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Abstract

In this work, we extend our study in Chochola et al. [7] and propose some robust sequential procedure for the
detection of structural breaks in a Functional Capital Asset Pricing Model (FCAPM). The procedure is again
based on M-estimates and partial weighted sums of M-residuals and “robustifies” the approach of Aue et al. [3], in
which ordinary least squares (OLS) estimates have been used. Similar to [3], and in contrast to [7], high-frequency
data can now also be taken into account. The main results prove some null asymptotics for the suggested test
as well as its consistency under local alternatives. In addition to the theoretical results, some conclusions from
a small simulation study together with an application to a real data set are presented in order to illustrate the
finite sample performance of our monitoring procedure.
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1. Introduction and statistical framework

Main aim of this work is to continue and extend our study in Chochola et al. [7] concerning the robust
monitoring of CAPM portfolio betas. The Capital Asset Pricing Model (CAPM), introduced by Sharpe [18] and
subsequently modified by many authors (see, e.g. Lintner [14], Merton [15] and others), is a still very popular
and widely used model for evaluating the risk of a portfolio of assets with respect to the market risk. However, it
is also well-known that the pricing of assets and predictions of risks may be incorrect and misleading if the model
parameters 3, are varying over time. As in Aue et al. [3], we adopt here the arguments of Ghysels [9] and study
a (piecewise) unconditional CAPM, rather than a conditional version of the latter (cf., e.g., Andersen et al. [1]
for a comprehensive review), since in many cases misspecified conditional CAPMs tend to produce larger pricing
errors. For a more extensive discussion of this fact, we refer to Aue et al. [3], Sections 1 and 2, and the references
mentioned therein.

Indeed, contributing to avoid pricing and prediction errors was the main motivation for Aue et al. [3] in
constructing a sequential monitoring procedure for the testing of the stability of portfolio betas. The corresponding
stopping rules in [3] are based on comparing the (ordinary) least squares estimate (OLS) of the beta from a
historical data set (training period) to that from sequentially incoming new observations, and they were able to
take high-frequency data into account which is a typical situation in nowadays’ market analyses (see also Chochola
et al. [7] and the references mentioned therein).

Since OLS estimates may be sensitive with respect to outliers, we tried to “robustify” the Aue et al. [3]
approach in [7] by making use of M-estimates instead of least squares estimates and so are also able to deal with
heavier tail distributions than the OLS procedure. In a first step, however, we confined ourselves there to a study
of the CAPM without high-frequency observations. Aim of our present work now is to extend the latter study to
the Functional Capital Asset Pricing Model (FCAPM) taking also high-frequency observations into account. It
will turn out that, even in this more general situation, some moment conditions may be relaxed (cf., e.g., (B.4)
below compared to the corresponding assumption in [7]), but that, on the other hand and similar to Aue et al. [3],
certain smoothness conditions have to be added concerning the model’s intra-day behavior over time (see, e.g.,
(A.1)-(A.3), (B.5) and (B.7) below).

Note that, via Ly-m-approximability type conditions (cf. (B.4)-(B.5) below), our model is suitable for covering
general types of weak dependencies rather than strong dependencies in the sense of long memory. Monitoring
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procedures in the latter situation are still open for future work. On the other hand, in contrast to [3], our
present approach is now applicable to data sets under heavy-tailed (leptocurtic) and contaminated distributions
observed at high frequencies, which is certainly more useful in real data applications. The price to pay, however,
is that more involved techniques than those used in Chochola et al. [7] are required now and the computational
complexity increases as well. Nevertheless, a similar robust sequential monitoring procedure can be constructed
for the FCAPM portfolio betas, now also covering a high-frequency situation as described below.

We would like to mention, however, that our focus here is on the methodological and theoretical side, trying
to extend the work of Aue et al. [3] by using a robust approach and that of Chochola et al. [7] by including
high-frequency situations. Moreover, for the sake of illustration and comparison, we used the same data set as
in [3] for our application and a similar setting in the small simulation study of Section 3.

Our statistical framework in the sequel will be as follows. We consider the model

ri(s) =a; + B;rin(s) +ei(s), 1€Z, se]0,1], (1.1)
where r;(s) = (7;,1(8),...,7;.4(s))" is a d-dimensional vector of (functional) log-returns at (say) “day” i and “intra-
day time” s, r;,,(s) is the log-return of the market portfolio at day i and time s, and €;(s) = (g;1(5), ..., &;.q4(s))"

are d-dimensional (functional) error terms. The a;’s and 3,’s are d-dimensional unknown parameters, and the
B,’s are the parameters of interest, usually called the “portfolio betas”. Note that the sequence {(r;(-), 7 (*))}
is a (d + 1)-dimensional (functional) time series satisfying certain conditions to be specified below.

We assume that a training sample of size m with no instabilities is available, i.e.,
0 0\T 0 0\ T
ar=...=anp =00 = (a1,...,0q4) , Bi=...=0,=06B,=1,.-.-,84)", (1.2)

where oo and 3, are unknown parameters. The problem of the instability of the portfolio betas is formulated as
a testing problem, that is, we want to test the null hypothesis

Ho: By=...=8,=Bn 1=
of no “change versus” the alternative
Ha: By=...=Bis+ ZBrmarri1 =

of a “structural break” at an unknown change-point k* = k,,.

For later convenience we reformulate our model as follows:
Ti,5(8) = oa?+ﬂ?riM(5)—|—(ajl~—I—ﬁ;mM(s))(SmI{i >m+k" e (s), j=1,...,d, i=1,2,..., se€[0,1], (1.3)

where k™ = kj,, is the change-point and a?, 6?, ajl-, 6}, 0m are unknown parameters.

As in [7], our test procedures will be generated by convex loss functions o1, . . ., ga with a.s. derivatives o = ¥;
called score functions having further properties to be specified later. The estimators ajm, = ajm(’(/}j),gjm =
Bjm(1/1j) of oz?, B? based on the training sample are defined as minimizers of

Do 0i(rissy) —aj = bjrin(sy)) (1.4)

i=1rv=1
w.r.t. a;,bj, for j =1,...,d, where s, =v/n, v =1,...,n, are n equidistant intra-day time-points.

The test procedure constructed below will be based on functionals of partial sums of weighted M-residuals, which
are defined as follows:

Y(Ei(s0) = W1(Ein(s0)), - Yal(Eralsn))” (1.5)
with

gi(Sv) = (51',1(&)7 B 5¢,d(5»))T7

81j(sv) =71 (s0) = Qym — BymTina (s0). (1.6)

A suitable test statistic based on the first m + k (functional) observations is

m+k s ) mtk
Ok, m) = ( 3 ZW ) sz(su))) ’( 3 ZW 50) sz(su))) (1.7)

1= m+1 v= = m+1 v=1

where n = n(m) (see below) and the matrix %, is an estimator of the asymptotic variance (matrix)

¥ = n}gnoo var{\/l—m i/ol mM(s)w(ei(s))ds} (1.8)



based on the first m observations. Details will be discussed later.
For notational convenience and later use, we introduce the notations, for ¢ € Z and n € N,

1

2= (g, 200)T = / ront (8)(e:(s))ds, (1.9)
0

Zi=Zin = (/Z\i,la v 72i,d)T = % ;riM(sy)gb(Ei(su)), (1'10)

B =5 = G B = D rnl i) (111)

so that
N 1 m+k T 4 1 m+k
Qlk,m) = —= z) X, (— Z; and
(7= 2 %) = (7 2 %)

Similar to [7], we reject the null hypothesis as soon as the test statistic exceeds a critical level for the first time,
i.e., when

Qk,m)/qs(k/m) > ¢

for an appropriately chosen ¢ = ¢ (), where ¢,(t), t € (0,00), is a suitable boundary (weight) function. In this
case we stop the procedure and confirm a structural break, otherwise we continue monitoring. The associated
stopping rule is given by

T = Tm(y) = inf{1 <k < |[mT] : Q(k,m)/q,(k/m) > c}, (1.12)
with inf () := co. Here T is a fixed positive number, that is, for practical reasons, we have a so-called closed-end
procedure again. The following class of weight functions ¢, can be used, e.g.,

t

B 1.1
t—l——l) ,  t€(0,00), (1.13)

0 (1) = 1+ (

where v is a tuning constant taking values in [0, 1/2). The critical value ¢ will be chosen such that, under Hy,
for a € (0,1) (fixed),

lim P(rm < 00) = a, (1.14)

m— oo

i.e., the overall asymptotic level (false alarm rate) is o and, under H4 ,

lim P(rm <o0) = 1, (1.15)

m— o0

i.e., the test is consistent (has asymptotic power 1).

The rest of the paper is organized as follows. The main results including the assumptions and limit properties
of the test procedures are presented and discussed in Section 2. Section 3 reports on the results of a small
simulation study and an application to a real data set. The proofs of our main results are given in Section 4,
whereas Section 5 contains some auxiliary lemmas to be used in the proofs.

2. Assumptions and main results

Compared to [7], the assumptions on the sequence {(g;1(-),...,&;.a(-), riams(-)) }iez and on the loss functions
01,- .-, 04 (or equivalently on the score functions 1, ...,14) have to be extended as follows.

We assume on 1;, the distributions of ¢ ;(s) and A;(x;5) = —Ev;(eg ;(s) —x), j =1,...,d, s € [0,1], z € R:

(A.1) 9, are nondecreasing functions, A;(0, s) = 0, A;(0,-) is continuous on [0, 1], \j(z, s) := 2 \;(z, s) exists in
a neighborhood of 0 for all s € [0, 1],

|)\;(l‘,8+2)*)\;(0,8+2)|§D0|m|, |(E|S(C0, S,S+Z€[0,1], |Z|§Zo,
and
IN;(0,2 + s) — N;(0,8)| < Dolz|, |z| <m0, z+s,s€]0,1],

for some xo, 20, Do > 0;



(A.2) /01 N; (0, s)ds /01 N;(0,8) Eron(s)® ds > (/01 N;(0, 8) Eron(s) ds)Q;

[Note that, via the Cauchy-Schwarz inequality, we have at least “>” in the latter condition, so we just
assume nondegeneracy. |

(A.3) sup,cpo 1) Bl (eo,5(s))I° < oo and

Bl (0,(s) + t2) — j(c0,5(s) + t1)|* < Culta —ta],  [ta], |t2] < co, s €[0,1],

for some ¢, C1 > 0.
For later applications, let us briefly recall some of the most often considered 1 ;-functions. The classical choice
Yi(x) =z, € R', leads to the ordinary least squares (OLS) and Lo-residuals. A choice of ¢;(x) = signz, = € R,

leads to Li-estimators and Li-residuals. Huber [12] introduced 9;(z) = x I{|z| < K} + Ksignz I{|z| > K}, z €
R*', for some K > 0, which is one of the most often used score functions, usually known as the Huber function.

For a vector-valued random variable X define
1
X1, = (BIXI")"", p>1,

the Ly-norm of X, where | X | denotes the Euclidean norm of X.

Concerning the assumptions on {r;;;(-)} and {e;(-)} we follow the setup in Aue et al. [3], but instead of
fourth moment assumptions used there it typically suffices here to have second or (2 + A)-moment conditions:

(B.1) For any i € Z, r;p (1) = h(€,(-),&,_1(-),...), where h(:) is a measurable function, {£,(-)} is a sequence of
ii.d. random functions, and sup,¢(o 1 Blroa (8)? < oo.
[Note that {r;;(-) : ¢ € Z} is a stationary and ergodic sequence.]

Remark 2.1. For the sake of simplicity, we assume a third moment condition in Assumptions (A.3) and (B.1).
With some more technical effort, the latter can be replaced by a (2 4+ A)-moment condition with some A > 0 (cf.
Lemma 5.1 (i)-(ii) below).

(B.2) For any i € Z, €;(-) = g(¢;(-),¢;_1(+),...), where g(-) is a measurable function, {{,(-)} is a sequence of
i.i.d. random functions having some further properties to be specified later.
[Note that {e;(-) : 4 € Z} is also a stationary and ergodic sequence.]

(B.3) The sequences {£,(-)} and {¢;(-)} are independent.
(B.4) For alli € Z,

sup Z ||TZM ( )H2 < 00,

s€(0,1] ;=1

where
P () = h(E() 61 () € (), €8 (), 65, 10,10,

with E(L) (), 5252_1(4), ... being i.i.d. with the same distribution as £,(-) and independent of {&,(-)}.

[Note that () 2 7,,,() 2 rop() forall i € Z and L > 1]

(B.5) With #(ei(?)) = (¥1(€,,1()), - .., %ale; q(-))7", for all i € Z, it holds that
sup sup. fj l(ei(s) — @) — (el (s) — @)l < o0
for some ap > 0, where
e () =g(¢(): ¢ ()G nin (¢ (0 10,
with ¢! (), ¢ _(),... being i.i.d. with the same distribution as ¢,(-) and independent of {¢,(-)}.

Remark 2.2. Assumption (B.5) could be weakened as follows, but then the proofs would require somewhat more
technicalities:

(B.5") limsup — Z sup Z [ (ei(s0) — a) — (e (s,) —a)l2 < oo

n—roo v—1lal<ao 1

for some ap > 0, with s, =v/n, v=1,...,n, and {(—:EL)(~)} as in (B.5).



As in Aue et al. [3] and Chochola et al. [7], the above assumptions are motivated by the work of Hérmann
and Kokoszka [10] on the concept of L,-m-approximability, but could be relaxed here to a certain extent.

The following conditions, assuming that the processes under consideration are smooth functions of the intra-
day parameter s € [0, 1], are weakened versions of the corresponding conditions in Aue et al. [3].

First we also make the following “high-frequency” assumption:
(B.6) We let n =n(m) — oo as m — 0.
Secondly, we assume smoothness of the r;,,(-)’s and v¥;(g;,;(-))’s:

(B.7) ForallieZ, j=1,...,d, with s, = 1/n as above and n = n(m) — oo,

. 1
a) lim (logm)g Z sup  ||riar(sy) = rip(sv — )|l =0

mroe o1 nelo,1/n)

and

n

b) lim (108;771)l D> sup lgy(eai(s0) — y(eas(sn — h))[l2 = 0.

m—00 N £ he[0,1/n)

Remark 2.3. It will be obvious from the proofs below that, if the Lo-approximability conditions in Assumptions
(B.4) and (B.5) are replaced by corresponding La4a-approximability (with some A > 0), then the convergence
rate condition in (B.7) can be avoided, i.e., (B.7) can be replaced by

(B.7) Forallie€Z,j=1,...,d, with s, = 1/n as above and n = n(m) — oo,

n

. 1
a) lim — Z sup |7 (sv) — Tine(Sv — h)|la4a =0

m—00 N £ pe(0,1/n)

and

n

b) lim L > sup Wi(eni(sn) = ¥ileii(su — h)llara = 0.

Mmoo NI hel0,1/n]

Remark 2.4. The theoretical results below as well as the applications to the real data set work with equidistant
grid points being the same for all components. Nevertheless, going through the proofs this assumption can be
relaxed, e.g., working with more general s, ;’s, j = 1,...,d, under accordingly modified assumptions. Moreover,
having a closer look at the test statistic defined through (1.7), (1.10) and (2.4), we realize that the test procedures
depend on the observations through

Zi = %ZHM(SVWJ(&(SV)L
v=1

that are averages over time grids s,, i.e., averages over the intra-day behavior, which also work for asynchronous
data.

Next we present our results on the limit behavior of the test procedures, both under the null hypothesis Hy
as well as under the alternative H 4.

2.1. Asymptotic results
Theorem 2.1. Let Assumptions (A.1)-(A.2), (B.1)-(B.7) and (1.13) with v € [0,1/2) be satisfied and
S, —X=o0p(l) (m— ), (2.1)

where, with the z;’s from (1.9),

m— oo

. 1 & T > T T
S=1 {—§ Z}:E > Elzoz] + 220, 2.2
im var NP z [zozo ] + 2 [zoz; +zizg] (2.2)
and X is a positive definite matriz. Then, under the null hypothesis Hy ,

Q(k,m) ) D (Z;; W7 (t)

max = ] = sup
1<k< | mT) (%(k/m) 0<t<T/(T+1) 27

) o,

where {W;(t), t € [0,1]}, 7 =1,...,d, are independent (standard) Brownian motions (Wiener processes).



