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What is a Time Series?

A time series is a realization of a stochastic process

A stochastic process is a family of random variables
fXt (ω) , t 2 T, ω 2 Ωg defined in a probability space fΩ,F , Pg

Examples: i.i.d., heteroscedastic, ARMA(p,q)

This course is about: Trended Time Series

“No one understands trends. Everyone sees them in data” (Phillips,
2010)
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Trends in Time Series Data

Real Consumption and Real GDP

U.S. Quarterly Data from the Federal Reserve Bank of St. Louis:
1947Q1-2012Q2

0

2,000

4,000

6,000

8,000

10,000

12,000

14,000

50 55 60 65 70 75 80 85 90 95 00 05 10

REALC REALGDP

Vanessa Berenguer-Rico () University of Oxford January 2014 3 / 18



Trends in Time Series Data

Government Expenditures and Revenues

U.S. Quarterly Data from the Federal Reserve Bank of St. Louis:
1947Q1-2012Q2
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Trends in Time Series Data

Real Stock Prices and Real Dividends

U.S. Monthly Data from Robert Shiller: 1871m1-2012m6
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Modelling Trends

No trends. Example: i.i.d., ARMA(p,q)

ut � i.i.d. (0, 1) ; xt = φxt�1 + ut; jφj < 1

Deterministic trends. Example: Linear time trend

xt = µ+ βt+ ut; ut � i.i.d. (0, 1)

Stochastic trend. Example: Random Walk

xt = xt�1 + ut; ut � i.i.d. (0, 1) ; x0 = 0

Deterministic & Stochastic trend. Example: Random Walk with
Drift

xt = α+ xt�1 + ut; ut � i.i.d. (0, 1) ; x0 = 0
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Modelling Trends

xt = µ+ βt+ ut; ut � i.i.d.N (0, 1)

0

10

20

30

40

50

60

70

80

90

10 20 30 40 50 60 70 80 90 100

XDT

Vanessa Berenguer-Rico () University of Oxford January 2014 7 / 18



Modelling Trends

xt = α+ xt�1 + ut; ut � i.i.d.N (0, 1) ; x0 = 0
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Modelling Trends: Stochastic Properties

Let ut � i.i.d.
�
0, σ2�

No trends. Example:
xt = µ+ ut

Stochastic Properties
E [xt] = µ

V [xt] = σ2

Cov [xt, xs] = 0
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Modelling Trends: Stochastic Properties

Let ut � i.i.d.
�
0, σ2�

No trends. Example:

xt = µ+ φxt�1 + ut; jφj < 1

Stochastic Properties

E [xt] =
µ

(1� φ)

V [xt] =
σ2�

1� φ2�
Cov [xt, xs] = φjt�sj σ2�

1� φ2�
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Modelling Trends: Stochastic Properties

Let ut � i.i.d.
�
0, σ2�

Deterministic trends. Example:

xt = µ+ βt+ ut

Stochastic Properties
E [xt] = µ+ βt

V [xt] = σ2

Cov [xt, xs] = 0
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Modelling Trends: Stochastic Properties

Let ut � i.i.d.
�
0, σ2�

Deterministic trends. Example:

xt = µ+ βt+ φxt�1 + ut; jφj < 1

Stochastic Properties

E [xt] =
µ

(1� φ)
� φβ

(1� φ)2
+

β

(1� φ)
t

V [xt] =
σ2�

1� φ2�
Cov [xt, xs] = φjt�sj σ2�

1� φ2�
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Modelling Trends: Stochastic Properties

Let ut � i.i.d.
�
0, σ2�

Stochastic Trend. Example:

xt = xt�1 + ut; x0 = 0

Solving Backwards

xt = xt�1 + ut

= xt�2 + ut�1 + ut

= xt�3 + ut�2 + ut�1 + ut

= ...

= x0 +
tX

j=1

uj
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Modelling Trends: Stochastic Properties

Stochastic Trend. Example:

xt = xt�1 + ut; ut � i.i.d. (0, 1) ; x0 = 0

xt = x0 +
tX

j=1

uj

Stochastic Properties
E [xt] = x0 = 0

V [xt] = σ2t

Cov [xt, xs] = min ft, sg σ2
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Modelling Trends: Stochastic Properties

Let ut � i.i.d.
�
0, σ2�

Deterministic & Stochastic Trend. Example:

xt = β+ xt�1 + ut; x0 = 0

Solving Backwards

xt = β+ xt�1 + ut

= 2β+ xt�2 + ut�1 + ut

= 3β+ xt�3 + ut�2 + ut�1 + ut

= ...

= tβ+ x0 +
tX

j=1

uj
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Modelling Trends: Stochastic Properties

Deterministic & Stochastic Trend. Example:

xt = β+ xt�1 + ut; ut � i.i.d. (0, 1)

xt = x0 + βt+
tX

j=1

uj

Stochastic Properties
E [xt] = x0 + βt

V [xt] = σ2t

Cov [xt, xs] = min ft, sg σ2
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Stationary vs Non-stationary World

Two notions of stationarity

Strict Stationarity: The time series fXt, t 2 Zg is said to be strictly
stationary if the joint distributions of (Xt1 , ..., Xtk)

0 and�
Xt1+h , ..., Xtk+h

�0 are the same for all positive integers k and for all
t1, ..., tk, h 2 Z.

Weak Stationarity: The time series fXt, t 2 Zg is said to be
weakly stationary if:

(i) E [Xt] = m for all t
(ii) E

�
X2

t
�
< ∞ for all t

(iii) Cov (Xt, Xs) = Cov (Xt+h, Xs+h) for all t, s, h 2 Z
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Stationary vs Non-stationary World

Non-stationarities: Examples

Non-statinary in mean:

xt = µ+ βt+ ut; ut � i.i.d.N (0, 1) or xt =

�
ut, t < k

µ+ ut, t � k

Non-statinary in variance:

xt = xt�1 + ut; ut � i.i.d. (0, 1)

Non-statinary in mean and variance:

xt = β+ xt�1 + ut; ut � i.i.d. (0, 1)
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