Contingent commodities and implementation
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Abstract

In this note we study the relevance of using contingent commaodity allocations when states are not directly
contractible. In such a setting, a contingent commodity allocation takes the form of a social choice function, and
the question is whether this function is implementable. Using only very mild assumptions on the rule for
selecting contingent commodity allocations, we derive a strong negative result which proves to be robust with
respect to different solution concepts employed for implementation. These findings have interesting implications
for the interpretation of Arrow—Debreu economies. [ 2000 Elsevier Science S.A. All rights reserved.
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1. Introduction

The Arrow—Debreu model of genera equilibrium with state contingent commodities is often
considered to be a benchmark for the realization of efficient resource alocation; in recent years its
usage has become pervasive, particularly in macroeconomics. The cautionary tales that are told
regarding the suitability of the model are usualy framed in terms of imperfections like non-
convexities, thin markets, and asymmetries of information among agents. But it is accepted that if the
economic situation to be modeled is immune to these imperfections, and the states of nature are
“macroeconomic,’” then the Arrow—Debreu model is an acceptable approximation to reality. Our
concern here is a precise formulation of the idea that a state is macroeconomic and we make the point
that for the model to ‘work, the states have to be contractible. In this note we explore the
consequences of assuming that states are not contractible. In this case, we need a mechanism that
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generates, or implements, the outcomes of the Arrow—Debreu model as the equilibria of a game
without introducing any new outcomes. Asiswell known, the (interior) Walrasian correspondence can
be implemented in Nash equilibrium so it would appear that, by a standard extension of the
commodity space using contingent commodities, so can Arrow—Debreu equilibrium allocations. We
show that such is not the case. We follow up on an early example due to Palfrey and Srivastava (1989,
p. 129) and show that the basic intuition given by them holds much more generally. Our point is very
simple, amost trivial: If preferences are state independent, any equilibrium concept yields identical ex
post incentives at every state so any implementable contingent commodity allocation must be constant
in the state. Given that there are economies for which no interior ex ante Pareto efficient rule satisfies
this requirement, it follows that any such rule is not implementable. We emphasize that our result goes
through to all the standard game theoretical equilibrium concepts (so the consideration of stage games
and subgame perfection does not help), and to any ex ante Pareto efficient rule that satisfies an
interiority assumption.

One can ask what we learn from such a result. One always pauses and gives some thought to the
appropriateness of using the Arrow—Debreu model in a particular situation; our result allows one to
have a better grasp on the said appropriateness since it says that the Arrow—Debreu model can be used
provided that states are verifiable (earthquakes and other natural calamities, etc.). In other words, the
relevant asymmetry of information is between agents and courts and not just between agents as
emphasized in the earlier literature (see, for example, Radner, 1968).

2. Model and the results

We consider the standard model of an Arrow—Debreu economy with uncertainty. We have a finite
set $={1,...,1} of agentsand afiniteset ¥ ={1,...,L} of physically different goods. The economy
exists for two periods. At date O there is uncertainty about which of the possible states of the world
from the finite set ¥={1,...,S} will be redized a date 1, while we assume that at that date the
realized state of the world will become common knowledge among the agents. The commodity space
is #“° a typicad element of which is a contingent commodity vector x=
(Xp g+ Xigr -+ - Xosr -+ - X o) Where the component X ¢ is to be interpreted as X, ¢ units of good | if
state s occurs at date 1. We shall use superscripts to refer to agents in the economy. Hence, an
dlocation in this economy is a ligt, (x,- - - X'), where X € #"° for al i € . Sometimes it will be
convenient to have the following shorthand notation available: Let x € # LS and s€ &, then we write
X=Xy g - - X o)y X E R"; analogously, we write x, € %°. _

Each agent i is characterized by a consumption set X' = %2';°°, an initial endowment o' € %', and
preferences representable by a utility function u'(x) ==, q'(9v'(X,,s), where q' is the subjective
probability distribution over the states. We assume that v'(-,s) is strictly monotonic and once
continuously differentiable (C").

We assume that the aggregate endowment does not vary with the state of the world. Thus, the set of
feasible allocations in, say, states s and t are identica and we denote it by . A contingent
commodity allocation can be now written as a Social Choice Function &: & — of, 2(S) = (X2, . . . X.).

The usual way of interpreting a contingent commodity allocation & is as a contract signed at date
0, i.e. when agents know their preferences but the state of the world to prevail at date 1 has not been
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determined yet. At date 1, every agent receives the quantity specified by such a contract. So, in this
interpretation, states are assumed to be ‘contractible’. Since we wish to explore the consequences of
dispensing with that assumption, the question that interests us is. Given a contingent commodity
allocation, is it possible to design a mechanism in such a way that for every state the equilibrium
messages of the agents lead to the outcome prescribed by the contingent commaodity allocation for that
state?

Notice that, contrary to the usual implementation problem, we will assume that ex ante preferences
are fixed and given; what changes, the underlying ‘economy’, is the Arrow—Debreu state of the world
which determines ex post preferences. _

A mechanism takes the form g=(M,f), where M=]],_., M' is the message space and f:
M - %" the outcome function. The messages are meant to convey information concerning the
realized state of the world, the outcome function then determining an allocation for that state. Given
agents' preferences, and a state s, the mechanism g induces a non-cooperative game I in which M' is
player i's strategy set and her payoff function is given by v'(-,s)e°f.

