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Abstract. In this paper we consider price regulation in oligopolistic markets when
firms are quantity setters. We consider a market for a homogeneous good with a
demand function of special form (p-linearity), constant returns to scale and identical
firms. Marginal costs can take two values only: low or high. Values of all parameters
except the marginal costs are known to the regulator. Assuming that the regulator is
risk-neutral and maximizes expected social welfare (defined as the sum of consumer
surplus and profits), we characterize the optimal policy and show how this policy
depends on the basic parameters of demand and costs.

! We thank Mark Armstrong, Carmen Bevia, Angeles de Frutos, Natalia Fabra, Javier Lopez-
Cunat, Lourdes Moreno, Roland Strausz, Ingo Vogelsang and the participants in seminars at
EARIE 2010, Istanbul, and Jornadas de Economia Industrial 2010, Madrid, for very useful
comments and to Maria Hernandez for support. The usual caveat applies. The first author
acknowledges financial support from SEJ2005-06167/ECON.



1: INTRODUCTION

One of the main causes of market failure is lack of competition. Thus, a completely informed
and benevolent regulator should be able to find an allocation in which all agents are better off
than under oligopolistic competition. A great deal of attention has been devoted to the case in
which the regulator lacks sufficient information to implement efficient allocations and a single
firm supplies the whole market (see the survey by Armstrong and Sappington (2005) and the
references therein). In contrast, the case of regulation under an oligopoly has been relatively
neglected. All the papers we are aware of are generalizations of optimal regulatory schemes
that were proposed for the case of a monopoly: Shaffer (1989) and Kim and Chang (1993)
generalized the work of Loeb and Magat (1979); Schwermer (1994) and Lee (1997)
generalized the work of Sappington and Sibley (1988); and L6pez-Cufiat (1995) generalized
the work of Baron and Myerson (1982).

In this paper we investigate the performance of a particular mechanism, price
regulation, under conditions of oligopolistic competition and compare the welfare properties
under its implementation with those of oligopolistic competition, also referred to as the free
market. The motivation for our study is that price regulation is (or has been) used to regulate
oligopolistic markets such as gasoline, natural gas, electric power generation,
telecommunications, health care, pharmaceuticals etc. Again, the initial work was done for the
case of a regulated monopoly; see Littlechild (1986). Price regulation is presented in
textbooks as an inefficient mechanism under conditions of perfect competition. In this paper
we attempt to bridge monopoly and perfect competition by considering the intermediate case,
namely, oligopoly.” We will see that, in some cases, price regulation is more efficient than the
free market.

In order to keep the analysis as simple as possible, we assume a very stylized scenario,
as presented in Section 2. The product is homogeneous. The representative consumer is
characterized by a p-linear demand curve (see Anderson and Renault (2003)), which is known
by the regulator. This functional form is parameterized by the real number p, which lies
between -1 and infinity. When p equals 1, we have a linear demand and, when p is negative,
we have a generalization of isoelastic demand. The industry is composed of a given number of
identical firms with constant marginal costs, i.e. we assume that costs are perfectly correlated.?
The assumption that firms are identical is useful for distinguishing the problem of regulating a
market where several firms have inefficient technologies (and so, in an optimal allocation,
these firms must be eliminated) from the problem of pure regulation of an oligopoly. The
marginal cost is allowed to take two values, high (y) and low (z). Firms know the true value of

2 But note that all our results still valid in the monopoly case.

% In this case, full extraction of the surplus can be achieved by the optimal mechanism; see Crémer and McLean
(1985, 1988) for a generalization of earlier work by Maskin and Ryley (1980) and Myerson (1981). See
Armstrong, Cowan and Vickers (1994) for an application to regulation.
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the marginal cost and, if not regulated, compete a la Cournot. In contrast, the regulator only
knows the probabilities of occurrence of the two values of the marginal cost. The regulator
chooses either a regulated price or allows for a free market (i.e. Cournot equilibrium). The
regulator does not make transfers as in the standard regulation models, so the cost of public
funds (see Laffont and Tirole (1986)) is not an issue here. The regulator is risk-neutral and
maximizes expected social welfare, defined as the sum of consumer surplus and profits. Thus,
in our model, consumers and firms are weighted identically.

