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Material used and recommended

¥ Theodore Caplow,Louis Hicks,Ben J. Wattenberg (2001)
The First Measured Century: An Illlustrated Guide to Trends in
America, 1900-2000.

¥ Hamilton (1994)
Time Series Analysis (Chapters: 15, 16 and 17).

¥ Fuller (1996)
Introduction to Statistical time series (Chapter 10).

¥ Billingsley (1999)
Convergence of Probability Measure

¥ Mikosch (2000)

Elementary Stochastic Calculus (Chapters 1 and 2).
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* Reasons to study UNIT ROOT MODELS
Growth

The effect of a Shock

Trend-Cycle decomposition
Forecasting

* Asymptotic Results

@ Brownian Motion

@ Functional Central Limite Theorem
* Testing for a Unit Root

@ Dickey-Fuller test: How to do it properly.
@ Otbher tests
@ Problems of testing for UR.
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To represent growth, we consider mainly two models:
@ Trend stationary (TS)

Xe=a+ Pt+ e

where €, is 1(0) (A process Y; is /(d) if after A9 becomes stationary
in the sense of having a Wold decomposition).
e Difference stationary (DS)
Xe=1Xt1+ B+ e
where €, is /(0). Note that X; is /(1)
AXy =B+ e

is 1(0). Moreover, with some algebra we can write

t
Xe=Xo+Bt+> ¢
j=1

where if €; ~ WN, then X; is a random walk with drift 5.
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The Effect of a Shock

We want to analyse the effect of a instantaneous perturbation at time t of
€+ in the outcome t + h periods ahead, X;yp:

IRF = E(Xesn | le—1, €0 = 8) — E(Xeqh | le—1,€: = 0).
oX
Z2tth _ 0 as h — 0o the shock is transitory.
H: aﬁt

e, # 0 as h — oo the shock is permanent.
€t

Example 1 (AR)

Consider X; = pX;—1 + € with |[p| < 1. Inverting into MA we obtain

o
Xi = ijﬁt—j = €t + per—1 + P2€t—2 Foecs
j=0
Therefore

0X,
Xith = €t4h + P€trp—1 + - +phet = 82+h = ph —0as h—
t

the shock is transitory.
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Example 2 (Random Walk)

Consider X; = 1X;_1 + €. As before
OXtth

Xith = €t4h + €tph—1+ -+ € = =1A0ash—

€t
the shock is permanent.

Example 3 (I(1) process)

Consider AX; = C(L)er = C(1)er + (1 — L)C(L)e; or, equally,
Xe = (1 —L)"1C(1)e; + C(L)e; Hence,

6 ~
Xt+h = C(l) t+h + C(L)€t+h

1-1L
Therefore, under certain assumptions
0X
8t+h = C(1) # 0 if X; has a unit root
€t

Example 4

Think on X; = a + b; + uy where uy = W(L)e; is stationary.
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Trend-Cycle Decomposition

Consider the difference stationary model

AXe = p+ C(L)e;
AX; = p+ C(1)er + (1 — L)C(L)ey

Xe = pt + cm% + C(L)ey

We denote:
@ ut: Determinist trend,
e C(1)e:A~1: Stochastic Trend (or better Permanent Component),
o C(L)es: Cycle (or better Transitory Component).

Remember the conditions on the polynomial C(L) in order for C(L) to
behave correctly.
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Forecasting

Comparison between /(0) and /(1)

Consider the trend stationary model
Xe =a+ bt+ C(L)e;
with 322, |G| < oo. Then
Xexh =a+ b(t+ h) + €rp + Cr€e4p—1 + -+ + Cher + Chp16e—1 + -+

where taking conditional expectations with respect to the information at
time t, Z; we obtain

E [XexnlZe] = a+ b(t + h) + Cher + Chyr€p—1+ - -+

Note that
E [Xesn — E[Xesn|Ze]]2 — c as h — oo

where ¢ is a constant.
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Forecasting

Comparison between /(0) and /(1)

Now consider the difference stationary model
Xt = U + th]_ + C(L)Et
Then

Xegh = hp+ Xe+ ern+ (L + c1)erpna + -+
food (I tattopr)errs o

where, again, taking conditional expectations with respect to Z; we obtain
E[XetnlZt] = hpp 4+ Xe + [L4+ 1+ -+ cples + [ Jer—1
Note that now
E [Xegh — E[Xen|Ze]]> = 00 as h — oo
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Asymptotic results

Consider the AR(1) model
X = pXe—1 + €

where ¢; ~ iid N(0,02). We want to test whether p = 1. Recall that
e If |p| <1 we know

VT (1 — p) < N(O,1 - p?)

