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Abstract

We introduce the possibility of unilaterally giving profits away to the rival in
different oligopolistic contexts. We find that this strategy may be profitable
in some circumstances. Although the strategy in itself may look unrealistic,
we argue that it may be hidden behind a more complicated relation of the
firms.
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1 Introduction

The study of oligopolies is a recurrent topic that attracts the attention of
economists. Models of oligopolistic competition are studied both because
of their increasing number of applications and because of the theoretical
insights they provide. The applications include the fields of industrial or-
ganization, macroeconomics, public economics and international trade. The
theoretical works deal with issues such as the analysis of different choices of
strategic variables, the effects of dynamic considerations and, more recently
and related to the present work, the role of cross-ownership (see, for exam-
ple, FritzRoy and Kraft, 1986, Farrell and Shapiro, 1990, Malueg 1992 and
Caminal and Vives, 1996.)

Along this last line of research, the present paper focuses on the particular
strategy of firms that consists on unilaterally and voluntarily giving a part
of their own profits to their rivals. Thus, in the first stage, firms decide
simultaneously what part of their profits to give away to their rival and then,
in the second stage, the equilibrium price and quantities are determined.

We use a general model to show the direct (negative) and indirect (may
be positive) effects of this strategy, and, then, concentrate on the effects of its
inclusion in some oligopolistic models (Cournot, Bertrand, Hotelling). We
show that giving away profits is a rewarding strategy for firms in some of
(but not all) the above oligopolistic competition models. Our analysis of
the standard models shows that firms may have incentives to share profits
in equilibrium in the Bertrand and Hotelling cases (at least for some values
of the parameters that define the model) and not so much in the Cournot
models. However, the use of the profit-sharing strategy does not depend on
the relevant variables being strategic substitutes or complementary, although
it seems that it works better in models of price competition.

In our model, the profit-giving strategy is performed directly. However, in
real life, the strategy that makes the rival firm internalize, at least partially,
one’s well-being may be more indirect, and could be hidden behind a more
complicated relation. After the presentation of the basic model, we suggest
one such possibility, namely, the use of a joint venture.

In a game-theoretical setting, Jackson and Wilkie (2005) have character-
ized the outcomes of games when players can make binding offers of strategy-
contingent side payments before the game is played. However, there are two
main differences with our model. The first one is our unilateral-decision
assumption. Contrary to their paper, our firms do not join together to pre-
commit for side-payments before the game is played. Our firms behave non
cooperatively and look for the optimal part of their profits to give away. The
second one is our two-sides profit-sharing strategy; unlike in Jackson and



Wilkie (2005), in our model both firms share profits and the maximization
is performed at the individual level.

The literature that integrates the notion of partial ownership and that is
more connected to our work includes Malueg (1992) and Farrell and Shapiro
(1990).

Malueg (1992) shows that, if firms interact repeatedly, increasing cross
ownership may reduce the likelihood of collusion. A high level of cross owner-
ship may even entail a lower likelihood of collusion than no-cross-ownership
would. We differ from this article in two respects: First, Malueg’s paper
considers that each firm is exogenously entitled to a common fraction of
the profit earned by the other firm. Second, our objective is just differ-
ent. Malueg investigates whether increasing cross ownership among rivals
increases the likelihood of collusion while we examine whether a firm is bet-
ter off by sharing its profit to its rival. We do not consider the problem of
collusion, which is left for future research.

Farrell and Shapiro (1990) study a one-way cross-ownership model where
a big firm wants to acquire assets from another firm. Throughout a single-
period Cournot oligopoly model, they show that, as the (exogenously given)
degree of cross ownership among rivals increases, the equilibrium in the mar-
ket becomes less competitive in the sense that aggregate output falls towards
the monopoly level. Again, in our model, the degree of cross-ownership is
endogenous and independently decided.

