Masters in Economics-UC3M Microeconomics 11

Final Exam (June 2, 2017)

Exercise 1. Consider an economy that extends over two periods, today and tomorrow,
in which there is a single perishable consumption good. The state of nature tomorrow can
either be sunny (S) or cloudy (C'). There are two consumers, A and B, whose preferences
over consumption today (x), tomorrow when sunny (y), and tomorrow when cloudy (z) are
represented by the utility functions u?(x,y, 2) = z(y + 22) and u®(z,vy,2) = (2y + 2), and
whose endowments are (T 4,74, 24) = (10,20,0), and (Zp, g, Z5) = (10,0, 20), respectively.

(a) (25 points) Assume that there are contingent markets for all commodities. Denote
by (ps,py,p-) the prices of x, y and z, respectively, and normalize p, = 1. Calculate the
competitive equilibrium prices and allocation. (Hint. Given z, the preferences of both
agents are linear en y and z, that is, M RS;Z is a constant; specifically, M RS;‘Z = —1/2 and
MRSE = —2. Therefore the optimal bundle involves y = 0 if |MRS!_| > p,/p., and z = 0
if ‘M RS;Z‘ < py/p.. In the first case set y = 0 and solve for = and z, and in the second
case set z = 0 and solve for x and y. Then use market clearing conditions to calculate the

equilibrium prices (pj, p}).)
Solution: For i € {A, B}, consumer i’s problem is

i
MaX(yy )cr? U (x,y, 2)

subject to: @ + pyy + p.z < T+ p, 7 + p. 7.
Consumer A: For prices (py,p.), such that p,/p. > 1/2, ya =0, and (x4, z4) solves

max er? 2z

z,y,z)

subject to: x + pyy + p.z < 10 + 20p,.

Hence
10 + 20p
Talpyps) = — =54 10p,
10 + 20p
ZA(pyapz) = Ty

For prices (py,p.), such that p,/p. < 1/2, z4 =0, and (v4,ya) solves

max 3 T
(z,y,2)ERS. Yy

subject to: x + pyy + p.z < 10 + 20p,.

Hence
10 + 20p
xA(pyapz) = Ty =5+ lopy
10 + 20p 5
yalpy,p.) = ——2 =—+10.

2py Dy



Consumer B: Symmetrically, for p,/p. <2, zp =0, and

10 + 20p,
2B(Py; P-) 5 = 5+ 10p.
10 + 20p,
yA<pyapz) = Ta
Y
and for p,/p. > 2, yp =0, and
10 + 20p,
ropyps) = e 5 10p.
10 + 20p, )
yA(pyapz) = —2]9 = p— + 10.

Market clearing conditions are

ya(py,p=) + y(py:p:) = §a+ys(=20+0)
2a(py,p:) + 28(py,p:) = Za+Zzp(=0+20).

Since z4 = zp = 0 for p,/p. < 1/2, and ya = yp = 0 for p,/p. > 2, then in a CE
py/p- € [1/2,2], and therefore

10 4 20p,
yA(py7pz) + yB(pyapz) = 0+ 2— =20
Dy
10 + 20p
za(py: p2) + 28Dy, p2) = Ty +0 = 20.

Solving this system we get
3 90) = (5.3)
py7pz - 27 2 .
The equiltbrium allocation s

(%, v, 2%) = (10,0,20), (z5,vy5, 25) = (10,20,0).

Of course, this allocation is Pareto optimal by the First Welfare Theorem.



(b) (15 points) Suppose that there are no contingent markets, but there is a credit
market and a market for a security that pays one unit of consumption tomorrow if sunny
and 0 units of consumption if cloudy. Determine the competitive equilibrium interest rate
r* and security price ¢*. (Hint. You need not repeat all calculations, but simple to explore

the relation between (r*,¢*) and the equilibrium prices found in part (a), (p}, p;).)

