;-. To deal
with this issue we assume, w.l.g but with some abuse of notation, that ng is enlarged to include these
additional nuisance parameters appearing in m. For instance, in this example we redefine 7y as the
QR coefficients, say v(7), and the conditional density fo;r. See Bickel, Ritov and Stoker (2006) for a

similar implicit assumption. [

2.4 Limiting Problem and the FNPT

We aim to find the asymptotically optimal functional of R, for testing Hy vs H,. Let Py and P; be
the probability measures associated to the limiting distributions of R, in Lo(p) under the null Hy
and under the local alternative hypotheses H,, respectively. For a general treatment of probability
measures of random elements in Hilbert spaces see Parthasarathy (1967). In terms of the limiting

random element R, the testing problem can be written as
HQIROONPO vs HliRooN]P)L

To construct an optimal test, we need to introduce some further notation. Let K be the covariance

operator associated to R (cf. Assumption W), i.e

/C x,y)h(y)p(dy), for all h € La(p). (6)

The operator K extends the notion of covariance matrix in the finite dimensional case. Since K is

a compact, linear and positive operator, it has a countable spectrum {\;, ¢;}72,, where {A;}32, are
real-valued, positive, with A; | 0, and {gaj}?il forms a complete orthonormal basis for Im(K) such
that Ko; = A\jp;, for all j € N.

By the functional version of the Neyman-Pearson lemma, the optimal test is given by the Radom-
Nikodym derivative or LR of P; with respect to Py. In the current setting, it is known (see Skorohod,
1974, Chapter 16, Theorem 2), that P; will be absolute continuous with respect to Py provided the

following condition holds

Zx\ Dl,goj < 00, foralll=1,...,p, (7)

where D; denotes the Ith component of D (cf. (5)). In that case, the LR is given by

dP, T, _ 2
dTJ’O(h) = exp | chL(h) — 52/\j Y(ho) |, ke La(p), (8)
where -
= AT (D,pj),  heLy(p), (9)
7=1



and 6; := (D,p;), j € N. Useful intuition about the expression of the LR can be obtained from
;1/2 (Roos ) 521 be the so-called
principal components of R.,, which are iid standard normal under the null hypothesis. Then, (8)
can be obtained as the limit of the (standard) LR of the distribution of {Ej}é?:l under the null and

under local alternatives, when k — oo; see e.g. Stute (1997). This intuition is formalized in e.g

a finite dimensional approximation of the problem. Let {e; := A

Skorohod (1974). The existing literature does not provide primitive conditions for the key “contiguity”
assumption (7). Below, we show that this assumption is intimately related to the assumption of finite
Fisher information, see Section 3.

As evidenced from (8), L(Rs) is a sufficient statistic for our testing problem. In terms of this
sufficient statistic, the testing problem can be equivalently characterized as the familiar Hy : L(Roo) ~
N(0,%) against Hy : L(Roo) ~ N(3cg, X), where 3 := Var(L(Rx)). The Neyman-Pearson lemma and
some standard testing arguments, see e.g. Choi et al. (1996), suggest that an optimal test for testing

Hj against H; is given by ¢* (R« ), where
¢*(h) == 1(L(WE"'L(h) = Xi_ap) »

and where X%—a,p is the (1 — «)-quantile of the chi-squared distribution with p degrees of freedom,
a € (0,1). The FNPT uses the finite sample analog of R and is given by ¢F := ¢*(v/nR,), and the
first purpose of this paper is to study the efficiency properties of the test ¢} and related tests.

In some applications the FNPT has a closed form as a functional of \/ﬁfzn, i.e. L is fully known,
see e.g. Akritas and Johnson (1982), Luschgy (1991), Sowell (1996) and Miiller (2011) for examples.
However, in most regular problems a closed form expression for the FNPT is not available and estima-
tion (regularization) of the operator L is often needed. We deal with the implementation of feasible

versions of the FNPT in Section 4. There, we show that the feasible test based on a quadratic form of
~ 1 &
Ln=-— > 5 (Zy),
i=1

for a suitable estimated score §*(Z;) is asymptotically equivalent to ¢¥. Thus, for asymptotic efficiency

purposes it suffices to consider for the time being the infeasible test ¢} .

2.5 Asymptotic Representation of the FNPT as a Score-Type Test

The objective of this section is to provide an asymptotic representation for the FNPT as a score-type
test. This result is instrumental for other results in the paper. In Section 3 it will be shown that the
resulting score coincides with the efficient score for the corresponding semiparametric problem, so the
optimality of the FNPT follows. Later in Section 4, we will use the characterization of the score to
implement a feasible FNPT.

With this objective in mind, we introduce the singular value decomposition of K; see Kress (1999).
Henceforth, to simplify notation set m(Z;,x) = m(Z;,x,0p(z)). The covariance operator K (h)(z) =
E[(m(Z,-),h)y m(Z,x)] can be written as K = T'T, where T’ and T are compact linear operators
defined, respectively, by

Th(z) := (m(z,-),h) zeRY b e Ly(p)



and
T'a(x) .= Em(Z,x)a(Z)] z el ae Ly(F).

Also note that 7" is the adjoint (dual) operator of T, that is, for all h € La(u) and a € Lo(F),
Ela(Z)Th(Z)] = (T'a,h) . (10)

In addition to the sequence {\;,¢;}72,, there exists a complete orthonormal basis for Im(T) =

ker(T"), say {1524, satistying, for all j € N, (cf. Kress, 1999, Theorem 15.16)

1/2

To; =Ny, and Ty =\, (11)

For r > 0, introduce the subspace of La(u),
U, := { h € Ly(p) such that ||h]?: Z)\ (h,p;)? < o0y,

with the corresponding inner product (h, g), := 3721 A7 (h, ¢j) (9, ;) . It is well-known that ¥ is
the so-called Reproducing Kernel Hilbert space associated to K and that U3 = Im(7") D Im(K). We

now introduce two assumptions that are needed for our representation.
ASSUMPTION D: D € ¥y,

As previously mentioned, Assumption D is equivalent to the absolute continuity of P; with respect to

Py. Define the process with “known” parameters
1 n
M, (z) := n;m(Zi,:c, 0o). (12)
1=

We now require the asymptotic equivalence of L(y/nR,) and L(y/nM,). In view of Assumption W this

can be understood as a continuity assumption of L(-) with respect to |[|-]|.
AssUMPTION C: Under H,, L(R,) = L(M,) + op(n=1/?).

There are at least two ways to prove the high-level Assumption C. Since the operator L is continuous in
U, with the Reproducing Kernel Hilbert space norm ||-|; , one possibility is to strengthen Assumption W
so that H]:Zn — M"H1 = 0p(n*1/ 2). A second approach is to keep Assumption W but require continuity
of L with respect to ||-||, as in Miiller (2011). This is the case, for instance, if D € Wy. A sufficient
condition for the latter is that Im(T) is closed (see Lemma 3.4 in var der Vaart, 1991). This assumption
imposes further smoothness on the model, as shown below. See also Chen, Chernozhukov, Lee and
Newey (2011) for related discussion.

Note that Assumption D is equivalent to the following random vector being well defined in Ly (F),

ZA‘W L 01) Vi (Z0). (13)

10



The score function s* will play a crucial role in our development. Define the standardized sample mean

S IR o Y
&"W%E (Zi). (14)

Our next result proves the asymptotic equivalence of the FNPT statistic L(\/ﬁRn) and the sample

mean S;. Henceforth, for a closed subspace M, II;; denotes its orthogonal projection operator.
THEOREM 1: Let Assumptions W, D and C hold. Then,

(i) L(vnR,) = S: +op(1), under H,.

(ii) Moreover, s* satisfies T's* = D, and for any other s € Lo(F) satisfying T's = D, it holds that

oR—
S = errL (T') S.

REMARK 1: Theorem 1(i) proves the asymptotic equivalence of the FNPT with a score-type test. Its
proof only uses elementary considerations, but that does not vitiate its utility. In a model with no
nuisance parameters, the equivalence is also in finite samples. For instance, it can be shown that in fully
parametric models with no nuisance parameters, the FNPT based on the standard empirical process
boils down to the classical Rao-Score test in finite samples. Theorem 1(ii) offers an alternative way
to compute the score s* in (13) that does not require knowledge of the spectrum. This is practically
important since expressions for {/\j,goj,wj}‘;‘;l are only available for very special situations. Thus,
Theorem 1(ii) offers the following algorithm for computing s*: (i) first, find a solution to the integral
equation T"s = D, then (ii) compute the projection of s into ker(7") or Im(T). An immediate
consequence of Theorem 1(ii) is that among all possible solutions s of T's = D, the one with minimum
variance corresponds to s*. Note that the existence of one solution of T"s = D in Lo(F) implies
Assumption D. In all the examples we have considered solving T's = D was a trivial task, as the

following classical example illustrates.