In Section 3, we investigate regulation. We show that the optimal policy is either a free
market or a regulated price equal to one of the two values of the marginal cost (Lemma 1).
This is an interesting result because it simplifies the task of finding the optimal policy.
According to this result, the optimal regulation is a trade-off between the risky option,
represented by z, which could be very profitable for the planner but risks zero output should
real marginal cost be y, and the safe option, represented by y, which is always associated with
positive production but is not optimal should the real marginal cost be z. *

In Sections 4 and 5 we show how the optimal policy depends on the underlying
parameters. Instead of comparing expected social welfare under a free market with that under
regulation, we compare percentages of welfare losses. This is because the percentage of
welfare loss under a free market does not depend on either the marginal costs or the intercept
of the demand function, so the analysis is simplified greatly (Lemma 2).

We show that the optimal policy depends on four variables:

- the number of firms (n)

- the ratio of probabilities of occurrence of high and low marginal costs (q)

- a measure of the ratio between high and low marginal costs (5)

- the parameter p of the demand function.

The role of the first three variables is what intuition suggests. Thus, the desirability of
regulation decreases with the number of competitors (see Remark 1). In addition, for
sufficiently small or large values of g, regulation is the optimal policy —with the regulated
price equal to y (resp. z) when this marginal cost is very likely because, in this case, the
regulator faces very little uncertainty. For intermediate values of q, the free market may be
socially optimal. Moreover, the values of g for which any of these options are optimal form an
interval (Proposition 1). With respect to S, when the high and low marginal costs are similar,
the optimal policy is to set a regulated price equal to the higher value of the marginal cost.
This is because this choice yields almost as much social welfare as the lower marginal cost
and avoids the risk that firms do not produce. On the contrary, when the two marginal costs
are sufficiently far apart, the optimal policy is to set a regulated price equal to the lower value
of the marginal cost because this option yields greater social welfare. For intermediate values

* A similar trade-off occurs in Vogelsang (2010) but it applies to investment.
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of g, the free market may or may not be the optimal policy. Again, the values of g for which
any of these options are optimal form an interval (Propositions 2 and 3).°

Finally, we look at the influence of p on the optimal policy. Unfortunately, in this case
we have been not able to fully define the optimal policy. We have only been able to
characterize the intervals in which, should regulation occur, the price should be set either to y
or z. In particular, for values of p close to 0, the optimal policy is regulation with p = z. When
p tends to infinity or to -1, the optimal policy is regulation with p =y (Propositions 4 and 5).
In the first case, the optimal policy, should regulation occur, is to set the regulated price equal
to the lower level of the marginal cost because demand is very elastic. In the second case,
should regulation occur, the optimal policy is to set the regulated price equal to the higher
value of the marginal cost because demand is very rigid.

Our results can be used to judge the success (or lack thereof) of price regulation in
practice. In particular, they stress the importance of obtaining a good estimate of the intercept
of the demand function and p. Since these values cannot be discerned by looking at points
around equilibrium, price regulation in practice might be more difficult than presented in this
paper.

Finally, Section 6 presents our final comments on the limitations of our work and
mentions some possible extensions to consider price caps, several constant marginal costs,
non-constant marginal costs and other forms of demand. We show that our previous results
can be extended somewhat to price caps and several constant marginal costs but not to non-
constant marginal costs and other forms of demand.

2. THE MODEL

There is a representative consumer with a utility function, U = Ax —bx”** /(p +1) — px, where
X is aggregate output and p is the market price. We assume bp > 0 and p>-1.°
Maximization of utility yields an inverse demand function p = A—bx”. Because bp >0, p is

decreasing on x. Note that, if p <0, b <0 and A = 0, we have an isoelastic demand function p

= -bx” and, if p = 1, demand is linear. Note also that there is a relationship between the

demand elasticity (denoted by #) and p; namely, n = _dxp = L. Whenp <0,b <0,
dp x  p(A-p)

then A < p and # increases with p. When p >0, b > 0, then A > p and # decreases with p.

There are n identical firms producing a single output denoted by x;. Thus, x = z X; . Marginal
i=1

costs are constant and denoted by c. Defining a = A - ¢, profits for firm i can be written

% However, S also depends on the intercept of the demand function; see our comments below.
® » must be larger than -1 because, if p < -1, utility tends to negative infinity if x tends to 0.
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as B, :(a—bx”)xi. Assume ab > 0, which implies that positive outputs are possible. If firms

are quantity setters, it is easy to check that second-order conditions of profit maximization
hold and that the equilibrium is symmetric. Thus, first-order conditions of profit maximization
yield the Cournot equilibrium outputs and profits, denoted by the superscript ¢, namely:

1+p

c | an e ¢ %p a P
’ {b(nw)} ’ B =ben {b(nw)} ' W

Social welfare, denoted by W, is the sum of profits and the utility of the representative
consumer, i.e.

bxp+l

p+1

W=U+>B=ax-

Social welfare in the Cournot equilibrium, denoted by WC, is,

1+p 1

We a; pn"(:pﬂ)_ )

b’ (n+p) » (p+1)

