
Consumer theory

Demand Functions
Substitution and Income Effects 



The Demand Curve

Demand curve

The individual demand relates the 
quantity of a good (x) a consumer will 
buy with its price ( px): x(px).
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Example: Cobb Douglas utility function

Data:   u(x,y) = x½ y ½ py = 2     I = 80

Calculate the demand function for good x

Solution: We solve the system:

(a) MRS = px/ py

(b) pxx+pyy = I

In our case,

(a) y/x=px/2⇒ 2y=pxx

(b) pxx+pyy = I ⇒ pxx+2y = 80⇒ 2pxx=80

⇒ xd(px)  = 40/px



Effect of a variation in the price of x
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Effect of a variation in the price of x
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Effect of a variation in the price of x
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Price-consumption curve

The price -consumption curve
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The price-consumption curve represents
all combinations of x and y which
maximize the consumer’s utility for some
price of x for a given income I and
a given price of y.



Effects of a variation in income
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Effects of a variation in income

x

y

3

4

5

10

px=1        py =2        I’=20 (> I)

x’=10 ↑      y’=5 ↑

20

10

E

F



Effects of a variation in income
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The income -consumption curve
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The income-consumption curve represents
all bundles of goods which maximize the 
consumer's utility for some level of income, 
given the prices of the goods.
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Effects of a variation in income

x

px An increase in the consumer's income shifts 
his demand curve to the right: for the same 
price, an increase in income leads to a higher 
consumption of the good.
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The Engel curve
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The Engel curve relates a consumer's 
demand for a good with his income.
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Example: Cobb -Douglas utility function

Data: u(x,y) = x ½ y ½ px= 1     py= 2

Calculate the Engel curve for good x

Solution: We solve the system:

(a) MRS = px/ py

(b) pxx+pyy = I

In our case,

(a) y/x=1/2⇒ 2y=x

(b) pxx+pyy = I ⇒ x+2y = I ⇒ 2x=I 

⇒ xE(I) = I/2 



The individual demand

Normal goods: The quantity demanded increase with 
the income (therefore, the Engel curve has a positive 
slope).

Inferior goods: The quantity demanded of the good 
decreases with the income (therefore, the Engel curve 
has a negative slope).

Goods can be classified as normal or inferior, defined as:



The Engel curve for normal goods
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Engel curves have 
positive slope for 
normal goods.

Normal good: The quantity 
demanded increases when 
consumer’s income does it.



Inferior goods
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Mortadela and Jamón are both 
normal goods between A and B.

A

B

C

Inferior good: The quantity demanded 
decreases when the consumer’s income 
increases.

However, mortadela is 
inferior between B and 
C, where the income-
consumption curve 
bends backwards.



Engel curve for inferior goods

The Engel curve 
has negative slope 
for inferior goods.
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Consumption expenditure of the United States

Income level (Dollars 1997)

Expenditure Less than 10.000- 20.000- 30.000- 40.000- 50 .000- 70.000-
($) in: $10.000 19.000 29.000 39.000 49.000 69.000 or more

Recreational activities 700 947 1.274 1.514 2.054 2.654 4.300

Housing (owned) 1.116 1.725 2.253 3.243 4.454 5.793 9.898

Housing (rented) 1.957 2.170 2.371 2.536 2.137 1.540 1.266

Health 1.031 1.697 1.918 1.820 2.052 2.214 2.642

Food 2.656 3.385 4.109 4.888 5.429 6.220 8.279

Clothes 859 978 1.363 1.772 1.778 2.614 3.442



Individual demand

Two goods x and y are gross substitutesif the increase
(decrease) of the price of one of the goods leads to an 
increase(decrease) of the quantity demanded of the 
other good. 

Example: cinema tickets and video rentals.



Individual demand

Two goods x and y are gross complementsif an 
increase(decrease) in the price of one good results 
in a decrease(increase) of the quantity demanded 
of the other good.

Example: petrol and cars



Individual demand

Two goods x and y are independentif a variation
in the price of one good does NOT affectto the 
quantity demanded of the other good.

Example: cinema tickets and milk.



Example: Cobb -Douglas utility function

Data: u(x,y) = x ½ y ½ 

Calculate the general formula of the demand functions for goods  
x and y as a function of prices and income.

Solution: We solve the system composed of

(a) MRS = px/ py

(b) pxx+pyy = I

In our case,

(a) y/x=px/py ⇒ pyy=pxx

(b) pxx+pyy = I ⇒ 2pxx=I ⇒ xd(px ,py ,I) = I/(2px)

yd(px ,py ,I) = I/(2py) 

x and y are normal 
and independent 
goods.



Substitution and Income Effects



Let’s see graphically the effect of ↓px
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When px decreases, 
consumption increases from 
x1 to x2  (the optimal bundle 
changes from A to C).