VT(pr —1) 20

@ But if p = 1 what do we have?

ﬁT 1= Z;r Xi—1€t
- T
Zl th,1

Jesds Gonzalo (UC3M) The Unit Root Land Econometrics Il (MEA) 10/ 62



Asymptotic results

Consider first the term in the numerator

1 T
7 ZXt—lﬁt
t=1

Note that if p = 1, from our model we have

X2 = (Xee1 + €)2 = X2, + 2Xe_1e¢ + €2

where rearranging terms we can obtain
1
Xi_1€: = 5 [Xt2 - X{ - Gﬂ

Summing over t and dividing by 0? T gives

1 1/ 1 2 1
=S Xeree = (—=X7) - S

Jesds Gonzalo (UC3M) The Unit Root Land Econometrics Il (MEA) 11/62



Asymptotic results

Since
1 1 <
X7 ~ N(0,1), then X2 and =Y &5 42
O’ﬁ T ( ) (O'ﬁ Xl T; t
Then

1
UZTZXt ]_Gti*( —1)

Now consider the term in the denominator

1 T
22X
t=1

Note that
Xe_1 2 N(0,02(t — 1))
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Asymptotic results

and

T T-1/ ¢t 2 1

E <Z X,_?_1> =E (Z e,> =Z2T(T —1)0?
t=1 t=1 i=1
T 1
VY X2, | =<T(T-1)(T*=T+1)"
(21: tl) 3 ( ) +1)o

Therefore

Zthl X? 1 E[]=1 ,
ST(T—1)0? | V[] = 4l » Sas t— oo

Then we have that
1 T
w5 Xt
t=1

does not converge to a constant in mean square; BUT to a random

variable.
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Definition 1 (Brownian Motion)

B is a stochastic process [B(t) : 0 < t < oo] on a probabilistic space
(Q, F,P) with properties:

QO B(0,w)=0,Vw e Q

@ B(.,w) is continuous for each w € Q

Q@ For0< t;1 <t <.. <ty1<ty, the increments
B(t1), B(t2) — B(t1), ..., B(tn) — B(tn—1) are independent and
normally distributed, with mean 0 and variances

t17 t2 - t17 000y tn — tn—l

Definition 2

A Brownian motion is a gaussian process with E(B(t)) = 0 and
C(B(s),B(t)) =sAt.

For a graphical view see the applets on my web.
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Brownian Motion

Construction of a Brownian motion

Let {u:}2°, be a stochastic process such that:

Q E(ut) =0, for all ¢,
@ supE|u|? < oo, for some 5 > 2,
© 0% =IimE[T15%] exists and 02 > 0, where

-
ST = Z uj
i=1
2 = E(v?) and

and o2 can also be written as 02 = 02 + 2\ with 02 =

A= ZE(U,‘, UJ')
Jj=2

@ u; is strongly-mixing with mixing coefficients «, such that

o
Za,ln_z/ﬁ < 00
1
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Brownian Motion

Construction of a Brownian motion

Let's consider

1 1
Xr=—Sr=—=% u
Ve iaivs DS
Note that
L 5. 9 N, o?)
L 4 o
VT T
and
[T/2]
< N0, 0?)