In this work we do not consider other models of oligopolistic competi-
tion, like the addition of a first stage of capacity building (like in Kreps and
Scheinkman, 1983 or Moreno and Ubeda, 2006). Owur aim to explore the
issue of the profit sharing strategy already complicates the standard models
to make it almost impossible to offer analytical results in most cases. The
addition of more stages in the game will presumably complicate matters even
more.

In Section 2 we present the basic model to show the direct (negative)
and indirect (perhaps positive) effects of the profit-giving strategy. Section 3
presents two models of price competition with product differentiation. Sec-
tion 4 studies the Cournot models both with homogeneous and heterogeneous
goods. Finally, Section 5 deals with the standard Bertrand case with homo-
geneous goods. Section 6 concludes.

2 The basic model

Consider a duopolistic market in which two firms have s; and s, as their re-
spective strategic variables. These variables can be price, quantity, location,



or any other standard strategic variable in oligopoly theory. Assume now
that, previous to the strategic choice of s; and sy, Firm i can give part of its
profits to Firm j, and that Firm j accepts. Let o; € [0, 1] denote the part of
the profit that Firm ¢ gives to Firm j. The profit functions of Firm ¢ can the
be written as II;(s1(aq, az), se(a1, az)). To simplify this exposition, we will
assume interior solutions in all maximization problems. In the next section
we provide examples where these assumptions are met, as well as examples
of corner solutions.

In the second stage of the game Firm ¢ maximizes P, = (1 —o;)IL;(s;, s;)+
a;11,(s;, s7), whose first-order conditions for an interior solution give:

ai@H,‘(Si,S]‘) _ajaHj(Si7Sj) _ OHi(si,sj). (1)
881' aSi aSi
The same condition is found for Firm j. The solution of the system thus
defined, if it exists, defines the Nash equilibrium s}(aq, as) and s3(aq, as) of
the second stage. From there, we can write the profits function P (s3(aq, ),
s5(a1, az)) that we use to solve the first stage of the game:

max P = (1 — a)ILi(s7 (i, o), 87 (i, ) + 1187 (e, o), 85 (0, @)

Using (1), the first-order conditions for an interior solution are given by

P, o+ 9s5 O(1L; + 1)
80@‘ ’ 80@‘ 88]‘
which, together with a similar condition for Firm j, defines the system of
equations that yields the equilibrium choice of o] and o3 in the first stage.
This means that, if the equilibrium is found solving the first order con-
ditions for an interior solution, we are in a situation where o] and oj are
greater than zero. l.e., firms are willing to give away part of their profits to
their rival. The last expression shows that sharing profits has two opposite
effects. First, a direct or negative effect given by the first term —II; and then,

a strategic effect (positive in an interior solution) given by the second term,
9s} O(I1;+11;)
Oa; 0s;
may find profitable to give away profits to their rival.

So far, the profit-giving strategy has been performed directly. However, in
real life, this strategy may be hidden behind a more complicated relation. To
see this, consider the following simple case of a joint venture. Let 3, € [0, 1]
denote the part of its own profits that Firm ¢ is willing to invest in a joint
venture along with Firm j. The total investment in the joint venture is, then,

=0,

. Hence, if the strategic effect is positive and large enough, firms



given by (5,11} + 3,II,. We will assume a simple joint venture activity with
net profits given by F' = k (5,11 + ,II3) where k > 0. Finally, we assume
that each firm receives s;F', where s; = m Consequently, we can write
the new profit function of each firm as P, = (1 — 8,)II; + s;k (8,11, + 5,11;)
or P; = [1— (1 — s;k)B;]IL; + s;v3,1L;. Tt is now straightforward to see that
(1 — s;k)B; plays the role of «; in the previous model, and that conditions
on «; can immediately be translated as conditions on 3; and on k for the

profit-giving strategy to be profitable in equilibrium.

