UNIVERSITY CARLOS III OF MADRID
MATHEMATICS FOR ECONOMICS I FALL 2024
EXERCISES (SOLUTIONS )

CHAPTER 2: Limits and Continuity of Functions of Several Variables.

2-1. Find the domain of the following functions.
(2) flz,y) = (@ +y* - 1)/

(b) f(z,y) = ”
(C) f(x,y) =e¥ —¢Y
(e) f(z,y) =In(z +y).
() f(z,y) =In(z? + y?)
(g) f(xvya Z) = x;—l—l
(h) flz,y) =va—2y+1.
Solution
(a) {(z,y) e R*:2? +y* > 1}.
(b) {(z,y) € R? : zy # 0}. (R? except the axes).
(c) R
(d) RZ
(e) {(z,y) eR*:z+y >0}
(f) R .
)
)

2-2. Find the range of the following functions.
(a) flz,y) = (2 + 4" + 1)V
Yy

(b) f(x7y) = 72 _|_y2
22 — 42

© S = 5
(d) f(z,y) =In(z® +y?).
(e) f(z,y) =In(l+ 2% +y?)
(£) flz,y) = Va? + 92

Solution:
(a) [1,00)
(b) Answer: [%1, %] Let us see why. First, we show the inequality

2 xy| < x? + o>
First, we note that
0<(z+y)?=a>+y*+ 22y
S0,
—(? +y°) < 2ay
On the other hand,
0< (x—y)* =2 +y* —2xy

S0,

22y < 2% 4 9°
From the above two inequalities, 2 xy| < 22 + 3?. From here we obtain that
2 w;ny <1
that is,
7% = xQx—iz—JyQ = %



Therefore, the image of f is contained in the interval [—%, %] Finally, we show that it also takes the
values {—1%,1}. Taking « = y = ¢, we have that

t2 1
tt)= — ==
Taking z = ¢,y = —t, we have that
—t? 1
t—t = —— = — —
6, =1) 12 2 2

We conclude that the image of f coincides with the interval [—3, 1].

(¢) Answer: [—1,1]. Let us see why. First, we note that

22 — 2 22 y?

22+ 92 a24y2 22 42

2 2 2 2
1< — Yy < r — Y < L <1
- $2+y2_$2+y2 :C2+y2_£1?2+y2_
Therefore, the image of f is contained in the interval [—1,1]. Finally, we show that it also takes the
values {—1,1}. Taking x = 1, y = 0, we have that f(1,0) = 1. Taking z = 0, y = —1, we have that
f(0,—1) = —1. We conclude that the image of f coincides with the interval [—1,1].

—00,00).
00

(
[0, 00).
[0, 00

2-3. Draw the level curves of the following functions.
(a) f(z,y) =2y, c=1,-1,3.

(b) f($7y) = ezy’ ¢ = 17 _173
(c) f(z,y) = In(zy), c=0,1,-1.
(d) f($7y) = (IE +y)/(1’ - y); c= 0323 —2.
(e) flz,y) =% —y, c=0,1,-1.
) f(z,y) =ye*, c=0,1,—1.
Solution:
(a) The level curves are determined by the equation zy = ¢. For ¢ # 0, this equation is equivalent
c
y=-
T

so the level curves are

(b) The level curves are determined by the equation e®¥ = ¢. Therefore, the level curve corresponding to
¢ < 0 is the empty set. In particular, there is no level curve corresponding to ¢ = —1.
For ¢ > 0, the level curve satisfies the equation e*¥ = ¢, so xy = Inc. For ¢ = 1, the level curve consists
of the points (z,y) € R? such that xy = 0. For ¢ = 3, the level curve consists of the points (z,y) € R?
such that

Graphically,



-4 -2 0 2 4

(¢) The level curves are determined by the equation log(zy) = ¢ which is the same as xy = e°. Graphically,

(d) The level curves are determined by the equation  +y = ¢(x —y), which is the same as (1+c¢)y = (¢—1)z.
Graphically,

_\

2

(e) The level curves satisfy the equation y = 2 — ¢. Graphically,



s

(f) The level curves satisfy the equation y = ce”*. Graphically,

2-4. Let f(x,y) = Cz®y'=%, with 0 < a < 1 and C > 0 be the Cobb-Douglas production function, where x (resp.
y) represents units of labor (resp. capital) and f are the units produced.
(a) Represent the level curves of f.
(b) Show that if one duplicates labor and capital then, production is doubled, as well.