Substitution and income effects

The reduction of the price of a good has two effects 
over consumption:

(1)  Consumers buy a higher quantity of the good because, now, it 
is cheaper and, therefore, the other goods are relatively more 
expensive. This effect caused by the variation of the relative prices is 
called SUBSTITUTION EFFECT.

(2) Consumer’s purchasing power increases due to the fact that he 
can buy the same amount of the good for less money and expend the 
saved income on the same good or on others. The effect caused by the 
variation of the purchasing power is called INCOME EFFECT.



Substitution and income effects

The substitution effectis the variation experienced 
by the demand of a good when its price changes 
and the utility level keeps constant (Hicks 
viewpoint).

The income effectis the variation experienced by 
the demand of a good when the purchasing power 
changes and the relative price keeps constant.



Substitution effect after a decrease in px
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Income effect: (B → C): X2 - XS

Income effect after a decrease in px
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Example: Cobb -Douglas utility function

Data: u(x,y) = x ½ y ½ ; px = 8, py = 2, I = 16

Calculate the SE and the IE of a decrease of price of x: p’x= 2

Solution:

Initial situation (1)

x1 = I / (2 px) = 1 

y1= I / (2 py) = 4 

u1= 2

Final situation (2)

x2 = I / (2 p’x) = 4 

y2 = I / (2 py) = 4 

u2= 4



Example: Cobb -Douglas utility function

Now, we must calculate the compensated change (point 
B in the graph). The “intermediate” bundle S must 
satisfy:

(a) Tangency condition:       MRS = p‘x / py → yS / xS = 1

(b) Compensated utility:      uS = u1→ xS
½ yS

½ = 2

Solving, xS = 2    yS = 2 

Total effect

x2 - x1 = 4 - 1 = 3

Substitution effect

xS - x1 = 2 - 1 = 1
+

Income effect

x2 - xS = 4 - 2 = 2
=



Signs of SE and IE

The sign of the substitution and income effects 
identify the directions of variation of the price and 
demand of a good (we are NOT saying that 
mathematically they are greater or less than zero).



Signs of SE and IE

The SE is always negative: The price and of the demand of the 
good move in opposite directions. If the price increases, the 
demand decreases (that is, SE < 0), and vice versa, if the price 
decreases, the demand increases (that is, SE > 0).

The sign of the IE dependson whether the good is normal or 
inferior:

-If the good is normal, the decrease in the purchasing power of 
income caused by a price increase leads to a decrease in the 
demand. (The sign of the IE is negative).

-If it is an inferior good, the decrease in the purchasing power of 
income caused by a price increase leads to an increase in the 
demand. (The sign of the IE is positive).



SE and IE in a normal good

When a good is normal, SE and IE act in the same way 
reinforcing each other.

Suppose a decreasein the price of good x:

SE will be greater than 0 (a decrease in price implies an 
increase in the demand due to the fact that the good is 
relatively cheaper).

IE will be greater than 0 (a decrease in price increases the 
purchasing power of income, which increases demand because 
x is a normal good).

Therefore, 

TE = SE + IE > 0.



SE and IE in an inferior good

When a good x is inferior, SE and IE act in opposite 
directions. Consequently, the sign of the total effect depens on 
the sizes of the substitution and income effects, and cannot be 
determined a priori.

Suppose a decreasein the price of good x:

SE is greater than 0 (a decrease in prices implies an increase in 
the demand due to the fact that the good is relatively cheaper).

IE is less than 0 (a decrease in price increases the purchasing 
power of income, which decreases demand because x is an 
inferior good).

Therefore, 

TE(??) = SE(>0) + IE(<0).



SE and IE in an inferior good

If x is good an inferior, the sign of the total effect 
depends on which of the two effects is bigger 
(substitution or income ones).         

The income effect is seldom bigger than the 
substitution effect, and therefore in general the 
total effect of a decrease in the price of a good is 
bigger than 0. In other words, the demand is  
decreasing with respect to the price.
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If x is an inferior good, when its price 
decreases, the income effect is lower 
than 0. However, the substitution effect 
is usually bigger than the income one 
and the quantity demanded increases 
after a decrease in the price of a good.



Exception: Giffen goods 
(increasing demand with the price)

In theory, the income effect may be large 
enough to make the demand function of an 
inferior good to have a positive slope.

A Giffen good is an inferior good whose 
demand increases with the price of the good 
(the income effect is larger than the substitution 
effect).



Exception: Giffen goods
(increasing demand with the price)

During the starvation of XIX century in Ireland, 
Robert Giffen noticed that the price of potatoes 
increased and so did the quantity demanded.
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Giffen good: 
- Inferior good
- IE bigger than SE

The total effect after a decrease in 
prices is a decrease in the quantity 
demanded – the demand curve has 
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