3 Models of oligopolistic competition with het-
erogenous goods

3.1 The Bertrand model

Let us apply the basic model to the Bertrand model with heterogeneous
goods, where p; = 1 — ¢; — g; is the inverse demand function of Firm i.
Then, profits are T;(q1,g2) = pigi(p1, p2), With ¢; = =51 — v — pi + 7py)-
We assume that v2<1, that is, the own-price effect dominates the cross-price
effect. In the second stage the first-order conditions with respect to p; in the
problem of maximizing P; = (1 — «;)p;q; + a;pjq; with respect to g; give:

1— Y I 1— a; + a5
2 o)
By solving the system formed by p; = p1(p2) and py = pa(p1), we have

(1—a;)(1—7) 201 — ) + (1 — o + )]
41—-a)(1 =) —7?(1 —a; + o) (1 — o + o)

pi(p;) =

p;(aiv aj) =

Substituting, in ¢;:

24+7)(1 =)l — ) =71 +7)(1 — o)) — Y oy
L+ )AL — ) (1 — o) = 72(1 — i + ;) (1 — o + )]

q; (i, ) = (

In the first stage, profits have the form P;(a;, o) = (1 —i)p;q; + a;piqj,
i,7 = 1,2, 1 # j. The equilibrium choice of (o], ) (assuming interior solu-
tions) is given by maximizing P;(«;, ;) with respect to «;, and solving the
system formed by the reaction functions a; = a;(az), as = as(a;) to get
(o, a3). Once this is done, it is of interest to know whether there exist values
of  for which (af, a3) > (0,0). However, the analytical expression for o ()



in very complicated and it is better to rely on a numerical computation.
Notice that, by the symmetry of the problem, o] = o} = o*.

For negative values of v there is no profit-sharing equilibrium. Thus, we
illustrate the equilibria for positive 7. Figure 1 shows the values for which
the interior solution gives the equilibrium, and also the values of v for which
there is a corner solution ((ay, as) = (0,0)) for the equilibrium.

Alpha 05T
0457

047

0357

037

0257

027

0 f f f f f f f t t
0 01 0.2 0.3 04 05 0.6 0.7 038 0.9

Gama

Figure 1: Equilibrium « as a function of ~

In Figure 2 profits P; (a1, ) are shown for three cases, the equilib-
rium case with (a1, as) = (aF, o) case of not-profit sharing with (aq, ) =
(0,0) and the case of collusion to share monopolistic profits with (ay, ) =
(0.5,0.5). The equilibrium values of (aj, aj) are given by the solution of the
reaction functions a; = a;(ag), as = as(ay) whenever P; (o = ap = o*) >
P; (a1 = as = 0). The differences between P; (a; = as = 0.5) and P; (a1 = ap = a*)
provide an idea of how much it is to be gained if some sort of collusion is
reached between the firms. These comparisons are interesting for a later
discussion
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Figure 2: Profits in
equilibrium: P; (ag = ay = o*,7) (boxed points),
non-sharing: P; (a; = ap = 0,7y) (solid line), and
collusion (half monopoly): P; (a1 = as = 0.5,7) (dotted line)

The model of Bertrand competition with heterogeneous goods studied in
this section has an equilibrium in which firms share profits for the values
v € [0.75,1).

3.2 The Cournot model

Consider now the case of Cournot with heterogenous goods, with demand
functions given by p; = 1 —¢; — vq; (i,j = 1,2, i # j). Again assume, as
usual, v? < 1.

In the second stage, maximization of P, and P, with respect to ¢; and ¢,
respectively yields reaction functions

(1 —ai) —v(1 — i + a))g;
2(1 — o) ’

q; =

and equilibrium quantities

(1—y)2(1 — i) —y(1 — ai + o))
A1 — )1 —ay) = (1 — o + ) (1 — aj + )

q; (O‘iv aj) =
Substituting in p; = 1 — ¢; — vq; we find the equilibrium prices
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w0y o 20=y)(A-ai)(-ay)—r?a;(1-ajta)+y(1-ay) (1-aita;)
pi (i, ay) = I(1—a)(1—a;) 2 (—aita,) (1—aj1a;) :

In the first stage, Firm ¢ maximizes Pj(cy, ;) = (1 — aq)piqf + a;piq;
with respect to «;.