The proof of Theorem 2.1 is postponed to Section 4.

It follows from Assumptions (A.1)-(A.2) and (B.1)-(B.5) that {r;y,()} and {4 (e:(-))} are independent se-
quences. Then Lemma 2.1 and Theorem 4.2 in Hérmann and Kokoszka [10] imply that the series in (2.2) converges
(component-wise) absolutely.

Now we turn to the model under local alternatives, i.e.
r;;(s) = a?+ﬁ?mM(s)+(a;+B]1-riM(s))5mI{i >m+k" e (s), j=1,...,d, i=1,2,..., s€[0,1], (2.3)
with 8, — 0 and k" < [mT].
Theorem 2.2. Let Assumptions (A.1)-(A.2), (B.1)-(B.7) and (1.13) with v € [0,1/2) be satisfied and
S — S =o0p(1) (m— o),

where 3 is as in Theorem 2.1. Then, under (2.3), with 6m — 0, [6m|m'/? — oo, iminf,, e (|mT] —k*)/m > 0,
and ﬁ; %0 for at least one j,

1<k ) (%) = 00 (m— ).

The proof of Theorem 2.2 is also postponed to Section 4.

Remark 2.5. a) By Theorem 2.1, the assertion (1.14) holds true if ¢, () satisfies

d 2
C Wt
P( sup (M) > cv(a)) =aq,
0 2
<t<T/(T+1)

where ¢ () can either be obtained by simulation of the limit distribution or by an application of a suitable form
of bootstrap based on the training sample.

b) Theorem 2.2 implies the consistency of the test, i.e., the validity of (1.15) (asymptotic power 1).

2.2. Estimation of the variance matriz
In this section we deal with an estimator of the asymptotic variance (matrix) 3 as given in (2.2). Notice that
== Ty where Iy = E[z0z{] for k>0and I'_, =T}.
We consider an estimator of 3 based on the first m (functional) observations defined as
Sm= Y we(k)Tx (2.4)
|k|<q

where ¢ = g(m), wy(k) = w(k/q) and w is a kernel specified below, and Ty is the k-th lag sample covariance
corresponding to I"k, ie.,

LS55, k0
_ m L i+k> ) (25)
., k<0,

with the Z;’s as defined in (1.10), based on the 7;;,(-)’s from (1.1) and % (2;)’s according to the M-residuals as
given in (1.5) and (1.6).
Theorem 2.3. Let Assumptions (A.1), (A.2), and (B.1)-(B.7) be satisfied. Let S, be the estimator of 3 given
in (2.4) with a kernel wq(k) = w(k/q) satisfying the following conditions:

(i) w(0)=1;

(ii) w is a symmetric and Lipschitz-continuous function;

(iii) w has bounded support;
(iv) the Fourier transform of w is also Lipschitz-continuous and integrable;

(v
Then

S =% +o0p(1) (m— o).

)
)
)
)

g(m) = O(logm) (m — 00).

We can work, e.g., either with the Bartlett kernel

w(z) = (1= [z))[{]z| < 1} (2.6)
or with the flat-top kernel
1, lz| < 4
wlz)=q201~z)), 3<lzl<1, (2.7)
0, |z| > 1.



3. Applications and simulations

In this section we present some results from a small simulation study as well as an application to a real data
set in order to illustrate the finite sample performance of our monitoring procedure based on the test statistic
(1.7) with boundary function (1.13).

First we discuss some aspects which are common to both the simulation study and the application. Since the
asymptotic distribution of the test statistic given in Theorem 2.1 coincides with the one derived in Chochola et
al. [7] (cf. also Remark 2.5), we can use the critical values given in Table 1 of [7].

The question of the choice of the tuning constant « has also been discussed in [7] and the recommendation
given there remains valid, i.e., if a change is to be expected “early” after the training period, then 7 near to 0.5
is advisable, whereas for “late change scenarios”, small 7’s are recommended. A choice of v = 0.25 provides a
reasonably good balance between these two scenarios and is thus used here.

We consider the Lo, Huber and L; ¥-functions and always apply the same function to all coordinates.

It remains to choose the kernel function and especially its bandwidth ¢ in the estimator of the variance matrix
suggested in (2.4). In this aspect, we use the results of Chochola [6] which show that it can be difficult to set a
proper ¢ a priori for the Bartlett or the flat-top kernel, because it depends on the degree of dependency of the
data. Thus better results can be obtained using a data-driven adaptive choice of the bandwidth based on the
work of Andrews [2] and implemented in the statistical software R as described in Zeileis [19]. Differences between
possible kernel choices are not too big, so that we always use the Bartlett kernel here.

As an illustration of a possible application of our robust monitoring, we investigate the data set used in Aue
et al. [3] in more detail. Recalling this data set, it consists of five stocks from different sectors of S&P 100, namely
Boeing (BA), Bank of America (BAC), Microsoft (MSFT), AT&T (T), and Exxon Mobile (XOM). As the market
portfolio, the S&P 100 index itself is used.

The intra-day behavior of the process {7;(s) : s € [0;1];7 € Z}, which is defined at time s as the difference
between the log-prices of the stocks at time s and s+ 15 min, is thus sampled every 15 minutes during any trading
day 7. The process 7;,,(-) is defined analogously.

The historical training period starts on January 29, 2001 and consists of 120 trading days for which the values
of the portfolio betas under consideration appear reasonably stable. The choice of the beginning of the period is
motivated by the fact that, prior to January 29, 2001, the tick size (i.e. the smallest value the price can change)
was different. The monitoring horizon for the closed-end procedure was selected as 360 days, corresponding to
T = 3 for our stopping rule in (1.12). This covers the 9/11 event, the influence of which we want to study.

The stability of the historical portfolio betas was checked via moving windows estimates presented in Figure 1.
The figure shows Huber estimates of portfolio betas based on moving windows of 10 trading days for each company
throughout the historical and monitoring periods, but the figures look similar for Ly estimates. The solid black
vertical line marks the end of the historical period (120 days), whereas the dashed black line marks the last day,
when the estimate is not influenced by the observations from the monitoring period. The grey lines refer in the
same way to the 9/11 event. Since “no change” during the historical period is assumed, we tested for a change in
this period via L2 and Huber retrospective procedures and this assumption could be confirmed.

The BAC and T estimates seem to be stable throughout the whole period, whereas there is a small temporary
influence of the 9/11 event on MSFT and a very big one on BA. Finally there seems to be a shift in the portfolio
beta of XOM right after the end of the training period. We come back to these observations later on.

Next we discuss the robust monitoring itself. Figure 2 shows values of the normalized test statistic, i.e.,
Q(k,m)/(co.25(0.05) ¢ (k/m)), for the Lo (dashed line), Huber (solid line) and L (dotted line) monitoring pro-
cedure and for various combinations of stocks, which are given in the heading of each chart. On the z-axis the
number of trading days is shown starting from the beginning of the monitoring. A vertical grey dashed line marks
the September 11, 2001, terrorist attack, the horizontal one (at value 1) indicates the critical line, due to the
normalization of the statistic.

When all companies are considered together, we get the same results as in Aue et al. [3] for the Ly procedure.
The critical value is extremely exceeded. For the Huber and L; procedures the crossing still occurs, but in a much
more moderate way.

It is possible to get further insight by looking at the stocks individually. In view of the conclusions from
Figure 1, we examined Boeing (BA) and Exxon (XOM). Portfolio betas of the three remaining companies (BAC,
MSFT and T) do not show any sign of a change as can be seen from the last chart. For Boeing (BA) we can
see the extreme influence of the 9/11 event on the Lo monitoring procedure. In case of robust procedures this
has a much smaller impact, the critical value, however, is still crossed right after the event. For Exxon (XOM)
and robust monitoring, the critical line is crossed already before the 9/11 attack - there is a steady increase in
the test statistic from the beginning of the monitoring on, which is in line with the conclusions from Figure 1.
By applying the retrospective procedure to the XOM data for the first 120 and 240 trading days, respectively, it
turned out that no change could be detected based on the period of length 120, but using 240 days a change was
indicated close to trading day 110. This explains why the critical line is already crossed before the 9/11 event.

It is of further interest, whether the change in Boeing’s (BA) portfolio betas after the 9/11 was only temporary
or persistent. In order to find out, we use the same monitoring procedure, but exclude 5 or 10 trading days after
the 9/11 from the monitoring. This can be seen in Figure 3. We can see that, if 5 days are excluded, then the
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Figure 1: Huber estimates of portfolio beta based on moving windows of 10 trading days. Black solid vertical
line marks end of training period, grey one marks the 9/11 event. Dashed lines indicate the beginning of moving
windows that are already influenced by these events.

crossings are much smaller and, if 10 days are excluded, then the terrorist attack has no impact at all and the
change is not indicated until mid of March 2002.

In order to further quantify the finite sample properties of the monitoring procedure, a small simulation study
has been conducted. We simulated data according to the model (1.1), with d = 2, e = (1/2,1/2)%,8, = (1,1)*
for simplicity. Various settings have been used for the market portfolio log-returns r;;,(-) and the error terms
€i(:). The 7;3;(-)’s were either independent standard Brownian motions (denoted B;) or, similarly as in Aue et
al. [3], chosen as a functional AR(1) process, i.e.,

roe(s) = p / K(s, )i o (dt +7i(s), s € [0,1],

where {n;(-) : i € Z} denotes a sequence of independent standard Brownian motions and K(s;t) = cexp(—|t — s|),
with ¢ such that the norm of K equals one. We chose p = 0.1 and p = 0.4 as the dependency coefficient and denote
the models as AR(1;0.1) or AR(1;0.4). The random errors, in both coordinates, are either standard Brownian
motions or, to illustrate the robustness of the monitoring procedures, we use a 5% contamination with Brownian
motion having larger variance, i.e. 10B; (denoted Mix).

Finally m = 100 or m = 200 and 7" = 5 were chosen, with a tuning constant v = 0.25 in the boundary
function, nominal level a« = 5%, and the Bartlett kernel is used with an adaptive choice of the bandwidth ¢, as
discussed at the beginning of this section. All results are based on 2000 repetitions.

First we have a look at the empirical levels presented in Table 1. We can see that the levels are approximately
kept for the Huber and L procedures in all scenarios considered. This, however, is no longer true for the Lo
procedure, especially in the case of the contaminated model. So, in order to compare the different procedures one
would have to adjust them to possess the same empirical size.

In order to illustrate the properties of the test under the alternative hypothesis, we chose k* = 10 and a
unit change in both parameters e and 3 and in both coordinates. Figure 4 shows the densities of the detection
delays 7, — k™ for various choices of distributions of 7; »s and €;. As long as both are standard Brownian motions
(Bi, Bi), the Ly procedure performs better than Huber and L1, while in case of (B;,Mix) the Ls procedure is
outperformed by the robust ones, in particular by the Huber procedure. The latter effect is even more visible if
all procedures are adjusted to the same empirical size (see also Table 1).
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Figure 2: Normalized test statistics for the Lo (dashed line), Huber (solid line) and Li (dotted line) monitoring
procedures, various combinations of stocks - given in the heading of each chart. z-axis shows number of trading
days from the beginning of the monitoring on.
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Figure 3: Boeing stock, normalized test statistics for Lo (dashed line), Huber (solid line) and L1 (dotted line)
monitoring procedures. 5 or 10 days excluded from the monitoring after the 9/11.

In conclusion, in certain situations the robust monitoring procedures suggested in this work show definite
advantages over the much more sensitive Lo approach. They usually avoid overrejection of the test and are able
to keep the approximate size. A choice of Huber’s ¥-function seems to provide a good balance between robust
and sensitive monitoring. If no prior knowledge is available on where to expect a possible change, a choice of the
tuning constant v = 0.25 in (1.13) appears to be appropriate.



TiM €i m Lo Huber I,
B; B; 100 8.4 7.0 5.9
200 5.3 48 4.1
B; Mix 100 | 25.7 74 5.8
200 | 14.5 4.6 3.9
AR(1;0.1) B; 100 8.4 7.0 5.0
200 6.4 54 4.4
AR(1;0.4) B; 100 9.3 7.6 6.2
200 6.7 6.1 5.6

Table 1: Empirical sizes at nominal level o = 5% under Ho.
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Figure 4: Densities of the detection delays for Lo (dashed line), Huber (solid line) and L1 (dotted line) monitoring
procedures.

4. Proofs

Proof of Theorem 2.1. Similar to Chochola et al. [7], the proof can be given in three steps. Let us recall that we
work with the model

Ti,5(8) = oa?+ﬂ?riM(5)—|—(ajl~—I—ﬁ;mM(s))(SmI{i >m+k" e (s), j=1,...,d, i=1,2,..., se€[0,1], (4.1)
as defined in (1.3).

1. In a first step we make use of asymptotic representations of the estimators &;m, //B\jm of a?, B?, j=1,...,d,
from (1.4). These estimators are based on the training sample only, so that we are in a non-sequential setup and
can proceed in the same way as in treating the behavior of multivariate M-estimators. However, we need to take
care of the dependency structure of the random error functions.
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In the following it is convenient to introduce auxiliary estimators &, and 37, as minimizers of

DD 0i(Ei(se) —aj/v/m = birin(s.)/vim) (4.2)

i=1rv=1
w.r.t. af and b}, for j =1,...,d, where s, =v/n, v=1,...,n. Clearly,
& = V(@jm — ), Bim = Vm(Bim — BY). (4.3)

Usually, the estimators aj,, and Bj*m can be obtained as solutions of the equations

DD Wilei(se) = (af +bjrine(s.))/vim) =0, (4.4)

i=1v=1

D> wileis — (a) +b5ran(s0)) /Vm)Fam =0, (4.5)
i=1rv=1

wr.t. aj,bi, forj=1,...,d

Lemmas 5.2 and 5.3 below ensure that @}, = Op(1) and Bj*m = Op(1) and, moreover, we get the asymptotic

representations, as m — oo,

e 1 oot f N(0, 2)Erdy (2)dz _

S s i m o ", .
Oy TN (0, )z ;/0 P(ei(s))ds — B TN (0, 2)dz +O0p(m™") (4.6)
_ > e () — LJM d
B = T i Jo vleso) (rate ) +O0p(m™), (4.7)

JEN©0,2) Bron (2)dz)
[01 A(0,z)d=

JEN(0, 2)Brd, (2)dx — L

with some 1 > 0 (cf. Remark 5.1).
2. Next, as a consequence of Lemmas 5.2-5.4 in combination with Remarks 5.1-5.2, we observe that the limit
behavior of the weighted partial sums

m+k

ﬁ(m,k):(ﬁl(m,k),...,ﬁd(m,k))T:\/1_ 3 Z“M s)B@Ei(s0)), k=1,...,(mT],

i=m-+1 l/l

is the same as that of
m-+k

H(m, k) = \/1_(2 ZT@]\/]SV (ei(sv) ——Z ZmMs,, szs,,))) E=1,...,|mT|.

zm+1 v=1

In view of Lemma 5.5 (ii) together with Assumption (2.1), this further implies that the limit behavior of
Q(k,m)/qy(k/m)

is the same as that of

max  Q(k,m)/q,(k/m),

1<k<|mT]

max
1<k<|mT]

where
Q(k,m) = H(m,k)"S " H(m, k), (4.8)

with
m-+k

H(m,k)_%(i;l/olrm[( S)w(e: dsf—Z/ rar()$(ei(s)) ds), k=1,...,|mT].

