Masters in Economics-UC3M Microeconomics 11
Final Exam (May 30, 2018): Solve any three exercises.

Exercise 1. (40 points) In an economy that extends over two dates, today and tomorrow, there
is a single perishable good, consumption. The state of nature tomorrow can be either sunny
or cloudy. There are two consumers with preferences for consumption today (z), consumption
tomorrow if sunny (y), and consumption tomorrow if cloudy (z), represented by the utility functions
ui(x,y, z) = xy, uz(z,y,2) = xz, and initial endowments (z1, 91, 21) = (4,0,2), and (Z2, §2, 22) =
(0,4,2), respectively. There are spot markets for consumption each date (prices are normalized to
one, i.e., p, = py = p, = 1). There are two other markets that operate today, a credit market
in which the interest rate is R = 1 4+ r, and a market for a security € (which price is ¢) that
pays 2 units of good in the second date if sunny and nothing if cloudy. . Calculate a competitive
equilibrium allocation, as well as the amount consumers borrow/lend and the number of units of
the security they buy/sell. (Use the notation b;(R,q) and 6;(R,q) for consumer i’s demands of
credit and security. You should arrive at the conclusion that the CE prices are (R*,¢*) = (1,6/5).)

Consumer 1’s problem is

max xy,
(2,9,2),b,0€R3 xRXR

st.x=4+b—qb, y=20— Rb, z=2— Rb.

Since he does not care about z, we may assume that in equilibrium he will lend as much as possible
conditional on being able to payback if the state is cloudy, i.e., he sets bi(R,q) = 2/R. Then we
may write his problem as

2
139[162111%((4 + 7 q0)(20 — 2).

Solving the F.O.C. for a solution to this problem we get

4R 4 Rq + 2
(R, q) = ———.
1(R,q) 9Rq
Likewise, consumer 2’s problem is
max xz,

(2,y,2),b,0ER3 XRXR
st.x=b—qf, y=4+20— Rb, 2 =2— Rb.

Since Consumer 2 does not care about y, then for ¢ > 0 he will sell as much asset as possible, that
is, he will set y=4+20 — Rb =0, or, 0 = Rb/2 — 2, and choose b to solve

max(b—q<};b—2>)(2—Rb).

beR



Solving the first order condition for a solution to this problem we get

3Rq — 2 3Rq —2
ba(R,q) = R(Rq—2)’ 02(R,q) = SRg—1 2.

Market clearing requires
2 3Rq —2
(R, q) +b2(R,q) = 4+ R(Rq—2)

4R+ Rq+2 3Rq—2
O(R.q)+03(Rq) = ——p ==+ = —2=0.

The solution to this system is (R*,q*) = (1,6/5). The amounts that consumers borrow/lend are
bi(R*, q*) = —ba(R*,q*) = 2, the number of units of the asset they buy/sell are 01(R*,q¢*) =
—02(R*,q*) = 3, and the equilibrium allocation is (x3,y7,27) = (33/10,4,0), and (z3,v5,25) =
(7/10,0,4).



Exercise 2. Two fishermen, Art (A) and Bob (B), have free access to a local lake. Each must
choose how many days a week to fish, z;. The total catch of fish obtained by each fisherman is
zi (4 — Z), where z; is the number of days i € {A, B} fishes, and Z = (24 + 2p) /2 is the average
number of days the two men fish a weak. Their preferences for fish and leisure are identical and
are described by the utility function u(z,y) = = + y, where z is the fish consumed, and y is the
number of days of leisure during the week. Naturally, each fisherman has 7 days a week for fishing
and leisure activities.

(a) (10 points) Calculate how much time will each fisherman allocates to leisure and fishing.

(b) (10 points) Determine the socially optimal number of days the two men should fish, and the
set of Pareto optimal allocations.

(c) (10 points) Assume that only Art has the right to fish in the lake, but he can sell the right to
fish on any given day — with the implication that he cannot himself fish that day. The price p (in
units of fish) of the right to fish one day is determined in a competitive market in which Art and
Bob are the only participants. Determine the resulting allocation.