The equilibrium choice of (o], a}) (assuming interior solutions) is given by
the solution of the reaction functions «;(az) and as(ay). These expressions
are quite complicated, and an explicit solution is not available. When pro-
ceeding as in the Bertrand case, our computations (not shown here) show that
it never pays to give profits away. (However, if we allow for values of v with
72 > 1, there are cases of profit sharing in equilibrium. For instance, if v =
—1.09 then (af,a3) = (0.47,0.47) with profits P; (o = 0.47,7 = —1.09) =
9.5, greater than P; (v = 0,y = —1.09) = 1.21.)

Figure 3 is the counterpart of Figure 2. However, contrary to the Bertrand
case, it shows that equilibrium profits decrease with the value of v, and that
there is a very small difference in profits between the equilibrium case (no-
sharing, a3 = as = 0) and the sharing of monopolistic profits (; = ag =
0.5). Thus, in the Cournot case, there is little to gain from collusion.

Profits 0.257
0.23757
0.2257
0.21257
0.27
0.18757
0.1757
0.16257
0.157
0.13757

0.1257

0.1125

aamma

Figure 3: Profits in
equilibrium: P; (a; = ag = a* = 0,7) (solid line), and
collusion (half monopoly): P; (a1 = ae = 0.5,7) (dotted line)

3.3 The Hotelling model

Consider a linear city that lies on the interval [0,1], and where consumers
are uniformly distributed with density 1 along this interval. There are two
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firms which sell the same physical good, and that are located at the extremes
of the city. Firm 1 is at x = 0 and Firm 2 at x = 1. Consumers incur a
transportation cost ¢ > 0 per unit of length. Thus, a consumer living at
x incurs a cost of tx to go to Firm 1 and a cost of (1 — z) to go to Firm
2. Consumers have unit demands, and will choose from which firm to buy
minimizing the sum of the price and transportation cost. Firms compete in
price, which they choose simultaneously.

A consumer who is indifferent between the two firms is located at z =
D1 (p1, p2), where x is given by equating costs; i.e., p1 +tx = pa+t(1—x). The
firms’ respective demands are D;(p1, p2) = %+p22;tp1, and Ds(p1,pe) = 1—Ds.

To find the equilibrium in the second stage of the game, after a first mo-
ment of profit-sharing decisions, Firm ¢ maximizes P, = (1 — «;) p; D; (pi, p;)+
a;p;D; (pi, p;) - The first-order conditions with respect to p; give:

t + 1 —a; +
2 2(1 — )
The solution of the system yields

pz(p]): p]al7]:172727£j

pi(on, ) = t (1= o)) o iy 0 = L2 # J.

1-a;—aj)(3—aj—aj)’
Substituting equilibrium prices in D;, we have:

k) _ 1 3—2q5
Dl(p’“pj> T 23—a;—a;°

Now, profits in the first stage are given by P;(c, ;) = (1 — o) pi D;(pi, p5)+
a;p; D;(pi, p3), or

P = t(—ai) (20439? — 804? — 3o + 12005 — 204?0@ +9— 9041-) .

2(370@70@)2(1704]' —a;)

Maximization with respect to a; gives oy = oy = a* = 0.15, with profits
P} = P; = 0.6t and prices p; = p5 = 1.2¢t. However, if firms decided not to
share their profits, that is, if a* = 0, we find P; = 0.5¢.

4 Bertrand and Cournot models with homoge-
nous goods

4.1 The Bertrand case

Consider two firms, 1 and 2, that compete a la Bertrand in a homogeneous
market, and that each firm incurs in a cost ¢ per unit of production. Let the
market demand function be ¢ = D(p) = 1 — p, and assume that firms do
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not have capacity constraints, and always supply the demand they face. The
profit function for Firm 7 is:

o

pi—c)(l—p) if pi<p;
pi—c)(1—p;) if pi=p; i,j=1,2 (i #j)
otherwise.