In an optimal allocation, social welfare is maximized. Since the second-order condition holds
and the allocation is symmetric, the first-order condition of social welfare maximization yields
the optimal allocation, namely:

a 1/ p pal+7,0
XOZ[E] , Wozl—. (2%
b’ (L+ p)

3. REGULATION

We assume that the regulator controls the market price. The regulator is uncertain of the value
of marginal cost, which can take two values: y with probability 7z and z with probability
1— 7. We will refer to these values as “states of the world”. Once the regulated price is set,
firms decide on output. If p is smaller than the value of the marginal cost, firms do not
produce and social welfare is zero. If p is larger than or equal to the marginal cost, they

1
produce an identical quantity each x, = x/n, satisfying demand, i.e. x=((A—p)/b).. Thus,
social welfare in state ¢ =y, z with regulated price p is
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p+l _ - _

WR :Ax—bx l—cx:(Ab p)p(pAJrFl) (l+p)cj ifx>0. W< =0, otherwise.
p+ +p

We assume that the regulator is risk-neutral and maximizes expected social welfare.
Firstly, we show that, in this case, the regulator chooses eitherp =y orp = z.

Lemma 1. A regulator maximizing expected social welfare chooses a price of y or z.

Proof. Let U(x) be the utility function of the representative consumer and x(p) be the demand
at price p. Thus, if x > 0, social welfare can be written as W = U(x(p)) — cx(p). Differentiating
this equation, we see that, if p > c, social welfare decreases in p.

Suppose that p > y. Expected social welfare can be increased by decreasing p, so this price
cannot be optimal. Suppose now that z < p <vy. If c =y, a decrease in the regulated price has
no effect on social welfare but it increases social welfare if ¢ = z. Therefore, a price decrease
improves expected social welfare. Since the regulator will never choose a price below z, the
lemma is proved.m

The reasoning behind Lemma 1 is simple. The regulator wants prices to be as low as
possible. However, if too low a price is selected, the risk is that the industry will not produce at
all. Thus, if the regulator chooses a price that is larger than y (resp. z), there is as much risk of
zero output as choosing p =y (resp. z) but, if costs are y (resp. z), the result is not as good as
when the price is set equal to y (resp. z).

Lemma 1 implies that the regulated price is either y or z. The expected welfare in these
two cases is easily shown as follows:

EW" :LI(A_ y)l+7p +(1_7[{A; yjp ,O(A—Z)—g-A— y)+(A_Z) 3)
L+ p)” i
5N2=a—n{A;Zy“ﬁﬁ_zk=ﬁa_fNA—zﬁf. (@)

P b p)

The regulator chooses p =y if EW' > EW” and p = z otherwise. The regulator is
indifferent to the price if EW' = EW”. Define ay= A -z a.=A -y, f=a,/a and
g=x/1—rx.Note that, if p >0, f>1and, ifp <0,0 < <1 (the case of § = 1, namely y =

z, is trivial and is not considered). With this notation in hand, EW" = EW* is equivalent to:
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(5)

4. COMPARING THE FREE MARKET WITH REGULATION

In order to compare the welfare expected under free market conditions (e. g., Cournot
competition) with the social optimum, we will find it more convenient to work in terms of
percentages of welfare losses. As we will see, this greatly simplifies our analysis. Define the
percentage of welfare loss, denoted by PWL, of an allocation yielding, say, social welfare 7,
as follows:

o 1
W

The percentage of welfare loss under Cournot competition, denoted by PWLE, is

1

2 (n+p+1)

pwie =1-" - PWL®(p,n). (6)

1+p

(n+p)»

We now review the (well-known) properties of PWLE. Clearly, W € increases with n. Since
W° is independent of n, PWL® decreases with n. In addition, an easy adaptation of
Proposition 6 in Anderson and Renault (2003) shows that PWLE is strictly quasi-concave on
p, with a maximum value that decreases (pretty fast) with n and that, for the duopoly case, is
0.118. Finally, PWL® tends to 0 when p tends to -1 or to .

First, from equations (3) and (4) we obtain the percentage of the expected welfare
losses from price regulation. The optimal expected welfare, denoted by EWP, is the expected
social welfare obtained if, for each state of the world, the planner had a complete set of
information, i.e. when ¢ =y (resp. ¢ = z) the regulated price would be y (resp. z). Thus,

1+p 1+p

EWo=—2 (@’ +(1-7)a/ ). )
b’ (1+ p)

Next, we note that the percentage of expected welfare losses from a Cournot
equilibrium is equal to the percentage of welfare losses obtained in (6) above. The reasoning
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behind this result is that the parameter, a, which encapsulates all the uncertainties faced by the
regulator, multiplicatively affects social welfare both at the Cournot and the optimal allocation
(see equations (2) and (2’)). Consequently, a cancels out in the formula governing the
percentage of expected welfare loss. We record this result as Lemma 2 below.