3. In order to obtain the limit behavior of
max Q(kvm)/q‘r(k/m)v

1<k< [mT)
with Q(k, m) from (4.8), we follow the lines of proof of Theorem 2.1 in Chochola et al. [7]. We just have to replace
the random sequences and processes {Z;}, {ZEL)} and {Z,(t)} introduced there by

1
Z;=(Zia,.. .,Zi,d)T = / riv(8)Y(gi(s))ds, i=1,2,...,
0

1
ZEL)z(ij),...,fo))T:/ (e (s)), i=1,2,..., and
0
L Ll
Zm(t) = —= Zz 0<t<T+1,

\/R i=1

11



where fol is to be taken componentwise.
The main step, that is, the weak convergence in the Skorokhod space D? [0, T+ 1]

d
Zn() 7B W,

where {Ws(t) : t € [0,7 4 1]} is a centered Gaussian process with covariance function E[Ws(t)Wk(s)] =
min(¢, s)3, is again a consequence of Billingsley [5], Theorem 21.1. An application of the continuous mapping
theorem then completes the proof. For details we refer to Chochola et al. [7], pp. 383-385. |

Proof of Theorem 2.2. 1t suffices to show that
Qk,m) P,
v (k/m)

for suitably chosen k. We take k = k* + (mT — k*)/2. In view of our assumptions on 3, and the choice of k it
suffices to treat

k n
\/% Z %Zrijw(su)wj(é\i,j(&/))
i=k*4 v=1

k

Z Z?‘zM $0)0;5 (€0, (50) — @y + Brgrina (50))/V/m + () + B} riae (50))dm),

z:k*+1

E\H

where a;,; = Op(1) and B\fnj = Op(1). Therefore it is enough to study

Z Z 7"1]% Sv wj Ei,j (Su) - (a + bri]W(SU))/\/E + (ajl + ﬁ;ri]tf(su))5m)

zk+1 v=1

for |a| + [b] < C, C > 0. Proceeding analogously to the proof of Lemma 5.4 and recalling that 6,, — 0, but
[0 [\/T0 — 00, we get

E
L > %Z (5.5 (203 (50) = (@ + braas (s.)) Vi + (@ + Blrin (s,)m) | = o0

and

k n
vart{ 2= 37 3 (et (Ena(s) — (@t brow(s) Vi + (@] + B (5.))6m) } = Or(1

i=kr 41 v=1
uniformly in |a| + |b] < C, C > 0.

From here, after some standard steps, we receive the desired assertion. O

Proof of Theorem 2.3. R
Let z;,z; and z; be as given in (1.9), (1.10) and (1.11), respectively. Recall Iy, from (2.5) and further define,
for k>0,

and, for k < 0, put 'y = I'"; and .= f‘ik, respectively.
Let 3, be as given in (2.4) and put
X = Z wq (k)T
|k|<q

and
S =Y w(k)Tx.

[k|<q

Then we have

12



First, let us consider X,,. Note, that {z; : ¢ € Z} is a stationary, Lo-approximable, centered sequence
with E||z0|> < oo, which follows from Assumptions (B.1)-(B.5) together with Lemma 2.1 in Hérmann and
Kokoszka [10]. With a kernel w, satisfying conditions (i)-(v), all assumptions of Theorem 16.6 in Horvath and
Kokoszka [11] are fulfilled. According to the latter theorem, we get

S 5 B as m — oo (4.9)
In the next step we will show that
S — B = Op(g(m)ym %), (4.10)

Here we can proceed quite analogously to the corresponding part of the proof of Theorem 2.3 in Chochola et
al. [7]. Obviously,

S = Bm =Y w(k)(T —Ty)

|k|<q
and, since
2iZhn — ZiZik = (B — 20) (Bivk — Zigw) " + (B — Z0)Zipn + Zi(Bivn — Zigr)
we have

> wo(k)(Tx —Tx) = 81+ 8> + Ss,
k

where
m—k n n
S = Z Wq(k)% % Ting (8u) 7ok (80) [ (Ei(sp)) — P(ei(sw))] [ (Eitr(sy)) — ¢(Ei+k(sy))]T,
0<k<gq i—=1 p=1v=1
m—k n n
2= 3wt 30 oSS (i s (s2) WEi5,)) — (i) e (5.)
0<k<gq i=1 p=1lv=1
m—k n n

rant (3)7ssk,01 (30)(€:(5) ) W B (50)) — PlEisn(s))]"

|

£
=

[ =
3M|H

S3 =

Il
-
*
Il
-
Il
-

0<k<q 2 v

For s € [0, 1], set d;(s) = a + br;;(s), where @ = (a1,...,aq)T, b= (b1,...,ba)",di(s) = (di(s),...,dia(s))7,

and introduce

; e D rin(su)rosnan (s0)(€i(s) — dis)/vm) = (ei(su)]

p=1v=1

Sp= quf)% ni Pant (8)Pasi it () [ (€i(5) — di(50)/vm) — (ei(s,0))]
0<k<gq i=1 p=1lv=1
Xw(€i+k(5V))T7
0 1 m—k 1 n n
Si= D wlk)- > s ront ()i kv (52)9(€4(5,))
0<k<gq i=1 p=1v=1

Now, for any 1 < j,¢ <d,
Elrin(su) Tk ar (50) [0 (81,5 (s0) — dii(su)/vV/m) — j(gii(su))]
X[Ye(€itre(s0) = dine(s0)/Vm) — Ye(€ivr,e(s0))]]
< Elrane(su)irar (80)| (B[ (86,5 (s0) — dij(su)/vV/m) — ;g1 (s))1*)"?
X (E* e (isne(s0) = digre(s0)/V/M) = Ye(Eine(s0))*)/? < Cm ™2,

uniformly in a,b such that maxi<;<a(|a;j| + |bj|) < C for some constant C' > 0, where we have used the rule
of iterated expectations (with E* being the conditional expectation given 7,7 = 1,...,m), independence of
{rim(-)} and {¥(es(-))} (cf. Assumption (B.3)), the Cauchy-Schwarz inequality, Assumptions (B.1) and (A.3)
and the boundedness of w,. From here we can conclude that, as m — oo, each (j,¢)-th element of SY is
Op(q(m)m~Y?), and so is 89, uniformly in a, b such that maxi<;<a(|a;| + |b;|) < C, with some C > 0.
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Proceeding in the same way, we obtain 89 = O,(q(m)m~*) and S = O,(g(m)m~'*), as m — oo,
uniformly in a, b such that max;<;<a(|a;j| + |b;]) < C for some constant C' > 0.

Since 8,5 (s) = €1,5(5) — Qi /T = Bimrint(s)/v/m and &%, = Op(1), Bl = Op(1), for all j =1,...,d (see
(4.6) and (4.7), respectively), we obtain, due to the monotonicity of the v;’s, that S1+S2+Ss = O,(g(m ) —1/4,
Combining this with the corresponding estimates for —qg < k < 0, we get

S — %, =O0p (q(m)m71/4) (m — 00),

ie. (4.10).
It remains to estimate X,, — 2.
First, notice that, for k& > 0,

m—k
Ti— T = — 3 [(3i — 2)Eork — 2i00)” + (B — 2028k + 2i(Firk — 2i00) 7.
i=1
Further, for i € Z,n € N,
Zmm= =Y el =Y [ raople)ds
v=1 v=1"YSv—-1
=3[ s les)) — rar(sblens)lds

= 3 [ o0 = @t ds + 32 [ v (s)b(ens.)) — ron(s)ei(5))lds

= u; + v;.
Thus,
Z wq(k)(f‘k — Fk) = A+ Ay + Ag,
0<k<q
where
1 m—k
Al = Z wq(k)— [uiu;ﬂrk + ui'viTJrk + 'vi'u,iTJrk + 'vi'u;ﬂrk], (4.11)
0<k<q m i=1
1 m—k
Az = Z wq(k)— ('u,z- + 'vi)EiTJrk, (4.12)
0<k<q m i=1
1 m—k
Az= > welk)= > zi(wirk +vigx)" (4.13)
0<k<gq mi4

Since all the matrices appearing on the right-hand side of (4.11) are of the same type, we shall only treat one of
them. Consider, for example, the (j,£)-th element of the matrix u;v},,. We have

. 0> s / rens(50) = enr (01 (215 (53 (D[t (ke (50)) — e (0)] ) s,
p=lv=1"5u—1"5v
and from here, using the independence of {r;,,(-)} and {¢(&;(-))}, the Cauchy-Schwarz inequality and stationarity,

Blusgvind < 303 s / Irine(510) = Faat ()2 - s (D)l

p=lv=1"5u—1"Sv—

X ;i (ei,i(sp))ll2 - 1e(€ivn,e(s0)) — 7/)Z(<€i+k,£(t))||2)d8dt

Y / / sup (sl s (s = rias (s = Wl
€[0,1] he(0,1/

p=1lv=1 n]

IN

x sup |[rigka(t)|l2-  sup I\we(6i+k,e(8u)—W(Ewk,z(su—h))l\z)dsdt
te[0,1] hel0,1/

n

n

1
= sup [[v(c0,5(s)llz- sup [roar(®)llz- =Y sup froar(su) — roar(s, — h)ll2
s€1[0,1] te[0,1] n u—1h€l0,1/n]

X = Z sup  ||[Ye(eo,e(s0) — Ye(eo,e(sv — h))]|2.

1 h€[0,1/n]
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Now, using Assumptions (A.3), (B.1) and (B.7a)-(B.7b), together with the fact that w, is bounded and g(m) =
O(log m), we can easily deduce that

m—k
1
E wq(k)g E Ui jVigk,e = 0p(1) (M — 00).
i=1

0<k<q

The same result holds for all elements of the matrix A;. Concerning the matrices A2 and As, we can proceed
in the same way. It suffices to write z; = | f;”_l 70 (8)(gi(s))ds and make use of Assumptions (A.3) and
(B.1) again together with either (B.7a) or (B.7b). Combining all the asymptotics above with the corresponding
estimates for —g < k < 0, we get

S =S =0p(1) (m — o), (4.14)

which together with (4.9) and (4.10) concludes the proof. O

5. Some auxiliary results

In the sequel, C' and D denote generic positive constants, which may vary from case to case.
For the sake of brevity, we let {z;(-)} denote any of the sequences {r;p/(-) — Erip(1)}, {95(es, ())} or

{rine (0 (e;,;(-))} and write {xEL)()} for the corresponding counterparts of {rz(]LM( )—Er Z(]I\‘/I)( I} {v(e E ()} or
{3 (s (e <L>( )}, respectively.
Lemma 5.1. Under the assumptions of Theorem 2.1, possibly extended to an Lot a-approzimability condition in
(B.4) and (B.5) (cf. Remark 2.5),

(i) there is a constant C > 0 such that, for every £ € Z, K € N, and s € [0, 1],

K »
E Z zi(s)| <C sup |zo(s)|H KP? 2<p<2+4A,
i=0+1 s€lo,

and, for by > b2 > ... > bg >0,

L+k 2 K
) < S 2 .
E  max bk Z-;le(S) < C’szl[t[’)l] llzo(s)]/3 (log K) ;b (5.1)
Ltk P
) P p .p/2— 1 .
E e bk ;1 zi(s)| <C sup [lzo(s)lp Zb k 2<p <24+ A, (5.2)

(ii) for some D >0 and allm € N, s € [0,1],

m+k 2
1 ) )
E max = ——=—— zi(s <D sup ||z log m)*, 5.3
<1§k§lmTJ Vm (k/m)7 i:;l (s) ) 96[01’3]H o(s)ll2 (log m) (5.3)
1 m-+k P
E max —————— zi(s <D su zo(s)||B, 2<p<24+A; 5.4
<1§k§lmTJ vm (k/m)” i:;l (s) ) = SE[O?I] lzo(s)l5 P (5.4)

For the proof of (5.2) and (5.4), however, it is necessary to replace the La-approzimability conditions in Assump-
tions (B.4) and (B.5) by a corresponding Lot a-approzimability assumption, with some A > 0.

(iil) wniformly in s € [0,1] and for any ¢m — oo,

i = 1/3
I ()] = Op(m? "), (55)
sup P max riv(s)] > mml/s 0. »
56[0?1] (1§i§Lm(T+1)J | M( )| = q ) — ( )

Proof. (i) Making use of the La4 a-approximability from Assumption (B.4) (with A > 0, cf. Remarks 2.1 and 2.3),
the first bound has been obtained in Berkes et al. [4], Proposition 4. Observe that, in our case,

lzi(s)llp = i (s)ll, < sup [zo(s)l,, for 2<p<2+A, selo,1].

s€[0,1]

Similarly, for the two other bounds confer, e.g., Kirch [13], Theorems B.1 and B.3, which are based on earlier
results of Moricz [16] and Méricz et al. [17] in combination with Fazekas and Klesov [8].
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Note that the sequence {r;y;(s)1;(g; ;(s))} also satisfies the Laia-approximability condition, uniformly in
s € [0, 1], since

Iring ()95 (24,5()) = i) () (615 (5)) |

< lCrane (8) = 32 (D)5 (esg (N llara + I3 () (Ws(es () — w3 (€ (8))) oy

< sup Irine () = {37 (8)ll24.a sup [CACRIC)] PN
; s€[0

sE

L L
+ sup [y (s)llava sup [[¢(ei;(5)) — i€l (8))llara,
[0,1] s€[0,1]

se

where, for the second inequality, we have used the independence of the sequences {r;;;(s)} and {1;(e; ;(s))}.

(ii) It follows immediately from the fact that the sequence {z;(s)}, s € [0, 1] fixed, satisfies Assumptions (B.1)
and (B.4) together with the estimates in (5.1) and (5.2).

(iii) By (i),
1+ K

3
E‘ 3" (rina(s) = Braae(s)| < C sup [lroae(s) — Eroar(s)|[§ K¥2, s € [0,1].
i—t1 s€(0,1]

We also have, for s € [0, 1],

 max |ring (s)] < max |rine(s) — Erine(s)| +  max |Erine(s)], and
1<i< [m(T+1)) 1<i< [m(T+1)) 1<i< [m(T+1))
1 e 3\ /3 1/3
i (s) — Ers < D(i i (s) — Er ) T+ 1)]3.
LA Iring (s) — Erin(s)] < (T 1] ; rine(s) — Erina(s)] lm(T" + 1)}

Since, by our assumptions, for fixed s € [0,1], {rinm(s) — Erinm(s)} is a stationary and ergodic sequence and
SUPeo,1] Elrina (s) — Erin(s)]® < oo, the ergodic theorem implies, as m — oo,

[m(T+1)]
1 3 3 3
_— [(rine () — Erine (8))|” — El(ronm(s) — Eronm(8))]” < sup Elrom(s) — Eronm(s)]” < 0.
|m(T +1)] =1 s€[0,1]
Combining all this we get (5.5), which immediately implies (5.6). d

In the following E* and wvar® denote the conditional expectation and conditional variance given 7 (-),
i=1,...,m;m+1,...,|mT|. We omit the index j, i.e., we write ¢;(s),?,... instead of &;;(s),v¥;(s),....

Lemma 5.2. Let the assumptions of Theorem 2.1 be satisfied. Then, as m — oo,

sup  |Zm(a,b) — E*Zm(a,b)| = Op(m™"),
la|+[b]<C

N 1 n / sy 1 m
B Zm(a,b):gz)‘(%az (a+brone(s,))? + Op (m~"(la* + b)),
i=1

v=1

and

1 0 50) 1w
sup ‘ (a,b) — = — (a+briv(sy) ‘—Op -,
Wi I

for some n > 0, where
ZZ (24(50) = @/ — broas (s2)/v/m) = plei(s.)) + (a/y/m + broas(s.) /)b (i(s.)-

Proof. The lines of the proof are quite standard. We just need to derive a proper approximation for the conditional
expectation and variance of Z,,(a,b).
Whenever convenient we use the short-hand notations

di(sy) = a+brim(sy) and
9(ei(sv), z,di(s0)) = signdi(sv) (= ¢ (ei(sy) — wsigndi(sy)) + ¥(ei(sv))), i€ L
Note that, for any d,

ld|
plei —d) — ple:) + dyp(e:) = signd/0 (— (i — xsignd) + ¥(ei))dz >0, i€ Z.
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Direct calculations in combination with Lemma 5.1 result in

. 1 = ldi(su)]/v/me
Bt = 2> B ([ g(zi(sy). 2, di(s,))d
v=1 i=1 Y0

%ZZA/(O,sy)d?(sy)%+Op( ZZW Sv) 3/2)

v=11i=1 v=11i=1

Z ~\(0, sy)(a—&—Qab—ZmM su)+b —ZTZM Sy )-I—Op( "(la® + |b|3))7

v=1 i=1

for some 1 > 0 and uniformly in |a| + |b] < C.
For the conditional variance we obtain

ld; (Gu)\/\ﬁ 2
var*{Zm(a,b)} = E ZZ/ g(ei(sv),z,di(sv)) — E*g(si(su)7m7di(su)))dm)
m n ldiy (su)l/v/m 2
= Z E*(% Z/O (9(51'1 (51/)7x7di1 (SV)) - E*g(‘gil (Su)vxvdil (SV)))dx)

comt 3 IS ([T gl ) () — g () 1) )

1<iy <12<m v1=1

< (5 Zj / T eia(sua) v (502)) = (o1 (500). 0, e (520))) )

= 11-1—[2 (say).