Hi:

[en) I[P

Consider now two-stage game of profit-sharing. In the first stage of the
game firms choose (a1, az). In the second stage, firms select (py, p2). Because
of the discontinuity of the profit functions, the basic model is not a reference
for Bertrand competition with homogenous goods, however, one may still ask
whether the same general ideas apply. Indeed, in Waddle (2005) it is shown
that any price between perfect competition and monopoly can be achieved,
yielding positive profits to the industry. The ambiguity of the result and
the difference in methodology suggest a separate treatment of the case. The
result is reported here for the sake of completeness.

4.2 The Cournot case

Consider two firms, 1 and 2, that compete in a homogeneous market, and that
have no production costs. Let the demand curve be given by p =1 —¢q; — ¢
where ¢; is Firm i’s output. It is straightforward to see that the equilibrium

in the second stage of the profit-giving game is ¢} (a;, ;) = %, with
i QG

prices given by p*(aq,an) = 3_05_&2. Hence P;(a;, ) = (3_:—3‘;{])2, and

gi = (;:zx—:z% < 0 for oy, j € [0,1], and, thus, the maximization problem

of the first stage yields aj = a5 = 0.

5 Discussion

Due to the complicated expressions, it is almost impossible to derive neat
conditions that explain when profit sharing is a profitable equilibrium strat-
egy. We can, however, provide some hints by examining the behavior of
prices and profits under different scenarios.

In Section 3 we already saw that the differences in profits between the
non-profit sharing case and the monopoly case where much higher for the
Bertrand competition than for the Cournot competition. We can see this in
more detail by fixing the value of v and observing the changes in profits as
the shares go from a1 = as = 0 to a; = a = 0.5. Consider, then, the case of
v = 0.9, and make both firms choose the same sharing rules (o; = o; = @),
and show the changes in prices and profits as « changes.

9
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Figure 4
Profitso_lg*
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0.117
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0.09T
0.08T
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0.067T

0.057
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Figure 5

Now we do the same with the Cournot model for heterogenous goods.
Recall that in this model profit sharing was not an equilibrium strategy.
Figures 6 and 7 are the counterpart of Figures 4 and 5 (also for the case of
v = 0.9). Here we see an increase in price as a; = ag = « increase, but a very
slow and moderate increase in profits up to the monopolistic case (o = 0.5)
followed by a sharp decline.
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price 17
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0.97T
0.85T
08T
0.75T
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Figure 6: Changes in prices when « varies

Profits
0.1257

0.1125]

0.17

0.0875]

0.0757]

0.0625]

0.057

0.0375]

0.0257

0.0125]

Figure 7: Changes in profits when « varies

The model of Hotelling shows a pattern similar to the Bertrand case with
v = 0.9. Here we show just the counterpart of Figures 5 and 7. This is shown
in Figure 8.

11



Profits

T | | | | | |

0.5 T T T T T T T T T
0 0.05 0.1 0.15 0.2 025 03 035 04 0.45

albha

Figure 8 Hotelling: Changes in profits when « varies

All cases of equilibrium with positive sharing show patterns similar to
the ones found in the above Bertrand and Hotelling examples. All cases of
non-sharing in equilibrium are similar to the Cournot example. The main
differences between these cases are (i) a rapid increase in profits as we move
from a; = o = o = 0 to a; = a; = a = 0.5, and (ii) a big difference
between the oligopoly and monopoly profits This is more likely to occur
when decision variables are strategic complementaries, and when competition
is more aggressive.