\/[T/2 Z

where [T /2] denotes the largest integer that is less or equal to T /2.
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Brownian Motion

Construction of a Brownian motion

Now consider the following partial sum process

(T7]

XT( Zut

where r € [0,1]. For any given realization, X7(r) is a step function in r,
with

for 0<r<1/T
for 1/T <r<2/T

s

up + up
X7(r) = Nas for 2/T <r<3/T
T
uy + uo... +urt for r—1
VT
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Brownian Motion

Construction of a Brownian motion

Note that
e ForT=1

1
Xl(r)——Zut— up =0
V1 V1
U,
Tr
Figure: T=1
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Brownian Motion

Construction of a Brownian motion

@ For T =2
[2r] 1 1
1 ——uy if 0<r<s;
Xa(r) = NG Z Ut ‘{5 f 1o 1
=1 \Tz(uO + Ul) 1 35 r<
Uo+U,
U,
T=2 12 1 r
Figure: T=2
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Brownian Motion

Construction of a Brownian motion

@ For T=3
1 . 1
——ug if 0<r<s
g S
X3(r):%2ut: %(UO—FUl) if §§r<§
t=1 %(Uo+U1+U2) if %SI’<1
Uo+U,
Uo
T=3 113 2/3 T r
Uo+Uq+U,
Figure: T=3
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Brownian Motion

Construction of a Brownian motion

Then

T ,
ﬁ ; ur ~ N(0,0°)
and
Therefore
Xr(r) & N0, ro?) and xgr) 4 N, )
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Brownian Motion

Construction of a Brownian motion

Now, consider (r2 > r1). We have that
VX7 (r2) = X7(n)] = V[X7(r2)] + V[X7(r1)] = 2C[X7(r2), X7(r1)]
= (72(I’2 +n— 2r1) = 02(r2 — r1)

Hence
Xr(r2) = Xr(n) o
o
Then by a Functional Central Limit Theorem (See Appendix for weak
convergence that will be represented by =, fidi convergence + tighness),

t=

has an asymptotic probability law that is described by the Wiener process
w(.)

N(O, rn — r1)

Xrl) W() or Xr(-)=o*W()

g
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Application to Unit Root processes

Consider the unit root process

Ye =Yit—1+ Us

Which can also be expressed as

Yi=uitu+ ... +u

Then we can define the partial sum process

0 for 0§r<%

2 BT | 1 - 2

== for +<r<#%
Xr) =4 % -b o Fsi<d

Yr _ uitedfur —

LT T for r=1
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Application to Unit Root processes

X0
Y
LVT |
T T
1 2 3 4 r
T T T T
1
Xr(r)dr = )/713 + y723 +...+ yTzl
0 T2 T2 T2
LT
=T Z}/t—l
t=1
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Application to Unit Root processes

By the Continuous Mapping Theorem we have that

1 T 1
/ Xr(r)dr = T2 Zyt,l = 0/ W(r)dr
0 =1 0

/01 W(r)dr

is the Integrated Brownian Motion.

where
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Application to Unit Root processes

Some Properties

E/Ot W(s)ds = /tIEW(s)ds =0

0
For s <t

C [/0 W(y)dy/ot W(u)du] _E/OS/Ot W(y) W (u)dydu
:/OS/OtEW(y)W(u)dydu
= /Os /Ot min{y, u}dydu
:/05 </0uydy+/utudu> du
S5
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Application to Unit Root processes

Some Properties

By the previous result, if t = s =1, then

C [/O W(y)dy /Ot W(u)du] _ %

/01 W(r)dr = N (o, ;) .

and then
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Application to Unit Root processes

Other averages

.
3 _3
T2) yea=T 2[po+y1+ - +yr-1+yr]
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Application to Unit Root processes

Other averages

Therefore
3 T 1 T 3 T
t=1 t=1 t=1
1 o2
= oW(1) - 0/ W(r)dr=N (0, 3 >
0
because

C [/Ot W(r)dr, W(t)} = t;
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Application to Unit Root processes

Other averages

Consider now

Define
St(r) = [Xr(r),
then )
0 for0<r< %
% for % <r< %
Sr(r)=q9% forz2<r<3
é forr=1
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Application to Unit Root processes

Other averages

If follows that

1 2 2 2
2, N Y5 Y11
/0 (XT(r)) dr—ﬁ'f‘ﬁ-f-...‘l‘ T2
1
:>02/ (W(r))? dr
0

Hence

T 1
T2y y2,=0 /O (W(r))? dr
t=1
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Application to Unit Root processes