Solution:
(a) The level curves are,

(b) f(z,y) = Cay'=, f(2z,2y) = C (22)" (2y)"* = 2C2y'~* = 2f(x, ).

2-5. Study the existence and the value of the following limits.

(a) Hm(g y)—(0,0) %Jrzyz
(b) hm(z,y)%(o,o) mzmzyz .



2
(C) hm (z,y)—(0,0) ai+5
2 2
(d) lim(g, ) (0,0) 2+2‘yy
(e) hl'Il (z,y)—(0,0) 2+y
(f) hm(x,y)—>(0 0) ; 2+y
)

(8) im(z,y)—(0,0) 77152 -

Solution:
Sy
(b) We show that

— x2+“’3€2w2 = x(Hl_kQ) and lim,_,q (x(sz ) does not exist. The limit does not exist.

lim  f(z,y) =0.

(z,)—(0,0)
Note 0< [f( )| Iy2 < |l'|(x2 +y2) 2| /02 < /72 + 12
x = = || = X T
= Y 212 22 1 2 = Yy

The function

g(x,y) = Vw2 +y?

g(x,y) = g(0,0) =0

is continuous. Therefore,

lim
(x,y)—(0,0)
and we conclude that

lim z,y) = 0.
(w,y)%(oﬁo)f( v)

3%y 3 k k
[()} = xt + k222 :3$m2+k2

(¢) On the one hand,

SO

3 2
li_r)% {( 4x yg)] =0
v z +y y=kx

(vl =3
x4+y2 — 9

Therefore, the limit does not exist.
2 2

(d) [(;%2‘22)} o ffﬁ’f;’i = 11;2’“;27 depends on k. Therefore, the limit does not exist.
=kx

On the other hand,

(e) [(7121_51/2 )] o JSQM% = 1+k2, depends on k
y=ka
(f) We show that

lim z,y) = 0.
(I»y)—>(070)f( v)

Let € > 0. Take § = ¢ and suppose that 0 < ||(z,y) — (0,0)|| = /22 + y? < . Then,

2 2 2
x X
y S( +y)|y\:|y|:\/zﬁS 2= =«

— 0l =
|f(:z:,y) | x2+y2 x2+y2

(g) We show that lim(, ) (0,0) f(z,y) = 0.
Let € > 0. Take § = /¢ and suppose that 0 < ||(z,y) — (0,0)|| = /22 + y2 < §. Then,

3
Yy Yy z? +y /
22 + 42 = x2+y2x 22+ 42 2y = |zy| = |zlly| = Va2 /y?
<Vttt =2t py =80 =

And the limit is 0

[f(z,y) = 0] =

: ‘

2-6. Study the continuity of the following functions.
2y
(@) flo,y) =4 drw (@) #(0,0)
0 if (z,y) = (0,0)

_f B Gfy 0
o) s ={ g AL



2ty oy —z2
(©) f(z,y) —{ 6 Z;Zi_xz ‘
_ ) s si(a,y) #(0,0)
d z, - N 1 ’
(d) flz,y) {0+ si (x,y) = (0,0)

Solution: )
(a) The function Z57%5 is not continuous at the points {(z,y) : © = —y}. (The limit