EXAMPLE 2: Regression model checks. Stute (1997) proposed a FNPT for testing the significance
of additional variables in homoskedastic linear-in-parameters regressions. He considered models such

as the linear semiparametric regression model
Y =no1 +no2X + pfa(X) +e¢, E [e] X] = 0 almost surely (a.s.),

where Y and X are random variables, 19 = (101, 702)’, a(X) is a known direction, e.g. a(X) = X2, and
the conditional distribution of € given X is unknown. Defining Z = (Y, X)’, this semiparametric model

can be characterized by the infinite number of moments (cf. Stute, 1997)
E[{Y —no1 — 102X — Ba(X)}1(X < x)] =0 for all x € R. (15)

In this example 7 is parametric and estimated by the Ordinary Least Squares (OLS) estimator 7,
and the interest is in testing Hy : 8 = 0, against local deviations. Stute (1997) provided sufficient
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conditions for the asymptotic uniform (in = € R) representation under H, : 8, = n~Y 2cg,

n

- 1

Ro(w) = =3 (Vi = il — 1 X) 1(X; < ), (16)
i=1
- l - A , —1/2
= H;EZOM(XZ,:C) +op(n=79),

where g0 := Y; — no1 — no2Xi, w(X;,z) = 1(X; < x) — E[Xz’l(XZ < a:)]E[XZ /171X;, and X; =
(1, X;)'. Thus, Assumption W holds with m(Z, z,60y) = ejpow(X;,z), D(z) = Ela(X;)w(X;,z)] and
1 the probability measure of X. Stute (1997) assumed homoskedasticity, i.e. 0*(X) := E [e?| X]| =
o2. We first discuss the implications of our results for this case, and then we discuss extensions to
heteroskedastic regressions. Assumption D plays a fundamental role, so we start discussing sufficient
conditions for this assumption in the context of this example. First, the law of iterated expectations

implies that the equation T"s(z) = D(x), that is,
Eleiow(X, z)s(2)] = Elw(X, z)a(X)],

is trivially solved by s(Z) = 0~ 2¢;0a(X). Note that the solution does not depend on the form of w; see
Remark 2 below. Second, Parseval’s identity, (11) and Theorem 1 yield

) oo

D AHD, ) =) (s,45)? < E[s*(2)].

Jj=1 j=1
Hence, a sufficient (and also necessary) condition for Assumption D is E[a?(X)] < co. Similarly, it can
be shown that ker(T") = span{ejX;}. Hence, from Theorem 1(ii) s* is simply the least squares errors
in a regression of s(Z) against X, i.e.

s*(Ziymo) = 0 *eio{a(X) — Ela(X,) X E[X; X[~ Xi}.
Stute (1997) suggested a FNPT approximation using certain estimates {S\j, ;) of {\j,¢;} and trun-
cating the operator L in (9). However, notice that in this example s* is known, up the parameter
70, and hence, there is no need to estimate the spectrum since much simpler asymptotically equiv-
alent implementations of the FNPT based on our Theorem 1(ii) exist. Namely, the classical t-test,
which is known to be optimal in the homoskedastic case, does not require spectrum estimates. Similar
simplifications apply to other applications of the FNPT considered in the literature, see e.g. Delgado
and Stute (2008). In these applications the problem 7"s = D is not ill-posed and there is no need to
regularize the problem by introducing tuning parameters, such as the number of principal components
k.
Consider now the conditionally heteroskedastic case. Using the same arguments above, it can be

shown that the equation 7”s = D is solved by s(X;) := 0~ 2(X;)eioa(X;), Assumption D holds provided
Elo2(X)a?(X)] < oo, and ker(T") = span{o—2(X;)eiX!}. It then follows from our Theorem 1 that

. 1 <&
L(Ry) = Ezgioa_%Xi)a*(Xi) + op(n~1?),
i=1
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where

)

The resulting score s*(Z;) = g;00~2(X;)a*(X;) is the efficient score corresponding to the semiparametric
problem Hy : By = 0 against H,, see e.g. Chamberlain (1987). The efficient score is now unknown,
and implementations of the FNPT as suggested in e.g. Stute, Thies and Zhu (1998) and others use
implicitly a series estimator for this score based on the basis {1;}32;, see (13). A more common
approach is to estimate nonparametrically o2(X;) and plug in this estimate in s*(Z;), as suggested in
Robinson (1988). In Section 4.2 we propose an alternative approach.

Thus, the application of Theorem 1 to this example, jointly with well-known efficiency theory, im-
plies that the tests proposed in Stute (1997), Stute, Thies and Zhu (1998), and Escanciano (2009) are
approximately semiparametrically efficient. They are not fully efficient because the number of compo-
nents used (the number of summands in L) was fixed in these applications. In Section 4 we construct
feasible versions of such procedures that are fully semiparametrically efficient. Our results in this ex-
ample also show that the FNPT test in Boning and Sowell (1999) is not efficient. These authors further
assume ¢; to be independent of X;, but they do not use this information in the moment restrictions.
Note that Boning and Sowell’s (1999) test is still efficient in the sense of Miiller (2011), so this example
illustrates the differences between Miiller’s (2011) efficiency and the classical semiparametric efficiency.
Note also that a simple modification of the moments used can account for the independence between
errors and regressors, so that to deliver an efficient test under the independence assumption of Boning
and Sowell (1999). O

REMARK 2: All our results go through in the previous example if we replace the indicator function in
w(X;, ) by other comprehensively revealing class of functions. See Bierens (1982), Stinchcombe and
White (1998) and Escanciano (2006) for examples of such classes. For instance, we could use the class
{exp(z¢(X)) : @ € T € R}, where I is an interval containing zero, and ¢ is a one-to-one bounded map-
ping, see Bierens and Ploberger (1997). As mentioned earlier, the solution s(X;) := 0~2(X;)ei0a(X;)
does not depend on the class used. It is also straightforward to prove that 0*2(X¢)5i0)~(£ € ker(T").
In fact, it can be shown that for a comprehensively revealing class ker(T") = {o~2(X;)ei0X/}. To see
this, by Lemma 3.4 in Newey (1990) it suffices to consider scores of the form o~2(X;)e;0b(X;) for some

function b(-). First, consider the case where b(X;) is orthogonal to X;. In that case,
El{exp(z¢(X;)) — EIX] exp(2d (X)) E[X; X]] 7 Xi}b(X;)] = 0

is equivalent to
Elexp(z¢(X;))b(X)] =0, forall x € T,

which in turn, implies that b(X) = 0 a.s. Since any function can be decomposed as b(X) = cop+c1X +
cabt(X), where b (X;) is orthogonal to X;, we conclude that ker(T") = {o—2(X;)ei0X!}. Note that the

measure g plays no role in this argument.
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3 On the Efficiency of the FNPT

We show in this section that the FNPT is a semiparametric efficient test in the class of semiparametric
models defined by (1). Specifically, we use the concept of asymptotically uniformly most powerful and
invariant test of level «, in short AUMPI («), defined formally in Choi et al. (1996, Section 5).
When p = 1 alternative definitions of efficiency that do not require invariance are typically used. For
definitions of standard concepts used in semiparametric estimation theory, such as regular parametric
submodels or tangent spaces the reader is referred to Bickel et al. (1993). Let P := {P(,B,n) : B € Og,
n € O,} be a semiparametric model satisfying (1). Note that indexing the semiparametric model
by (8,m) does not entail a loss of generality, see e.g. Bickel, Ritov and Stoker (2006) for a similar
approach. Define the marginal class with 3 fixed at 8o by P2 := {Pg,,) : 7 € Oy}, and let P, be the
tangent space of Py at Pg, ,), 1.e. the closed linear span of scores passing through the semiparametric
Bmo) - B € Og}, we define

the efficient score ¢ as the orthogonal projection of the score /1 onto the orthocomplement of P,

model P = Pg, ;). Given the score ¢y in the marginal family P; = {F

ie., 0f = f) — H7-32é1, where Il h denotes the orthogonal projection in Lo(F) of h onto Py. Let
I* := Var(¢%), and assume I* is positive definite. Write &,(no) := n~Y/2* V23" £5(Zi,mo). An
efficient test statistic 7, must satisfy T,, = &,(n0) + op(1), for every 9. Choi et al. (Corollary 3, 1996)
show that the test ¢}, := 1 (T3, > xi_,,) is AUMPI (a). Hence, the FNPT will be AUMPI («) if
we prove that, for every 7, .
L(Ry) = % ; Ci(Zismo) + op(n™1/?).

In view of Theorem 1, this is the case if and only if s* = ¢]. Our next result proves that this is indeed
the case. Define ker®(T") := {h € ker(T") : E[h(Z)] = 0}. Standard regularity conditions that imply
LAN, among other things, and that are required for the definition of efficiency are gathered in the
Appendix A.

THEOREM 2: Let the Assumptions D, C, A1 and A2 in the Appendiz A hold. Then,
(i) Py = ker?(T").

(ii) s* =43, and hence the FNPT is AUMPI («).

The result in Theorem 2(i) is of independent interest. This result characterizes in simple mathe-
matical terms the tangent space of nuisance parameters in a general class of semiparametric models
defined by moment restrictions. It extends related results by Bickel et al. (1993, Section 6.2) to a large
class of semiparametric models. Theorem 2 can be used to obtain efficient inference in models such
as the quantile regression model or in semiparametric models with partial identification, as shown in
Section 5. Theorem 2(ii) shows the semiparametric efficiency of the FNPT.

For completeness, we discuss an alternative sense of efficiency of the FNPT. Miiller (2011) has
recently shown that the FNPT is optimal in a class of tests that control asymptotic size for all data

generating processes for which the underlying random element, R, has the corresponding limiting
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distribution. We particularize Miiller’s results to our framework, and discuss connections with the
semiparametric efficiency results established here. He defines the class of statistical models M as the
class of models for which Assumption W holds. Then, he defines the class of tests C as those tests
that have level a € (0, 1) for all models in M. That is, the class of models is defined through a weak
convergence requirement. Then, Miiller’s main finding is as follows. Assuming that the mapping L in
(9) is continuous with respect to ||-||, the FNPT is the most efficient test in the class C, and for any
other test in C with higher asymptotic average power for any model in M, there exits a model in M
for which the test has asymptotic null rejection probability larger than the nominal level o. Thus, this
new concept of efficiency provides a sense of robustness of the FNPT. Our paper complements Miiller’s
efficiency results by proving that in regular semiparametric problems the FNPT is also semiparametric
efficient in the “classical” sense of Choi et al. (1996).