6 Conclusion

This work has shown how two firms in a duopolistic market may be able
to limit the competition through the profit-sharing strategy, thus increasing
their profits. Using different oligopolistic models, we have brought to light
some situations where giving away profits could be a rewarding strategy for
firms. In fact we have analyzed models where the strategic variables were
strategic substitutes and models where they were strategic complements, and
have seen that in both situations, depending on the parameters of the model,
profit-giving was sometimes an equilibrium, but not always.

In our model firms give profits directly to the other firm. In more realis-
tic situations, this strategy may be performed indirectly, perhaps disguised
behind some other strategy. If this is the case, our model still serves as a

12



departing point to study these other cases, as one would expect the same
qualitative results.

Further, the fact that our findings show that the strategy of profit sharing
is more likely to occur in models of price competition opens the door to
investigate its influence in other scenarios of price competition, like in the
literature of price leadership (cf. Dastidar and Furth, 2005, and Yano and
Komatsubara, 2006.)
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Appendix
Computations for Strategic Profit Sharing Between
Firms

Section 3.1 The Bertrand model

First stage of the game: After substitution, the profit function for Firm
7 is given by

Py = (1 — aq)piq; + piq;
_ (1—o) (1= [2(1—ay)+y(1—ci+ay)]
= (1 a’)[4(1*0%)(1*043')*72(1*ai+aj)(1*aj+ai)]
1 ey (-a) —y(ty)ei(1-aj) =y asay
1+ [4(1—a;)(1—aj)—?(1—aitaj)(1—aj+ay)]
tas (I—a)(1-—)[2(1—aj)+y(l—aj+a;)] 1
JA(1—ai)(1—a;)—7y? (1—aitoy) (- +ag)] 1+
24+ (A—aj)(l-ai) (1 +y)ai(l—ai) 2 aia;
[4(1—ai)(1—aj)—72(1—ai+aj)(1—aj+o¢i)]

The first-order conditions with respect to a; give:

[(1—=a;) (1 =1 —ai)(=4—7) =71 — i + )]
[(2+7)(1 =) (1 — ;) = v(1+7)a;(l = a;) — Y2y
—[24+ 7)1 = a;) + Y] (1 = a;)[2(1 — ;) +v(1 — o + )]}
+a; (T =7){[-2(1 = aj) = v(1 — a; + ;) + (1 — )]
[(2+7)(1 = a;)(1 — ) =1+ 7)ai(l — o) — Vi)
—2[(2+7)(1 = o) = 29(1 +7)e; +v(1 +7) + 7]

(1 —a)2(1 — o) + (1 = a; + a;)]}] ,

[4(1 — @)1 —a;) =7*(1 —a; + o) (1 — a; + )] (1 +7)
—4[4(1 — o)1 — o) = V(1 — s + ;) (1 — aj + ;)]

[—2(1 — a;) +7*(a; — )] A+ ) {1 =) (1 — ;) (1 — o)
2(1 — i) +v(1 = s + )]

[(2+ 7)1 = a;)(1 — ) = (1 =)o (1 = o) = Y]

+a; (1 —7) (1 —a)2(1 — a5) + (1 — o + )]

[(2+ 7)1 = a;)(1 — ;) =71 = 7)a;(1 = o) = Pouoyl} =0

By symmetry, the interior solutions must satisfy a; = as = «

[(1—a) A=) {[(1 =a)(=4—7) =]
[(2+7)(1 —a)* = y(1+7)a(l — a) — ]
—[2+7)(1 —a) +7%a)(l —a)2(1 —a) +]}
+a(l-=y){[-2(1-a) =7 +~(1 - )]

(24 7)1 = a)® = y(1+7)a(l — ) — y?a?]
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—2[2+ 7)1 = a) = 2y(1 +y)a +7(1 +7) +7%]
(I=a)2(1 =)+ 401 = ) =] (1 +7) -
41400 = ) = ?[2(1 = )] (1 +7) {(1 =) (1 = a)?
2(1 =) +9][(2+ 7)1 =) = (1 =)

a(l —a) =r*? +a(l —a) (1 - )[(1—a)+’y]
[(24+ 7)1 —a)® = (1 —y)a(l —a) —7??]} =0

By solving the above equation, we find o = ——’y—i—l a=p o= 1+2fy,and
a=1+ %7 where p solves