{E2y

lim
(z,y)—(0,0) 3 + 3

does not exist. This can be shown by taking curves of the form y = kz.)
(b) The function %H:L‘Q,
(i) is continuous at the points (z,y) such that y # 0.
(ii) is not continuous at the points of the form (z(,0) with xy # 0. Since, the limit
5 T
li = li —
Jim (Fao,y)) = limyag + =
does not exist if xg # 0.
(iii) Tt is not continuous at (0,0) because

1 1
.I[] 2y — .I[] 3 —_ = —
il—mf(x’kx )7il—>0 <x +k> k

which depends on k.
(¢) The function
xly
26 + 93
is continuous at the points (z,y) such that y # —x2. On the other hand, at the points of the form
(a, —a2) is not continuous because,
(i) If @ # 0, we have that

lim , fla,y)

y——a
does not exist because the numerator approaches —a% # 0 whereas the denominator approaches 0.
(ii) The limit
lim  f(z,y)

(z,y)—(0,0)

does not exist because

lim f(t, %) = limi _1
507 V77 06 6 2
whereas the value of the iterated limits is 0.

d) The function 2”””3 > is a quotient of polynomials and the denominator only vanishes at the point (z,y) =
z+y
(0,0). Hence, the function is continuous at every point (z,y) # (0, 0).
At the point (0,0) the function is also continuous because we have already proved in another problem

that

3
(z,9)—=(0,0) ° +y

We conclude that the function is continuous in all of R2.

2-7. Consider the set A= {(z,y) €eR?:0<z, <1, 0<y<1} and the function f: A — R?, defined by

[z +1 y+1

Are the hypotheses of Brouwer’s Theorem satisfied? Is it possible to determine the fized point(s)?

Solution: Brouwer’s Theorem: Let A be a compact, non-empty and convex subset of R” andlet f: A — A
be a continuous function. Then, f has a unique fixed point. (That is, a point a € A, such that f(a) = a).
The set A is not empty, compact and convex. The function f is continuous if y # —2 and x # —2. Therefore,
f is continuous on A and Brouwer’s Theorem applies.



If (x,y) is the fixed point of f, then

ozt
T y+2
y+1
4= x4+ 2
that is,
zy = 1l—=x
zy = 1—y

Therefore 2 = y satisfies the equation 22 + z — 1 = 0 whose solutions are

—1++5
2

xT

—145 —1+\/5)
2 7 2 :

The only solution in the set A is (

2-8. Consider the function f(z,y) = 3y — 22 defined on the set D = {(z,y) € R? : 22 +¢y?> <1, 0 <2 <
1/2, y > 0}. Draw the set D and the level curves of f. Does f have a maximum and a minimum on D?

Solution: The set D is the following

|
| x2+y2=1
|
|
!

(0,1)\‘

I
|
I
I
I
+
|
!
!
!
!
!
!
!

|
x=1/2

Note that D is not compact (since it is not closed). It does not contain the point (1/2,0). On the other
hand, the level curves of f are of the form

2

X

:C —_
Yy T3

Graphically, (the red arrow points in the direction of growth)

| y=C+x2/3
!

0.1) I
|

i
T
[
\
\
[
\
[
[
i

max

x=1/2
We see that f attains a maximum at the point (0, 1), but attains no minimum on A.

2-9. Consider the sets A = {(z,y) e R}0<2<1,0<y <1} and B={(z,y) eR?}| -1 <2 <1,-1<y <1}
and the function
(z+1) (y+1)

1
YTy

What can you say about the extreme points of f on A and B?

fx,y) =

Solution: The function



is continuous if y # —1/2 and so, is continuous in the set A, which is compact. By Weierstrass’ Theorem, f
attains a maximum and a minimum on A.
But, for example, the point (0,—1/2) € IntB and

lim (0,y) = —o0, lim  f(0,y) = 400
v=(51)" v=(5)"

so f does not attain neither a maximum nor a minimum on B.

2-10. Consider the set
A={(z,y) eR?*: 0<y<lnz,1 <z <2}

(a) Draw the set A, its boundary and its interior. Discuss whether the set A is open, closed, bounded,
compact and/or conver. You must explain your answer.