Lemma 2. The percentage of expected welfare loss under Cournot competition equals the
percentage of welfare loss.

The proof involves only cumbersome algebra and is left to the reader. Subsequently, we
will denote the percentage of expected welfare loss under Cournot competition by PWLE. We
are now ready to compare free market and price regulation scenarios.

1) Consider first that the regulator chooses p =y. We will compare the percentage of welfare
losses from price regulation when p =y, denoted by PWL", with the welfare losses under

Cournot competition.

1+p
EW’-EW" P —pf-p+1
PWL" = EW° - pﬂ pﬂhpﬂ = PWL' (p!ﬂ!q) (8)
;{q+ﬂp]

Next, Lemma 3 (proved in the Appendix) shows the properties of PWL" .

Lemma 3. PWL" (e) is decreasing in p and increasing in 8 if p > 0 (increasing in p and
decreasing in f if p < 0) and decreasing in g.

Comparing (8) with the welfare losses under Cournot equilibrium, easy calculations show that
PWL® = PWL" iff

1+p 1

qz(pﬁ+ﬁ—1l)(n+p)7—pﬂp (n+p+1n” )

1+p

pn? (n+ p+1)-p(n+p) o

2) Now, consider that the regulator chooses p = z. The expected welfare is

1+p

EW ? =(1—7Z'{A_ij p(A_Z): (]1'_”)10 aHT' (10)
b 1+ p

b’ (1+ p)




The percentage of welfare losses from price regulation when p = z, denoted by PWL? | is

1+p

s
pwiz —1-—L=7)a, = = PWL (0, 5,0). 11)

1+p 1+p +p
q+p”

72'aL7 +(1-7)ay

We now investigate the properties of PWLZ. The proof of the Lemma below is trivial and is
omitted.

Lemma 4. PWL” (e) is decreasing in g if p>0 (increasing if p<0), increasing in p if p >

0 (decreasing if p <0) and increasing in q.

Similarly to case 1) above, the value of q equalizing welfare losses under regulation with p =z
and Cournot equilibrium, is

1 hy L
B ln+p)r —n?(n+p+1)
q= T : (12)
n”(n+,p+1)

Note that, when P tends to 1, PWL" tends to 0 but PWL? tends to g/(q+1). The reason
for that is the existence of a discontinuity: if the state of the world is y but the regulator set p =
z, there is no production so the welfare loss is positive even for y~z. However, if the regulator
set p =y, the welfare loss tends to 0 when y tends to z.

Summing up, in order to find the optimal policy, a regulator has to look at three
equations only, namely (6), (8) and (11).

5. THE OPTIMAL POLICY: COMPARATIVE STATICS

In this section we characterize the values of p, £, n and q for which regulation or a free market
are the optimal choices. We have two kinds of results: results that do not depend on the sign of
p and results that depend on its sign.” In the first class, we consider the characterization of the
optimal policy when n and q vary. In the second class, we consider the characterization of the
optimal policy when p and g vary. Firstly, we note the following remark:

" Recall that, when p > 0, the demand function is concave or convex depending on whether p is larger or smaller
than 1, respectively. When p < 0, the demand function is convex.
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Remark 1. Given p, B, and g there is an n' such that if n € [1, n'] the optimal policy is
regulation (either with p = z or with p = y). If n > n’, the optimal policy is free market.

The remark follows from the fact that, as we remarked after equation (3), the welfare
loss under Cournot competition decreases with n and tends to zero when n tends to infinity and
that the expected welfare loss under regulation does not depend on n. This remark is just a re-
statement of the well-known fact that, given identical firms with no economies of scale, the
more competition in the market, the better. Clearly, when n' is 1, the interval (1, n'] is empty
and a free market is always the optimal policy.

Now we turn to the study of the optimal policy when g varies. For given values of n, p
and 8, denote by g* the value of q in equation (5). Similarly, define g° and g° as the values of g
given by equations (9) and (12), respectively. See Figures 1 and 2 below.

INSERT FIGURES 1 AND 2 ABOUT HERE

Proposition 1. Let p, 8 and n be given. Suppose that g* > ¢°. If q € (0, ¢°], the optimal policy
is regulation with p = z. If q € [g°, g°], the optimal policy is a free market. If q € [q% =), the
optimal policy is regulation with p = y. Suppose that 9> < ¢°. If g € (0, g*], the optimal policy
is regulation with p = z. If g €[q", =), the optimal policy is regulation with p = y.