(8 +8y) a® + (=52 — 487y) a* + (=273 + 1067y + 128) o®
+ (6792 — 4% + 993 — 110y — 152) o?
+ (1292 + 88 + 54y — 107*) a + 373 — 20+ 69* — 10y =0

For different values of v we solve the above expression for p numerically.
In this way we get the values for « in Figure 1 in Section 3. We only take
into account the solution @« = psincea =1, a =1+ %fy, and o =1— —fy give
negative values for the variables or a minimum for the objective function.

Finally, by replacing o; = a3 = « in the expression for P;(«, «v), we find

Pi(a, «)
= Py (24N 1-a) =71+ a(l-a) -1

1
+ 2(1—a)+~ -

This is the expression used to compute the values in Figure 2.

Section 3.2 The Cournot model

In the first stage of the game Firm i maximizes Py (aq, ag) = (1—aq)p*¢f+
asp* s, which, after substituting p*, ¢f, and ¢5 can be written as

o 2(1—y)(1—a1)(1—az)—y2as(1—as+ai)+y(1—ag)(1—ai+as2)
b = (1 - al) . 4(117a1)(12*a2’y)7'32(170421+0t2)(’1Y*0¢2+2a1) —

) (1—a2)(2(1—&1)—7(1—C¥1+a2))

4(1—a1)(1—a2)—vy2(1— a1+a2)(1—a2+a1)

T 2(1-y)(1—a1)(1—az)—?ai(l1—artaz)+y(1-a1)(l1—as+a1)
4(1—o1)(1—a2)—v2(1—a1+a2)(1—as+ai)

. (A-—a1)(2(1—az)—y(l—as+a1))

4(1—a1)(1—a2)—v2(1—ai+a2)(1—az+ai)

The first-order conditions with respect to a; give:

ar _ .
dal—O.

(Y?ag (201 — ag) + (1 — ag) (—yag — 2a; — 2a17))
I-a) 21 —a1)—7(1—-—q+am)+(1—-a)(-2+7)
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1—a) 21 =71 —a1)(1—ag) —Yas(1—az+a)+7(1—az)(1—a;+az))
tlaz(=2(1 =71 —a) = (¥ +7) (1 - a1+ az) —7y*a1 =7 (1 - a)))
(I=o)2(1—a2) =yl -2t o)) +(-2(1—az) +y(1 -1+ az) =y (1 — a1))
(@221 =) (1= a1) (1 —az) —7’m (1—@1+042)42'7(1—041)(1 — a2+ a1))))
(4(1—a)(1—ag) —7* (1 —ay +az) (1 —ay +ay))

441 —-a)(1—) — Y1 —ar+a) (1 —ag+a1)) (=2(1 — ) +7* (1 — az))
(I-a) 21 -71-a) (1 —a) —7aa(l—az+a) +7(1—az) (1 - a1 +a))
+(1—a)(2(1—a1) =71 -+ a2))

taz (=21 =) (1 —az) = (v*+7) (1 — a1+ az) —7?ar — 7 (1 — a1))
(I—o)(2(1—a2) =71 —az+0a))) =0

By symmetry, the interior solutions must satisfy a; = as = «

oP; _ .
TMJOQIOLQ:OL — O .