Definition 2.1. Let E(s) denote the set of equilibria of I_ for a given equilibrium concept.” We say that
a mechanism g implements the social choice function & in that equilibrium concept if, for al states
se ¥, we have

f(E(s) = 29
We first notice the following:
Remark 1. Assume that agents have state-independent utility functions, i.e.

u® =2 qev'(x)

sEY

Let @:¥ - R""' be a social choice correspondence. If @ is implementable (in any equilibrium
concept) it is constant, that is, &(s) = P(t)Vste .

Proof. Let g = (M, f) be a mechanism implementing & so that we have
f(E(9) = d(9 Vse ¥ (1)

Given the assumption on agents’ preferences, for any two states s and t, the non-cooperative games I
and I; induced by g coincide because the payoff function for, say, agent i isv' of. Therefore, the sets
of equilibria of these games are identical,

E(s) = E(t) Vste ¥
and, thus, from Eg. (1) above,
D(s) = P(t) Vste ¥

*For good general discussions of implementation, see Maskin (1985) or Moore (1992). See also Matsushima (1988) and
Abreu and Sen (1991) for virtual implementation.



Next we show that there are economies with state-independent spot market utility functions for
which no interior ex ante Pareto optimal contingent commodity allocation is constant; hence, there
exists a conflict between implementability and ex ante Pareto efficiency (for interior allocations).

Proposition. There exist economies & =((X',u’,»');,) such that no ex ante Pareto optimal, interior
contingent commodity allocation is implementable.

Proof. We will construct such an economy. For i €.4, let X' = %" and let the utility function
u:%%° - % be defined by

U =2 qEuK)
se¥
where v: %', ~ % is monotone, strictly concave, state independent and differentiable. Consider two
states of the world s,s €S and let q'(5)9’(s ) # g'(s )q'(s) for some i,j € 4. For al other states the
probabilities can be chosen arbitrarily.
Let (x%,... x')ER"°" be an interior Pareto optima allocation. Then (x%, ... X') solves the
following maximization problem for some (a*,...,a'), a > 0and =,_, o' = 1.

max > a2 deux)
xt xhezbSlies o sey

St.z (' —X)=0

ies
The first-order conditions for this problem are
v
ol g9
Wy ol gl
% ()

Now consider the two states s,s € & identified above. If the allocation (x*, ... x') assigned the
same spot market allocation in both states, we would have that for al i,j € 4, i #j, and for adl | € %,

v — v —
a—xl(@ a—xl(Ts’)

.\  0U ,_
a—xl(XL) a—xl(XL')

while by assumption

4 . d6)
79 96)

This would lead to a contradiction.



Therefore, it must be the case that (X7, ... X.) # (X, ... X.). But then it follows from Remark 1
that (x*,...x') is not implementable. [

Several comments are in order: Firstly, the assumption that utility functions are state independent
can be generalized to utility function being state monotonic, i.e. for any pair of states s and t, there is
a strictly increasing function F, such that v(-,s) = F4(v(-,t)). Secondly, if we look for positive
results, we have to alow for state-dependent utility functions. The condition of Maskin Monotonicity
(Maskin, 1977) is necessary and, under our assumptions, sufficient for Nash implementability with
three or more agents. As Maskin himself notes the well-known strict Spence—Mirrlees single-crossing
property is a sufficient condition for Maskin monotonicity to be satisfied. The strict single-crossing
property admits an economic interpretation. As an example, let us assume two goods — umbrellas and
sun-lotion — and let there be two states of the world, rain and sunshine. If agents marginal rates of
substitution between umbrellas and sun-lotion change unambiguously with the weather, everybody
being willing to exchange more sun-lotion for an umbrella in case it rains than on a hot and sunny
summer day, strict single-crossing is satisfied. Finally, notice that our result deals with situations in
which efficient rules can not be implemented because of adverse selection problems (and not because
of moral hazard problems as in Bernheim and Whinston, 1998).

3. Concluding remarks

How should the results we have obtained be interpreted? In the case in which utilities are state
independent and additively separable across states (a case usually assumed in the literature), they tell
us that one needs to assume that one can write contracts on the states of the world directly. In other
words, the use of contingent commodities presupposes the existence of some institution which is able
of verifying the state of the world and to enforce transactions agreed on ex ante while the lack of such
an institution imposes common priors when preferences are state independent. However, if utilities are
state dependent and satisfy the strict single crossing property, Nash implementation of Arrow—Debreu
equilibrium becomes possible.

Given the observation that, in general, use of the Arrow—Debreu model assumes the existence of an
institution able to enforce contingent commodity alocations, it may be worthwhile to reconsider the
model of Radner (1968) in which agents are endowed with information structures, i.e. partitions of the
set of possible states of the world, where each element of the partition of an agent is to be interpreted
as a set of states of the world among which this agent is unable to distinguish at the time of delivery.
Radner argues that in this model the possible trades among the agents have to be measurable with
respect to the join of their information structures. Our result seems to suggest that this condition is not
as convincing as it may seem. If states of the world have to be directly contractible, i.e. verifiable by
an institution which enforces contingent contracts, measurability with respect to agents information
structures is neither necessary nor sufficient, the only relevant thing being that all transactions be
measurable with respect to the information structure of the institution.

We end this note by mentioning that additional problems arise if we consider implementing a social
choice correspondence (SCC). In this case the SCC must satisfy a closedness requirement; however, it
can be shown by means of simple examples that the Pareto and the Arrow—Debreu correspondences
do not satisfy this requirement and, hence, are not implementable.
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