We also relate our results to the recent literature in econometrics proving that efficient estimation of
semiparametric models can be achieved by GMM estimators employing an infinite number of moments,
see e.g. Aiand Chen (2003), Newey (2004) and Carrasco and Florens (2000, 2008). We establish here an
important connection between the GMM literature and our LR approach. This connection is mutually
beneficial, both in theory and implementation of the procedures. Our discussion here is intentionally
informal. Some formal results are provided in Section 4, but a complete set of results is beyond the
scope of this paper. We modify Carrasco and Florens (2000, 2008) and Newey (2004) to properly
account for the presence of estimated, possibly infinite-dimensional, nuisance parameters and suggest

a candidate for an optimal GMM estimator as the minimizer of the following objective function
. 2
||

where K, 1/2 is some consistent estimator of the operator K —1/ 2 Mn is defined as M, but with 7,
replacing 79, and where we emphasize the dependence of M,, on B, see (12). Implementations vary
according to the estimator (regularization) K, 1/2 used. Note that the estimator should use M,, rather
than the original R, for our arguments below to hold. Under some regularity conditions that allow us
K~Y2 see Section 4.2., it can be shown that the feasible optimal GMM will be

asymptotically equivalent to the minimizer of

Z)\ < )cpj>2.

The GMM testing theory is well known in the standard setting — we can construct Wald, LM or LR
tests based on @, (3); see Newey and West (1987). Similar ideas apply here. If we consider an LM

to replace K{l/Q by

approach and assume smoothness in 3 for simplicity, the LM test for Hy involves a quadratic form in

8Qn ﬁo Z/\ < (5o ><8M%%’ﬁ0)’%>’

which resembles the asymptotic expression for L(\/ﬁf%n) Hence, the LM test based on the modified
GMM objective function can be interpreted as a LR test in our semiparametric context. This con-

nection has important theoretical implications. It implies that extensions of GMM-based tests will be
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semiparametric efficient in our general semiparametric context, and more generally will share Miiller’s

(2011) efficient concept even in non-regular settings.

4 Implementation of the Feasible FNPT

We have investigated so far the efficiency properties of the infeasible FNPT. The test is not feasible be-
cause the Fisher information matrix ¥ and the operator L are in general unknown. The implementation
of the feasible FNPT greatly depends on whether or not the spectrum of K is known. Here, we suggest
different implementations for these two exhaustive alternatives. Henceforth, m(z,z) := m(z, x, Bo, M)

and m;(x) :== m(Z;, z, Bo, Mn)-

4.1 Known Spectrum

If the spectrum {\;, ¢;} is known, L and ¥ can be easily estimated by

B =3 2 {D,w;), (17)

J=1

and
5= 57 () .0

for a suitable consistent estimate D of D and k = k, > 1, with k, — oo as n — oo. The feasible FNPT
considered here replaces L(Rn) by Lk(Rn) and Y by f)k For instance, when the moment function is

smooth in 8 a natural estimate for D is

Z —aml

The assumption of known spectrum is justified, not because it holds generally, but because often gen-
eral transformations of R, exist with known spectrum representations; see the so-called Khmaladze
or martingale transformations (cf. Khmaladze, 1981). There is an extensive literature on this trans-
formation in econometrics and statistics. Khmaladze (1981) first considered such transformations for
classical parametric problems, but recently Song (2010) has substantially extended it to a general class
of semiparametric models, thereby widening the scope of applications of the feasible versions that we
discuss here. When Khmaladze’s transformation is used, it remains to justify that our efficiency and
asymptotic results do not change, and we provide some insights showing that this is indeed the case.
Note that Stute (1997) and Escanciano (2009) have used similar approximations to (17), but they
have not investigated the properties of the resulting tests as k, — oo. Therefore, their tests are only
approximately efficient. Full efficiency requires k,, — oo, and it is developed in this section.

It turns out that, under suitable conditions provided below, the feasible FNPT behaves asymptot-

ically as the infeasible test, i.e.
Li(Ry) = L(M,) + op(n~'?), S, =S +o0p(1). (18)
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The following assumption restricts the rate of divergence of k, and requires further smoothness in the

model.

ASSUMPTION R: (i) k = ky,, — oo, (ii) HR" - M,

= op(n=?) and Hf) - DH1 = op(k,1).

We will provide specific restrictions that R(ii) imposes for a generic example below. Assumption R(ii)

can be replaced by HRn — M,|| = op(n~1/?), H]:) — DH2 =op(1) and || D||, < co. As mentioned earlier,

the latter assumption implies the continuity of L with respect to ||-||, and it can be understood in
terms of further smoothness in the sense of a fast decay of the Fourier coefficients for the score s*. To
see this, note that

o0 oo

-2 2 -1 2

Y N DLe)? =Y A (ElsF(2)vi(2))*

j=1 J=1
In fact, |D||, < oo is equivalent to D; € Im(K) or s; € Im(T') for all [ = 1,...,p. If there are no

nuisance parameters, then Assumption R can be simplified to k,, — oo and HD — DHl =op(1).
PROPOSITION 1: Let Assumptions D, W and R hold. Then, (18) holds.

A corollary of Proposition 1 is that the feasible FNPT is an AUMPI(«) test. Proposition 1 is applicable
to cases where the asymptotic limit distribution R, has known spectrum. We discuss now a generic
approach that leads to that case, and justify the efficiency in this generic example. For simplicity of

the exposition, we restrict our analysis here to conditional moment restrictions of the form
E[p(Z,B,m0)| X] =0 as.

where X is a subvector of Z of dimension d,. A standard way to characterize this conditional moment

model is through the moment restrictions
Elp(Z,B,m0)1(X <z)] =0 for all z € R% .

However, as proved in Appendix A sample feasible versions of the moments are generally not asymptotic
distribution-free, leading to the so-called Durbin problem (see Koenker and Xiao, 2002). An approach

that has been suggested in the literature to overcome this problem is to consider moments
Elp(Z, B,1m0)M1(X < x)] =0 for all z € R%,

where M is a linear operator satisfying certain properties, specifically, it is an isometry projecting into
the space orthogonal to the tangent space of nuisance parameters, see Song (2010) for details. It can
be shown that our results applied to the moment function ¥ (Z;,x, So,m0) = p(Z,5,m0)M1(X < x)
deliver a semiparametric efficient test. The set of solutions of 77s = D does not change by the presence
of M. Note that the orthogonality of M with the tangent space of nuisance parameters implies that
m = 1. See Song (2010) for a formal proof. By the same orthogonality, ker(7”) does not change by
the transformation M. Thus, from Theorem 1 the resulting score is the same with or without the

transformation, and by Theorem 2 this is the efficient score.
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EXAMPLE 2 (CONT.): Regression model checks. Stute, Thies and Zhu (1998) investigated omnibus
asymptotic distribution-free tests based on the Khmaladze’s transformation applied to the process R,
in (16) under conditional heteroskedasticity. The limiting Gaussian process after the transformation

(including the integral transformation) is a standard Brownian motion, whose spectrum is given by

A= (3—015)%2 pj(x) = V2sin ((j — 0.5)7x),

where = € [0, 1]. Sufficient conditions for Assumption W are provided in Stute, Thies and Zhu (1998). As

mentioned earlier, a sufficient and necessary condition for Assumption D is that E[o~2(X)a?(X)] < .

Some simple algebra shows that HRn - M, = O, (n=Y2kY2(5,—no)). Hence, a sufficient condition for

HRn - Mn
nk-3

n

= op(n~1/?)isnk; ' — oco. Similarly, it can be shown that Hﬁ - DH1 = op(k; 1), provided

— OQ.

4.2 Unknown Spectrum

As mentioned earlier, in most applications the spectrum {\;, ¢;} is unknown. One possible approach,
as suggested by Carrasco and Florens (2000), is to estimate nonparametrically the spectrum. Here, we
propose an alternative method that is based on the characterization of the efficient score in Theorem
1(ii) and on well-known results from the theory of linear inverse problems, see Carrasco, Florens and
Renault (2006). Our estimator for the efficient score seems to be new in the literature.
Theorem 1 shows that .
L(Ra) = =37 5*(Z0) + op(n™?),

n -~
=1

where s*(Z;) is characterized as the solution of T's = D with minimum norm, i.e. a Moore-Penrose
generalized inverse of T”. The idea is simple, we write the equation as T7's = TD, and solve the
sample analogue of this equation using estimates for 7', 7" and D to obtain a nonparametric estimate

~

of s*, say §*. Then, we propose a feasible FNPT replacing L(R,) by
~ 1 &
Lyn=— ;?(Zi)- (19)
1=

Since the inverse problem T7T's = T'D is in general ill-posed, we need to regularize the problem. We
choose Tikhonov regularization, as it is simple to apply. This method is based on solving the perturbed
equation

(and + TT/)SZn =1TD,

where s}, is implicitly defined, o, is a regularization (tuning) parameter such that o, | 0 at a suitable
rate and [ is the identity operator. Note that such solution s, always exists under Assumption D and

is given by
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In practice, T and T are unknown and are estimated by
1 n
Th(z):= =Y m(z,x;)h(z; cRLheL
() 1= R Y mh(as) 2 RYHE L)

and

T's(x) == %fozz(m)s(Zz) zel,se LyF),
i=1

where {z; };L:l is a random sample from p. For instance, when g is the probability measure of X, we
can take {z;}7_; = {X;}]_;. Note that there is some abuse of notation here because T’ is not the
adjoint of T, but this notation is justified asymptotically. Then, simple arguments show that the finite

sample version (ayl + T )85, = TD has a closed form solution given by

§%(z) =

S D)z ), (20)
ni

where

. . 1 —

D(z;) == D(z;) — ;thmh(l‘j)

h=1
and the vector p = (p1,...,pn)" satisfies the system of linear equations (a,I + A)p = b, where A is an
n X n matrix with principal element
1 n
aj = Tﬂhzlmj(wh)ml(wh)

and b = (by,...,b,)" with

I,
bj = ﬁszh)mj(xh)
h=1

Finally, the Fisher information matrix is estimated by
S, = LY 5 (20 (2))
an n 7 7 .
h=1
The ath level feasible FNPT is then given by

o5 = 1(nL,S3 Ly > 3 _0,).