(a) In order to choose z; each man solves the problem

maxzie[oﬂ Zi <4 - Zi ; Zj) +7 - Zi

Solving the F.O.C. for an interior solution we get

Zi :R(Zj) =3 - %

Hence equilibrium is z1 = z9 = 2%, where

Thus, each men fishes 2 days a week for a total catch of fish equal to 4, and enjoys 5 days of
leisure for a total utility equal to 9. This allocation of time is not Pareto optimal: for example, if
both men were to reduce their fishing to just 1.5 days, then each men total catch of fish would be
3.75, and their days of leisure would be 5.5, for a total utility of 9.25, which makes both men better
off.

(b) Let us identify the total number of days both men fish, z € [0,14], that mazimizes social
welfare (i.e., the sum of both men utilities). This problem is

4—2/2)+ (14— 2).
zgﬂﬁﬁ}z( z/2) + (14 — z)

Solving the F.0.C. for an interior solution we get zg = 3 days, for a total catch of fish of
3(4—3/2) = 7.5 and a number of days left for leisure activities of 11. Hence, the set of Pareto
optimal allocations is

P={l(z1,01), (z2,92)] = [(#,9), (7.5 — 2,11 —y), x €[0,7.5], y € [0, 7]}



(c) If Art supplies s € [0, 7] permits, he should assume that Bob will fish during that number of
days. Of course, Art may still fish for a number z € [0,7 —s] of days. Hence given the price p, Art
decides his supply of permits and number of fishing days by solving the problem

zZ+ s
max, .co,7) # <4 — 2) +ps+T7—=z2

st. s+ 2<T7.
The interior solution to this problem is
s(p) =6 — 4p, za(p) = 2p.

Bob should anticipate this behavior and choose its demand of rights to solve

max <d(4— d+2p> —pd) +7—d.
deo,7] 2

The interior solution to this problem is

d(p) =3 —2p.
For the market for rights to clear we must have s(p) = d(p), i.e.,
6 —4p =3 — 2p.

Hence p* = 3/2, and therefore s(p*) = d(p*) = 0, za(p*) = 3. Thus, the equilibrium allocation is
[(z1,91), (z2,y2)] = [(7.5,4),(0,7)], which is Pareto optimal. This is no surprise since the same
allocation arise in the obsence of a market for permits.



Exercise 3. In a competitive insurance market there are two types of drivers, the risky ones (H),
and the prudent ones (L), which are present in proportions ¢ € (0, 1) and 1—gq. The probability that
arisky driver has an accident is py = 1/2, while this probability is only py, = 1/4 for prudent drivers.
All drivers have the same initial wealth, W = 100 monetary units, and preferences, represented by
the Bernuilli utility function u(xz) = Inz. An accident generates a loss of 80 monetary units.

(a) (5 points) Calculate the policies that will be offered if a driver’s type is observable.

(b) (10 points) Assume that a driver’s type is private information (i.e., not observable), but by law
insurance companies are restricted to offer a single full insurance policy. Determine the values of ¢
for which companies will offer a policy that both types of drivers subscribe.

(c) (15 points) Calculate the separating policy menu, and verify whether, in the absence of legal
constraints, it is a competitive equilibrium.

(a) In this case companies would offer the policy (I;, D;) = (80p;,0) to drivers of type i € {H, L}.
That iS, (IL,DL) = (20,0) and (IH,DH) = (40,0).

(b) The premium of the fair policy assuming that both types of drivers susberibe is
I(q) = qlg + (1 — q) Iy = 40q + (1 — )20 = 20(1 + q).
In order for drivers of type L to be willing to subscribe this policy we must have
%ln (100 — 80) + %m 100 < In (100 — I(q)),

that is,

In 20410034 < 1n (100 — I(q)) < 207* < 100 — I(q)

or

_ 100 - 201/41003/4

—1~0.6563 :=gq.
q=> 20 q
(¢) The separating policies are (I, Dyr) = (40,0), and (I, Dy) satisfying

- 80-Dp 1 - 1
I ==k S (100—DL—IL) + 5 In (100 — 1) = In60.

Writing Dy, = z, we may write the second of these equations as (0)

<8O - ix) (80 n %) — 60,

Solving this equation we get

~ 2 ~ 2
IRLVE S-S LTS <80 _ (8??@— 330>> /42 6.115.



For this menu to be a separating equilibrium the pooling policy cannot be preferred by the low
risk drivers to the separating policy, that is

1 .\ 3 _
In (100 - 20(1 + ¢)) < ; In (1OO—DL—IL)+Zln (100—1L).