Proof. Note the following facts:
a) PWL'(p, B, e) is decreasing in q as shown by Lemma 3 and tends to 0 when g
tends to infinity (see equation (8)).
b) PWL? (p, B, e) is increasing in g as shown in Lemma 4, tends to 0 when q tends
to 0 and tends to 1 when ¢ tends to infinity (see equation (11)).
c) PWLC is larger than 0 and does not depend on q (see equation (6)).
Note that a) and b) above imply that g* and g° exist. Then, the proposition follows
from a), b) and c) by noting that the values of g are defined by the equality between PWL
at regulated prices y or z and the Cournot equilibrium. m

The reasoning behind Proposition 1 is as follows. When q is small enough, the optimal
policy is regulation with p = z because the probability of ¢ = z is very large so the welfare loss
of regulation is negligible because the case ¢ =y seldom occurs (PWL? is close to 0). When q
increases, on the one hand, PWL? increases because the probability of ¢ =y increases (in this
case there is no production) and, on the other hand, PWL" decreases for the same reason. Thus,
for the intermediate value theorem there is a value of q (q*) for which PWL* = PWL". If, for g,
PWLY < PWLS, regulation is always better because PWL" is decreasing in g and tends to 0

10



when g tends to infinity. On the contrary, if, for g*, PWL" > PWL®, there is an interval [¢7, °]
where a free market is the optimal policy.

We now turn our attention to the optimal policy when g or p varies. We have to consider
two cases: when p is positive and S lies between 1 and infinity and when p is negative and S
lies between 0 and 1.

Let p and q be given. Let A* be the value of 4 solving PWL"(p, 8, ¢) = PWL” (p, B, g), i.e. it
solves equation (5). Let 2 be the value of  solving PWLE (p, n) = PWL"(p, B, ¢)), i.e. it solves
equation (9). #* and A exist and are unique (see the proof of the next proposition). Let £° be
the value of 8 solving PWLE (p, n) = PWL” (p, B, q), i.e. it solves equation (12). If such a value
exists, it is unique. If this value does not exist, set #° = 1 (the lower bound for f). See Figures 3
and 4 below.

INSERT FIGURES 3 AND 4 ABOUT HERE

Proposition 2. Suppose that p > 0 and n and q are given. Suppose that 8* > 2. If g € (1, B4,
the optimal policy is regulation with p = y. If 8 €[82 B°], the optimal policy is a free market.
If B € [, ), the optimal policy is regulation with p = z. Suppose that 5% > £°. If g € (1, £,
the optimal policy is regulation with p = y. If 8 € [8*, »), the optimal policy is regulation with
p=1z

Proof. Note the following facts:
d) PWL" tends to O if Btends to 1 and tends to 1 if 4 tends to infinity (see equation
(8)). PWL(p, e, g) is increasing on S as shown in Lemma 3.
e) PWL? tends to g/(q+1) if 4 tends to 1 and tends to O if /3 tends to infinity (see
equation (11)). PWL%(p, e, g) is decreasing on S as shown in Lemma 4.
f)  PWLE does not depend on 2 (see equation (6)).
Note that a) and b) above imply that ' and g exist. The proposition then follows
from a), b) and c) by noting that the values of S are defined by the equalities between
PWL at regulated prices y or z and the Cournot equilibrium. m

The reasoning behind Proposition 2 is as follows. When g is close to 1, regulation is
better than a free market because the regulator faces very little uncertainty since y and z
are almost identical so that the expected welfare loss of regulation tends to 0. In this case,
the regulator sets p =y because the welfare loss of setting y when costs are z is very small
compared with the loss of setting z when the cost is y (in the latter case firms will not
produce). When £ is large enough, regulation is better with p = z because, when y tends to
A, the surplus of setting a regulated price of y tends to 0, so the welfare loss when p =z
and ¢ =y is very small. Thus, for the intermediate value theorem there is a value of 8 (5")
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for which PWL* = PWL". If, for *, PWLY < PWLS, regulation is always better because
PWL? is decreasing in £ and tends to 0 when /3 tends to infinity. On the contrary, if, for 4,
PWL” > PWLS, there is an interval [5% 8] where a free market is the optimal policy.

The next Proposition deals with the case in which p € (-1, 0).We keep the notation for g
introduced above and recall that here g €[0, 1]. See Figures 5 and 6 below.