A~

The test only requires estimates {m(Z;, z;), D(z;)}7 ;=1 and is quite easy to implement. We show below

that gzgfl is asymptotically equivalent to the infeasible ¢}, by showing that under suitable conditions
L, = L(M,) + op(n~Y?), S, =%+ o0p(1).

The following assumption plays the role of Assumption R in the current context. For a bounded linear
operator define (with some abuse of notation) | Bl[, := supy, <1 | BR[|, , where the norms |-[|, and

||-||, are the norms in the domain and range of definition of B, respectively.
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ASSUMPTION RE: (i) na® — oo and a, — 0 as n — oo; (i) /n(D — D) is asymptotically tight in

Lo(p) and HT -1 op = Op(n=Y2); and (iii) D € Vs,

The conditions in RE(ii) can be checked using our results in the Appendix. A sufficient condition for
asymptotic tightness is weak convergence, as implied by Prohorov’s theorem, see van der Vaart and
Wellner (1996). When the estimator 7, is \/n-consistent and the moments are smooth in 79, RE(ii)
follows from standard Taylor arguments and the FCLT.

THEOREM 3: Let the assumptions of Theorem 2 and Assumption RE hold. The feasible a—level FNPT
based on (19) with * as in (20) is AUMPI («).

REMARK 3: If P (\/ﬁ(f? —T's*) e Im(T')) — 1 as n — oo then Assumption RE(i) can be relaxed

2

2 — oo. Note that Im(7”) is dense in Lo(p), which suggests that the previous condition is not

to na

strong. Similar simplifications can be obtained if D = T"d for some d.

5 Application to a Semiparametric Linear Quantile Regression

We implement the efficient feasible FNPT for the quantile regression example. At the end of this
section we discuss other potential applications of our methods for which available methods are hard to
apply. We modify the notation in the QR example to account for the presence of additional infinite
dimensional nuisance parameters in the limiting distribution, so the model is defined by the moment
restrictions

E[G(T)1(X; <w)] =0 for all z = (r,w') € T := 7T x R%.

where (;(7) = 1(Y; < ' X1;+74(7) X2:i) —7. Define do(7) := (8f, 7 (7)) and 0o(7) := (04(7), f2ir)’, where
fair is the conditional density of ¥; — 3, X1; given Xy;, evaluated at 4o(7)' X2;. A natural estimator for
v0(7) is the QR estimator, initially proposed by Koenker and Basset (1978), defined as any solution
~n(7) minimizing

n

v Zpr (Vi — BoX1i — 7' Xo:) }

i=1
where pr(u) = u (o — 1{u < 0}) is the so-called “check” function.

Standard efficiency theory is difficult to apply to this model. In contrast, our results can be easily
applied. Theorem 1 suggests that the efficient score solves T"s(x) = D, and among all solutions is
the one with minimum variance. Our algorithm for computing the efficient score suggests first to
solve T's(x) = D and then find the projection s* = Wyt grys- T he first step is straightforward in
this example — a solution is s(Z) = X1 f (Y| X)/f (Y| X), where f (y|z) := 0f (y| X = x) /0y, and
f(y| X = z) is the conditional density of Y; given X;. However, computing the projection II,_ . (1S
seems to be a rather complicated task. This difficulty does not stop us from implementing a feasible
FNPT as suggested in the previous section.

Hence, we proceed to estimate the efficient score in (20). To that end, we need consistent estimates

for m and D. These are given by
mi(z) = G(7)w(Xs, x)
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and

1 R
D(‘T) = _EZXl’LfZTw(X’Mm)v

where G;(7) = 1(Y; < X160(7)) — 7, 00(7) := (Bo, (7)), B( Xy, z) := 1(X; < w) — An(2) By (7) Xo; fair

I,
An(ﬂ?) = EZX%]C%TI(XZ' < w) (21)
i=1
1< A
Bu(r) = =" XoiXp: f3r (22)
=1

and fi.r ( fgi.r) is a nonparametric estimator for the conditional density of ¥; (Y; — 8(X1;) given X; (X2;)
evaluated at X0o(7) (70(7)' X2i). We follow Escanciano and Goh (2012) and construct estimators for
these quantities as follows. Let A, = {7;}/_; be a random sample from a uniform distribution in
7, independent of the original sample Z, = {Z;} ;. The proposed estimators for fo;; and fa;, are,
respectively, fiT = f (XZ,S\(T)‘ Xi) and foir == f2 (X5, (7)| X2;) , where

Fy1 X = (4 %:.3) == hz (3’“()> (23)

and

Fo (4] Xai) = Fo (y] Xoi Fn) = hz (szM))

and where 8\(7') is a QR estimator that does not impose the null, h > 0 is a scalar smoothing parameter
and K (-) is a smoothing kernel satisfying some conditions below. To simplify the notation denote
fir == f(X160(T)| X;,80) and fair := fo(Xb:0(7)| X2i,70) the kernel estimates using the true QR
parameters. See Escanciano and Goh (2012) for motivation of the nonparametric estimates f;; and
fg,-T. These estimators posses several appealing properties over more classical kernel estimates (cf.
Rosenblatt, 1969).

For a fixed 7 and 7; in 7', let (.. (u,v) and go(; .y(u,v) be the densities of (X'dg(7;), X do(7)) and
J (T,75) (7,75) J

(X%v0(75), X470(7)) evaluated at (u,v), and define the functions (® denotes the Kronecker product)
rl(T,Tj)(u,v,w) =F [Xll(Xi S w)] X/(So(T) = U,X/(So(Tj) = Q}] N
Torr) (U, v,w) 1= B [ X1 © Xo1(X; < w)| Xg70(T) = u, X370(75) = v],
qQ1(r,m;) (u7 v, w) = T1(r,7y) (U, U, w)g(T,Tj) (u7 U)

and

q2(r,75) (ua v, w) = TQ(T,TJ-)(U: v, w)QQ(T,Tj) ('U,, U).

Then, regularity conditions that are sufficient for our high-level assumptions in the quantile regression

example are given as follows.

AssumpTION E1: (i) {Z;}} | is a sequence of #id d-dimensional random vectors; (i) the conditional

densities {f (Jx): x e Rdm} are uniformly bounded, from above and below (from zero), with uniformly
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bounded derivative with respect to y € R; (iii) the density f (y|x) is twice continuously differentiable
in x, with uniformly bounded derivatives; (iv) E[XX'] is nonsingular and finite; (v) for each fized
Tand 7 in T, u € R and w € Rk = 1,2, the function qk(ﬂTj)(u,v,w) 1s well-defined and twice
continuously differentiable in v with uniformly (in 7, 7;, w and w) bounded derivatives and the first

derivative of qy(7.r;)(u,v, w) with respect to u is Liptschitz in (1,w) for each 7j, u and v.

AssUMPTION E2: For all T € T, the parameter §o(7) € © C R¥% O is compact and 5o(T) belongs to

its interior.

AssuMPTION E3: (a) The kernel function K (t) : R — R is symmetric, bounded, three times con-
tinuously differentiable and satisfies the following conditions: [ K (t)dt = 1, [tK (t)dt = 0, and
f}tzK (t)’dt < 00, ‘8(j)K(t)/8tj‘ < C and for some v > 1, }8(j)K(t)/8tj| < Ct™" for |t| > Ly,
0<Lj<oo, for j =1,2; (b) the possibly data dependent bandwidth h satisfies P(an, < h < by) — 1
as n — oo, for deterministic sequences of positive numbers a, and by, such that b, — 0, bin — 0 and

a2n/logn — oco.

Most of these assumptions are standard in the literature of quantile regression. Assumption E1 implies
that a solution s(Z) = X1f(Y|X)/f (Y| X) of T's(z) = D is well-defined, so Assumption D holds.
Note that bounded and smoothness conditions on the conditional density also imply similar conditions
on the conditional density of Y; — 5(X1; given Xy;. Our next result shows the optimality of the FNPT
applied to this example.

THEOREM 4: Suppose the conditions of Assumptions E1-E3, Assumption RE(i) and RE(iii) hold.
Then, the a—level feasible FNPT in (19) with §* as in (20) is AUMPI («) for the quantile regression

model.

We briefly mention other examples for which standard efficiency theory can be hard to apply, but for
which our results are directly applicable. Newey (2004) discussed two such examples, Powell’s (1986)
censored regression quantile estimators and transformation models. A general class of models for which
our results have applications is the class of semiparametric partially identified models investigated in
Escanciano and Zhu (2012); see also Arellano et al. (2011) for parametric versions. Efficiency within
a class of GMM estimates has been discussed in Arellano et al. (2011) for the parametric setting, but
in the semiparametric setting remains unexplored. Our results provide here the first feasible optimal
tests in both the semiparametric and parametric frameworks. The structure of the problem is similar

to the quantile regression example. The model satisfies the moment restrictions
El¢(Z,x,mo(Z,x))] =0 forall x €T,

where 19(Z, z) contains parametric, say do(x), and possibly nonparametric components (o(Z, x). The
model is not identified because = or a subvector of it is not identified. The model is still partially

identified in the sense that for each € I' there is a unique solution 79(Z, =) of the moment restrictions.
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Suppose the parameter of interest is Sy = do(xo) for a given zy € I'. Then, this model fits our setting

if we define
g(Zv‘TO:BaCO(waO)) lfx = 20
£(Z7;U7770(Z7x)) if x ?é Zo.

A complete analysis of this generic class of examples is beyond the scope of this paper, and it is deferred

¢(Z»33757770(Za$)) = { (24)

to future research. To illustrate the application to partially identified models we consider an example
from Altonji et al. (2005).