Other useful results

T T
T3 Z tyr—1 = T3 Z (%) Vio1 = a/l rW(r)dr
t=1 t=1 N’ 0
T T ¢ 1
T3 Z ty2 ,=T72 Z (7) v = 02/ r(W(r))? dr
t=1 t=1 0
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Application to Unit Root processes

Other useful results

An important sum where we can not apply a FCLT and then the
continuous mapping theorem as with the previous ones is

T

_ 1 1
71 E yt—lut:—zTy-zr——zT (uf—i—u%—k...—i—u%—)
t=1

B (D X - (;) (;) (6 + B+ ..+ u3)

Since X2(1) = o2 [W(1)]? and by LLN 1 (2 + u3 + ...+ u%) — o? then

.,
TS e = %02 WP -1].

t=1
Notice that when u; is not i.i.d, then 02 = o2 + \.
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Application to Unit Root processes

Other useful results

To obtain the previous result note that on the one hand we have

T

1
T Zyt_lut = [t + (1 + w)us+ ...+ (U1 + ... + ur—1) ut]
t=1

On the other hand

1 1
7)/%. = 7 (Ul +u 4+ ...+ UT)2

1
=7 [(uf—l—...—i—u%—)+2(u1u2)—i—~~

4 2(uut) + oo+ 2 (ur—1uT)]

1 2
?(U1+U2+ +UT ?Z}/t—lut

Re-arranging we obtain the desired result.
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Application to Unit Root processes

Summary of important results

Consider
Xe = X1+ ug

where now u; ~ iid with E[u;] = 0 and V[u;] = o2
Then we have

.
T3> u = oW(1)

t=1
| 1 1
_1 10 2 _
T 2;Xt_1ut:> S [[W(l)] 1] /0 Wdw
s T 1 o2
T2) tuy = oW(1) - a/ W(r)dr=N (o, 3)
t=1 0
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Application to Unit Root processes

Summary of important results

T 1
T3y Xea= o—/ W(r)dr
t=1 0

T 1
T2Y X2, = 02/0 (W(r))? dr
t=1

T

1
T3S X1 =0 / rW(r)dr
t=1 0

T 1
T*3th3,1 = 02/0 r(W(r))?dr
T
—(r+1) Z tr
t=1
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Unit Root Distribution Tables
Figure: T(& — 1) Figure: 7

Table 8.5.1. Empirical lative distribution of n(p— 1) for p=1 Table 8.5.2. Empirical cumulative distribution of 7 for p= |
Sample Size Probability of & Smaller Value Probability of a Smaller Value
BRI S0 e S S e
" 001 0025 00% 010 09 095 0975 0% M 001 002 005 010 0% 095 0975 0%
b i
2 =19 -93 =13 -53 100 140 1% 212 25 -266 -226 -195 -160 092 13 170 216
00T -129 -99 77 -55 097 135 10 216 50 -262 =225 -195 -161 091 131 166 20K
100 1) -2 =79 -86 09 131 188 200 100 ~260 -224 195 -161 0% 129 164 200
250 =136 =103 -80 ~-37 093 12 1682 204 250 -258 -22) -195 -162 0N 129 1e) 200
0 =137 =104 -80 =57 093 128 161 204 500 -258 <223 -195 -162 089 12 162 200
« -13g -105 -81 -357 09 12 160 200 © -258 -223 -19% -162 08 I 162 1m0
i, %
2 =172 =146 =125 =102 =076 001 065 140 28 =375 =33 -300 -26) -037 00 OM on
50 -189 -157 =133 -107 -081 -007 053 122 50 ~38%8 =322 -29) -260 -040 -00) O 066
100 ~198 -163 =137 -110 -083 -010 047 L4 100 ~3S1 =317 -289 -2%8 -042 -005 02 06}
250 -203 -166 -140 -112 -084 =012 043 109 250 ~346 =314 -288 -287 -042 -006 0 06
500 -25 ~168 -140 =112 -084 -013 042 1.06 500 -344 =313 =287 =257 -043 -007 024 0sl
© =207 ~169 -141 -113 -085 -0.13 04 1.04 © ~34) =312 =286 =257 -0M -007 oy 060
b .
25 25 -199 -179 -156 -251 -1 2 438 =395 -360 -324 -114 -080 -050 -01S
50 =257 -224 -198 -168 ~260 ~-166 50 -415 =380 -350 -318 -119 -087 -058 -024
100 -274 -236 -207 ~-175 -262 -1.1 100 ~404 =373 =345 -315 -122 -09 -062 -028
2% ~284 -244 =213 -180 =375 -264 -1L78 250 ~399 -369 -34) -313 -123 -092 -064 -031
500 ~289 248 =215 -8l =37 -265 -17% -0M 500 -398 -368 -342 -113 -124 -09) -06%5 -032
© =295 =251 -218 -183 -377 -266 -179 -087 © -396 -366 -341 =312 -125 -094 -066 -033
NOTE. This table was constructed by David A. Dickey using the Monte Carlo This table was constructed by David A. Dickey using the Monte Carlo method
method. Details are given in Dickey (1975). Standard ervors of the estimates vary, Details are given in Dickey (1975). Standard errors of the estimates vary, but most are
but most are less than 0.15 for entries in the left half of the table and less than 0.03 less than 0.02.