Using Assumption (A.3) together with the Cauchy-Schwarz inequality, we get

m n ldiy (sv)l/v/m 2
L = Z E*(% Z/O (g(eil (51/)7x7di1 (SV)) - E*g(eil (5’/)7x7di1 (SV)))d'T)
ldiy (sv)]/v/m
<D Z E Z/ g(ei, (sv),x d”(sl,))dx)

11=1

<D Z Z Z E* ‘/‘dq(sul)‘/rg(s”(syl) T d”(syl)de

7,11 ull vo=1

Idi, (su)l/ v/
( / 9(et, (502), 20y (s0))dz] )]

<0 2 LS (o) (g ) ivm) )]

11=1 ull vo=1

= D(=)" (laPm+ 1 32 (5 S Irianr(so0)2) Op((al’ + 1)),

11=1 vi=1

uniformly in |a| + |b] < C.
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Concerning I> we have, due to the independence of {r;a(s)} and {e;(s)},
m-lm—% ‘dil(‘srl)‘/\/m/“di1+i2(5'r'2)‘/\/m
0

R I SEDIED |

i1=1 ig=1 7‘21 7‘11

(B (9(z0 (5r1), 2. iy (50))) (B (= Eir-bia (5r2) — 9) + 912, (5m2) — 1)’

B (e (0) 08, (500)) ) ddy

<D z%z S [diy (om) /I

3

i1=1 ro=1 ry=1

S - (i2) 2)1/2
x> |di1+¢2<sr2>/fm|‘s‘1ip (B (@einria(sra) = @) = (12, (512) - @))*)

ig=1 @l=a0

<D

S|
M=
| =

m—
z : 3 2
i1 S'rl /

1 1

T2

m—iy

X sup 3 iy ey (50 (B((eo(se2)) — 0) — 0leo(s,)) P — ))?)

la|<ag ig=1
< Op(m™"),
where we used the fact
3/2 35,2 1/2
Bldiy i (5r)? - |diy (51)] < (Bl (sr,) P Edi (51,))
On combining the above estimates for E*Z,,(a,b), I1, I2, we conclude that Lemma 5.2 holds true. a

Lemma 5.3. Let the assumptions of Theorem 2.1 be satisfied. Then, as m — oo,

sup  |Mn(a,b) — E*Mp(a,b)| = Op(m™"),
la|+b]<C

E*M,, :——Z)\ (0, sy (a—&—b—ZmM sv) a—ZmM Sy —I—b—ZnM Su ) +Op(m_n)7

and

O LCHCORES SERUNRICUEE) DURCAR) DURCARN) wizvoh) } s}

lal+[b|<C —

with some n > 0, where
- % Z ﬁ Z (1, 7"iM(Sv))T(w(&'(fiu) —(a+briv(sn))/vVm) —(ei(sv))).

Proof. Again one has to get suitable approximations for the conditional expectation M, (a,b) and the conditional
(2 x 2)-variance matrix

var*{M(a,b)} = E* (M (a,b) — E*M(a,b)) (Mn(a,b) — E*My(a, b))T

We start with the conditional expectation

B M7 (a,b) = 1 Z \/__ Z (L, 7iar(50)) (= Mdi(s0) /v/m, 5))

- _ —Z (0, s, Z (1,7in (s0))di(s)

=1
lew 1 & 5
+0r (3 3w 2 (o () )1
11 i
= — g mX (0, s Z (a+me(sy),amM(sy) +b7“i2M(sl,))

i=1

- 1 1 « -
+Op (an V24 525 Z yE) Z |7"z'M(5u)|3) = OP((GQ + bg)m n)7
v=1 i=1
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uniformly in |a| + |b] < C, where the rates above are to be understood componentwise.

For the conditional variance matrix we only calculate one term. The calculation of the others is similar and
will therefore be omitted. We have

{332 fjri»f<su>(¢j<ei,j<su> i) V)~ i)}

= % ZE ( ZTZM su)(V(gi(sy) — di(su)/vm) — P(ei(s0)) + Xj(di(s0)/v/m, SV)))Q

m—1

+2% Z % Z iz TiM 87‘1 Tit+3, ]\/](57‘2)

ri=1 ro=1 i=1 j=1

X B (¢;(ei,5(sry) — di(sr,)/

X (7/)(5i+]'(57“2) —ditj(5r5)/
=J1+2J> (say).

5

) — (€ (sm)) + Aj(di(sry) /v, 501)))
) — i (€itj(sry)) + Nj(ditj(5ry) /M0, 51,))

3

In view of Assumption (A.2), a similar estimate as that for I; in the proof of Lemma 5.2 gives
Il 1l
= Z -~ Z -~ Z riv ($v)rine(sr)
i=1 v=1 r=1

XE*(w(a'(S»)— di(sv)/vm) = ¥(ei(sv)) + Aldi(sv) /V/m, 50))
(sr)/vVm) = P(ei(sr)) + Mdi(sr) /V/m, 5r))

—d;
%Z%Z%Zh’u\/j Su ||7"11M 57")'

< (B (w<si<su> — di(s,)/v/m) z/)(si(su))QE* (bexls,) — dils)Vm) —b(ei(s)?)

Concerning J2 we obtain

m m-—i

Z Z %Z Z TiM 57‘1 Tit+3, ]\/1(57‘2)
Jj=

x E* ($(ei(sr,) — (sm/f ) = b(i(sr,)) + Mdi(sr,)/V/m, 51,))
X (P(€its(8ra) = digs (5r0) VM) = V(Ei45(8r5)) — (W(D) (5ry) — ditj(5r) VM) — () (51)))),
and, uniformly in |a| + [b] < C,

n

AL SRS D D D L IC IRV O [ PA O IV DN

r1=1 ro=1 1 j=1

X {E*( (giti(srs) = ditj(sry)/vVm) = (itj(sr,))
- (1/)(652](5@ — ditj(5r0,) /M) — (e (sr)))) "}

<pt Z Z m3/2 DN @+ 0 rias (s ) rane (sry ) ri g na (50,)|
7‘1 1 ro=1 i=1 j=1
x sup (E(¥(eo(sry) —a) — p(e§ (sry) — a))?)*/*

la|<ag
= Op((@? +0"*)ym™").
Now, a similar estimate as that for I in the proof of Lemma 5.2 gives

sup |J2| =Op(m™"),
la|+[b|<C

with some 77 > 0, so that altogether we have

swp_var' {2 > = 3 ri(o7) (0(ex(sr) = dior) V) = wles(s:) } = O (m ™),

lal+[b|<C

for some n > 0.
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Remark 5.1. Inserting &7, and B;‘m (as defined in (4.3)) for a,b into the assertion of Lemma 5.3 and omitting
the index j for the sake of smplicity, we receive

T = > (ran(s) " (lese) = (@ 4+ Brriaa())/Vm) = U(ei()

¥ % SN (0,5) (@m + B ZnM 5) ZnM $0) + B — ZT?M(SV))T =0p(m™").
v=1 i=1

Due to the definition of a;, and B;"n and by our assumptions, we have the following asymptotic representation:

f N(0,2)Ergy(2)dz

ar, = E ei(s o op(m™"),
f N(0, z)d= Vm / v 5 fo N(0,2)dz e )
m SN (0,2)Ergp (2)dz
T S fy dlei(s) (riar(s) — g e ) ds
5 = 1Jo ( JIN(0,2)d ) +op(m™).

2
f() /(0 z)ErON[(z)dz)

fol N(0,2)Ergy(2)dz — ( fl N(0,2)d=

The last two relations are important for getting the limit distribution of our test procedure.

The next lemma follows along the arguments of Lemma 5.4 in Chochola et al. [7], modified along the lines of
the proofs of the previous lemmas. So the proof will only be sketched and not be given in detail.

Lemma 5.4. Let the assumptions of Theorem 2.1 be satisfied. Then, for any T > 0, as m — oo,

<|{Nk,m(a,b) — E*Nim(a,0)}y_ae yp—5s |> _ On(m™),

max
1<k<|[mT]

(k/m)7

for some n > 0, where a;ﬁ; are as in (4.3), and

m+k

Ni.m (a,b) Z W > rana(s0) ($(ei(s0) — af/v/m = brin(s0)/vVm) = P(ei(s0))).

i=m-+1
Proof. Lemma 5.4 is related to Lemma 5.3, but it is somewhat more complicated.
Direct calculations give

m-+k

E*Ni m(a,b) = ——Z\/_ Z mM(sy))\((a—I—me(sy),sy)/\/ﬁ)

i=m-+1

m-+k m+k

f—ZA (0,8,)— ( ZTZMerZ ZMsl,)

i=m-+1 i=m+1

m+k

+OP( Z\/— > |7“iM(8u)||(a+me(su))/\/mF),

i=m-+1

uniformly for |a| + [b] < C, with some 7 > 0. In fact we need to study more carefully the properly standardized
remainder

1 1 n 1 m—+k 1 1 n 1 m+k
. - . 3
1§1£23\_3(nTJ (k/m)~> (n ; m3/2 i:;rl |TZM(SV)|) * ISI?SWL%TJ (k/m)> (TL ; m3/2 i:;rl Irias (sv)] )

Both terms above are Op(m™") for some 7 > 0.

Next, we try to get an upper bound for var*{Ny m(a,b)}. We have

m+k n
var™{ Nk m(a,b)} Z E* (711 ZHM(SV)
i=m-+1 v=1

x (Y(ei(sy) — di(sv)/vVm) — ¥(ei(sn)) — E™(ei(sy) — dz‘(Su)/\/ﬁ)))2
m-+k

12l S LS e B (006 () — i) V) — (o)) B i) — el ) )
i= m+1 r1=1
m+k—i n

(X ; L S v (ns)

7‘21

X (e, (5r2) = it (50) V) = V(e (802)) = B (T, (r2) = divu(5r2) /M) )
= L1k +2Ls; (say),
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and, along the lines of the proof of Lemma 5.3 (see the estimation of the terms Ji, J2 there), we get
k

Lig = —m™"%(la| + [b]) Op(1),
1
|L2k| = m(|a|l/2k +[o'*k)Op (1),

uniformly in |a| + |b] < C and in 1 < k < [mT']. So, altogether we have
. ko
var™{Ni,m(a,b)} = —m™"(la| + [b))Op (1),

uniformly in |a| + |b] < C' and in 1 < k < [mT'|, with some n > 0.
Quite similarly we get, for £ =1,2,...,

. ‘
var” {Ni+e,m(a,0) = Nem(a,0)} = —m™"(Ja| + [b])Op (1).
Then, on applying Theorem B.4 of Kirch [13],

_ " 1 « 2
m g masx (k7|Nm,k(a,b) — E"Noi(a, b)|)

1<k<|
) LmT| 1
=m” " (logm)® Y e (lal +B)OP(1) = (log m)*m™"(|a| + [b])Op(1).
k=1
We need to replace a,b by the estimators a;;,B;;. However our N, (a,b) depends on €1(-),...,em(:). There-
fore we try to replace Ny ., (a,b) by something that is asymptotically equivalent, but does not depend on
e1(*)y e yem(t).
Toward this note that
LA - -
N(@b) = == 37 53 i () (el (52) = dils) VM) = (e (5))
i=1 " v=1

has all the properties of Ng o, (a,b) above, but it is independent of €1(-),...,em(-). This together with the

consistency of a;, and 3, implies
NI (a,b) — E*(NS™) (a,b )
{ Ny (a;) (Np i (a, )|}a:ajn,b:@3n)|

= Op((log m)*m ™" max(|a,| + |§:n|7 a:n|1/2 + |§:n|1/2)) = Op((log m)2m77’),

_ 1
m ' max (—
1<k<|mT] \kY

It is still necessary to show the closeness of Ny ., (a,b) and N,gffg(a, b). Clearly, N,ifﬁi(a,b) is independent of
e1(*)y...,em(:) and

E* (Ngm(a,b) — N (a,b)) = 0,

n k
11
Nim(a,0) = N (a,b) = —==> "> (rim,u(s)
\/ﬁnuzl i=1
) di+m(5u) (i) di+m(5u)
X ((lerm (o) = TR — (el () = TZEE))
— (Ueirm(s)) = ¥, (5.))) ),
D1 n k
E*|Ni.m(a,b) — N (a,b)| < —=— -
|Nke,m (a,b) — Ny (a,b)] < \/ﬁn;;|r+ M (s0)]
x sup B(|v(eo(s) —a) - V(e (s0) = @) + [ (0) (s2) — (e (5))])
al<ag
< —== ritm,n(sv)| sup ElY(eo(sy) —a) — (e’ (s0) — a)l,
\/ﬁn; ; lal<ag 0
which holds for any 1 < k < |mT']. So, in view of our assumptions,
sup B’ [Nim(a,b) = N (a,b,§)| = Op(m™'/2),
la|+[b|<C
whence
sup (SUP\a\Hb\gc E*|Ngm(a,b) — N}iﬁ(a’ b)|) =0p(m™")
1<k<|mT) (k/m)" '
or some 1 > 0. combination of the above estimates completes the proof of Lemma 5.4.
f n A b f the ab pl he proof of L 4 O
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Remark 5.2. From Lemma 5.4 we get the following approximations:

m+k n
T > Z —rint (s0)Y(€i(sv) — A /V/m — Brrine (sv)/vV/m)
i=m+1v=1
m-+k m+k n
Z ZnM su)(gi(sy) 7( Z Z)\ (0, s)rins (sv)
1= m+1 v=1 i=m+1v=1
m-+k
—I—ﬁm Z Z)\ (0, 8.)720s sy)) +Op(m™").

7,m+1 v=1

In view of Remark 5.1, we similarly get

n

:&;“n%z Z)\ (0, s.)rine(50) + B — Z ZA,OSVTZA{SV))+OP( 7).

After some standard steps this results in

m-+k
Z ZmM 5 )1(ei(s0) — B/ — Bryrina (s1) /v/m)

1= m+1 v=1
m-+k

( Z ZmM su)w(gi(sy)) — %iﬁ imM () (gi(s0)) —I—Op(m_")).

zm+1 v=1

[y

Here we also used that

k m m—+k
1<k<LmTJ m k/m Z)‘ (0,5 (E ;rih{(s”) - i:;rlriM(Su))
1o~y k= o oo,
+EZ)‘ (O’SU)(E ZriM(sy)— Z mM(sy))‘ =op(1)
v=1 i=1 i=m+1

as m — oo (cf. Lemma 5.5 (iii)).

Lemma 5.5. Let Assumptions (B.1), (B.4), and (B.6)-(B.7) be satisfied. Then,
(i) there is a constant C > 0 such that

m-+k

> Z (rina (s0) — Tina (8)) 5 (1 5 (5))ds

i=m+1v=1Y5vr—-1

E
1<k<\_mTj \/_ k/m

n

1
< C(logm) - ; h;élf/n] Ironr (sv) — ronr(sv — h)l[2; (5.7)
(ii) forj=1,...,d, as m — oo,
1 o
L<he T m (kjm)” i:;l (i — 2i5) ‘
1 mik o n 1
= 25, V| o (5 o uston) [ (ol (eosois )| <o),

(5.8)

Moreover, due to strict stationarity, the above relations also hold with max<k<|m7) W ZZ m+1 being
replaced by W >
(iii) forj=1,...,d, as m — oo,

m-+k

Z Z)\ (0, s0) (rine(sv) — ETOM(SU))‘:OP(I); (5.9)

i=m+1 ul

1<k<\_mTj m k/m

m-+k

> Z)\ (0, 5)( ZM(sy)fErgM(sy))‘:ozv(l). (5.10)

zm+1 v=1

1<k<LmTj m k/m
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Moreover, the above relations also hold with maxi<g<|mr| W St m+1 being replaced by = 3 .