ExAMPLE 3: Assessing the effectiveness of Catholic Schools. Altonji et al. (2005) investigated
the effect of attending a Catholic school on educational attainment. In this empirical study Y is e.g.
college attendance, C'H is a dummy for Catholic school attendance and X is a vector of individual

characteristics, including family background, demographics, etc. They use a bivariate probit model

CH = 1(X/"y() —|—u),
Y = 1(X'6p + BCH +v),

where (u,v) is jointly normal with correlation 7. Their approach to deal with the lack of exclusion
restriction is to consider 7 as an unidentified parameter, so effectively assuming that the model is
partially identified (i.e. conditional on 7, the rest of parameters are identified). Altonji et al. (2005)
were particularly interested in testing significance of C H, and they proposed pointwise inferences for
several choices of 7. A more efficient approach can be based on the methods developed in this paper. For
instance, suppose we would like to test the individual hypothesis Hy : f(79) = 0 against Hy : B(709) # 0
for some 79 € 7 and a certain set 7, or suppose we want to test the more stringent hypothesis
Hy : B(1) = 0 for all 7 € T against Hy : S(79) # 0 for some 79 € 7. Both testing problems can be
handled by our methods using as moments the set of score equations or transformations of them as
in (24). For instance, in the second testing problem we can consider an average power criteria, and
consider the model as
ElW(Z,7,8,m0(7))] =0for all T € T,

where 1 is the set of scores from the bivariate probit model, Z = (Y, X', CH)', no(7) = (7(7), 9 (7)) and
the choice of 7" can be based on the effect of selection. See Altonji et al. (2005) for details on the choice
of 7. Our test, applied with 8y = 0, would exploit information from cross-equation restrictions, and
would lead to more efficient inferences than the pointwise results considered in Altonji et al. (2005).
Again, for this class of examples existing efficiency theory might be hard to apply, whereas our methods

lead to relatively simple efficient inferences. [J

6 Final Remarks

In this paper, we have investigated the efficiency, in a classical semiparametric sense, and implementa-
tion of the FNPT in a general class of semiparametric models. We have shown that under quite general

conditions the FNPT is asymptotically equivalent to a score-type test. We have suggested a general
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algorithm for computing the associated score function in terms of the covariance operator and the
shift function resulting under local alternatives. The semiparametric efficiency of the FNPT has been
established by showing that the score function is the efficient score function associated to the model.
We have proposed and justified feasible versions of the FNPT when the spectrum is known and when
is unknown. Finally, we have applied our results to a semiparametric quantile regression model. Our
investigation complements the optimality results for the FNPT found in Miiller (2011), and shows that
the functional Neyman-Pearson approach advocated by Grenander (1950) can lead to semiparametric
efficient inference. In sum, this paper extends the FNPT to general semiparametric models, establishes
its semiparametric efficiency in regular models and justifies simple practical implementations of these
procedures.

In addition to the efficiency, the main appealing property of the FNPT is its wide applicability. It
can be applied to any of the myriad of papers where omnibus tests have been proposed, and which
use continuous functionals of the sample analog of the moment restrictions. It can be also applied to
non-regular problems, and in these problems it also possesses optimality properties as shown by Miiller
(2011).

Although the main focus of the paper has been on efficient tests, our results have important impli-
cations for efficient estimation. Our results show that the semiparametric efficiency bound of regular
estimators of g is ¥ = ||D||; = Var(s*(Z;)), and we have provided consistent estimators for it and a
new algorithm for computing this bound. Similarly, a simple one-step efficient estimator for Gy can be
constructed as follows, .

B =-S5 1 52,

B =fo— o ; (Z:)
where B\o is an initial \/n—consistent estimator of 3y that is also used in the computation of f)an and
s*. After our results, the efficiency and asymptotic distribution theory for Bn can be easily obtained
using similar methods to those well established in the literature, see Lecam (1956). Obtaining more
general estimation results is a priority in our research agenda. Efficient estimation can be achieved
by GMM estimators, along the lines of Carrasco and Florens (2000, 2008) and Newey (2004). The
results developed of this paper can be useful to extend the existing GMM theory to our semiparametric
setting; see our proposal in Section 3.

There are also other open questions that remain for future research. We have not addressed the issue
of “bandwidth” choice. Note that in our setting this is a very complicated matter, since our problem
is one of testing, and a general theory for bandwidth choice for testing is not available, even in much
simpler settings. Developing this theory is beyond the scope of this paper. It seems reasonable to first
obtain such theory for the estimation problem, for which related results are available for comparison.
Many applications involve time series data, so it would be important to allow for dependence. The
main difficulty in extending our results to time series is the lack of an efficiency theory in the general
semiparametric setting considered here. For specific models and dependence structures, e.g. Markov
processes, efficiency results are available and our results can be straightforwardly extended; see Carrasco
and Florens (2000, 2008) for important results in this direction. We have applied the FNPT to finite

dimensional parameters, but it can be also applied to infinite dimensional parameters. It is unknown
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whether or not the FNPT delivers in this case optimal inference. This extension would have important
applications in efficient inference in partially identified models. Finally, our theory has been restricted
to situations where the LAN holds with a limit distribution of the form R., = R% + D, for a
Gaussian process RY,. There are, however, instances where the impact of the local parameter cg in
the limiting distribution is nonlinear, such as in unit-root testing based on partial-sum processes, or
the limiting distribution is non-Gaussian. It should be of interest to investigate the semiparametric
optimality properties of the resulting FNPT in these non-standard cases, in comparison with those
already established by Miiller (2011).

7 Appendix

7.1 Appendix A:
7.1.1 Sufficient conditions for Assumption W

In this section we establish the weak convergence of R, in (4) as a random element in Ly(y). The
function space ©,, is endowed with a pseudo-metric ||-|| ,» which is a sup-norm with respect to z, and a
pseudo-metric with respect to Z. An example is |7, = sup.cz yer [1(2, )| . Define a d-enlargement of
the parameter sets ©3(J) := { € ©5: |8 — fo| < ¢} and ©,(6) := {77 €0y ln—nol, < 5} for § > 0.
Define R(z,3,n) := E[v(Z,z,3,n)] and

1 n
Rn(%ﬂﬂ)) = EZQ/J(ZUCU,@U)
i=1

We first introduce the definition of pathwise functional derivative to deal with the estimation effects
of . For each (z,8,n) € I' x ©, we say that R(x,[,n) is pathwise differentiable at n € ©,, in the
direction [ —n] if {n+A(H—n): A€ [0,1]} C ©, and

A—0 A

exists;

the derivative is denoted as V;, (z,3,7)[7 — n]. For the weak convergence we need the following as-

sumptions.

ASSUMPTION Al: Suppose that:

(i) (Smoothness in n) for each x € I', the pathwise derivative V;, (x, Bo,n0) [n — no) of R(z,Bo,n)
at m = no exists in all directions [n — o] € Oy; and for all (x,n) € I x ©,(5,) with a positive sequence
0n, — 0, it holds that

Slé? |R($a/807n) - R(l‘aﬁoﬂm) - V77 (xaﬁo’no) [T] - 770” S C ||77 - 770”3] . (25)

(ii) P (7 € ©,) — 1, and || — noll,, = op (n~1/%) .
(iii) (Stochastic Equicontinuity) for all sequences of positive numbers 6, — 0,

sup | Ra(w, Bo,n) = B(z, fo,) = Ra(z, fo,m0) + R(z, Bo,m0)| = op (n7V2) . (26)
(z,n)€TXOy(dn)
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() /nVy (z, Bo,mo) [ — mo] admits an asymptotic expansion (uniformly in x):

¢mz@ﬁmmW7ndzggzngzammw+mwn,

= Tn(xalg(]:nO) +op (1) :

Assumptions A1(i)-(iv) are uniform versions (in x) of related assumptions in Chen, Linton and
Van Keilegom (2003). These assumptions are discussed extensively in the semiparametric literature.
Related assumptions are given in Escanciano and Zhu (2012) for analysis of semiparametric partially
identified models. For a fixed x, the results in Newey (1994) can be applied to find the expression for
¢. Define

m(zvxaﬁan()) IZZ/)(ZJC,B,??O)+¢(Z;337ﬂ7770)7 (27)

where ¢ is as in A1(iv).

THEOREM Al: Under Assumption A1 and Hy, the following expansion holds:

sup \/ﬁﬁtn(m) — \}ﬁzm(zi7$760a mo)| = op (1).
i=1

zel

PrOOF OF THEOREM A1l: Henceforth, to simplify the notation when we evaluate § at By we remove

the dependence on By from all arguments. Define the linear approximation

L (x,m0) := Bn(2,m0) + Vi (2, 10) [7 = 10]-
First, by Assumption A1(ii),(iii),(iv), uniformly in = € T,
Ru(x) = Ln (2,70
Ro(w) = R(@,7]) = Ra(w,m0) + R(z,mo)|

+ [R(@, 1) + Raz,m0) = B(w,m0) = Lo (,m0)]
< |fen(@) = R(@,) — Ru(w,m0) + R(, )

<

Hence, we conclude that, uniformly in z € T,

Rn(a:) = M, (x, Bp) + op (n_1/2) ,

where

Mn(:l:718) = %Zm(z’ivwvﬁﬂm)‘
=1
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We obtain the following corollary, whose proof is omitted.