for entries in the right balf of the table.
Source: Fuller (1976).
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Dickey-Fuller Tests for Unit Root

e Case (a)

o DGP Xt == Xt*]. + us

@ Regression X; = pX;_1 + u;
Case (b)

o DGP Xt = th]_ + us

@ Regression X; = a+ pXi_1 + us
Case (b")

o DGP Xt = a+Xt7]_ -+ u;

@ Regression X; = a+ pXi_1 + up
Case (c)

o DGP Xt — Xt—l + Ut

© Regression X; = a+ bt + pXi_1 + ur
Case (c')

o DGP Xt :a+Xt_1+Ut

© Regression X; = a+ bt + pX;_1 + uy
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Dickey-Fuller Tests for Unit Root

Case (a)

DGP is the Random Walk given by
Xe=Xe—1+ ut

Regression:
Xe = pXe—1 + Uy

where u; ~ iid with E[us] = 0 and V[u;] = 0. The OLS estimate of p is
given by

br Zt 1 Xe—1Xe T 71 Zthl Xe—1ut
ST
Yl X2, T2, 1 X2
Therefore -
T(or—p) = L e Xeath

T2 ZtT:I thfl
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Dickey-Fuller Tests for Unit Root

Case (a)

By previous results we know

LA 1
T Xequr = 702 [[W(1))? —1]

t=1
and

1
0

;
T2y X2, = 02/ (W(1))%dr
t=1
Therefore
3 WP -1]

T =0 = T Wiy ar

Remember that when |p| <1
VT (p—p) = N(0,1—p?)
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Dickey-Fuller Tests for Unit Root

Case (a)

The Dickey-Fuller statistic is

b= pr—1 _ pr—1
pP=1= "5 - 1/2
0p 2
PT
[ ST
T y2
Zt:l thl
where
1 T
~ 2
52 = Xe — prXe-1).
T T4 E ( P )
t=1
Jesds Gonzalo (UC3M) The Unit Root Land Econometrics Il (MEA)
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Dickey-Fuller Tests for Unit Root

Case (a)
To find the Asymptotic Distribution of t,—; we need to rewrite it as:

1
21

.
tye1 =T (p7 —1) [T2 X2,
' 25 gy
Ty Xeaw
= 1
[T lixe) 53
s WP 1]
1

2o (WP - 1]
02 [ [W(r)2dr)2[02]2 [y [W(r)]2dr]2

Since 5%- B 52 by consistency of gr.
Econometrics Il (MEA) 42 /62
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Dickey-Fuller Tests for Unit Root

Case (b")

DGP is given by
Xe=o+ Xeo1+ g
Regression:
Xe =a+ pXe—1 + ur
where u; ~ iid with E[u;] = 0 and V[u;] = 0®. We can rewrite X; as
Xe=Xo+at+ (v +u+...+u)=Xo+at+&;

Now note that

1

T

~
||M\|
o

-
Xi1 = % Z [Xo + Oz(t — 1) + ft_1]
t=1

We have that
-

7! ZXO — Xo

t=1
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Dickey-Fuller Tests for Unit Root