Proof. Again, for the sake of simplicity, we omit the index j in the sequel.

(i) On interchanging summation, expectation and integration, a similar argument as in the proof of (5.3) gives

m+k
B fk/m ;2 / ront () — Tone () e4(5)) ds
<[ e (s, Ty Z rasto) = rieo)) )

n

1
< D(logm) sup [[d(eo(s)ll2= D> sup |Iron(sv) = rorr(su — h)]a,
s€[0,1] n 7= hel0,1/n)
with some D > 0, where in the last inequality we made use of the independence of the sequences {r;;;(-)} and
{ei(")}. Since sup,¢(o 1) [[¥(0(s))[l2 < oo, this proves (i).
(i1) Consider

A TP (iiw“vwfi“v”‘/ o)
SRS i=m-+1 v=1 0
m-+k

> Z (rine(s0)v(ei(s0)) = raar ()0 (ei())) ds

i=m+1v=1"5Svr—1

- 1<k<LmTj \/_ k/m

<C(i/s” ma v Wik (r. (sv) — 7 (3))1/1(5(8)) ds
= s 1§k§[)r$1TJ vm (k/m)7 . iM (Sv iM ;
v mtk
+Z/ 1<z£2?ﬁm m Z rin (50) (W (i(50)) — (g4(s))) ds)
v=1YSv—-1 —"— Pt

= Z/ v (Iim(sv,8) + Io,m(sv, 8))ds. (5.11)
v=1"5%v—-1

According to (5.7) and Assumption (B.7a), as m — oo,

Z/ IS0, 8 ds) < C(logm) — Z sup  [|roar(s0) — Toar(sv — h)|l2 = o(1). (5.12)

—1 h€[0,1/n]

By an analogous argument,

E(;/SV—1 Ig,m(sy,s)ds)

m+k

n sy 1
< 3ty a2, e o) vl D)
< C (logm) Zl[tpl] lmonz(s)]|2 % Z he?gl?/ | l(ei(s0)) — ¥(ei(s0 — h))|l2 = o(1), (5.13)

where we have used the independence of the sequences {r;;;(-)} and {e;(-)} once again in combination with
Assumptions (B.1) and (B.7b).

(iii) In a first step, we replace = >0 X'(0,s,) (1 (sv) — Ergp(sy)) in (5.9)-(5.10) with

1
mi:/ N(0,8)(rdy(s) — Ergy,(s))ds, i=1,2,...; ¢=1,2.
0

This can be done in a similar way as in the proof of (5.8). We even have an additional multiplication by 1/v/m
here. Note that the sequence {x;}i=1,2... is again strictly stationary and ergodic with Exzo = 0.

Now, it suffices to prove (5.9) and (5.10) with max g < |7 instead of max;<y< |7 and ZZ’;}’“H replacing
ZZ:;?H, where K = K, is such that K — oo, but K/m'™7 — 0, e.g., for K = logm.

In view of the strict stationarity and Exo = 0, the ergodic theorem gives, as m — oo,

1 m-+k
- | =op(1).
K<g1§affnTJ k i:;lxz or(1)
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On observing that

1 m+k 1 m-+k
S < T - ;
L PP RS & v DO
this completes the proof of (5.9) and (5.10), respectively. O
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Abstract
We develop testing procedures which detect if the observed time series is a martingale
difference sequence. Furthermore, tests are developed that detect change—points in the
conditional expectation of the series given its past. The test statistics are formulated
following the approach of Fourier—type conditional expectations first proposed by
Bierens (1982) and have the advantage of computational simplicity. The limit behavior of
the test statistics is investigated under the null hypothesis as well as under alternatives.
Since the.asymptotic null distribution contains unknown parameters, a bootstrap
procedure is proposed in order to actually perform the test. The performance of the
bootstrap version of the test is compared in finite samples with other methods for the

same problem. A real-data application is also included.
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1 INTRODUCTION
The martingale difference hypothesis (MDH) is a property integrated in many statistical
models popular in finance and economics. Such an assumption is standard with asset
returns in an efficient market, with changes in consumption, as well as with disturbances
in a correctly specified time—series regression model, among others. The basic idea
underlying the MDH is the unpredictability of macro and financial series on the basis of
currently available information. Hence the MDH is critically related to the efficient
market hypothesis first put forward in seminal papers by Samuelson (1965) and Fama
(1970). The efficient market hypothesis states that in efficient markets, prices follow a
martingale and always fully and instantaneously reflect all available relevant information
consisting of past prices and returns. Consequently, as price adjustments to new piece of
information is instantaneous and accurate, no agent, however well informed, can use
market information as a basis for superior forecasts or in order to accomplish trading
profits beyond the level justified by the risk which he/she assumes. However, most
efficiency studies on financial markets focus on a weak form of market efficiency
through the MDH, whereby the profit expected from an asset which is forecasted to have
its future price equal to its the current price is equal to zero. The MDH for exchange rates
has been a major concern in the finance literature and many authors have investigated this
hypothesis, often with mixed conclusions; see for instance, Belaire-Franch and Contreras

(2011), Yilmaz (2003), Hong and Lee (2003), Fong et al. (1997), and Fong and Ouliaris
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(1995). Less standard areas where the MDH has been put forward include electricity

prices (Veka, 2013) and CO, emissions (Daskalakis et al., 2009, Charles et al., 2011a),

among others.

The standard formulation of the MDH is

By, |Ly=0 t=1,.., (1)
where I denotes the information set available at time t, and Y, represents first

differences of a process which under this hypothesis forms a martingale sequence. The
statistical problem of testing the null hypothesis in (1.1) has been addressed by many
authors; see Escanciano and Lobato (2009a) for an.excellent survey. One approach is to

consider methods which test for lack of autocorrelation’in Y,, a condition which is a

necessary (but not a sufficient) for the MDH. A standard method for testing
autocorrelation of fixed finite order is via the Box—Pierce Portmanteau test commonly
implemented via its Ljung and Box (1978) modification. Other methods include the
robustified Box—Pierce statistic'(or variance ratio test) of Lo and MacKinlay (1988), the
automatic variance ratio test of Choi (1999), that was later modified for
heteroscedasticity by Kim (2009), and the automatic Portmanteau test of Escanciano and
Lobato (2009b), which is data—driven with respect to the order of autocorrelation.
(Recently, a different data—driven test using neural networks and boosting has been put
forward by Kapetanios and Blake, 2010). In this category we also mention the tests of
Lobato et al. (2002) which works under general dependence structures and that of Francq
et al. (2005) applied not on the original observations but on corresponding residuals. On

the other hand, MDH tests involving an infinite set of autocorrelations are derived in the
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frequency domain via the spectral density or distribution. Such a test was first proposed
by Durlauf (1991) and was later extended by Deo (2000) to account for conditional

heteroscedasticity.

While the aforementioned methods only consider linear dependencies (of finite or infinite
order), a number of testing procedures for (1.1) make use of the following equivalence
relation

By )L =0 Byyvd pl=0,t=1..., (2
where v(-) is a suitably chosen weight function. As before,‘egn. (1.2) may involve a
finite but also a potentially infinite set of time lags. An additional challenge with these
tests is the choice of the weight function v(-) figuring in (1.2). In this connection a
subclass of such tests uses indicator functions; while others use non-linear but smooth
weight functions v(-). The tests of Dominguez and Lobato (2003), Escanciano and
Velasco (2006a) and Escanciano-and Mayoral (2010), belong to the first category. The
second line of research-was initiated by Bierens (1982), and includes de Jong (1996),
Bierens and Ploberger (1997), Kuan and Lee (2004) and Bierens and Wang (2012). In

these papers instead-of using classical autocorrelation between Y, and past values, the

authors employ nonlinear exponential-type transformations of such past values.

In the present paper we follow the approach of Bierens and consider tests for the MDH
involving an exponential-type weight function. Note that this approach is also followed
by Hong (1999) and Escanciano and Velasco (2006b), who propose tests based on the

‘generalized autocovariances’ figuring in the equation in the right—hand side of (1.2).
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However while these authors construct their tests based on L2—type distances involving
spectral densities (Hong, 1999) or spectral distribution functions (Escanciano and
Velasco, 2006b) corresponding to the general autocovariances, our tests are based on
distances involving these autocovariances directly, and properly integrated over an
argument u which will be specified below. As it will be seen, the new test has the
advantage of computational simplicity. Moreover the tests proposed herein will be based
on a fixed number of lags. In this connection, we note that it would be natural to allow
the time lag to be time dependent, and possibly increase without bound with the sample
size as in de Jong (1996). Although this issue is also discussed inthe paper and shown
that such an approach is still feasible both from the practical as well as from the
theoretical point of view, our computations and proofs will be much more technical and

therefore we shall not pursue this aspect of our tests.in detail in this work.

However, the main contribution.of the present paper is the development of change—point
tests involving the MDH, an issue which, to the best of our knowledge, has not been
addressed before in the literature. The relevance of this problem stems from the fact that
despite the prominence of the MDH in the financial literature, market efficiency should
be viewed as.a dynamic state. Specifically the idea of market adaptivity goes back to
Grossman.and Stiglitz (1980), who postulate the rise of occasional profitable
opportunities to compensate investors for the cost of analysing the market. (This is also
compatible with the adaptive market efficiency hypothesis of Lo, 2004.) In other words
markets experience structural changes, and at a certain time may pass from a state of

market efficiency, where the MDH holds true, to a state where well-informed agents can
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systematically gain excess returns, and vice versa. (For recent empirical evidence in stock

returns see Todea and Lazar, 2012, and Kim et al., 2011.)

The remainder of this paper is as follows. In Section 2 we specify the null hypotheses
considered and the corresponding test statistics, while Section 3 addresses the issue of
computation of these statistics. Section 4 is devoted to the asymptotic behavior of the
tests under the null hypothesis as well as alternatives while in Section 5;'a'bootstrap
version is formulated and its asymptotic validity is shown. The finite_sample properties
of the proposed methods are investigated in Section 6 where we also present a real-data

example. Finally, the proofs are given in Section 7.

2 NULL HYPOTHESES AND TEST STATISTICS

We consider three different types of hypotheses and for each particular null hypothesis
propose a corresponding test statistic. Specifically on the basis of observations Y,,...,Y, ,
we first consider the null*hypothesis of a martingale difference sequence (MDS)

HP: By L) =0

and test it against the hypothesis that the structure indeed depends on the past

observations:

HY B L) = g (Y Yen),
P((Y, .- Y, ) =0) <1,

for an arbitrary unknown function g.

Based on the same methodology, we also propose two tests for changes in the structure of

a given process. First, we test the MDH against the alternative that the process changes
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from a martingale structure to a non—martingale structure at some unknown point k, .
Specifically the null and the alternative hypothesis are as follows:

HE By ) =0,
HP: By L) =0, t<k,

but E(Yt | ]It—l) = g(Y[_]_l"'th_m)y t> ko
P(G(Y, . Y, ) =0) <L,

The unknown point 1<k, <n is called change—point.

The next test considers a generalized version of the MDH and a possible change in the

conditional martingale difference structure:

HP: By L) =c,

H1(3) : I[-E;(yt |]It—l) =¢, t<k,

but Bey, |L_y=g(Y_,,....Y,). t=k,
P(h(Y,,,....Y,_ ) =c) <1,

where ¢ is an unknown constant. As already mentioned, the parameter m is chosen in
advance and therefore restricts the kind of alternatives that are detectable. Also, although
the tests are formulated for general time t, it is clear that detection of the alternative

hypotheses is considered only after the first m values of the process Y, have been

observed:

We formulate our procedure by using the following characterization of Bierens (1982):

For real y and a given vector x of dimension m, E(y|x) =0 holds if and only if

E(ye") =0, forall ueR™, Inview of this characterization let



Downloaded by [North West University] at 03:48 02 November 2014

1 t i
=L TV tmidn, @1)

r=m+l
s™u)=0, t=0,1,...,m,

where Y, = (Y4, Y 5. Y_n) and m>0 denotes a chosen time—lag, and consider the
integrated process

Qu(8)= [, 1S, ()= S™ () [ w(u)du, 0<s<I,

where w(-) denotes a weight function the choice of which we shall discuss in the next

'y,

paragraph. Notice that this approach amounts to choosing V(Ht_l) = v(ﬂt_l, uy=e "™ in

the original formulation in (1.2).

We suggest to reject the null hypothesis H{? against alternative H."” if

T :=Q,(0) (2.3)
is large. Notice that T® is related to'the test statistic developed by Escanciano (2009)

for a slightly different proeblem.

Likewise, the null'hypothesis H is rejected in favor of alternative H,? if
T2 ()= mrﬂgéan(k In)lack/n,y) (2.4)

is large, where

q(s,7)=(1-9)",s€(0,1), 0<y<1. (2.5)

In turn, the null hypothesis H{® should be rejected against alternative H,® if

T2():= max Q(k/n)/d(k/n,y), (2.6)

m+1<k<n

(2.2)
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is large, where
Gn(9) = [ ISy -8 (u) F wiu)du,  (27)

qt,») =(s(1-s))",s €(0,1), 0<y<l. (2.8)
The choice of ¥ €[0,1) is made in concordance with the test procedures generally used
in change point analysis (e.g. Horvath and Kokoszka, 1997), i.e., y close to:1 leads to the

procedures more sensitive w.r.t a change either at the beginning or at the end in

comparison with those with y close to 0.

As already noticed the tests may not be consistent against some specific alternatives

because they take into account only a finite number m of lags. As a remedy one can
formally replace , e.g., u'Y, , by ztj;llqutfjaj in S{™ (u) with a,’s chosen in such way
that they restrict influence of Y,_; forlarge j. See de Jong (1996) for an idea. However,

as a consequence we lose computational simplicity, assumptions in theorems in Sections

4 and 5 have to be much.stronger, and the proofs become still more complex.

3 COMPUTATION OF TEST STATISTICS
As it will be.seen in Section 4, the asymptotic theory of the tests developed in this paper
Is valid for a large class of weight functions w(-) . Here however we will carry out the
computation step—by-step, and show that certain classes of weight functions render the

test statistics with the desirable property of computational simplicity.
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Consider first the test statistic figuring in (2.3), and observe that straightforward

calculation leads to:

Q0= [, 8™ () F w(u)du

1 n n (31)
=— Z Z YrYO'IW(Yr,m _Ya,m)’
n r=m+lo=m+l
where.
Assuming that, for each argument u:= (u,,...,u_)’ € R™ the weight function can be
decomposed as w(u) = HT:le (u;), where w; () satisfies w;(u) = w;(=u) for each
u R, we obtain
IW(Yr,m _YO',m) = HICOS{UJ (Yz'—j _Ya—j)}Wj (u])du] = HIWJ (Yr—j _Ya—j)' (32)
j=1 j=1

For simplicity we take w, =w, =---=W_=w (say).

It is now clear that there is no difficulty in choosing the weight function w(-) that leads to
a test statistic T” = Q, (0) which'is easy to calculate. In fact, we may use any (even)
weight function w(u).as-a building block (provided that the corresponding integral 1, is
analytic), and define w(u) by the product equation figuring above (12). Examples of such
functions are the following: (i) w(u) = e*'“'b, b=1,2, (i) w(u) = 2(1-cos(u))/u® and (iii)
w(u) =1,Jul<1 and w(u) =0, |u|>1. We may also slightly generalize by making the
transformation ur>au in w(u), which for each choice of w(-) results in a corresponding
parametric family of weight functions indexed by the parameter a > 0.

In the simulation study, we will be using the weight function w(u) = e*"! for which the

integral 1, (x) reduces to

10
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2/a

I,(x)= jcos(ux)w(u)du = m.