(b) Prove that the function f(x,y) = y* + (x — 1)? has a mazimum and a minimum on A.

(¢c) Using the level curves of f(x,y), find the mazimum and the minimum of f on A.

Solution:
(a) The set A is

The boundary and the interior are

JA A

Since A C A, the set A is closed. It is not open because OA N A # (). Another way of proving this,
would be to consider the sets A; = {(z,y) € R?: 0 < y}, A2 = {(x,y) € R?: 1 < x < 2}. The set
Az = {(z,y) € R?: y < log(x)} is also closed since the function g(x,y) = log(z) — y is continuous.
Therefore, A = A1 N A3 N A3z is a closed set.

The set A is bounded since A C B(0,r) with r > 0 large enough. Since it is closed and bounded the set
A is compact. The set A is convex since is the region under the graph of f(z) = Inz in the interval [1, 2]
and the function Inz is concave.

(b) The function f is continuous in R?, since it is a polynomial. In particular, the function is continuous in
the set A. Furthermore, the set A is compact. By Weierstrass’ Theorem, the function attains a maximum
and a minimum on A.

(¢) The equations defining the level curves of f are

f(xay):yQ—i_(x_l)Z:C

These sets are circles centered at the point (1,0) and radius VC, for C > 0.



Graphically, we see that the maximum is f(2,In2) = 1 + (In2)? and is attained at the point (2,1n2).
The minimum is f(1,0) = 0 and is attained at the point (1,0).

2-11. Consider the set A = {(z,y) € R? : 2,y > 0;In(zy) > 0}.

(a) Draw the set A, its boundary and its interior. Discuss whether the set A is open, closed, bounded,
compact and/or convex. You must explain your answer.

(b) Consider the function f(z,y) = x+ 2y. Is it possible to use Weierstrass’ Theorem to determine whether
the function attains a mazximum and a minimum on A? Draw the level curves of f, indicating the
direction in which the function grows.

(¢) Using the level curves of f, find graphically (i.e. without using the first order conditions) if f attains a
mazimum and/or a minimum on A.

Solution:
(a) The equation In(zy) > 0 is equivalent to zy > 1. Since x,y > 0, the set is A = {(z,y) € R? : y >
1/z, x> 0}. Graphically,

1
Y=X
1
\
\
\
\

1 1
Yy Y3

-

The boundary is the set A = {(x,y) € R? : y = 1/x, =z > 0}. The interior is the set A= {(z,y) e R?:
y>1/z, x>0}
Since AN A # (), the set A is not open. Furthermore, A C A so the set A is closed. Graphically, we
see that A is not bounded. The set A is not compact (since is not bounded). We may show that the set
A is convex in two different ways.
(i) Consider the function g(z) = L. It is easy to show that the function is convex. Therefore, the set
{(z,y) eR?€R: 2> 0,y > 1} is also convex.

(ii) Consider the function g(z,y) = In(zy) = Inz + Iny, defined on the convex set D = {(x,y) € R? :

_1
x,y > 0}. The Hessian matrix of this function is Hg = ””6 1|, which is negative definite.

2
From here we conclude that the function g is concave in D. Since, A = {(z,y) € D : g(z,y) > 0},
the set A is convex.
(b) We may no apply Weierstrass’ Theorem since the set A is not compact. The level curves of f(z,y) = x+2y
are sets of the form {(z,y) € R? : y = C' —x/2} which are straigt lines. Graphically (the vector indicates
the direction of growth)



10

y

(c¢) Looking at t%ves of f we see that the funtion does not attain a (local o global) maximum on
A. The global minimum is attained at the point of tangency of the straight line y = C' — /2 with the
graph of y = 1/x,

This point satisfies that . .

2 a2
that is # = ++v/2. And since x > 0, the minimum is attained at the point (\/5, 1/\/5),