(720 + (1 = a) (=3ay — 2a)) (1 — ) (2 — 20 — y)+(1 — @)* (=2 +7)
20-71-a)-2a+y(l-a)+
a?(=2(1=-y)(1-a)=* =y —7*a—7y(l-a))
l-a)2—-2a—7)(—2+2a+7—ay(1l—a)) ,

A= (1-a)=-Pat+y(1-0a))(4(1-a)-1?)
—4(4(1—a)’ =12 (-2 +2a)
(1-=a)2(1-7(1-a)—Pa+vy(l—a)+(l—a)(2-2a—7)
+a(—2(1-y)(1—-a)=7* =y —7*a—y(1—-a))
(I-a)(2-2a—7))=0

By solving the above equation, we find as solutions a = 1, a = p, a =
14 %’y, and a =1 — %7 where p solves

(4 —4y) a* + (=32 + 28y + 49?) a?
+ (72 — 44~y — 1192 — 73) o?
+ (=64 + 207 + 10v?) o — 392 +20 = 0

Solving numerically for different values of v, we get Tables 1 and 2. We
only take into account o = p since the values « = 1, o = 1 + %7, and
a=1- %’y yield negative values for the variables or correspond to a minimum.
The tables show that the strategy of profit-giving is not worth.

v<0| a |Pi(a,y) | P;(0,7)
—0.97 | 0.51 | —=24.12 0.94
—0.71 | 0.6 —1.63 0.6
—0.61 | 0.64 | —1.01 0.51
—0.27 | 0.8 —0.27 0.33
0 1 0 0.25
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Tab. 1
v>0| a |P;(a,7)|P;(0,7)
0 1 0 0.25
0.27 | 0.94 0.121 0.19
0.47 | 0.9 0.115 0.16
0.79 | 0.84 0.106 0.12
1 0.80 | 0.101 0.111
Tab. 2

By replacing oy = a9 = « in the expression for profits we find

Pra,q) = (1 — a)? 2=00-afr%aty(l-a) _2-20

2 2 41-a)*— 4(1-a)’—2
2(1—y)(1-a)"—y?at+y(1-a) 2—2a—y
to 4(1—04)2—72 (1 o Oé) 4(1—05)2—72

1y 20=m)(1—a)?—ar+ty(1—a)
= (1 - o) i ei—a—)

This is the expression we use to compute the values in Figure 3.
Section 3.3 The Hotelling model

In the second stage of the game Firm i solves:

Ma:z:m Pl = (1 — al)pl(% + 1322;151?1) + agpg(% — p22—tp1)

The first-order conditions with respect to p; give

(1—an) (3+ 552) + 242 = 0

or

l—ai+as

p1(p2) = % + ey P2
and by analogy

l—as+ag

pa(p1) = % T Sy P1

Solving the system, one finds the equilibrium prices

* 3—3a;+a; .o . .
p; (ai7 ij) =1 (1 - aj) (1—041'—Oéj)(3+—(;i—04j) 0] = 17 27 t 7£ J

and then

Dz(pzvpj) = %37041.?]0[],77/7] = 1727Z ;é J
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Using the above expressions we can write the profits function as

. — _ . l 3_2aj _ . 3—3ai+a]~
Py = <1 al) 237aifajt (1 aﬂ) (I—o;—aj)(3—ai—ay)
1 _3-20; 4(1_ . 3—3ata
+a3 2 S—ai—ajt (1 a’> (I—aj—a;)(3—a;—aj)

t(].—ozi)
2(3—ai—aj)2(1—aj—o¢i)
. (2&? — 80@ — 3o + 12005 — 2042204]- +9— 9ai)

In the first stage of the game Firm i solves
Maz o, P( i, ),
whose first-order conditions with respect to a; give:

20 —16a%+4a;a? —16a;02+37a3+2a7 a2 +120;05—26a;+3—-3a?

(—3+aita;)’(—1+a;+a;)?

2t (—3a; + 3+ ;)

By symmetry, the interior solutions must satisfy a; = as = a. After
simplification, the first order conditions are:

—1(4a® —10a* +8a— 1)t =0

By solving the above equation, we find o* = 0.15, and, then, P* =

(2

% (1 — a) —L— = 0.6t. However, if firms decide not to share their profit, that

1-2a*

is, if = 0, we find P, = 0.5¢.
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