COROLLARY A1l: Under Assumption A1, E[|m(Z;,-)||*] < co and Hy:
VnR, = R%, in Ly(n)

where RY, is as in Assumption W.
We now introduce a formal description of the local alternatives considered, and the limiting distribution
of \/nR,, under local alternatives. We follow Choi et al. (1996). Define the local parameters, t € [0, 00),

Bt == Po + tcg + rp: and (28)
N = no + tey + T,

where cg € Hg, ¢y € Hy, |rpe| = o(t), [[ryelly,, = o(t), as t | 0. Here Hg is a local parameter space
that is a subset of RP containing zero and H,, is the local nuisance parameter space that is assumed
to be a Hilbert space with norm ||-[|,, . Note that ¢ = (cg, ¢;) denotes the direction in which the local
parameter 0;(c) = (Bi(cs),ni(cy)) deviates from the point (Bo,70). We think of the parameter 6;(c)
as the parameter corresponding to a smooth regular parametric submodel passing through P = FPy,.
We define this important concept as follows. Let P := {P : 0 = (8,n), 8 € Og, n € O,} be the
semiparametric model satisfying (1). Let v be a o—finite measure dominating Py, and let f (z|6) be
the corresponding density. Py := {P; : t € [0,00)} is a smooth regular parametric submodel passing
through P = Py, if Py C P, Pp = P and if the density of P, say f;, is mean-square differentiable

/

where g is a measurable function, that necessarily satisfies E[g(Z)] = 0 and E[g*(Z)] < oo. We define

1/2 /2
— 1/2
t 0o ~9f3 /

" 5 dv —0ast— 0, (29)

formally the local alternatives as
H,:P~D,,

where 0y, 1= 0,,-1/2(c) and Py, () is a smooth parametric submodel with fixed c and cg # 0. Henceforth,

define for a measurable function ¢

B (D) = [ @) flz)dz,
We need the following regularity condition:

AssumMPTION A2: For all smooth parametric submodels and each x € T', the map t — E[m(Z,x, B, mt)]
is continuously differentiable at t = 0 and sup;cp Ey [mz(Z, x, Bo, 770)] < 0o, where N is a neighborhood
of 0. The parameter By belongs to the interior of ©g.

THEOREM A2: Under Assumptions Al and A2, Assumption W holds.

PROOF OF THEOREM A2: It is well known that an important implication of (29) is the LAN property

ﬁ%—fzg-—Ewwww
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see e.g. van der Vaart (1998, Theorem 7.2). To establish the limiting distribution of \/nR,, under H,
we apply Lecam’s third lemma in van der Vaart and Wellner (1996, Theorem 3.10.7). To characterize
the limit, we first apply Lecam’s third lemma to <\/ﬁf%n, h> with h € La(u), which yields that under
H,

(VR h) —a N(r, (b, KD)),

where

7= E[(m, h) (2)9(Z)]

By the adjoint property 7 = (h,T"g) . Since this is true for all h € La(u), we conclude that under H,,
VnR, = R% +T'g, in Ly(p).

It remains to prove that T'g = c/’BD. The part of the score corresponding to the nuisance parameter
satisfies T"g;, = 0 by Theorem 2 below, and hence it suffices to prove that T"gs = c;D, where gg is
the score corresponding to § with 7y fixed. But this follows from the classical information equality

(integration by parts), Lemma 7.2 in Ibragimov and Hasminskii (1981), under Assumption A2. B

7.1.2 Preliminary results for the QR example

We collect in this section a number of known results that will be instrumental in proving Theorem 4. We
refer to references for the proofs. We begin with an important result of Chen, Linton and van Keilegom
(2003) that allows for the bounding of entropy numbers and the verification of stochastic equicontinuity
for processes indexed by both Euclidean and function-valued parameters. In this connection, define a
generic function class

H={z—m(z,60,9): 0 €0O,g€ g},

where © and G are generic Banach spaces with associated norms |[|-||g and ||-||g, respectively. Recall that
the covering number N (¢, 0, || - ||@) of © is the minimal number N for which there exist e-neighborhoods
{{0: 1|60 —0;lle <€}, ||0j]le < o0, j=1,...,N} covering ©. A bracket [[;,u;] is the set of elements
¢ € © such that [; < 6 < u;. The covering number with bracketing N, (¢,0, ]| - [[@) is the minimal N
for which there exist e-brackets {[l;, u;] : ||l; — ujlle <€ ||llle, lujlle < oo, j=1,...,N} covering ©.
An envelope function G for the class G is a measurable function such that G(x) > sup,¢g |g(x)|. Define

the entropy number

0
TG, ) = [ flog NEW. [l p)d

Other definitions of concepts from empirical processes theory may be found in e.g., van der Vaart and

Wellner (1996).

LemMA Q1. Assume that

E sup sup ’m(Z7017gl) _m(Z7 62792)’2 S K(SS
02: (|61 —02lg < g2: [lg1—g2]lg <0
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for some constant s € (0,2]. Then for any € > 0,

Nij(e, 5 [l p) < N ([2;]2/ 8,@,||-||@) x N ([2;} G llg>

A typical application of Lemma Q1 implies that J(d, G, ||- ||2 p) < oo and hence that the empirical process
Vvn (M, — M), where M,(0,g) =n"t 3" m(Z;,0,9) and M (0, g) = E [m(Z;,0,9)], is asymptotically

stochastically equicontinuous, i.e., for any sequence of positive constants &, = o(1),

sup | My (01, 91) — My (62, 92) — M (81, 91) + M(a, ga)| = op(n~1/2). (30)
“91_92“@§5n7 ||91_92Hg§6n

The following Lemma is implicit in Section 2.10.3 of van der Vaart and Wellner (1996).
LEMMA Q2. Let F and G be classes of functions with envelopes F and G, respectively, then
N(2e|FGll2,p, F-G: |Illg,p) < N(el|Fllz,p, F, [-lla,p) x N(el|Gll2,p, G, |Ill2,p)-

We now state a weak convergence theorem that is useful in dealing with estimation effects in test
functionals involving the non-smooth summands (;(7,d) = 1(Y; < X/§(7)) — 7. Let a(-) be a bounded
measurable function of Z;. Given a sequence {Z;,}" ; of iid arrays for each n, define the weighted

empirical process
Vi 5 ZE \f Z Zin Czn T, 6) [ (Zm)Cm(Ta 5)| X’m]) wn(Xma 67 ZII),

which is indexed by x := (d,z) € B x I'. Let Fx denote the cdf of X. Define the metric, for y; :=
((51,7’1,11}1) eBxT,
p(x; x1) = |7 — 71|+ [Fx(w) — Fx(w1)| + |6 — 01|,

where ||0]| := sup,c7 |0(7)], and assume that wy, is such that for 6, | 0

sup  [lwn (- x) — wa (- x1)llo,p = 0(1)
p(X’X1)<5n

and W, := sup, |wn(-, x)| satisfies the Lindeberg condition, for each € > 0,
E[W2] = 0(1) and E[W21(W,, > ev/n)] = o(1).
Furthermore, define the class W, := {w,(-,d,z) : (§,x) € B xI'} and require the following assumption:

ASSUMPTION Q1. The class W, satisfies the previous conditions and is such that J(0n, Wh, ||-|l5) — 0
for every 6, | 0.

THEOREM Q1. Under Assumptions E1, E2 and Q1, the process V, is p—stochastically equicontinuous.

PrOOF OF THEOREM Q1. It follows from an application of Theorem 19.28 in van der Vaart (1998)
and Lemma Q1. H
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The following lemma is needed to justify the Bahadur representation of the QR estimator. Recall

f2 (y| X2 = x2) denotes the conditional density of Y; — 5 X1; given Xo; = 5 evaluated at y.

LEmMmA Q3. If f(y| X = x) satisfies Assumption E1, then fo(y| Xo = x2) also satisfies Assumption
El.

PrOOF OF LEMMA Q3. Let g1 (z1]| X2 = x2) denote the conditional density of Xi; given Xo; = x9

evaluated at z1. Then, correct specification and simple algebra implies the relation

fo(y| Xo=22) = /f (y + Bow1| z) g1z (z1] X2 = @) day.
The result then follows from this expression and simple arguments. l

LEMMA Q4. Under Assumption E1,

(i)
\/ﬁ(:)?n(T) - 70<7—)) - 7B ZC@ X22f227— = 0P<1)-

sup
TET

(ii) The estimators 3\() and 7, (-) satisfy that g, Yn € B with probability tending to one and oy € B,
with B a class of Lipschitz functions from T to ©.

ProOOF OF LEMMA Q4. For (i) see for instance Gutenbrunner and Jureckova (1992). Part (ii) follows

from (i) and our Assumptions E1 in a routine fashion. B

Our next result is related to the uniform convergence rates for kernel estimators fiT and fgiT. We view

fiT as a function of J and write the Taylor approximation around the true value dg as
fZT_fZT+fZT( )+fz7'( )+T177 (31)

where A(+) := /n(8(-) — 6o(+)) and

fir(A) 1= n3/12h2 ZK (X i%0(7) hX55°(Tj>> [XU(A(r) + A}

and

Fo(5) = #ZK (XZ{(SO(T) ;LXféo(Tj)) (XUA() + A2,
j=1

and where henceforth for a generic function K we denote K (t) := M K (t) /0t and K (t) := 0@ K (t)/ot2.

The remainder term r;; is implicitly defined. A similar expansion to (31) holds for fgiT,

fQ’LT f227'+f227—< )+f2m—( )+r21’7’7 (32)

with obvious definitions for the terms in the expansion.

30



The proofs of the results below directly follow from Escanciano and Goh (2012). For a, and b, as
in Assumption E3(b), define

i, = \/logobn1 V loglogn Y

nan, w

LeEMMA Q5. Under Assumptions E1-E3, for j =1 and 2

fjiT - sz'T

sup sup max =0, <n_l/2 + dn) ;

an<h<b, reT 1<i<n

and

sup sup max ‘fj” — fiir| = Op (dy) .

an<h<b, r€T 1<i<n
Similarly, we have the following uniform consistency results, see (21) and (22) for definitions of A,, and
B,,.

LEMMA Q6. Under Assumptions E1 and E2,
sup  |An(z) — A(z)| = op(1)
€T xRdx

and

sup [ By, (1) — B(7)| = op(1).
TeT

ProOOF OF LEMMA Q6. It follows from a combination of Lemmas Q2, Q3 and Q5. W

Define the class Q := {z — 1(y < Byz1 +7'22i) — 7 : v € ©,7 € T}. The proof of the following result

is standard, and hence omitted.