Case (b")

Analogously

and

Therefore need to divide 2;1 X:_1 by T? to get something that ‘makes
sense’. Note that doing that we obtain

T T
1 1
ﬂtz_;xtl = ﬂ;[XO‘f‘a(t—l)"‘ftl]

(0% «
=0+ -+0= -
T2t 2
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Dickey-Fuller Tests for Unit Root

Case (b")
Similarly
T T T T
DXL =D XGHY P(t—1P+> &+
t=1 t=1 t=1 t=1
—_——r —  ——
Op(T) Op(T?3) Op(T2)
T T T
+2) Xoa(t—1)+2) Xo&eo1+2) ot — 1)&
t=1 t=1 . t=1
Op(T?) Op(T3) op(T3)
Then

3 d 2 o?
T3y X2 .- 5
t=1
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Dickey-Fuller Tests for Unit Root

Case (b")

Finally
T T T T
ZXt—lut = X()Z Ut+ZOK(t — 1)—|—Z§t_1ut
t=1 t=1 t=1 t=1
N / 7
Op(T?) Op(T?) Op(T)
So

T T
T3 ZXt_lut ST Za(t —1Du
t=1 t=1
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Dickey-Fuller Tests for Unit Root

Case (b")

Putting everything together we obtain

1

T (&T—Oé)

2
— N(0, Q152
T%(ﬁT_]- ( o)

where

Then what about t,—17 J
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Dickey-Fuller Tests for Unit Root

Case (c) and (c')

DGP is given by
Xe = Xe—1+ ur

Regression:
Xt =a+ bt + pXi_1 + ut

where u; ~ iid with E[u;] = 0 and V[u;] = 0.

t,—1 — D.F. distribution that does not depend on « or o

THINK ON A STRATEGY TO TEST FOR UNIT ROOTS (use the Eviews
applets of my web page) J
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Dickey-Fuller Tests for Unit Root

What if u; is correlated?

Let
Xe = Xe—1 + ug

where u; = W(L)e; with e; ~ iid. In the model

Xe = pXe—1+ Uz

we want to test
Ho:p=1 Hy:lpl <1

which is equivalent to rewriting the model as

AX: = (p— 1) Xem1 + ug

and testing
Ho:(p—1)=0 Hi:(p—1)<0
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Dickey-Fuller Tests for Unit Root

What if u; is correlated?

Note that 5
Y(L)Th=A(L) = A(L) + (1 - L)A(L)
with A(0) = 1. Therefore we have

AXy = (p— 1) Xe—1 +(L)e;
Y(L)TAX: = (p— (L) Keo1 + e
AXe = (p— DA(L)Xe—1 + (p — 1)AA(L) Xe—1+
+ (—A(L) + A(0))AX: + e

Hence we can write

AXt == a*th]_ + {LAGS of AXt} + e

It can be proved that t;.—g has the same Asymptotic Distribution as t,—1
in case (a). J
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Dickey-Fuller Tests for Unit Root

Deterministic Trends

Consider

Xe = pXe—1+ uz (1)
Xe = a4+ pXi—1 + us

Xe=a+ bs +pXe—1+ ur

X: = (polynomial in t) + pX;—1 + ut (2)

Under the Hy of (1) we have that
R 1

(per) _, J3 W()IW(r)
5~ 12
T (w)

tp=1
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Dickey-Fuller Tests for Unit Root

Deterministic Trends

In general under the Hy of (2) we have

where
-1

Wp(r) = W(r) — [/01 WD’] [/01 DD’] D(r)

is the Hilbert projection in L,[0, 1] of W onto the space orthogonal to D,
i.e.
D(r)=(1,r,...,rPY
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Phillips-Perron Tests

Consider
Xe = pXe—1+ ug
with vy = C(L)e;. We now that

T(5—1) = %2;1 Xi—1Ut UB "‘)‘]
(p - ) -1 ZT X2 = U‘ 32 ]
T2 Lat=1"t—1
L (Pt —1) fo (r)dB(r) +)\
p=1—