Solution: Let us normalize the spot prices to be (py,py,p.) = (1,1,1). For (r,q), the
problem of consumer is i € {A, B}

MaAX[(z,y,0¢),b,y]€RS xRXR u'(x,y, 2)
subject to:
r+qgs<T' +Db
y<y'—(14+r)h+s
2 <7 — (147

Since consumers’ utility functions are strictly increasing in all the arguments, the budget
constraints are binding at the solution. Hence, solving for b and y in the equation describing

the constraints, we may write the problem as

Ina’X(:v,y,z)G]R?’F ui (3;7 Y, Z)
subject to: = + qy + (5 — ¢)2 < T +qF' + (155 — )7

This problem is identical to that of part (a). In equilibrium (r*,q*) solves the system

q = p,

Solving the system we get

(q", ") = (%,0)-

And of course, the resulting allocation is that of part (a).



Exercise 2. The revenue of a risk-neutral principal is a random variable X (e) taking values
x1 = 2 and 25 = 10 with probabilities that depends on the level of effort of an agent, e € [0, 1],
and are given by pi(e) = 1 — y/e/2 and py(e) = /e/2, respectively. There are two types
of agents L and H with identical preferences represented by the von Neumann-Morgenstern
utility function u(w) = /w, and identical reservation utility « = 0, but different costs of
effort given by vy (e) = e and vy(e) = 2e.

(a) (10 points) Assume that effort is verifiable and the Principal observes the agent’s
type. Determine the contracts the principal will offer to each type of agent. Illustrate your
results providing a graph the effort supply and effort demand functions for each type of

agent.

Solution. For e € [0,1],

E[X(e)] :2( - \/75> +10 <§) — 2+ 4/e.

For T € {H, L}, the principal’s problem is
max 2+4v/e—w
(e,;w)€[0,1] xR

s.t.vJw> Ke,

where K" =2, and K* = 1. The first order conditions for an interior solution are described

by the system of equations

4
2 = 9K"Vu
2,/e v

Vw = Ke.
The first equation defines the Principal’s demand of effort, and the second equation defines

the Agent’s supply of effort.

For 7 = L these functions are

Q| =

g
I
wa

Hence the optimal contract is



For 7 = H these functions are

1
w o= —
de
w = 4é?
Hence the optimal contract is
1 4
(evaH):( 1 g)'
165 163

Wage*




(b) (15 points) Now assume that the Agent’s type is observable, but effort is not verifiable.
Also assume that only two efforts levels are feasible, e = 1/4 and e = 1. Determine the

contracts the Principal will offer to each type of agent.

Solution. Since upon accepting a contract the lowest effort an agent can ezxert is e = 1/4,
the optimal contracts for inducing agents to exert low effort, e = 1/4, involve fized wages
satisfying the participations constrains

\/w_zKTG);

that is, W' = 1/16,and w" = 1/4. The resulting profit for 7 € {H, L} are

1 1
E{X(Z)] —wT:2—I—4\/£—wT:4—wT>O.

The incentive compatible contract for the agents of type L to exert high effort (e = 1)
solves the system (%) r—1= ix — %, Solution is: 3
1 1
<1 — §> VW + (5) VvV Wy = 1
1 1 3 1 1
Prg)vmt(g) vt = vty

The solution to this system involves a negative wage wi. Assuming that negative wages
cannot be paid due to limited liability, forces the Principal to set up wy = 0, and hence the
incentive compatibility constraint implies wy = 3. For this wage contract, (wf, wk) = (0, 3),

the Principal’s profit is

1 3 63
EX()--B)=6—--=45>4—w"=—.
X)) - 5(B) =6-5=45>4—wb = =

Hence the optimal to offer the agents of type L is (e&, wl, wk) = (1,0, 3).
The incentive compatible contract for the agents of type H to exert high effort solves the

system
Yo () -
(1—%)\/w_1+<%>\/w_2—2 = %Jw_ﬁi\/w_‘z—%?

Again the solution to this system involves a negative wage wy. Setting wy = 0, requires

we = 6 in order to satisfy the incentive compatibility constraint. The Principal’s profit with
this wage contract (wi wi) = (0,6) is

E[X(1)]—%(6):6—3<4—wH:%

Hence the optimal contract to offer the agents of type H is (e, wi wl) = (1/4,1/4,1/4).