(3.3)

At this point we shall investigate the role of the weight function w(u) in the test statistic

in (3.1). Our arguments will be heuristic somewhat, but nevertheless reveal interesting

connections. First recall from (3.1) and (3.2) that

Qm(o)__ ZY HI (YT] aJ

7,0=m+1

Now assume that fﬂ’w(u)du <o, p>0, and use a Taylor expansion.of cos(x) in I, (x)

to obtain

Q,(0)== Z YYV_,

7,0=m+1

where v_ H v with

=1 70 !

(1 k ( i J)2k
= -1 S Ao
Vz’o’ g( ) (2k)' 2k

and 4, = ﬁjpw(u)du . It is clear from the previous equations that the test statistic Q,, (0)

comes in a form reminiscent of a weighted V —statistic where each product YY_ receives
a total weight v_ with (component) weights v! depending on past observations and on
the weight function w in a complicated way. In v{? specifically, the contribution of each

pair of past observations (through Y,_; —Y,_;) is determined by, among other things, the
weight function w, via the quantities 2,. To gain some extra insight, take w(u) = e"*"

sothat 4, = (2A4)/a"**, p= 2k, and write Q, for the resulting test statistic that is easily

seen to simplify to

11
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1 ¢ T 2
Q=" XYY (Y, )™

r,0=m+1 j=1k=0
From the last equation it is evident that while in the test statistic the weights depend on
past observations, this dependence decreases as the value of a increases. In fact

asymptotically we have

nl <
limaQ,=2"= > YY,

a— n r,0=m+1
which shows that in the limit the contribution of the weights v__ to.the value of the test

statistic is neutralized, as a — o. On the other hand a value of a which is too small

causes numerical instability in Q, . (In this connection.notice that for a=0, Q, isno

longer finite.) Consequently the choice of the value of a .comes down to a compromise
which should, on the one hand avoid largevalues of a that diminish the influence of the
weights on the test statistic, but on the other hand should also avoid values of this

parameter near the origin that render the test statistic vulnerable to numerical error. (This

reasoning was specific to the weight function e, but it can be easily seen to apply to

other weight functionssuch as e’ , for instance.) Moreover, in the context of
goodness—of=fit testing with i.i.d. observations it has been documented that the choice of
the specific parametric form of the weight function w(u) is much less important than the
choice of the value of the weight parameter a. In this respect the situation here is similar
to nonparametric density estimation where the choice of the kernel is much less important
than the choice of the bandwidth. In fact, there is an interesting connection between, on
the one hand the weight function w and the weight parameter a, and on the other hand

the kernel and the bandwidth, respectively, of nonparametric estimation of a

12
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corresponding density; see for instance Meintanis (2013) and Henze et al. (2005) for this
connection in the context of goodness—of—fit testing with i.i.d. observations. To see this

recall representation (11) for the test statistic Q,,(0) and take w, (u) =w(au),a>0, as

weight function. Then by a simple change of variables in the integral 1,(x) we can write

Qm(o) :% Z YTYO'KTO'7

7,0=m+1

where

" (Y. Y
Kw:[gj ,W( ]
a a

The last representation shows that the statistic Q,, (0) is in the same spirit as the criterion

used by Lavergne and Patilea (2013), where @a similar statistic is used for estimation of
parameters in parametric models by means of a method involving conditional moments.

As in Lavergne and Patilea (2013) our kernel 1,,(-) (defined below (3.1)) takes the form
of the characteristic function of a measure w(-) (possibly non-normalized), the only

difference being that here w(:) 1s assumed to be symmetric around the origin. By way of
example take w(U) =e ™* | and notice that then

| (x)= ﬂ_m/Ze—HtzM
w ’
which implies that the kernel coincides with a constant multiple of the density of

N(O, Z]Im), i.e. of a zero—mean multivariate normal distribution with covariance matrix

equal to the identity matrix (of dimension m) multiplied by 2. Making a connection with
the limit obtained above we note that, unlike the case of density estimation in which we

typically assume that a=a, — 0, as n—» oo, here we consider a fixed bandwidth as in

13
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Lavergne and Patilea (2013). Also the interesting limit results for fixed sample size n
and in the case of a— oo, and notas a— 0, which in fact is not feasible. A finer
analysis of the effect of the value of a on the power of tests was undertaken by Tenreiro
(2009), but this is confined to the strict parametric context of i.i.d. testing for univariate
normality, and even then the entire problem is highly non—trivial and involves a series of
approximations, not to mention the need for apriori fixing specific deviationsfrom:the

null hypothesis in order to determine an optimal value for a.

Concerning the test statistic T2 () defined in (6), it is most important:to evaluate

Q,, (k/n). Proceeding similarly as in (11), it is easy to see that
Qu(k/n)= [, 15 (u)-S{™(u) P w(u)du

= [uf | S-S

m+1 m+1

w(u)du

I

> 3||—\ S| =
M:
M:

w(u)du

3
-
M-

<

CD_.

o

:
:
3

¥
fUN

Y L (Yo 2 Yom)
YY HI (Y, =Y,
i ST :
TR 1Y, =Y, ) ey

r=k+lo=k+1 j=1

~
i
=
o
hu
q
1
=~
z
A

M:
M:

N
1

=
||

=~

3

where in the last step we choose w(u) = e . We also note that the terms Q,_(k /n) may
be calculated recursively from k =n to k =m+1 and therefore the computational

complexity of the sequential test statistic T? () is obviously of the same order as that of

the test statistic T,

14

(3.4)
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Compared to TY and T, the calculation of the test statistic T® defined in (8) is more

involved because we have to evaluate the term Q_(k /n) for which we have the

following:

Q,(k/n)= [, [s™)- s<m>(u) w(u)du

% i i Cr kCo-kY IW(Yr,m _Yo-,m)

7=m+lo=m+l

Ny m 1
( a) Z Z C, kcok T 6H1+{(Y7—j —Ya__j)/a'}2 ’

r=m+lo=m+1 j=1

where ¢, = I(z<k)-k/n.

We close this section by noting that our methods have a direct.connection with methods
involving the empirical characteristic function and that, apart from testing the MDH, such
methods have been efficiently employed inthe past for a variety of testing problems with
dependent data. Earlier works are Epps (1988, 1987) and Feuerverger (1990), while the
most recent literature includes-Quessy and Ethier (2012), Leucht (2012), Hlavka et al.

(2012), and Ghosh (2012).

4 ASYMPTOTIC BEHAVIOR OF THE TEST STATISTICS
4.1 Behavior Under The Null Hypothesis
The nexttheorem gives the asymptotics of the introduced statistics under the null

hypothesis.

15

(3.5)
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Theorem 4.1 Assume that {Y,} is a martingale difference sequence as well as stationary

2+6

and ergodic with 2|, ?*< e for some §>0 and let w(.) be a measurable non-

negative function on R™ such that
w(t)=w(-t)>0, for all teR" o0< J;me(t)dt < o,

Then as n—o0:

2 TOS [in (0, 0) P W(u)du,

b) T‘z)(;/)—>sup s )7,[R | Z(s,u)—Z(1,u) |* w(u)du,
0) T<3>(7)—>sup [ 1 Z (s, 1) = Z (1, u) . w(w)du,

o<s<1 (S (1— s))’
where 0< y <1, {Z(s,u),s €[0,1],u eR™} is'a Gaussian process with expectation zero

and covariance (0<s, <s, <1)

COV{Z (5, Uy), Z(S,,U,)} = S EE (VDY UM (Y0, 05)), Uy, Uy,
h(Y_,u)= cos( S +sin
m? - m+1 m+1
(q q q} L Ug q)

Here u = (Uges.,U,,)",Y,

m+1 (Ym""’Yl)"
The proof is postponed to Section 7.
The assumption that the MDS is stationary and ergodic is only needed to apply the

central limit theorem and other limit theorems for stationary and ergodic sequences.

Otherwise a more general form of limit theorems for MDS have to be used and the proofs

16

(4.1)

(17)
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become still more technical and less transparent.

The assertion of our theorem remains true if cov{Z(s;,u,),Z(s,,u,)} are replaced by

their consistent estimators. Then critical values can be obtained by simulating the limit
distribution. But it is more convenient to get their approximation via a proper bootstrap as

explained in Section 5.

At the end of Section 2 we have shortly discussed possible modifications of the test
statistics to increasing number of lags m . We expect that under proper assumptions
(much stronger than above) the limit behavior of the modified test statistics will have

similar structure as in the above theorem but with a Gaussian process
{Z(s,u);s €[0,1],u eR™} with more complex.dependence structure, and moreover the
dimensions of both the process and the weight function w(-) tends to « together with n .

To prove an analog to the above theorems requires among others to derive an extension

of crucial Lemma 7.1. We are losing among others the properties of stationarity and
ergodicity, and the dimensions of both the process {Z(s,u);s €[0,1],u eR™ and the

weight function w(-) tend to <« together with n.

4.2-Behavior Under Alternatives

Here various results on the limit behavior of our test statistics are presented. We

formulate alternatives through a sequence of martingale difference sequences {&}

perturbed by some function g. For {&} and g we postulate

17
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1. {&} is astationary and ergodic martingale difference sequence and g is a measurable

function such that

P((&,,)=0)<1,  Ejgpo<eo, Bigg,)f<»

for some 6>0.

4.2.1 Alternative Of A Stationary Time Series That Is Not An MDS
In order to get an idea about the asymptotic power of statistic T® we consider the

following types of alternatives: [ Ala:]

1. Fixed alternative:
Y, =& +9(5),
where ({1}, 9) satisfies AE.

2. Local alternative: We observe Y,,...,Y, with

Y, =& +9(x)d,,

where d, — 0 and ({&}, 9) satisfies AE.

Theorem 4.2'Let (16) be satisfied.

a) For the fixed alternative Ala with
[P0, DNCY, ., 1) W(u)du > 0 (43

the following holds
P
TO 5o, (4.4)

b) For the local alternative Alb with |dnJﬁ|—>w as n—oo and
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0< [ r*(uw(u)du <o (4.5)
where

r(u) = E(g(Xn.a)n(X;p., 1)) (4.6)
(h asin (17)), equation (19) holds true.

c) For the local alternative Alb with dn\/ﬁ—>b # 0 the following holds true

95 [ 1 Z(0, 1) +br (u)  w(u)du,

where {Z(0,u);u) eR™} is a Gaussian process from Theorem 4.1 and (20) is satisfied.

4.2.2 Change-Point Alternative With An MDS Before The Change
In order to get an idea about the asymptotic power of statistic T® we consider the

following types of alternatives:

[A2a]: Fixed alternative: We observe
Y =& +9(&) 1{k>k0}’ ko = Lan]
for some 0< A <1, where ({&}, 9) fulfill assumption AE. Let (20) be satisfied.

[A2b]: Local.alternative:'We observe Y,,...,Y, with

Y =& +9(5)d, 1{k>k0}1 ko = Lan]

forsome 0 < A <1 and some constant ¢, where {d_} is a sequence of real numbers with

d, — 0 and where ({&},9) satisfies AE.

Theorem 4.3 Let (16) be satisfied. [a)]

1. For the fixed alternative A2a with (18) the following holds
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P
T2 (1) >0,
2. In the situation of the local alternative A2b with |dn\/ﬁ|—>oo and if and (20) are

satisfied then the following holds
P
T (y)—> .

3. For the local alternative A2b with dn\/ﬁ—>b¢0 it holds

@ : 1 _ _(1— 2
T, (7/)_)5291(1—3)7 J’Rm|Z(s,u) Z(1,u) —(1—max(A4,s))br(u)|* w(u)du,

where r(u) is defined in (21) and (20) is satisfied.

4.2.3 General Change-Point Alternative
In order to get an idea about the asymptotic-power of statistic T we consider the

following types of alternatives:

[ A3a:] Fixed alternative: Weobserve
Y =& +9(&) 1{k2k0} +e, -k, = Lan]

for some 0< A <1, where ({£},9) satisfies AE and (20), c is a positive constant.

[A3b]: 2. Local alternative: We observe Y,,...,Y, with
Yk = é:k +C+ g(é:k)dn 1{k>k0}’ ko = L/Inj

for some 0< A <1, where {d } is a sequence of real numbers with d, - 0 and ({&},9)

satisfies AE and (20).
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Theorem 4.4 Let (16) be satisfied. [a)]

a) For the fixed alternative A3a with (18) the following holds

P
TO(y)—> .

b) For local alternatives A3b with |dn\/ﬁ |- oo it holds

P
T2 (1) >0,

c). For the local alternative A3 with dn\/ﬁ—>b =0 it holds

TO(;) > osiﬂm [0 1Z.5,1) ~ SZ (1, u)= min(2, $)(L— max(s, A)br(u) F w(u)du,

where r(u) is defined in (21) and satisfies (20).

The proofs are postponed to Section 7.

One can infer from the above theorems that our tests are consistent for the respective
-1/2

fixed alternatives as well as for the local ones if \/n|d, |->oo. The case with |d, |~ n

is a border line, where the limit distribution differs from the limit null one but is bounded

in probability.

The test statistics T () can be also used for testing H® against H® however T2 (y)

has a higher power (as seen from Theorems 4.3 and 4.4).
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At the end of this section we shortly discuss the problem of estimation the change point

k, for situations considered in Theorem 4.3 a and Theorem 4.4 a. Going through the

proof of Theorem 4.2 (see (7.8) - (7.11)) we notice that under the assumptions of

Theorem 4.3 a and Theorem 4.4 a
1« P
EQm(l_nsJ/n)—>(m|n(/1,s)(l—max(s,ﬁ)))z me | r(u) P w(u)du, s e(0,1).

Therefore
k() = min{m <k <mQ, (k/n)/G(k/n, ) = maxQ, (j/n) L4(j In, )}
m<j<n

can serve as an estimator of the change point k, in either situation. From this we have the

consistency of the change-point estimator in the sense that

=]
kK()/I n—> 4
follows using standard arguments. Afterwards, one can split the observations into two

parts Yl""’Yk(}/) and Yk(y)+1"”’Y” and apply the test separately to each part in order to

check the stability of the model in each part. To study the details though would be quite

technical and.complex and we will not pursue it here.

5-BOOTSTRAP APPROXIMATIONS FOR THE TEST STATISTICS
The asymptotic distribution of the test statistics as derived in the previous paragraph
depends in a complicated matter on the unknown distribution of the observations.
Consequently, the asymptotical critical values can neither be calculated, nor estimated or

simulated. For this reason a bootstrap approximation cannot be avoided.
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There exist several alternative types of resampling in the context of testing the MDH. For
example, Horowitz et al. (2006) employ the blocks—of-blocks bootstrap method with
autocorrelation—type tests, while in Whang and Kim (2003) the variance—ratio test is
implemented by sub—sampling in overlapping time periods; more information on
different types of resampling with various MDH tests may be found in Fan and Mills
(2009). In the context of our test however we propose to use a version of the wild
bootstrap procedure initially suggested by Wu (1986) and Mammen (1993), and which, in
situations similar to the present one, has been put on a firm theoretical basis by
Dominguez and Lobato (2003) and Escanciano and Velasco (2006a, 2006b). Note that
the wild bootstrap procedure has proved to be most effective in finite—sample studies (see
Charles et al., 2011b, Fan and Mills, 2009),.yielding reliable empirical levels as well as
good power across many alternatives, and it is-probably for this reason that it is often
invoked with real-data applications; see for instance Veka (2013), Todea and Lazar
(2012), Kim et al. (2011), and Charles et al. (2011a).

We assume: [(B.1):]

[*°< o forsome §>0,

(B.1) {n} arei.i.d. with mean zero, unit variance and E| 7,
(B.2) {7} and {Y,}; are independent sequences of random variables.

Then consider

t
S (u) -1 ZYT exp iu'yY,, 7,

7=m+1

and define T, j=1,2,3, analogously to TV with S{™ (u) replaced by S{™"(u).
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Theorem 5.1 Let (B.1) and (B.2) be satisfied.