- N2 )
(2[sixe]™)" wlRE0a]”
Where 02 = V[u,], B(r) is a Brownian Motion with variance
w? = 02C(1)? and .
A= ZE(U(]UJ')
j=1

hence
w? =02 42\
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Phillips-Perron Tests

THINK ON WHAT DOES IT HAPPEN when u; = €7 J

A

Zt = 0Oy

where

~

1

. A N fo VV2(r)dW
T W<a(r)dr

73 2=t X2 1 Jwen)

- 172y 1
1tp1&{fv <T‘22X3_1> } = : J Wir)dW

S W2(r)dr) 1/2

W(r) =
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Efficient Unit Root Tests

When there is no trend/intercept in the model, the Dickey Fuller Test is
very close to being optimal, i.e. for local alternatives it comes close to
having optimal power in relation to the best test computed for the known
local alternative using Neyman-Pearson Lemma (this is the so-called power
envelope) and is based on the likelihood ratio

Ly (p =1)
Li(p =1+ L given c)

However, when there is a trend in the model the Dickey Fuller Tests relies
on trend removal by regression and it turns out that efficiency can be
gained by ‘improving’ the trend removal process.
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Efficient Unit Root Tests

Consider
ye = B'De + X¢

where D; = (1, t,...) are deterministic components and
Xe = pXe—1 + €
Under local alternatives c
7
You could use OLS to estimate the deterministic components. This is

what Dickey Fuller does. It makes sense to think that if we find a more
efficient method to estimate 3, we would get better power.

p=1+
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Efficient Unit Root Tests

Elliot, Rothember and Stock (1996, Econometrica) proposes to use GLS to
estimate 8 under Hi, so for different values of ‘c’

f=(D'D)*D'y

where
Dt Dt th_]_ = (]_ — pL)Dt
Ye =yt —pyr-1= (1 — pL)y:
so _
Vi = Dt,B + Xt
Xt — D3 (detrended data)

Now, we make a Unit Root test on )NQ. Note that:

@ The Asymptotic Distribution of the Dickey Fuller on the GLS
detrended data depends on ‘c'.

e For D = (1,t), Elliot, Rothember and Stock advise to use ¢ = 13.5.
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Additional Aspects of Unit Root Tests

It is commonly claimed that Unit Root Tests have serious
@ Size problems (Phillips-Perron Tests)

e Power problems (Dickey-Fuller Tests)

J.Gonzalo and T.Lee (1996). No Lack of Relative Power of the DF Tests.
JTSA, 17, 37-47.

Why the null is unit root (non-stationary), instead of |root| < 1
(stationarity)? Think on terms of Type | errors.
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Additional Aspects of Unit Root Tests

To solve the size problems of the PP tests Perron and Ng (1996) !
propose some modifications of the Pihllips Perron Test. Let

1
Mz = 2o+ 5 T(P7 = 1)°

Under Hy, M,, = z,. Then

@ Define 12
T 2
MSB = <T VT/2>

@ It can be checked that
zz = MSB - z,

!Perron and Ng (1996): Useful Modifications to Some Unit Root Tests with

Dependent Errors and Their Local Asymptotic Properties. RES, 63, 435-63.
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Additional Aspects of Unit Root Tests

@ This suggests a new modified Phillips-Perron Test

Mz; = MSB - Mz,

therefore 12
T 2
1 X2 .
Mz, = z; + 5 <z:t_v,‘\1/2tl> (bt — 1)2
Under Hy,
I\/Izt % Zt
THINK ON HOW TO IMPLEMENT IT. J
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Testing Stationarity

We want to test the hypothesis

Ho : no unit root
Hy : unit root

Let
yr = B'De + Xe + vt
with
Xe=Xe—1+ ut

Ho:O‘EZO
Hi:02>0
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Testing Stationarity

Let & be the residuals from the regression of y; on D; and

Then the LM statistic can be constructed as

1 T A
T2 o1 SF
IM=-"—5—
O-V
Where S; is the partial sum process of the residuals ijl éj2. Under Hy

1
LI\/I:>/ V2(r)dr
0

where V(. is a Brownian Bridge (B(r) — rB(1)). When v; is serially
correlated 52 must be substituted by a LRV estimator using &2.
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