(c) (15 points) Now assume that effort is verifiable, and that only two efforts levels,
e = 1/4 and e = 1, are feasible. However, the Principal does not observe the agent’s type.
Agents of type H and L are present in the population of agents in fractions ¢ € (0,1) and 1—gq,
respectively. Identify the Principal’s optimal menu of contracts for each value of q. (Keep
on mind that the Principal may choose to offer a single contract, which may be acceptable
either both types or only by the low cost type, if either of these contracts generates more

profit than the optimal menu of contracts satisfying participation and incentive constraints.)

Solution. The Principal may offer a single “pooling” contract, which can be either the

contract (e,w) = (1/4,1/4), which both agents accept, leading to an expected profit of

1] 1 1 64
Iy =E|X(5)| —-=4-2>==
" { (4>} 4 4 16°

or the contract (1, 1), which only the agents of type L accept, leading to the an expected profit
of
I =(1-q)(EXQ)]-1)=5(1—-q).

The Principal may also design an incentive compatible menu of contracts involving low
effort for the high type, e = 1/4, and high effort for the low type, e& = 1. As shown in
class, such menu involve wages w* and wf that are identified by participation constraint of
the type H and the incentive of the type L,

VwH > 2¢eH (PCy)
Vwl — ek > vVt — e? (IC).

That 1s,

whose solution is w? =1/4 and

(D)5

For this menu of contracts, {(1/4,1/4),(1,25/16)}, the expected profit is

Mg = ¢ (E[X(i)] _ i) L (—g (E[X(l)] 25)

16
oo (e



.. 5
exp profit
PoolingH
4
Menu
PoolingL
3 ! : ! f ! : ! : ! :
0.0 0.2 0.4 0.6 0.8 1.0

Thus, for low values of q it is optimal to offer the contract (1,1). Specifically, for q such

that

71 11
l—q)> = = =
S(1=q)> 75— 519 4< 53

For high values of q it is optimal to offer the contract (1/4,1/4). Specifically, for q such

that
71 11 64 7

For intermediate values of g, that is, for q € (Z.L), offering the menu {(1/4,1/4), (1,25/16)}

18 optimal.



Exercise 3A. A small town must decide the number of hours of street cleaning service x it
will have. The cost of street cleaning services is 3 euros/hour. Each citizen i € {1,2,3} is
endowed with y = 10 euros, and her preferences are described by a utility function of the
form v'(z,y) = y + a;\/x, where y denotes income (in euros) available to spend on other
goods, and a; > 0 measures citizen ¢’s intensity of preference for street cleaning service.
Assume that a; = 2, as = 4, and a3 = 6

(a) (10 points) Identify the conditions that characterize interior Pareto optimal, and

Lindahl equilibrium allocations for this economy.
Solution. A Pareto optimal allocation (x,y1,ys,ys) is a solution to the system:

y1t+y2tys+3r = 3y

Since for i € {1,2,3},
ou’/ox 4

NG

this system becomes

2+4+6
2Vr 2 24/x

Y1+ +ys+3z = 30.

The first equation determines the optimal level of public good,

6
— =3=x=4
NI
Thus, any allocation (z,y1,Yy2,ys) such that x =4 and y, + y2 + y3 = 18 is Pareto optimal.
In a Lindahl equilibrium the system of personalized prices must be such that for © €
{1,2,3}

a.
MRSi(z,y)| = 5= = p,
MBS (x,9)| = 57 =

must hold for x = 4. Hence p; = %, p1 =1, and p3 = % Thus, the Lindahl allocation is
(zf, yk yk yE) = (4,8,6,4), and individual utilities are (ul, uf ud) = (12,14, 18).



(b) (10 points) Calculate the number of hours of street cleaning service under volun-
tary contribution, and determine whether the resulting allocation is Pareto optimal. Is the

Lindahl equilibrium Pareto superior to this allocation?

Solution. Under voluntary contribution, the contribution of individual i € {1,2,3}, z; €

R, solves the problem

max.,cr, Y + a; Z_i;_ Zi
subject to:
y + z; = 10,
where z_; is the sum of the contributions of individuals other than i. This problem is equiv-
alent to
max,cr, (10 — 2;) + a; Zi; “i

The first order condition for a solution to this problem is

Q;
_r _—\/3
22 + %z V3

That s

2

a’
i — — —iao .
2 = max{ys — 2 }

Since ag =6 > ay =4 > ay = 2, in equilibrium
2
a
2, > 2 =3
3 -3 = 7o
Therefore z; = z5 = 0, and 25 = 3. Hence under voluntary contribution the level of street
cleaning is
R i
3
which is suboptimal, since as shown in part (a) a Pareto optimal allocation involves x = 4.