LeMMA Q7. Let Assumption E1 hold. Then, the class Q of functions is VC, and hence satisfies
Assumption Q1.

7.2 Appendix B: Proofs of main results

PROOF OF THEOREM 1: To prove (i), we use Assumption C and write

[e.o]

L(vnR,) = A7 (VaMa, 95) (D, 5) + op(1)
j=1

= =23 m(Ze ). 0) (Do) +or (D)

i=1 j=1
= =2 2N D @) 0i(Z) + o (1)
i=1j=1
= S;: =+ Op(l).
As for (ii), note that by Kress (1999, Theorem 15.16) and Assumption D,

o0

T's* = (D, ;) ¢; = gD =D,
j=1
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and

*

NPT s, 05)

<
Il
-

Yot

Els(Z)1hi(Z)]4;

1

<.
Il

== HT(T)S = errl(T’)S’

|
PROOF OF THEOREM 2: Let Py, t € [0,€), € > 0, be a regular parametric submodel passing

through Pg, ;,), with score s(Z), and satisfying the semiparametric restrictions

Ey W’(Z»%ﬁo, nt)] =0.

Differentiating with respect to ¢t and evaluating at ¢ = 0, we obtain by the chain rule

;E[zb(Z,z,BO,m(Z,x))] +;Et[w(z,x,ﬁojno(27m))] =0.
t=0 =0

The first term is just the pathwise derivative of v(t) := E [¢(Z, x, Bo, n:(Z, x))] , which by our Assump-
tion 1 satisfies

8?9(;)) = E[¢(Zi,x, Bosmo) s(Z)],

see (3.9) in Newey (1994). On the other hand, Lemma 7.2 in Ibragimov and Hasminskii (1981) under
Assumption A2 implies that

B (.2 G noZ,0)) | = BI(Z. o ol Z,2)s(2)

Hence, the score satisfies s(Z) € ker(T”), so that Py C ker®(T").
We now prove that ker®(T”) C P holds. Define the map « : P — Lo(y) as

Y(P) == Ep[¢(Z, x, Bo,n(P))].

The same arguments above show that ~ is Frechet differentiable at Py, viewed as a mapping on square
roots of measures, with derivative ¥ = T”; see e.g. van der Vaart (1998, Section 25.3). Then, for a
given function s € ker®(T”) we can use exactly the same arguments as in Bickel et al. (1993, pg. 54)
without changes to construct a parametric submodel with score s and passing through FPy. Thus, we
conclude that Py = ker®(7").

As for (ii), consider a parametric submodel satisfying E; [m(Z,x, 5¢,m0)] = 0. Differentiating this

equation with respect to ¢t at 0 we get

/ oE [m(vaa/B(hnO)]
C/B 6/3

Regularity of the model and Assumption A2 imply, by Lemma 7.2 in Ibragimov and Hasminskii (1981)

+ aEt [m(vaaﬁan)”t:O = 0.

aEt [m(Z? %507"70)]|t:o =F m(Z,J},ﬁo, nU)gl(Z)} )
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where /1 is the score with respect to 8 at [y. Hence, we conclude using our notation that

Hence, by part (i), the zero mean property of scores and Theorem 1(ii) ¢} = A —H¢2€1 =10« (T,)él =
s*.

PROOF OF PROPOSITION 1: We first prove that Ly (R,) = Li(M,) + op(n~'/?). Note that
Li(Rn) = Li(Mp) = 30 (R = Mo 05) (D, 5)

+Z>‘;1 <an<10j> <D - D,gpj>

j=1
=Y A (B = M) (D= D,y )
j=1
+i)\31 <Rn Mn7(pj> <D790J>
j=1
k

By Cauchy-Schwarz’s inequality and Assumptions D and R the absolute value of all terms is op(1),
where for the last term we use that {)\;1/ 2 (Mp, p;j)}32, are uncorrelated and with unit variance. This

also shows that Ly(M,) = L(M,) + op(n~1/?), since under Assumption D,

nVar (Ly(My,) — L(M,)) = Z )‘j_l <D7<Pj>2 — 0,
j=k+1

as k — oo. The proof that 3, = X + op(1) is trivial, and hence, it is omitted. W

PROOF OF THEOREM 3: Write
~ 1 — 1 &
L :—E *(Zs —E s(Z) — st (Z;
\/ﬁ n \/ﬁi:18( Z)+\/ﬁi:1{8( 2) San( Z)}

1 n
+ — SZ Zi —S* Zi
T 2 (56, (2) = ' (2}
=S'+C!+ B}

We first prove that the bias term B} = op(1). Using well-known expansions for s}, and s* we can

33



write

o

—= D> bl N)Els* (2)i(2)1i(Z)

=1 j=1

:
§H

1

<.
Il

b(ev, \j) Els™(2)¢(Z)]en;,

1

<.
Il

where b(a, \) = a/(a + A) and {e,;}32; are implicitly defined. Note that {e,;}32; are uncorrelated,

with zero mean and unit variance. Hence, F[B}] = 0 and

Zb%m s"(Z)i(Z)])? =0

as a — 0, by dominated convergence.

We now prove that C} = op(1). We write

IZ 5,02 = [ VA = s, )2 Fde),

where F, is the empirical distribution of {Z;}! ;.
Henceforth, we will make use of the following basic result. If B, is a possibly random operator from
Lo(F) to Lo(F) and h,, is a random element of Lo(F'), then

n

LS Buhn(2)

i=1

= 0p (IBulls,p (ER2(2))"?) (34)

The proof of the last equality follows from Chebyshev and Cauchy-Schwarz inequalities.

Define the norms ||-||,,, and [|||,, as the norms [|-[|5 p and ||| but with F' and u replaced by the
empirical distribution functions, respectively. Introducing these norms is useful because although T is
not the adjoint of 7" with respect to the norms [[lo,p and |[-[|, they are duals with respect to ||-,,,

and |-]|,, . A well known result in operator theory shows that

-, |-
n 2.n
By Markov’s inequality
. . 2
HT’ T :op< 7T >
2,n 2,P
= 0p (n°Y)

Hence,

2 . 2 2
=0Op (n_l) . But a simple inequality implies HT — TH <FE [ ] , where the

expectation is with respect to empirical distribution used in |[-||,, , and hence

’ =0Op (n_l) .
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Using the definitions 5%(Z;) = ﬁaan) and s}, (Z;) = Aa,TD, where A,

Aq, = (anl +TT") 7L, respectively, we write

§ — 5. = Ay, T(D—1T's") + Ay, TT's* — Ay, TD
= Aln + Agn.

By the basic identity (B~! — C~!) = B~1(C — B)C~!, we can prove that

<[

-]

+ |[ A | 140, T || 777~ TT”
=0Op (n71/2a;2)
= Op(l).

L and

By Prohorov’s theorem we can assume w.l.g that hy(-) := /n(D — T's*)(-) converges weakly to Ao

Then, applying (34) with B, = A, T — Ay, T, we conclude
/ VA, (2)Fy, ZAanTh )+ op(1)

—ZA%Th ) +op(1)

= op(1),

where the second equality follows from another application of (34) and the last equality follows from a

law of large numbers for arrays, after noting that

sup,, F¥ [(AanThoo(Zi))Q]

n

— 0

and
E[A.,The(Z;)] = 0.

As for As,, we write,

Agn = Ag (TT' — TT')s* + (Aa, — Aa, )TT's*

A, (TT" =TT (s* — 5%, ).

Thus,

[Vitn@F @) = [ Vit Fd) + [ Vit

where Agi,,(2) = (Ag, — Aa,)(TT = TT')(s* — 5%, )(2) and Aggn(2) = Ag, (TT'

Using the equalities that
= || e, | = Op(az")

n

|
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F,(dz),

—TT)(s*—s

o) (2):



|77 = 77| = 0p(n7172)

Aq, — Aq, = Ao, (TT =TT Ay,

and
El|s*(Z) = s, (2)]"] = O(a?),
we obtain
(Blvaama () < va |7 - o7 (Ells(2) - st (D) " | Ao | 140
_ Op(n_l/QOé;l)
= Op(l).
Hence,
/ an(2)Fa(dz) = op(1).
Note that

VA(TT =TT ;(2) = V(T = TT');(2) +V/n(TT' = TT )5 (=)
= XAV = Ty (2) + Tv/n(T' = T')y ().

Hence, our assumptions imply that /n(TT" — TT" )¥j(z) is asymptotically tight, and by Prohorov’s

theorem we can assume it converges weakly, w.l.g. Now, the expansion for (s* — s}, )(2), || D[, < oo

and the assumption on the weak convergence of /n(TT’ — TT')1);(z) implies the weak convergence
of /n(TT' — TT')(s* — 55, )(z) by Lemma 1 in Escanciano and Velasco (2006). Applying the same
arguments as for Ay, to Ags,, we obtain

1 n
/\/EAQQTL(Z)FN(dZ) = o ZAanGOO(Zi) + Op(l)
i=1

= OP(1)7

where G is the weak limit of /n(TT" — TT")(s* — 5%, )(z) and the second equality follows from a law

«

of large numbers and the convergence

sup,, E (AanGoo(Zi))Q] _ B[GL(2)]

— 0.