INSERT FIGURES 5 AND 6 ABOUT HERE

Proposition 3. Suppose that p € (-1, 0), n and q are given. Suppose that 2> > 2. If B € (0, B°],
the optimal policy is regulation with p = z. If B € [°, ], the optimal policy is a free market. If
B €[S 1), the optimal policy is regulation with p =y. Suppose that £° > 2 If § € (0, ], the
optimal policy is regulation with p = z. If g € [#*, 1), the optimal policy is regulation with p =
y.

Proof. Note the following facts:
a) PWL" tends to 0 if Stends to 1. PWLY(p, e, ¢) is decreasing on 4 and tends to 1
if ftends to O.
b) PWL? tends to g/(q+1) if Btends to 1. PWL?(p, e, ) is increasing on B and tends
to 0 if Stends to 0.
c¢) PWLE does not depend on .
The proposition follows from a), b) and c) by noting that the values of £ are defined by the
equalities between PWL at regulated prices y or z and the Cournot equilibrium. m

The reasoning behind Proposition 3 is as follows. When £ is small enough, regulation
IS better with p = z because the surplus when ¢ = z is very large and the welfare loss when p =
y is relatively negligible. When £ is large enough, regulation with p =y is the optimal policy
because y is close to z and the welfare loss when ¢ = z is very small. On the contrary, if p = z,
the welfare loss of ¢ =y can be very large because there is no production. When £ increases,
PWL? increases and PWL" decreases towards 0, so there is a value of 4 (") for which PWL” =
PWLY. If, for ', PWL" < PWLE, regulation is always better. On the contrary, if, for 5, PWLY
> PWLE, there is room for a free market.

Propositions 2 and 3 say two things: firstly, when y and z are almost identical (so that g
is close to 1), regulation with price equal to y (i.e., the safe option because it secures a positive
output, no matter what) is the optimal choice; secondly, when y and z are very different (so that
p is very large when p is positive and close to 0 when p is negative), regulation with price
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equal to z (i.e., the risky option) is the optimal choice given the greater social welfare that is
created in this case. ®

Propositions 1, 2 and 3 imply that when g or q is small or large enough, regulation is
always the optimal policy. This is very intuitive because in these cases the uncertainty faced by
the regulator disappears. Note that, when p < 0, a price equal to y is optimal for values of j
close to 1 (which is the largest value of f) and that, when p > 0, this price is also optimal when
S is close to 1 (which is the smallest value of p).

Finally, we consider variations of p. This case is more complicated than the previous
ones because PWL® depends on p. Consequently, our conclusions are not as sharp as in the
previous results. Let p” be such that PWL” (p")= PWL"(p ).

Proposition 4. Suppose that B, n and q are given and that p > 0. For p close enough to
0, the optimal policy is regulation with p = z. When p tends to infinity, the optimal policy is
regulation with p = y. Moreover, y cannot be optimal for p < " and z cannot be optimal for p
> p_*

Proof. Note the followings facts:
a) PWLC is positive when p — 0. PWL (e, n) is quasi-concave with a maximum and
decreasing when p is large enough. When p = 1, PWL® > 0 and when p — o, PWL®
—0.7°
b) PWL?(e, 5, q) is increasing with p. PWL” — 0 if p — 0 and PWL* — ¢/(¢+) when
p —> 0.
c) PWLY(e, B, ) is decreasing with p. PWLY — 1 if p - 0and PWL" — 0 when p —
00,
(b) and (c) imply that pexists and is unique.
From (a), (b) and (c) the proposition follows, noting that it can be shown that when p—oo,
lim PWLY/PWL® = 0.m

The reasoning behind Proposition 4 is that, when p is close to 0, the demand function is
very elastic, so the welfare gains in the state of the world ¢ = z are very large with respect to
the welfare gains when the state of the world is ¢ = y. For the same reason, regulation with a
price at z is better than a free market. When p is close to infinity, the demand function is
almost rigid, so total surplus is almost independent of the price and setting the regulated price
at z risks much of the welfare gain if the state of the world is y. In this case (even when the

® The relationship between f and the marginal costs is not straightforward because S also depends on A. Thus the
same values of the marginal costs might be associated with very different policies.
% See Anderson and Renault (2003), p. 262.
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state of the world is z) the price under a free market tends to A and the welfare losses are larger
(maybe only by a tiny bit) with a free market than with regulation with p =y.

Note that Proposition 4 does not characterize the optimal policy for intermediate values of
p. However, it says that there is a cutoff value of p, p’, such that under regulation, z is optimal
for all p < p” and y is optimal for all p > p". Unfortunately, we cannot prevent PWL®
intersecting the other two curves several times, so the optimal policy might switch from free
market to regulation and back again to free market, etc., as p increases. Our simulations for
values of g and £ that are not extreme could not prove this possibility, however.