1. Under the assumptions of Theorem 4.1, i.e., under the null hypothesis, it holds
PTY" <x|Y,...,Y)-PTW < x)—P>0, j=1,2,3, xeR
These assertions remain true even under local alternatives, i.e., under the assumptions.of
Theorem 4.2c (for T®), Theorem 4.3.c (for T.?), or Theorem 4.4c (for T?).

2. Under the assumptions of Theorem 4.2a for all x
P
[P < XY, Y,) = P( [ 1 Z°0,0) [ w(u)du < x) [0,

where 0< y <1, {Z°(s,u),s €[0,1],u eR™} is a Gaussian process with expectation zero
and covariance (0<s, <s, <1)
Lns; ]
0 T 1 2
COV{Z°(5,,Uy), Z(5,, U} = lim= > E(Yh(Y,u)h(Y;,uy)), Uy, U,
n—w j=1+m

3. Under the assumptions of Theorem 4.3a for all x

| P(Tn(Z)*(}/) |Y17""Yn)

—P(sup !
O<s<1 (l_ S)y

i 12%5, 1) - Z° (L W) F wi(tdu < )| >0,

4. Under the assumptions of Theorem 4.4a for all x

|PT () <X|Y,,....Y,)

| P(Eiﬂm [0 12065, ~5Z° W) w(u)du < x)| >0,
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Due to the stationarity assumption the covariance cov{Z°(s,,u,),Z(s,,u,)} can be

expressed more explicitly for all alternatives. Particularly, under the assumptions of

Theorem 3.2a we get that this covariance equals

sE( ¢ iz, u)h(z,.u,)),

where &; = ¢&; +g(X;), under the assumptions of Theorem 3.3a it equals

min(s, YB( £ *h(x;,u)h(x;,u,)) + (5~ 2), B( & 7 h(z;,u)h(z;,up)

and under the assumptions of Theorem 4.4a it equals
i B( & °h(x % B( & “hez 3
min(s;, A)™( &;  h(X;,u)h(X;,u,)) + (s, = 4), B( & N(Z;, Uph(Z;, u,)),

where & =& +c and £, =¢, +c.

The above theorem shows that under the null hypothesis the bootstrap critical values are
asymptotically equivalent to the asymptotic critical values while they are at least bounded
under alternatives. For a fixed alternative the covariance structure of the limit process of
S™" is close to a null hypothesis limit in the sense that the limit process is centered with
a similar covariance structure as under alternatives, while it is not centered under
alternatives. A more detailed connection can not be made in this context as the fixed
alternative is not clearly linked to a specific time series under the null hypothesis since
the limit distribution is not pivotal under the null hypothesis. In the contiguous case the
bootstrap critical values are close to the critical values for observations & following the

null hypothesis.

6 SIMULATION AND DATA EXAMPLE
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6.1 Simulations

We investigate the small sample properties of the proposed test by Monte Carlo. Earlier
small-sample studies for MDH tests were carried out by Lupi (1996), Fan and Mills
(2009) and Charles et al. (2011b). Here we compare the new test with the spectral test of
Escanciano and Velasco (2006b) which was shown to be one of the most powerful tests
in the simulation studies presented by Escanciano and Velasco (2006b) and Charles et al.
(2011Db). To facilitate comparison we use the same processes as in Escanciano.and

Velasco (2006b). More precisely, with &, and u, denoting two independent sequences of

i.i.d. N(0,1) random variables, we consider the following processes:

1D independent and identically distributed N(0,1) variates.
GARCH(1,1) process Y, = g0, with o= 0.001+0.01Y,°, +0.9757, .
stochastic volatility model Y, =g exp(o,) with o, =0.9360, , +0.32u,.
non-linear moving average Y, = €_,5,_,(5_, + & +1).
bilinear process Y; = ¢ +b¢, Y, , +b,& Y, , with b, =0.15 and b, =0.05.
bilinear processwith b, =0.25 and b, =0.15.
the sum of a white noise and the first difference of a stationary AR(1) process
Y, =&+ X, — X, with X, =0.85X, , +u,.
threshold autoregressive model Y, = -0.5Y,_, + & if Y, =21 and Y, = 0.4Y,, + ¢, if

Y,

t-1

<1.

first order exponential autoregressive model Y, = 0.6Y,_, exp(-0.5Y,%,) + &,.
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fractional integrated model ARFIMA (0,0.3,0), i.e., (1-L)%%Y, = & with L denoting

the usual back shift operator.

The behavior of the non-sequential test statistic T is investigated in Table 1 for various

values of the tuning parameters a and m for three MDS processes (11D, G1, and SV)
and for seven non-MDS processes. The empirical significance level seems.to be
reasonably close to « =0.05 and the empirical power is largest, in most cases, for m=1
and a =1. This power, although mostly reasonably high, it appearsto be low for NDAR
and NLMA alternatives and in certain cases with EXP(1)..Compared to the state—of-art
test by Escanciano and Velasco (2006b, Tables 1-3),.the empirical power of our test
(with a=1 and m =1) is mostly slightly lower but, on.the other hand, the test statistic

T® is computationally very simple and the.proposed test may be carried out even for

larger sample sizes. We also generalize the proposed test statistic to the change—point

setup.

In Tables 2 and 3, we investigate the behavior of the change-point test statistic T? (y)
for y €{0,0.5}. The empirical significance level lies close to « =0.05. Also the power

pattern observed in Table 1 mostly persists here too (as well as in Table 4 below), with
the tests having reasonable power, but again missing certain types of alternatives such as

those involving the NDAR and NLMA, and in certain cases the SV process.
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The simulation results concerning the change-point hypothesis H® are summarized in
Table 4. The empirical powers for H® are slightly lower than empirical powers
observed for H in Table 2. This behavior is not surprising because the hypothesis H
is more general than the hypothesis H . Notice also that the test statistic T% () is

computationally more intensive than T (y).

As an illustration of the difference between hypotheses H® and H®_and the
corresponding test statistics T?(y) and T2 (), we include Table 5 where the process
P1 consists of 11D N(0,1) observations shifted by 4-and the process P2 are 11D N(0,1)

observations shifted by x,. This model with a constant shift is actually a slight

simplification of one of the models used in Bao and Lee (2006). Using our method, we

test the existence of the change-point k, without any prior knowledge concerning its
location and we obtain the'empirical rejection rates given in Table 5. The hypothesis H?
is satisfied only for 4 = 1, = 0 and this is reflected in the left part of Table 5, where we
can also see that the test statistics T () detects also the situation with z = 0 that is not
covered by H®". The results for H® that may be found in the right-hand side of Table 5

show that H® is satisfied whenever 1, = u,, although in this case the corresponding test

appears to be conservative somewhat.

6.2 Data Example: S&P 500
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In this section we apply the suggested procedures on the log returns of the S&P 500 stock
index. Since this is a commonly used index in the context of testing the MDH, we briefly
mention some of the earlier findings: Hong and Lee (2005) find strong evidence against
the MDH for both the raw data as well as for the residuals after removing linear
dependence. On the other hand, Escanciano and Mayoral (2010) use several test statistics,
some of them being significant for the MDH while others non-significant. Likewise
Escanciano and Velasco (2006b), having apriori subdivided their data—set into three
different sub—periods, are led to mixed conclusions with the MDH being accepted for
certain periods with specific tests while being rejected for other periods with the same or
other tests. The MDH is also rejected for 40% of the individual stocks in the S&P 500, by
the test of Kapetanios and Blake (2010). While these findings correspond to different
time periods with daily, but also with weekly data, it appears reasonable to suggest that
the MDH for this particular series conforms nicely with the adaptive market hypothesis
that market efficiency varies over time and profitable opportunities do appear
episodically in an intrinsically dynamic fashion. In this connection Bao and Lee (2006),
working in the context of density forecasts find that despite the fact that the entire
distribution of the S&P 500 series is not predictable, some of its tail characteristics are
better predicted by certain non—linear models, thus rejecting the MDH for this part of the
distribution: This last finding is compatible with a collection of empirical results
suggesting that time periods of predictability appear to coincide with a certain amount of
higher market uncertainty and volatility; see for instance Kim et al. (2011), Veka (2013)

and Charles et al. (2011a).
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Here we shall initially follow the exposition of Escanciano and Velasco (2006b) who
analyze three sample periods for log returns of the S&P 500 stock index; see Figure 1.
(Note that these three sample periods were determined apriori and without any
justification). The authors conclude that the MDH is not rejected for the first period
(Jan1990-Dec1993), it is rejected for the second period (Jan1994-Dec1997), while it is
questionable for the third period (Jan1998—Aug2002). These findings correspond to the
spectral test in Escanciano and Velasco (2006b), and as already noted above vary with
other MDH tests. Repeating their analysis using the test statistic (5), we are'led to the
same conclusion for the first two time periods. Specifically we obtain the p-value 0.476

for the first sample and the p-value 0.005 for the second sample.

Unfortunately, this approach heavily depends on the subdivision of the data set into two
different time—periods, which is in fact done arbitrarily. However within this apriori fixed
sample framework, one needs to perform repeated testing in order to locate a possible
change point, that would eventually result to non—trivial problems which are often
encountered with repeated testing. Therefore we now turn to the new test statistic (6) in

the context of which the change point is not fixed but instead it is part of the output of the
procedure: Specifically when the test for the change-point hypothesis H? is applied to
the joint data set (Jan1990-Dec1997) it leads to a p-value 0.003 (a=1, m=1, y =0.5).
Next, proceeding as described in Section 4.2.3, we obtain the change—point estimate

k =1250 corresponding to a change occurring on December 8th, 1994. Note that this
date precedes by almost one year the arbitrarily chosen change-point in Escanciano and

Velasco (2006b). Using, once more, the test statistic (5), we obtain p-value 0.649 for data

30



Downloaded by [North West University] at 03:48 02 November 2014

observed until December 7th, 1994, and p-value 0.000 for data observed from December
8th, 1994, which implies that the MDH is not rejected for the first period (Jan1990-Dec7,
1994), while it is rejected for the second perriod (Dec8, 1994-Dec1997). To confirm that

there is no further change in the first period we use the statistic (6) to test the change-
point hypothesis H® and obtained a p-value of 0.526.

Hence, using the methods proposed in this paper we arrive at the following conclusions:

1. We confirm the results of Escanciano and Velasco (2006b) thatthe MDH is not
rejected from January 1990 until December 1993, and it is rejected from January 1994

until December 1997.
2. The hypothesis H® of no change in the martingale difference structure between

January 1990 and December 1997 is rejected with overall type I error equal to 0.05.
However the change in the martingale difference structure of the S&P 500 log returns
occurred in December 1994, almost one year later than the change-point considered

previously in Escanciano.and Velasco (2006b). This finding is corroborated by the fact
that the MDH H{®is not-rejected for log returns until December 7th, 1994, and it is
rejected for log returns observed after December 8th, 1994. As a further confirmation we
note that the hypothesis H? of no change in the martingale difference structure is not

rejected using the data between January 1990 and December 7th, 1994.

In order to further investigate possible differences in the two time periods which were
determined by our change—point analysis we have computed several descriptive statistics

corresponding to the S & P 500 data in these two periods. While most of these statistics
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were somewhat similar, there seems to be a considerable difference in the kurtosis of the
data with the excess kurtosis being equal to 2.17 for the first period (Jan1990-Dec7,
1994) and equal to 9.21 for the second period (Dec8, 1994-Dec1997). Hence there
appears to be a significantly different tail-behavior before and after the change—point,
and although this is certainly not conclusive evidence it would be reasonable to suggest
that in the second time period the stock market was more volatile, a fact that as already

mentioned has been associated to market predictability and the rejection of the MDH.

7 PROOFS

In order to prove Theorem 4.1 the following lemma is.essential.

Lemma 7.1 Let (16) be satisfied and let {Y,} be a martingale difference sequence as

well as stationary and ergodic with B |Y, ?**<.c for some &> 0 and define

Lsn
Zn(s,u):i > Y h(Y,,u), ueR" s e(,1)

k=m+1

where h(Y,,u) is defined'in (17); Y, = (Y, ,,---,Y, )" and u=(u,,...,u,)" . Then [a)]
1. For any compact subset of R™ and any 0<s<1 it holds

supl L(Zn(s,u))zw(u)du < oo (7.1)

2. Thereexistsan a>0, 0< D <o such that for any 0<s<1 it holds

supl
n

ZX(s.u)-Z2(s,u,)|<Dlu,-u, |F (7.2)

3. The marginal distributions of {Z,(s,u)} converge to the marginal distributions of a

Gaussian process {Z(s,u)} with covariance structure (0<s, <s, <1)
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COV{Z (3, Uy), Z(S,, U,)} = SE(Y h(D Ug Yo o )D(D UgoYrn )y Uy, U
q=1 v=l

Proof. For each u the process Z,(s,u) is a sum of martingale differences so that

Bz (s,u)=0,
2 1 LnSJ L2 9
IE:'{Zn (su)} = n Z E(Yk h*(Y,,u)) < 4EYm+1
k=m+1

as h(.) is bounded and {Y, } is stationary. From this, assertion a)follows.

In the following we will use D as a generic constant which may vary from line to line.
First notice that by the boundedness of sine and cosine and the mean value theorem it
holds

Ehey,,u)—h(Y,,u,) %< DEJh(Y, ,u,) - h(Y,,u,) [""@o2earo

<DE|(Y, ,u, —u, )M < Dy, —u, @020

hence by the Holder inequality.and (24) it follows

B|ZZ(s,u)-28s,0,) 1€ (®1Z,(5,u) - Z,(s,1,) FEI Z,(5,u) + Z,(s,u,) )2

( Lsn vz
<D(E|Z,(5,0)% 2,(5.) )" = D[ LB Y, (Y, ) - (Y, )

k=m+1

< D[% i E[(Yk)z(h(Yk’uz) - h(Yk’ul))ZJJ

k=m+1

1/2

1< + + + +

S(— Z (ElYk |2 5)2/(2 5) (El h(Yk,Ul)—h(Yk,Uz)lz(z 5)/5)5/(2 5)]
k=m+1

< D||U1—U2 Ha

for some a >0, hence b).
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Concerning ¢) we apply Theorem 6.21, p.113, in Breiman (1968). We need to verify the

assumptions. Since {Y;} is a stationary ergodic sequence it holds
1< 2 Erv?2 P 2 2
ﬁleh (Y, WEY2 Y, L, ) v =ER(Y,,u)Y],

J:

it holds even a.s. Additionally, for all £>0

1

(Y 0)Y; [>en} |YJ -1 )— £onttor

—ZE(hz(Y,,u)E(Y

j=1

Z|Y 2 550,

Proof of Theorem. By assumption (16) we have

(& Y (o )
L{m coquZ:;uqqu squZ:l:uqxq) w(u)du =0,
which immediately implies

w-_1 (& (m N5
= b Lk Zorh (S'nLZ“qY J+C°SLZUqu_q J)] W -

q=1 9=1

From Lemma 7.1 (s =1) in addition to Ibragimov and Chasminskij (1981), Theorem 22

(pages 380, 381) we get that @
L (Zn(l,u))zw(u)dui_[F(Z(l,u))zw(u)du (7.5)

for any compact subset F of R™. Since w() is integrable there exist forall 7>0 a

compact set F, such that

B 2
Lm\F’](Zn(l,U)) w(u)du < Dj;{m\F”w(u)du <7, foralin

and an analogous argument if Z_ is replaced by Z which together with (26) show
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[in(Z, (@0 w(u)du 5 [ (Z @, u))?w(u)du

proving a).

To prove b) we consider the process

X, (s) = \/ij(zn(s, u)—Z, (1,u))’w(u)du, se(0,1).

First, we prove the convergence of the finite dimensional distribution. To this'end let

0<s <...<s <land h,...,b, R Then analogously to the proof of &) we obtain

LmZ[_br (Z,(s,,u) —Zn(l,U))ZW(U)du—i ijZi:br (Z(s,,u) - Z (15u))*w(u)du,

which by the continuous mapping theorem shows the convergence of the finite

dimensional distributions of X, (-) towards those of \/km(Z(s,u) —Z(1,u))*w(u)du .