2
n nog,

Hence, we conclude that C* = op(1). The proof of £,, = X + op(1) is simpler, and hence omitted. B

PROOF OF THEOREM 4: We shall apply Theorem 3. To that end, we need to check that Assumptions
W and RE hold under Assumptions E1-E4. To verify Assumption W, we apply Theorem Q1. Recall

Fu(e) = S G(r1(X: < w)
i=1
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where (1) = 1(Y; < B5X1; +7, (1) Xo;) — 7 and z = (1,w')’ € T x R%. We shall prove that under our

assumptions and Hy,

sup
x€T xRdz

ZQ 1(X; < w) = A'(z)vn (Gn(7) = 20(7))| = 0p(1), (35)

where A(z) := E[Xa;f2ir1(X; < w)]. To obtain this expansion we apply Theorem Q1 with the class
W={z — 1(z <w):w € [~00,00]%}, which satisfies the conditions of the theorem by Theorem 2.7.1
in van der Vaart and Wellner (1996). This yields

sup
€T xRdx

Z( - PG| X)) 1% < w)

Applying a mean value argument we obtain

IZ( - B[G(n)| Xi]) 106 < w)

/1 (Fn(7) = 70(7))’ ” Z o (X573 (7)] Xai) X2i1(Xi < w)
i=1

Ry(z) = —= > G(NLX; < w)

=op(1). (36)

sup
€T xRz

=op(1),

where 7, (7) is such that |¥,(7) — v (7)| < [Fn(7) —70(7)| a.s. for each 7 € 7. By our assumptions,
uniformly in z € T x R%
1 _1g
- Zfz (X5 (7)| X2i) 1(X; < w) - Zf2 Xi70(7)| Xai) X231(X; < w) + op(1)
=1
= A(z) + 0p(1).
where the last equality follows from Glivenko-Cantelli’s theorem, i.e. the class

{z = fa2 (:UQ’)/Q ‘XQZ) (X;<w):xeTl}

is a Glivenko-Cantelli class by an application of Lemma Q1. Hence, we obtain the expansion (35). The
null limiting distribution then follows from the expansion and Lemma Q4. Combine this with Theorem
A2 to obtain Assumption W. Notice that Assumption A2 required in Theorem A2 holds under our
conditions on the conditional density in E1.

We now check Assumption RE(ii). Throughout the proofs, we use the fact that the nonparametric
estimates f;r and fo;; only depend on the sample A, {7']} _, and X;, and that A, is independent of
the original sample Z,, = {Z;}!" ;. That means that in many of the probabilistic arguments we use, we
can first condition on 4,, and deal with conditional probabilities treating the nonparametric functions

as given. This simplifies substantially the arguments.
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We first deal with /n(T" — T")a(x), for a € La(F). We can assume w.l.g that a is bounded and

continuous on the support of Z. We write

V(T = T')a(z) = jﬁz {fi(x)a(Z:) — Elmi(x)a(Z:)]}
R
- ﬁz (G < w)a(Z) - BIGN1X; < w)a(Z)] |

- A(m)B_l(T)\/lﬁZ {fi(T)X2ifi2fa(Zi) - E[Q(T)Xm'fmfa(zi)]}
i=1

+ (A(.%‘)B_l('r) — An(.%')Bgl(T)) \}ﬁZéi(7_>X2ifi2T@(Zz‘)
=1

=: Clln(fﬂ) — A({L‘)Bil(T)Clgn(.’L') -+ Clgn({L').
By Lemmas Q2 and Q7, and by standard empirical processes arguments the class
{z = q(2)1l(z <w)a(Z) : q1 € Q,w € [—00, c0]%}

is P-Donsker. Hence, a stochastic equicontinuity argument and a uniform law of large numbers imply

that, uniformly in z € 7 x R%,
Chin( IZ {Gi(M)UXi < w)a(Zy) — E[G(7)1(Xs < w)a(Z)]}

+ E[X5,a(X[00(7), Xi)1(Xi < w) fir]v/n (n(T) = 70(7)) + 0p(1).

Using the Taylor expansion in (32) we write

Cion(x \FZ {Cz ) Xoi faira(Zi) — E[Ci(T)X2ifi2Ta(Zi)]}
—}——ZQ ngfgm- +7ZCZ X2zf2z~r (A)a(Z;)

ZC’L X22T21Ta‘ )

=: C121n () 4+ Cr22n(2) + Closn(z) + Cr24n ().

Applying Theorem Q1 to the class W,, = {wy(-,7,A) = foir(A) i T € T,A € B}, see Lemma Q4 for

definition of B, and a stochastic equicontinuity argument we obtain the uniform expansion, in x € I,
Claon( ( [ Z;)
\f Z
= v/ (3u(7) = 20(7)) LS (XEBulr)| Xar) 0B, (7). X)Xt X o (B) + 0 (1)
i=1

—0p (n—1/2h—1>

= op(1),

XZ} - F [Cl(T)a(ZzN Xz]) X21f217'( ) + OP( )
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where we have used in the last equality that fgw(ﬁ) =0Op (n_l/ 2h_1) . The same arguments show that
Ci23n(x) = op(1) uniformly in € I'. It is also straightforward to prove that Ci24n(z) = Op (n"2h™2) =

op(1), uniformly in z € T". Hence,

Cron(z \FZ {Cz ) Xai faira(Z;) — E[Q(T)Xzifizfa(zi)]}+0P(1)-

An application of Theorem Q1 with W, = {wn(X;,7) = fair : 7 € T}, and Lemma Q5 yield the

uniform expansion

Clron(z IZ{Q 7) X2 fiora(Z;) — E[Gi(7) Xai fizra(Z;)]}

+ E[X2i Xy fir fizra(X00(), Xi)lV/n (n(T) = 70(7)) + 0p(1).

To deal with C13,(x), it can be shown using our previous arguments that the vector process

( ValAa() — A() )
Vi(Ba() — B(-))

converges weakly in Lo(p). Thus, by an application of the functional delta method, we obtain the weak

convergence of

This together with the uniform (in 7) convergence

I
- 7 X iJi271 % X 1 Ji2T 1 5
n;(( 2i fiara(Z ZC 2 fizra(Z;) + op(1)
see Lemma Q5, implies the weak convergence of Cis,. From these uniform expansions our conditions
on /n(T" —T")a(z) can be verified in a routine fashion.
Finally, we deal with \/n(D(z)—D(x)). For simplicity, we assume w.L.g that X is a scalar. Similarly
as for /n(T" — T")a(z), we write
Va(D(z) = D(x)) = ——=Y {Xuﬁ-f@(Xi, ) — D(x)}
Z {XlifiTl(Xi <w) = E[Xqfir 1(X; < w)]}
1 o
-1
+ A(z)B (T)\/ﬁ; {XliXQif’iniQT - E[XliXQifiniQT]}
1 o A
— (A(@)B~H (1) = Au(2)B, (1)) %ZXliX%finﬁT
i=1

=: —Din(z) + A(x) B7Y(7) Doy () — Dan(z).
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Long but simple algebra shows that Dy, is asymptotically, uniformly in z € T", equivalent to Csi1, +
Cs12n + C313n, Where

Cs11n(x) := \FZ {X1ifir L (X S w) = B[ Xy fir (X S w)]}

C3i2n() : ZXlz fZT fir) L(X; < w)

and

The process Cs19,, centered at its expectation, is stochastic equicontinuous, and by the independence

assumption, for each x,

i=1

An) < E [X121<fz7' fm') (X < w)

=op(1).
Hence, uniformly in x € T,

Catan(®) = VIE [X1i(fir = fir)1(Xi < w)] + 0p(1)
= \}ﬁ;alh(m‘ﬁj) +op(1),

where

(073 = B | iy (€80(7), X)) R (0000 )

1) (U v, W) 1= B [ X11(X; < w)| X'd0(7) = u, X'60(7j) = v] .
Let g(rr;)(u,v) be the density of (X'do(7;), X'do(7)) conditional on A,. Define
q1(r,7;) (u, v, ’U)) = T1(r,7)) (u7 v, w)g(T,Tj) (ua U)'

Then,

u—"v

1 . 1.
/ql(Tﬁj)(u,v,w)mK( - >dudv = —/ql(T,Tj)(u,u—th,w)hK(t) dudt

= /tK (t) dt/q'l(wj)(u,u, w)du + O (h?)

=: pgai(z, ;) + O (h2) ,

where §i(r )2 (u, v, w) = 0qy(77;)(u, v, w)/Ov. Then,

max sup |aip(x, 75) — psai(z, 75)| = O (h2) .
1<j<n
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Using this, we conclude

Csi2n(2) = M3\}ﬁ;al($77j) +op(1).

The weak convergence of Csa, follows easily from the last display and Assumption E1.

The analysis of (313, is quite similar to that of Cs19,. Using a stochastic equicontinuity argument,

we obtain
Cs19n(z) = VRE[X1; fair (A)1(X; < w)] + 0p(1)
= \}ﬁzazh(l‘» 75) {An(15) = Y0(75) + An(T) — v0(7)} + 0p(1),
j=1
where

%f( (Xé’yg(’]’) ;XQ’YO(TJ)) ‘ An]

rg(T’Tj)(u,v,w) =F [XlXél(Xi < w)| X570(T) = u, Xoy0(15) = v] .

amn(2,7;) = E [rz(f,fjﬂXéwo(T), Xhro(j), w)

Let gy(r,r;)(u,v) be the density of (X370(7), X370(7;)) conditional on Aj,. Define

q2(r,75) (u,v, w) = r2(‘r,‘rj)(u7 v, w)QZ(T,Tj) ('LL, v).

Then, with
a2(337 Tj) = /Q2(T,Tj)(u) u, w)du,

and gy (r.7,)2(u, v, w) = Oqy(r ;) (u, v, w) /v, we obtain

2
gﬁgxnsgp |lazn(z, 75) — paaz(z, )| = O (h ) :

Using this, we conclude
~ 1<
Caan(z) = p3v/n(Ga(r) = 70(7) > aa(a.7))
j=1
M3 - N

By a standard law of large numbers and by Lemma 3.1 in Chang (1990), C313, weakly converges to

s {am<->E[a2<w, N+ [ aate T>am<7>d7} ,

where aoo(+) is the limiting distribution of /n(3,(:) — 7o(+)). The analysis of Ds, is similar to that of
Dy, and that of D3, (x) is similar to that of Ci3,(z). Details are omitted. B
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