Finally, we tackle the case in which p is negative.

Proposition 5. Suppose that B, n and q are given and that p < 0. For p close enough to
0 the optimal policy is regulation with p = z. Moreover, z cannot be optimal for p < p” and y
cannot be optimal for p > p.”

Proof. Virtually identical to Proposition 4.m

The reasoning behind Proposition 5 is that PWL” (8, e, ¢)— 0 if p — 0 but the limits of PWL"
and PWLE are not 0, so regulation with p = z is the optimal policy. The reason is that demand
is very elastic. This is different from the result in Proposition 4 above because, there, f was
larger than 1 and, in this case, £ is between 0 and 1. When p — -1, PWL?(B, e, g)—q/q+1 but
PWLY (8, e, g) and PWLE(B, e, ¢) tend to 0, so regulation with p = z cannot be the optimal
policy. The reason is that, when p—-1, the demand function tends to be of elasticity 1 and this
function yields an infinite surplus, so the policy of setting a regulated price of z is very risky.
Depending on the parameters, the optimal policy could be regulation with p =y or a free
market. For instance, when 5 = 0.4, g = 0.1 and n = 10, a free market is optimal. The reason is
that marginal costs are far apart, the probability of occurrence of y is small and competition is
high. When g = 0.9, g = 10 and n = 2, regulation is optimal. The reason is that marginal costs
are close, the probability of occurrence of y is large and competition is between two firms
only.

6. EXTENSIONS AND FINAL COMMENTS

In this paper we have studied, in a very simple framework, the optimal regulatory policy in an
oligopolistic market where marginal costs are unknown to the regulator. There are many
aspects of paramount practical importance that have been left out of our study because they
would require fresh modelling: i.e., quality of the product, location, repeated interaction among
firms and the regulator, different objectives for the regulator (i.e. pro-consumer or pro-firms), a
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continuous distribution of marginal costs or variability of demand.’® Other aspects could be
incorporated or, at least, discussed in our framework such as the four points considered below.

1: Price Caps. In many practical applications, instead of setting a price, the regulator sets a
price cap, i.e. a ceiling for the price.™ In our case this means that, once the regulated price has
been set, say to k, the regulator would allow for any increase in output starting from p™ (k)/n.
We will see that, if p > 0, f— 1 <p /nand if p < 0, f — 1 > p/n, price caps coincide with
regulated prices. Indeed, suppose that the regulated price is z. If the true cost is y, production is
zero and no firm has an incentive to increase production because costs are never recovered for
any positive output. If the true cost is z and a firm increases output, it will face losses. Now,
suppose that the regulated price is y. Let x(y) be the optimal output when the regulated price is
y, i.e. x(y) = p(y). If the true cost is y, again, if a firm increases output it will face losses. So,
we are left with the case in which the true cost is z. Any infinitesimal increase in the output of
firm i must not increase profits, namely

dr, _db(o) XD,y <o (13)
dx. dx n T

In fact, if (13) holds, because of the concavity of the profit function, we guarantee that firm i
would not choose to increase output, infinitesimally or not. Noting thaty —z = a4 - a_ and
calculating dp(x(y))/dx and x(y) from (2’), we obtain from (13) that

(an -an <pa. (14)

Recall that g =a, /a_. Now we have two cases. If p is positive, a_ is positive and inequality
(14) is equivalent to p — 1 < p In. If p is negative, a_ is negative and inequality (14) is
equivalent to f — 1 > p /n. This says that, if costs do not display too much variability, firms
will not take the opportunity to increase their output when the regulated price is y and the state
of the world is z. This is because costs are not sufficiently far apart to justify an increase in
output. For instance, assume that there are four firms in the market. If demand is linear, S
should be smaller than (n+1)/n. This implies that the variability in a must be less than 25%.
When demand is isoelastic with, say, elasticity of 1.5, p equals 0.66. This implies that the
variability of costs must be less than 16.5%. Neither number seems unreasonable, although
further research on this issue is necessary.*

10 Eor the latter case, see Earle, Schmedders and Tatur (2007).

1 An analysis of the investment incentives under price caps has been done by Fabra, Fehr and Frutos (2009) and
by Buehler, Burger and Ferstl (2009).