=1,

Computing agents’ utilities in this allocation, given by (xV,yY vy, yy) = (1,10,10,7),
we get (uY,uy,uy) = (12,14,13). Thus, individuals 1 and 2 are equally well off, whereas
indiwidual 3 is worse off, than in the Lindahl equilibrium. Hence the Lindahl equilibrium is,
in this example, Pareto superior to the allocation generated by voluntary contribution. (This

result does not hold generally.)



Exercise 3B. In any given day, tourists traveling to certain city known to be a pickpocket’s
playground face the risk of loosing the 32 euros they typically carry in their wallet. For the
more alert tourists, this happens with probability p;, = 1/4, while for the inattentive ones
this probability is py = 1/2. Each tourist has an allowance of W' = 100 euros for the day, and
his preferences are described by the von Neumann-Morgenstern utility function u(z) = Inz.
It is known that half of the tourist are alert, and the other half are inattentive. Insurance
companies cannot distinguish amongst tourists of either type.

(a) (10 points) If there is a competitive insurance market, which insurance policies will
be offered?

Solution. As established in class, a competitive equilibrium, when it exists, offers sepa-
rating fair policies (Ip,0) = (16,0) and (I, Dy) such that

I, = (32— Dp)pr,
and the inattentive tourist will be indifferent between the two policies, i.e.,
%m (100 — (32— Dp)pr, — DL> n %m (100 ~ (32— DL)pL> — In (100 — 16).
This equation may be write for x = Dy, as
(100 — (32 — z)/4 — x) (100 — (32 — z)/4) = (100 — 16)2 )

that is

3
—1—61:2 — 462 + 1408 = 0.

Solving this equation we get Dy = % 793 — 3248 ~ 27.521.
For these policies to form a competitive equilibrium the alert tourist must prefer the policy

(fL, ﬁL) to the pooling policy (I,0) = (32p,0), where

_71 Jr1 73
p—2pH 2pL—8-

That is (I,0) = (12,0).
Since the expected utility of an alert tourist with the separating policy is

iln <100— (32— <E\/ﬁ—@>) /4 — (E\/@—@»

3 3 3 3
3 16 368
+2In (100 — [ =V793 — =2 /4
4 3 3
~ 4467,

and his expected utility with the pooling policy is
In (100 — 12) ~ 4.477,

there is no competitive equilibrium in this market.



(b) (10 points) If the market is monopolized by a single company which cannot discrim-
inate amongst tourists by law (i.e., must offer a single policy), which policy will be offered?
(Hint. Should the monopoly offer full insurance? Should the monopoly offer a policy in-

tended for both types of tourists, or one that only inattentive tourist would subscribe?)

Solution. The company must decide with to offer a policy that only inattentive tourist
subscribe or one which both types of tourists subscribe Obuviously, in either case the company
will offer full insurance since it can extract more surplus from the risk averse tourists. The

largest premium the inattentive tourists are will to pay solves the equation
1 1
In (100 — z) = 5 In (100 — 32) + 5 In (100),

that s,
(100 — x)2 — (100 — 32) (100) = x* — 200z + 3200 = 0.

Solving this equation we get I; = 100 — 204/17 ~ 17.538, and expected profits are
1 1
5 (100 — 20v/17 — 32pH> =2 (100 — 20v/17 — 16) ~ 0.76894.

If the firm offers a policy that both types subscribe, it has to offer it at the maximum
premium the alert tourist are willing to pay, that is,

1 3
In (100 — z) = 1 In (100 — 32) + 1 In (100) ,

or
(100 — z)* — (100 — 32) (100)* = (100 — z)* — 68000000 = 0,

that is
I* =100 — v/68000000 ~ 9.1913
The expected profits offering this policy are
I"—32p=1"—12 < 0.

Hence the company will offer the policy (I7,0), which will be subscribed only by inattentive
tourists.