Substituting this inequality may be written as

100—20(14¢) < (100— (830\/37— 3?) - (80 - <8??\/?T— 320)) /4) <100— (?W— 320) /4>

A numerical aproximation for the bound on q implies by this inequality is

q > 0.4828 = g.



Exercise 4. Consider the contract design problem of a risk-neutral Principal who wants to hire
an Agent. The Principal’s revenue is a random variable X (e) taking values z1 = 0, x5 = 300, and
x3 = 600 with probabilities that depends on the level of effort of the Agent, e € {0,1}. Specifically,
these probabilities are p;(0) = 1/3, p2(0) = 2/3, and p1(1) = 1/3, p2(1) = 1/3, respectively. The
Agent’s preferences are represented by the Bernuilli utility function u(w) = \/w, his reservation
utility is w = 2, and his costs of effort is ¢(e) = 4e.

(a) (10 points) Calculate the optimal contract assuming that effort is verifiable.

(b) (20 points) Calculate the optimal contract assuming that effort is not verifiable.

(a) Straightforward calculations yield E[X (0)] = 200 and E[X (1)] = 300. Since effort is observ-
able and the Principal is risk neutral, it is optimal to a offer a contract involving a fixed wage, i.e.,
a contract of the form (e,w), where w is a fired wage. The wage w must satisfy

Vw = u+c(e).

The contracts that satisfy this condition are (e, wo) = (0,4) and (e1,w1) = (1,36). The profit of
the contract (eg,wp) is
E[X(0)] — 4 = 196,

while the profit of the contract (e1,w1) is
E[X (1)] — 36 = 264.

Hence the optimal contract is (e1,w1).

(b) The contract (eg,wy) = (0,4) remains optimal if the Principal wants the Agent to exert no
effort, i.e., e = 0. Howewver, if the Principal wants the Agent to exert effort e = 1, then a fized wage
contract is not optimal, and the system of first order conditions identifying the optimal contract
tnwvolves the participation and incentives constrains, as well as the equations

u’(tui) “A+p(l-1),
where for i € {1,2,3},
li = pi(0)/pi(1).
Since I3 = (1/3) /(1/3) =1, la = (2/3)/(1/3) =2, and I3 = 0/(1/3) = 0, the system of first order

conditions is

NG

= 244
3 + 3 + 3 *
4/ W1 \/ W2 /W3 /W1 21/w2
+ + -4 = Y=+
3 3 3 3 3
2\/w1 = A

2wy = A—pu
2y/ws = A+ pu.



Using the change of variable z; = \/w;, the system becomes linear and easy to solve. The unique
solution is X = u =12, z1 =6, 29 = 0, z3 = 12. Hence the optimal wage contract if the Principal
wants the Agent to exert effort e = 1 is W = (w1.w2,w3) = (62,0,122). The profit generated by
this contract is

. 62 + 122
E[X (1)] — B[W (1)] = 300 — E+12) o
Since the profit generated by the contract (eg, wp) = (0,4) is 196, then the optimal contract is indeed

(1, W).



Exercise 5. Consider the contract design problem of a risk-neutral Principal who wants to hire
an Agent. There are two types of agents, H and L, both with the same preferences, which are
represented by the Bernuilli utility function u(x) = z, and the same reservation utilities u = 1, but
with different costs of effort, v;(e) = k;e with ki = 1 and kr, = 2. The fraction of agents of type H
is ¢ € (0,1). The Principal’s expected revenue is a function of the Agent’s effort, e € [1,00), which
is verifiable, and is given by Z(e) = 81ne.

(a) (10 points) Calculate the contract the Principal will offer to each type of agent if types were
observable. Illustrate your findings providing a graph of the Principal’s demand of effort for each
type of agent, as well as the supply of effort of each type of agent.

(b) (20 points) Identify the optimal menu of contracts the Principal will offer if the Agents’ type
is private information (that is, not observed by the Principal), assuming that the Principal wants
to hire the agent whichever may be her type. Determine for which values of g the menu calculated
is optimal.

Solution: With complete information the optimal contracts [(e};, wy;), (e}, w])] solve the sys-
tems

=] =

wy = eyg+1(PCq)

and

o
=N

wi = 26L+1 (PCL)
Hence (e}, i), (e}, wi)] = [(8,9), (4,9)]. Since
7 (ef,w) =88 —9>0, 7(er,w;)=8In4—-9>0

This menu is optimal.