12 Armstrong, Vickers and Zhou (2009) discuss price caps under search and find that price caps might hurt the
consumer because they soften competition.
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2: Many marginal costs. In this case, it is easy to see that our Lemma 1 can be generalized to:
“The regulator should never set a price different from a possible value of the marginal cost”.
The proof is identical; for any price between two values of the marginal cost, apply the proof
in the main text. The formulae showing welfare losses are less transparent but the general
principle applies: an expected social-welfare-maximizing regulator only considers either
marginal costs or the free market price to be an optimal choice. This may be called the
generalized “price equals marginal costs” principle. See more on this in Point 3 below.

3. Non-constant average costs. Some of the markets in which price regulation has been used
are characterized by large fixed costs (electricity, hospitals, etc.). Our paper can be interpreted
as a model where fixed costs are known to the regulator and they are financed by non-
distortionary taxation. The consideration of Ramsey pricing (i.e. price equals average costs)
would require different calculations, even though the principles established in this paper might
be helpful. Next, let us consider increasing marginal costs. Let p = b =1, n = 1 and costs be
cx?/2 with ¢ =y, z. We will assume that, once the price has been set by the regulator, firms are
free to supply whatever quantity they find most convenient."® This implies that the monopolist
supplies at a price that equals marginal costs unless this exceeds the regulated price of the
product in the market. Consider that the regulator sets a price that equals, say y. If the regulator
decreases the price slightly, we have two effects. On the one hand, if the state is y, the output
and social welfare decrease (following the “price equals marginal cost” rule). On the other
hand, if the state is z, output and social welfare increase following the expansion of demand.
By differentiating expected welfare and setting this to 0, we find that the optimal price is

AY[A-7)yz + 7]

=2 2 28" (15)
V'l+2)+7z(l+y—-y —y“2)

p

Note that, when 7= = 0 (resp. 1), the regulated price is Az/(1+z) (resp. Ay/(1+y)), which results
from equalizing the price to the marginal cost under state z (resp. y). The general principle is
that, in addition to price equals marginal costs, there are other prices that might be optimal for
the regulator because they are a good compromise between different states of the world.

4: Other forms of demand. There are cases in which the percentage of welfare losses under
free market depends on the state of the world. In this case, the results will not be as clean as
those in this paper. Assume that the utility function of the representative consumer is cubic,
written as Ax — bx2 — d x® — px. Thus, p = A — 2bx — 3dx? (see McHardy, (2000)). As in the
main text, set a = A4 - c. The optimal and the free market output are, respectively:

13 Under constant returns to scale, if price equals marginal cost, the firm is indifferent to any output as long as it
is sold in the market. Therefore, the implicit assumption in our previous analysis is that the regulator can choose
any output from among those to which the firm is indifferent. When marginal costs are increasing, we have to be
specific about the behaviour of firms.
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1 ) 1., ad
. —b+Jb?+3ad . —b(1+n)+\/b (1+ﬁ) +3ad +6?
X" = and x- = 64 . (16)
3 3d+T

Setting b = d = n = 1 for simplicity, we see that, if a tends to 0, PWL® tends to 0.25 and, if a
tends to infinity, PWLC tends to 0.23. Thus, in this case, PWL® depends on a.
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APPENDIX
Proof of Lemma 3. We first show that PWLY (e, p, q) is increasing in S if p > 0 and

decreasing in g if -1 <p <0.

, qp{(lw)ﬁ”—p—l}ﬁp(1+p)—ﬁ"’(1+p)
SPWL' (.p.0) _ :

op Lep )2
p{quﬁ , ]
L+ p){qp(ﬂ” —1} + 7B~ )}
pz[wﬁp)

1

Note that, if p >0, B> 1;if p< 0,0 < B <1, and S5” >Z1always.

We show that PWL" (B, e, q) is decreasing in p if p > 0 and increasing if -1 < p < 0.

19



W op-l-p P =2 p-1-
Vi szNz{qw -p J » PP
aPWLYa(ﬂ, d) s | +ﬂﬂ o Vi
P Lep Lep
e
(ﬂ—l)[q B ppr PE LNﬁ]

Lp )2
pz((ﬁﬁ"}

—qﬁpLNﬂ—ﬂﬂ”LNﬂ+(ﬂ—1)[Q+ﬁp( —LNpﬁU
P’ (CHﬂ"J
q(ﬂ;pLNﬂ-i—l—ﬂJ—kﬂ;p ([5’ LNﬂ—ﬂ+l+(ﬂ_1)LN'Bj

P
Lo \2
pz[mﬂ”}

+

[<0Vp>0
‘>0Vp €(-1,0)

If p > 0 (resp.< 0), this expression is negative: both parentheses in the numerator are positive
(resp. negative) because they are increasing in 3 and tend to O if f—1.
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Finally, it is obvious that PWL" decreases with g.
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