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Gradient and level curves.

Consider the level surface SC = {x ∈ D : f (x) = C}.
Let σ : R → Rn be a differentiable curve and suppose that σ(t) ∈ SC
for all t ∈ R. That is f (σ(t)) = c for every t ∈ R.
Then, 0 = d

dt f (σ(t)) = ∇f (σ(t)) · dσ
dt

That is ∇f (σ(t)) and dσ(t)/dt are perpendicular for every t ∈ R.

σ σ σ σ (t)
∇∇∇∇ f(p)

p

{x: f (x) = C}

∇f (σ(t)) is perpendicular to the surface SC = {x ∈ D : f (x) = C}.
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Example.

Consider the surface given by the equation 3x2 + 2y2 + 5z2 = 56.

The gradient of the function f (x , y , z) = 3x2 + 2y2 + 5z2 is
∇f (x , y , z) = (6x , 4y , 10z).

At the point p = (−1, 2,−3) we get ∇f (−1, 2,−3) = (−6, 8,−30).

The equation of the tangent plane is
−6(1 + x) + 8(−2 + y)− 30(3 + z) = 0 or −6x + 8y − 30z = 112.

The parametric equations of the normal line are
(x , y , z) = (−1, 2,−3) + t(−6, 8,−30).

That is, x = −1− 6t, y = 2 + 8t, z = −3− 30t.
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Plane tangent to the graph of a function.

The graph of f is the set G = {(x , y , f (x , y)) : (x , y) ∈ R2}.
Define g(x , y , z) = f (x , y)− z . The graph of f may be written as
G = {(x , y , z) ∈ R3 : g(x , y , z) = 0}.
An equation for the tangent plane to G at p = (a, b) is

∇g(a, b, f (a, b)) · ((x , y , z)− (a, b, f (a, b))) = 0

Since, ∇g(a, b, f (a, b)) =
(
∂f
∂x (a, b),

∂f
∂y (a, b),−1

)
.

We obtain

z = f (a, b) +
∂f

∂x
(a, b) · (x − a) +

∂f

∂y
(a, b) · (y − b)
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Taylor polynomial of first order.

Let f ∈ C 1(D), p ∈ D. The Taylor polynomial of first order at p is

P1(x) = f (p) +∇f (p) · (x − p)

If f (x , y) is a function of two variables and p = (a, b), then Taylor’s
first order polynomial for the function f around the point p = (a, b) is
the polynomial

P1(x , y) = f (a, b) +
∂f

∂x
(a, b) · (x − a) +

∂f

∂y
(a, b) · (y − b)
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Taylor’s first order polynomial.

The function f is differentiable at (a, b) if

lim
(x ,y)→(a,b)

|f (x , y)− P1(x , y)|
∥(x − a, y − b)∥

= 0

That is, if the tangent plane is a ‘good’ approximation to the value of
the function

f (x , y) ≈ f (a, b) +
∂f

∂x
(a, b) · (x − a) +

∂f

∂y
(a, b) · (y − b)
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Example.

f (x , y) = −2y + xy3 − 2xy + 4x − y2 + 1 and p = (−1, 1). Let us
compute the equation of the tangent plane to the graph of the
function f at the point (p, f (p)).

The equation of the tangent plane is

z = f (−1, 1) +∇f (p) · (x + 1, y − 1) =

= −5 + (3,−5) · (x + 1, y − 1) =

= −5 + 3(x + 1)− 5(y − 1)

It coincides with Taylor’s first order polynomial of f at p.
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Example.

Consider the function f (x , y) = 2x2y − xy + 2x − 2y2 − 15y + 1 and
the point p = (1, 2).

We have ∇f (x , y) =
(
4xy − y + 2, 2x2 − x − 4y − 15

)
.

∇f (1, 2) = (8,−22).

Thus, the tangent plane to the graph of the function f at the point
(p, f (p)) is

z = f (1, 2) +∇f (p) · (x − 1, y − 2)

= −33 + (8,−22) · (x − 1, y − 2) =

= −33 + 8(−1 + x)− 22(−2 + y)
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