(b) (20 points) Identify the optimal menu of contracts the Principal will offer if the Agents’ type
is private information (that is, not observed by the Principal), assuming that the Principal wants
to hire the agent whichever may be her type. Determine for which values of ¢ the menu calculated
is optimal.

Solution: As seen in class, the system of equations identifying the optimal menu with asymmetric
information is:

8

2 -1

€H

8

[ — 2+L

er 1—g¢q

wy = 2er+1
W —eg = WL — €L

Solving the system we get [(ép, Wn), (€L, Wr)] = {(8, 262_17q> , (8(1_q), 182__1q7q)]. The Principal’s
profit with this menu is

I = ¢Bley—wy)+(1—q)Bner —wr)
26 —17q 8(1 —q) 18 — 17¢q
Q<81n8 >4 >—|—(1 q)<8ln( > 4 5

8(1 —
- 8(1—q)ln(2q)—|—8q1118—9.
—q

The profit of the Principal if he offers only the contract acceptable by agents of type H, (€5, w};) =
(8,9), is qm (e}, wi;) = q(8In8 —9). Hence

d(q) =TI — qr (e}, w}y) = 8 <(1 —q) 1118(21_5) — qln8> .

Note that d(0) =1In4 > 0 and d(1) = —In8 < 0, and
) = - (32— w9
o) = 5= (32-am2+ @ -9 = = +1

is negative on (0, 1). Hence there is a threshold value g € (0,2) such that d(q) > 0 < ¢ < g. This
value is ¢ ~ 0.354 78 — see the graph below.

10



Exercise 6. In a competitive labor market there are two types of workers, H and L. The expected
revenue of a firm that hires a worker of type i € {H, L} with a level of education y € Ry is
Zi(y) = a; + VY, where ag = 2 and ar, = 1. Workers choose their levels of education before entering
the labor market. Firms observe the workers’ level of education, but not their types, and make a
wage offer. All workers have the same preferences, represented by the utility function u(w) = w, and
reservation utility is u = 0, but different costs of education, given by cg(y) = y/2 and cr(y) = vy,
respectively. Firms maximize expected profits. (Of course, in a competitive equilibrium firms’
profits are zero.)

(a) (15 points) Compute the most efficient separating PBNE (that is, the PBNE in which a worker’s
education signals her type). (Show your solution graphically first, and then do the algebra.)

(b) (15 points) Assume that the fraction of workers of type L is g € (0,1). Compute the pooling
(no signaling) PBNE in which the workers level of education § maximizes the surplus,

S)=q@L(y) —cy) + (1 —q) (Tu(y) — ca(y)),

and identify the values of ¢ for which this PBNE Pareto dominates the PBNE identified in (a).

In a competitive equilibrium w; = Z;(y;) for i € {H, L}. Note that y; = 1/4 mazimizes Tr(y),
and y3; = 1 mazimizes Ty (y). In the most efficient PBNE we have yr, =y, and yg =y is the
closest value to yj; =1 in [1,00) such that an L worker is indifferent between signaling yj or y;
that s,

wr, — cL(yr) = wy — cL(y)-
Substituting we obtain

(1+5) =32 C+VD) -7

1.€.,
3 -
1=V
Hence
i 2
Y= 4’
and
2+ 9_7T
wy = - =_.
" 12
The equilibrium payoffs are
3 1 5
u"i:wz—cL(yz)zi—Z:Z
and
. . 7 9 19
UH:wH—CH(y):§—§:§

11



(b) We have
Wy) = qQ+vi-9)+1-a)C2+vi-3)

Therefore, the solution to the equation

"(y) = 2\1@ - 12ﬂ =0
18 ) 1
y(‘]) = (1+q>2

The pooling wage is

w(q) = q<1+1iq>+(1—q) <2+1j_q>

Thus,

Obviously, a type L worker prefers this outcome. (It is easy to show that dur(q)/dg < 0 in (0,1)
and ur(1l) =5/4.)

For a type H weaker we have

)24 1 19
u — —_— — _——_— = —,
1 1tq T 20197 B

Hence a type H worker prefers the pooling equilibrium whenever

19

which requires

12