To obtain tightness, we get by the Minkowski inequality

| %,(9) = X, ()< D 1 Z,(5,0) - Z, (¢t u)  w(u)du.
Hence, by the Jensen inequality, for any £>0,

P( X, (5)= X, () 2 8) <P D [|Z,(s5,u) -~ Z, (t,u)  w(u)du> ¢

1+6/2
<DE [|Z4(s,u)~Z,(t,u) f w(u)du

< D_[E 1Z.(s,u)—Z, (t,u) " w(u)du< D|s—t [+

where the last line follows from Stout (1974), Theorem 3.7.8. By Billingsley (1968),

Theorem 15.6., we obtain that

X () D[—Ofl\/ [ (260 -Z@ Wy wudy,
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which concludes the proof of b) for » = 0. For 0 <y <1/2 it holds for arbitrary

O<ax<l1/2

maxQ (s)/(1- 3)7—> sup JR | Z(s,u)—Z(1,u) |> w(u)du,

<s<l-a O<s<l-a (1— )7

Hence it remains to study maxi_a<s<Q,,(S)/(1—s)” . This is equivalent to treating

(l—g)]na<)lf<n m J‘(ﬁ j:ZkﬂYj h(Y] ) U)) W(U)U.

By Stout (1974), Theorem 3.7.8. it holds

E| D> Y;h(Y,;,u)[**< D(n—k)"*"?

j=k+1
where D >0 is a generic constant depending on neither k nor u .

Therefore by Theorem B.3 (p. 184).in Kirch (2006) it holds

E n—k)/n)” Y h(Y., u)[?)@»2
((1(:)1%@(( )/ n) |\/ﬁjzk;1 (Y, u) )

<D Zn: n{-DE+a)2 (n- k)—}/(2+A)/2 (n— k)“M’l
k=n(1-a)

an
< Dnt-bEa)2 ijzfy(zm)/z
j=1

< D(an)(1—7)(2+A)/2n(y—l)(2+A)/2 < DatNE+M2

Since (1-y)(2+ A)/2 is positive choosing a >0 small enough also the right side of the

last expression can be made small. Therefore we have that choosing a > 0 small also (28)

is small in probability. We can proceed similarly with limit process
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sup —— [ 1 Z(s.) = Z(1,u) [ w(u)du.

O<s<1 (1— S)y

Then we can conclude that the assertion b) holds even for 0 < y <1.

It remains to show that the assertion of Theorem 4.1 c¢). The proof is quite parallel to the

case of Theorem 4.1 b) and therefore omitted.

Proof of Theorem 4.2. We will use a more general formulation than-is needed for
Theorem 4.2 which will be of use in the proof of Theorems 4.3 and 4.4. To this end

consider an arbitrary but fixed s €(0,1] .

The sequence {& } satisfies the assumptions.of Theorem 3.1a) and we can write

Z,(5u)= = 3 Eh(x,u) T S g (kK U)

k=m+1 k=m+1

+ LS £ (h(Y,,u)—h(x, )

k=m+1

90 S gx)(M(Yiu) Shex, . 1)

n k=m+1
=J,. 6 u)+J,,(5u+J,,(,u)+J,(s,u)

+

By Theorem 4.1 a) it holds

Pae.uwuydu=0, ().

Next we deal with J_,(s,u), J (s,u), J,(s,u) for the fixed alternative in a), i.e. d_=1.

By the uniform ergodic theorem of Ranga Rao (1962) we get that

1 ) P
“sup| 33,(5,u)| >0

uekK
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for any compact subset K . Together with (16) and because E| n‘lJflg(s,u) <D

uniformly in s and u this shows that

P
% _[st(s,u)w(u)du —0. (7.10)
Analogously it holds

= (015, + 3,056 WU [ Bg(x,)N(Y,..,0) *w()du >0, (7.11)

Putting (29) — (32) together proves assertion a).
For local alternatives we get similar to (32) that

1

Em [ Jn2(s.u) * w(u)du —P>sj| r(u) [> w(u)du =0, (7.12)

Similarly to (29) we get for local alternatives with d_vn —b—0

L
[ Jma(s.U)+3,,(s,u) “w(u)du->s [[Z(0,u) +br(u) [*du. (7.13)
To show the negligibility of J,,.and J,, for local alternatives, first note that for any

0<x <4 and for any &> 0 there exists a compact set K = R™ (depending on &) such

that by (16) and the mean value theorem

fin I €Y, 0) (G, ) P wiu)du < D [ 1h(Y,.,u) = (&, u) |7 w(u)du + &
< DA (005, 9T I [ lIul wiuydu+ &
<d, Dy [[(9(&1)s-- 9(&. ' | +e

This yields by the Cauchy-Schwarz inequality and the martingale difference property of

16 (h(Y,,u) =h(&, )}
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B[ J3suwuds = [ B & (h(Y,,w-h(,u) wu)du

=E 2 [ (h(Y,,u)-h(&,u)?w(u)du

2/(2+9) @+8)18 91(+9)
< Bygpe (E [ (MY, 1) = (&, u)*w(u)du )

<0(1)+ Deg,

which in particular shows that
[L32 (s, uw(u)du = 0, (1). (7.14)

Similarly, one gets by the Cauchy-Schwarz inequality

B L[ o= [E(L S o@nt.0-nw o

2
dn n k=m+1

< [B g(&,)(h(Y,.u) ~h(&,,u)) * w(u)du so(1)4 Dé

hence
1
an J{RmJ&(S,U)W(U)du =0,(1). (7.15)

Together with (33), (34) and (35), this implies the assertion for local changes.

Proof of Theorem 4.3..To show a) and b) it suffices to show that as n—oo

Qu (ko )= [y ST (1) = S () P W(u)dlu >

with k, = LnAl, 2 e(0,1) and we can proceed as in the proof of Theorem 4.2 treating
Z (A,u)-2,(k,/n,u)

instead of Z_(s,u). Therefore the rest of the proof is omitted. The proof of Theorem 4.3

c) follows the lines of Theorem 4.1 c) and is skipped also. This completes the proof.
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Proof of Theorem 4.4. The proof is quite parallel to the proofs of Theorem 4.2 and 4.3

and therefore is omitted.

Proof of Theorem 5.1. We follow the line of the proof of Theorem 4.1, but have to get the

properties of
. 1 &
Z (s, u)=—= > Yh(Y,u)n, se01), uekr

k=m+1

given {Y;}, , instead of Z (s,u),u eR™ The present situation is slightly simpler since,
given {Y;},, Z(s,u) is the sum of independent variables with conditional mean zero and

conditional variance
LnsJ

Var{Z;(S,U)I{Y,-},-}‘ 2. Y (Y, u).

j m+1

Further calculations give also

Lns] Lns]

i, 1 + +
> E(I Y HWn 1Y) = ez RETTE D 1Y (Y, u) [P E g [
k=m+1 k=m+1

First, we prove the result under the null hypothesis as well as alternative Ala. Going
through the proof of LLemma 7.1 we realize that conditional versions of a) and b) follow
by the law of large numbers for stationary and ergodic sequences in combination with the
non-conditional results, which hold not only for the null hypothesis but also for

alternatives Ala as can be checked easily.

Hence, the crucial problem is to prove a conditional version of Lemma 7.1 ¢) which is the

conditional asymptotic normality of Z (s,u) . We show that, as n— oo,
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1 Lns]

@2 Z Y h(Y,,u) [
. TS -0, as. (7.16)
-

z Yk2h2 (Yk ’ u))(2+5)/2

j=m+1

that ensures validity of the Lyapunov type condition for CLT. Under H, and alternative
Ala using stationarity and ergodicity of {Y;}; we obtain

Lns]
23T VA0 P SE YN W P, as,

k=m+1

Lns]
1 D YZhA (Y, ,u) > SEYh?(Y,,u), as.

j=m+1

By the assumptions E|Y,h(Y,,u) "< and 0 <EYh’(Y,,u). Therefore (37) holds true
given {Y;}; .
Here the conditional limiting processiis Z°((s,u), is Gaussian process with zero mean

and covariance structure

1 LnsJ
COV(Z°((5, 1), Z° (S, )= fim— - EYZh(Y UDN(Y, U,), 8, <S50, U,

- NS
Under the null hypothesis this is the same process as in Theorem 4.1 — under the
alternative Ala it is similar but not the same. Then we proceed along the line of the proof
of Theorem 4.1 where we again use stationarity and ergodicity of {Y, }, .
The assertions under A2a and A3a can be derived analogously splitting all relevant sums
into the part before the change and the part after, since both are sums over stationary and

ergodic sequences.
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Table 1 Percentage of rejection of martingale difference hypothesis (H{). 1000

simulations with 1000 wild bootstrap replicates, « =0.05.

Gl | SV | NLMA | BIL- | BIL- | NDAR | TAR(1) | EXP(1) | ARFIMA
11D I I

m=1,49 |51|21|104 18.0 | 44.2 | 2.7 68.8 47.5 80.3
a=0.5|m=2 40 46|11 3.2 114 1309 |11 472 31.3 4.7
m=1|55 56|39 6.5 189 (468 | 1.9 68.1 37.3 79.6

=1 |m=2 4249|2843 148 | 423 | 2.0 56.7 29.9 78.1
m=1|48 |53 [35|6.8 23.7 149.1./0.8 67.1 27.0 76.2
a=1.5|m=2 49 |6.2|24 |37 20.0 ['50.7 11.0 55.2 25.8 80.2
n=100 m=1|44 |59 46|63 22.7 150.2 | 0.8 63.2 225 75.1
a=2 |m=2 |50 |46|29 46 21.1 | 48.8 | 0.7 59.7 20.0 78.1
m=1|44 |69 5737 26.3 | 535 |04 61.4 15.7 71.0

a=3 |m=2 |32 |56(4.0139 25.1 |55.7 | 1.0 61.1 14.0 73.7
m=1 .54 |53 (52| 3.7 26.6 | 51.0 | 0.5 66.0 13.9 65.9

=4 |m=2 5550|5243 28.1 554 |09 62.4 13.9 71.1
m=114.6 53|28 425 535 [958 | 2.3 99.9 96.6 99.1
a=0:5 1 m=2 |43 |46 |02 183 41.8 {928 | 21 98.6 87.8 99.2
m=1|59 52|37 321 55.2 | 97.2 | 1.7 99.6 90.1 99.7

a=1 |m=2 |58 4917|1638 534 974 |22 99.3 84.4 99.5
m=1|6.0 |52|35|20.2 60.2 [ 97.4 | 0.5 99.4 78.7 99.3
a=15 | m=2 46 54|30 144 54.7 196.6 | 1.9 99.0 77.3 99.6
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Table 2 Percentage of rejection of martingale difference hypothesis (H?) for change
from process P1 to process P2 with change-point k,. 1000 simulations with 1000 wild

bootstrap replicates, ¢ =0.05, m=1, a=1, n=300.

P2

PL | k, | 7 G1| SV | NLMA | BIL- | BIL- | NDAR | TAR(1) | EXP(1) | ARFIMA

1D I I

0 |60 (|56[49]95 188 | 426 | 1.4 63.1 30.3 75.8

150 (05|44 |61 |35|7.4 22.0 | 515 |12 7.7 34.6 83.5

1D 0 |52 46|42 |45 91 |143 | 3.6 20.4 8.0 40.9

225105153 624034 9.2 196 |27 31.4 13.6 54.4

0 51514193 258 | 62,714 80.9 48.3 89.1

150 05|51 |55|27|6.7 25.4°160.7 | 0.9 79.9 46.0 89.2

Gl 0 |56 /40|39 |42 149 | 30.6 [ 0.9 47.4 194 63.3

225105 4.7 |51 |22 34 141 | 350 (0.9 49.7 24.6 69.7

0 |51,39|35|86 143 | 324 |21 48.5 18.7 66.7
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150 {0553 (32|37 |74 157 | 36.2 | 24 53.0 21.0 69.3

SV 0 |47 (41(43|35 49 1107 |34 13.6 6.6 28.2

225105 (36 414240 6.0 |105 |28 14.9 7.4 31.8
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Table 3 Percentage of rejection of martingale difference hypothesis (H?) for change
from process P1 to process P2 with change-point k,. 1000 simulations with 1000 wild

bootstrap replicates, ¢ =0.05, m=1, a=1, n=600.

P2

PL | k, | 7 G1 | SV [NLMA [ BIL- | BIL- | NDAR | TAR(1) | EXP(1) | ARFIMA

1D I I

0 |53 4132|221 353 | 817 |21 96.3 60.5 96.2

300 05(54 16132211 40.3 | 86.7 | 2.3 97.5 66.4 97.1

1D 0 (484148 |84 112 | 26.7 [ 3.1 38.7 17.2 56.3

4501 05|44 (52|24 |75 150 | 381 2.1 56.4 194 72.2

0 |52 |50|34]239 529 193.77 16 99.4 82.8 99.1

300 05(49 |50(3.6]19.0 90.4°1934 | 0.8 99.2 82.2 99.5

Gl 0 |52 52|44 ]116 255 612 | 1.7 77.2 42.7 84.3

4501 05(4.0 (42|36 74 27.2 159.0 |05 81.2 43.4 89.3

0 |44 ,/31|33]16.1 244 159.7 |19 76.1 35.5 86.2
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300 |05 (4.7 (42141188 26.7 1 66.4 | 2.9 81.2 41.5 89.3

SV 0 |34 (39|55|54 75 |14.1 |35 20.6 9.5 43.9

4501 05(39 (43|38 6.6 6.5 |19.0 |24 28.2 10.6 46.4
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Table 4 Percentage of rejection of martingale difference hypothesis (H®) for change
from process P1 to process P2 with change-point k,. 1000 simulations with 1000 wild

bootstrap replicates, ¢ =0.05, m=1, a=1, n=300.

P2

PL | k, | 7 G1 | SV [NLMA [ BIL- | BIL- | NDAR | TAR(1) | EXP(1) | ARFIMA

1D I I

0 |6.7|64(39]|58 13.2 | 342 |13 50.4 20.3 72.3

1500552 |6.0[24 |28 104 | 275 | 1.7 45.4 16.9 73.6

1D 0 |59 |66(36|4.0 11.0 | 18.2 [ 3.6 27.4 10.9 46.0

225105149 |39|35|26 84 |172 |24 30.5 14.8 53.9

0 |50|6.0]29 4.0 15.7 | 42.6°| 0.6 60.0 25.8 84.3

150 (05|53 (53|24 |28 1581389 |04 56.6 22.8 82.1

Gl 0 |52 452926 11.7 | 325 | 0.7 449 21.9 69.9

22510544 |46 3114 120 | 26.9 [ 0.9 40.9 19.6 70.5

0 |41 ,34|33/|438 80 202 |21 29.1 11.8 49.9
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150 {0.5}3.0{35(34|33 87 1169 |12 24.5 10.0 48.7

SV 0 |34 (37(33|34 57 |96 |3.0 13.1 4.7 29.6

225105 (3428|2730 53 |82 |20 14.1 5.3 29.9
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Table 5 Percentage of rejection of martingale difference hypotheses H® and H® for

change from process P1 to process P2 with change-point k, =50. 1000 simulations with

1000 wild bootstrap replicates, « =0.05, m=1, a=1, n=300.

HO HO
H 1y
m 0.0 01 |02 05 |1.0 0.0 01 |02 0.5 1.0
00 | 41 32.0 | 82.7 | 100 | 100 | 3.5 6.6 12.0..f 52.2 | 99.0
0.1 | 48 33.4 | 85.6 | 100 | 100 | 6.5 4.5 4.2 33.6 | 97.3
P1 0.2 | 55 40.1 | 879 | 100 | 100 | 139 | 5.6 4.4 19.9 | 88.7
05 | 184 | 679 | 97.0 | 100 | 100 |63.8 | 39.8 | 21.3 | 25 29.1
10 | 653 | 95.2 | 100 | 100.| 100 | 99.9 | 99.1 | 96.8 | 46,5 | 1.1
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Figure 1 Daily scaled log returns of S&P 500 from January 1993 until December 1997
(source: Yahoo! Finance, http://finance.yahoo.com.) Dashed line denotes January 1st,

1994, solid line denotes December 8th, 1994.
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